Journal of the Operations Research Society of Japan (© The Operations Research Society of Japan
Vol. 58, No. 2, April 2015, pp. 184—208

MONOTONICITY IN STEEPEST ASCENT ALGORITHMS
FOR POLYHEDRAL L-CONCAVE FUNCTIONS

Satoru Fujishige Kazuo Murota Akiyoshi Shioura
Kyoto University University of Tokyo Tohoku University

(Received September 9, 2014; Revised January 15, 2015)

Abstract  For the minimum cost flow problem, Hassin (1983) proposed a dual algorithm, which iteratively
updates dual variables in a steepest ascent manner. This algorithm is generalized to the minimum cost
submodular flow problem by Chung and Tcha (1991). In discrete convex analysis, the dual of the minimum
cost flow problem is known to be formulated as maximization of a polyhedral L-concave function. It
is recently pointed out by Murota and Shioura (2014) that Hassin’s algorithm can be recognized as a
steepest ascent algorithm for polyhedral L-concave functions. The objective of this paper is to show some
monotonicity properties of the steepest ascent algorithm for polyhedral L-concave functions. We show that
the algorithm shares a monotonicity property of Hassin’s algorithm. Moreover, the algorithm finds the
“nearest” optimal solution to a given initial solution, and the trajectory of the solutions generated by the
algorithm is a “shortest” path from the initial solution to the “nearest” optimal solution. The algorithm
and its properties can be extended for polyhedral Li-concave functions.

Keywords: Combinatorial optimization, discrete concave function, steepest ascent al-
gorithm, minimum cost flow, discrete optimization

1. Introduction

Among many algorithms for the minimum cost flow problem (see, e.g., [1,17]), Hassin’s
dual algorithm [6] is unique in that it maintains only dual variables, while most of the
other algorithms use primal (i.e., flow) variables. Hassin’s algorithm iteratively chooses a
subset of dual variables that corresponds to a graph cut and increments them so that the
dual objective function increases strictly. It is shown in [6] that the sequence of solutions
generated by the algorithm has a certain monotonicity property, from which the finite
termination of the algorithm follows. Hassin’s algorithm is later generalized to the minimum
cost submodular flow problem by Chung and Tcha [2].

In discrete convex analysis [9,10], the dual of the minimum cost (submodular) flow
problem is known to be formulated as the maximization of a polyhedral L-concave function.
The concept of polyhedral L-concave functions in real variables was introduced by Murota
and Shioura [12] as a variant of L-concave functions originally defined for functions on
integer lattice points. It is pointed out in [13] that Hassin’s algorithm as well as Chung and
Tcha’s algorithm can be recognized as a steepest ascent algorithm for polyhedral L-concave
functions, where the steepest ascent direction is chosen from a finite set of 0-1 vectors. This
observation indicates that the steepest ascent algorithm for polyhedral L-concave functions
is fundamental in combinatorial optimization.

In this paper, we investigate the behavior of the steepest ascent algorithm for polyhedral
L-concave function maximization and show its monotonicity properties. First, it is endowed
with the same monotonicity property as that of Hassin’s algorithm, which guarantees its
finite termination. Second, for any initial solution, the algorithm finds the smallest optimal
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solution that is not smaller than the initial solution. Third, the trajectory of the solutions
generated by the algorithm is a “shortest” path from the initial solution to the smallest
optimal solution in the sense that the total sum of the step lengths is equal to the {,,-distance
from the initial solution to the smallest optimal solution. Fourth, the function g restricted on
the trajectory of the solutions generated by the algorithm is a concave function. Our second
and third results imply, in particular, that Hassin’s and Chung and Tcha’s algorithms are
efficient in terms of the number of iterations. The steepest ascent algorithm for polyhedral
L-concave functions can naturally be adapted to polyhedral Li-concave functions. The
algorithm outputs the optimal solution that is “nearest” with respect to a variant of the
{-distance.

In each iteration of the steepest ascent algorithm discussed in this paper, there may
be several choices of steepest ascent directions, and from among them, a steepest ascent
direction satisfying a certain “minimality” condition is chosen. We consider a variant of
the steepest ascent algorithm which chooses an arbitrary steepest ascent direction in each
iteration, and show that the modified algorithm still satisfies some of the monotonicity
properties. We also prove that the modified algorithm terminates if the input function
satisfies a certain “rationality” condition. On the other hand, we show by giving a bad
instance for the modified algorithm that the “minimality” condition of a steepest ascent
direction is essential for the finite termination of the algorithm if a polyhedral L-concave
function is not “rational.”

The organization of this paper is as follows. We review the concept of polyhedral L-
concave function in Section 2, and Hassin’s and Chung and Tcha’s algorithms for the dual
of the minimum cost (submodular) flow problems in Section 3. Monotonicity properties of
the steepest ascent algorithm for polyhedral L-concave functions are shown in Section 4.
The algorithm and its properties can be extended for polyhedral Li-concave functions in
Section 5. Finally, a variant of the steepest ascent algorithm is discussed in Section 6.

2. Preliminaries on L-concave Functions

We review the concept of polyhedral L-concave functions. Throughout this paper, let V' be
a finite set. For a function g : RV — R U {—o0}, its effective domain is defined as

domg = {p e R" | g(p) > —oo}.
A function g : RV — R U {—o0} is said to be a polyhedral concave function if the set
{(p,a) eR" xR |p € domg, a<g(p)}

is a (nonempty) polyhedron. Equivalently, g : RY — R U {—o0} is a polyhedral concave

function if there exist a nonempty polyhedron S C RV, a finite number of vectors ay, ..., a; €
RV, and scalars by, ...,b; € R such that
domg =5, g(p) = min{e;p+b} (p€SI) (2.1)

For p € dom g and d € RY, the directional derivative of g at p in direction d is defined
as the limit
g(p+Ad) — g(p)
A 7
if it exists. We also define ¢'(p;d) = —o0 if p + Ad ¢ dom g for all A > 0. Moreover, when
g (p;d) > —oo, define the value ¢(p;d) € RU {+oco} by

c(p;d) = sup{A e Ry | g(p+ Ad) — g(p) = A (p; d)}. (2.2)

/ . .
g (p;d) =lim

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



186 S. Fujishige, K. Murota, & A. Shioura

If function ¢ is given in the form (2.1), then we have
g(prd) = ajd,  &(pid) =sup{A € Ry | g(p + Ad) = a; (p+ Ad) + bi}

for some i with 1 < ¢ < t. Note that ¢(p;d) > 0 and g(p + M) — g(p) = A¢'(p;d) holds
for every A with 0 < A < é&(p;d). Hence, if ¢'(p;d) > 0 and g is bounded from above, then
é(p;d) < +o0.

A polyhedral concave function g : RV — R U {—o0} is said to be polyhedral L-concave
[12] if it satisfies the following conditions:

(LF1) g(p) +9(q) <glpAq) +9(pVq) (V¥p,q € domyg),
(LF2) 3r e Rs.t. g(p+ A1) = g(p) + M (Vp € dom g, VA € R),

where p A ¢,p V q (€ RY) denote the vectors with

(P A g)(v) = min{p(v),q(v)}, (pVg)(v) =max{p(v) q(v)} (veV),

and 1 (€ RY) is the vector with each component being equal to one. Note that r = 0 is
assumed in (LF2) whenever we consider maximization of a polyhedral L-concave function
since otherwise there exists no maximizer.

A typical example of a polyhedral L-concave function arises from the maximum weight
tension problem. For a directed graph G = (V, E), let ¢, : R — R U {—00} be an edge
weight function for (u,v) € E. We assume that functions ¢, ((u,v) € E) are polyhedral (or
piecewise-linear) concave functions. The maximum weight tension problem is formulated as
follows:

Maximize Ouv(p(u) — p(v))
(MWT) (u%E

subject to p € RV.

We denote by gr : RV — R U {—oc} the objective function of the problem (MWT). Note
that dom gt # () if and only if (MWT) has a feasible solution, i.e., there exists some p € RY
such that ¢, (p(u) — p(v)) > —oo for all (u,v) € E.

Proposition 2.1 ([12, Example 2.4]). Suppose that dom gt # 0. Then, the function gr is
polyhedral L-concave with r =0 in (LF2).

Another example of a polyhedral L-concave function comes from the so-called Lovasz
extension of a submodular function. A set function p : 2" — R is said to be submodular if
it satisfies

p(X)+p(Y) 2 p(XNY)+p(XUY) (VXY CV).

Given a set function p : 2V — R with p(f)) = 0, define a function p : RY — R by

h—1
p(p) = Z(ﬁz — Piv1)p(Li) + Prp(Ly) (p e RY), (2.3)

i=1
where p; > py > --- > pj, are the distinct values of components of p and
Li = {veV]p)2p} (i=1,2,...,h).

The function p is called the Lovdsz extension of p.

Proposition 2.2 ([12, Theorem 4.36]). For a submodular set function p : 2V — R with
p(0) =0, the function —p is a polyhedral L-concave function. If p(V) =0, then —p satisfies
property (LF2) with r = 0.
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3. Hassin’s and Chung and Tcha’s Algorithms

As the motivation of the present paper, we review the dual algorithm for the minimum
cost flow problem by Hassin [6] and that for the minimum cost submodular flow problem
by Chung and Tcha [2]. We also observe the polyhedral L-concavity of the dual objective
functions of the problems in [6] and in [2]. In the following, we denote by xx € {0,1}" the
characteristic vector of X C V', ie., xx(v) =1ifv € X and xx(v) =0ifv e V \ X.

3.1. Hassin’s algorithm

For a directed graph G = (V, E) with nonnegative edge capacity c(e) and edge cost y(e) for
e € E, the minimum cost flow problem treated in [6] is formulated as follows:

Minimize Z ~¥(u, v)x(u,v)

(u,v)EE
subject to  dz(u) =0 (ueV),
0 < 2(u,v) <clu,v) ((u,v) € E),

where

Ox(u) = Z x(u,v) — Z x(v,u) (ueV).

vi(u,v)EE vi(v,u)eE

The dual problem is given as

Maximize )= Z c(u,v) min{0, p(u) — p(v) + y(u,v)} (3.1)

(u,v)eE
subject to p € RY.

The function gy is polyhedral L-concave since it is a special case of the function gr in
Proposition 2.1.
Hassin’s algorithm is described as follows. For p € RV and X C V, we define

Ip,X)= >  cuwv)— > cluw), (3.2)

(u)EES, (p,X) (u,v)GEi%(p,X)
where

Esu(p, X) = {(w,v) € E|p(u) = p(v) +7(u,v) <0, ue X, ve VA X},

Eq(p,X) = {(uv) € B|pu) —pv) +7(u,v) <0, ue V\ X, ve X}
We also define A(p, X) by

Ap, X) = min {|p(u) — p(v) +(u, )| | (u,0) € ES

out (P, X) U B (p, X) }, (3:3)
where
EZ(p, X) ={(u,v) € E | p(u) — p(v) +y(u,v) >0, ue V\ X,ve X}
Then, it holds that
gu(p + axx) = gu(p) = al(p, X) (0 <Va < Ap, X)).

Hassin’s Algorithm
Step 0: Set p := p°, where p° is an initial vector chosen from RY .
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Step 1: Find X C V that maximizes I(p, X); if there exists more than one such X, then
take a (unique) minimal one.

Step 2: If I(p, X) <0, then stop; p is a maximizer of gy.

Step 3: Set p:=p+ A(p, X) xx. Go to Step 1. O

We note that the set X in Step 1 can be obtained by solving a minimum cut problem.

For each positive integer k, we denote by X and pg, respectively, the set X and the
vector p just after Step 1 in the k-th iteration. The next property shows that the value
I(pg, X)) is monotone nonincreasing.

Proposition 3.1 ([6]). For k = 1,2,..., I(px, X&) > I(prt1, Xis1) holds. Moreover, if
I(pr, Xi) = I(prs1, Xgr1), then we have Xy, C Xpyi1.

It is observed in [6] that the set of possible values of I(p, X) is finite, and hence the

algorithm terminates in a finite number of iterations by Proposition 3.1 (see [6] for details).

3.2. Chung and Tcha’s algorithm

Suppose now that a submodular function p : 2 — R with p(@) = p(V) = 0 is given, in
addition to a directed graph G = (V, F)) with nonnegative edge capacity c(e) and edge cost
v(e) for e € E. Then, the minimum cost submodular flow problem is formulated as follows:

Minimize Z v(u, v)x(u,v)

(uv)EE
subject to Z Oz(u) < p(Y) (Y CV), Z Oz (u) = p(V),
u€Y ueV

0 <z(u,v) <c(u,v) ((u,v) € E).

The linear programming dual is given as

Maximize —— Y c(u,v)s(u,v) = Y p(Y)H(Y)

(u,v)eE YCcv
subject to  —s(u,v) — Z t(Y) + Z t(Y) <vy(u,v) ((u,v) €FE),
Y:ueY Y:weY

s(u,v) >0 ((u,v) € E),
tY)>0 (Y CV), t(V) eR.

It is known that for every vector p € RV, the real numbers s,(u,v) ((u,v) € E) and t,(Y)
(Y C V) defined by

sp(u,v) = —min{0,p(u) — p(v) + y(u,v)} ((u,v) € E),
pi—piv1 Y=L, 1<i<h-1),
t,(Y) = Dh (ifY = Ly), (3.4)
0 (otherwise)

provide a feasible solution of the dual problem, where p; > py > --- > p; are the distinct
values of components of p and L; = {v € V | p(v) > p;} (i = 1,2,...,h). Moreover, some
optimal solution of the dual problem can be represented in the form of (3.4) for some p (see
2,3]; see also Theorem 5.6 and its proof in [4]). Hence, the dual problem is rewritten as
follows:

Maximize gor(p) = Y c(u,v) min{0, p(u) — p(v) +y(u,v)} = p(p)  (3.5)
(u,w)ER

subject to p € RY,
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where p : RV — R is the Lovdsz extension of p given by (2.3). It is observed that the
objective function gor is expressed as gor = g — P, which implies that gor is polyhedral
L-concave since both of gy and —p are polyhedral L-concave functions and polyhedral L-
concavity is closed under addition.

Chung and Tcha’s algorithm is described as follows. Recall the definitions of I(p, X)
and A\(p, X) in (3.2) and in (3.3), respectively. We also define

p(p, X) =min{p; — pira [ 1 <t <h—1, (Lisa \ L) N X #0, (Li \ Lima) \ X # 0}, (3.6)

where L is defined to be the empty set. Then, it holds that

gor(p+ axx) — ger(p) = a(I(p, X) — §'(p; xx))

for every @ € R with 0 < o < min{A(p, X), u(p, X)}, where p'(p; xx) is the directional
derivative® of p at p in direction xx.

Chung and Tcha’s Algorithm

Step 0: Set p := p°, where p° is an initial vector chosen from RY.

Step 1: Find X C V that maximizes I(p, X) — ¢'(p; xx)-

Step 2: If I(p, X) < p/(p; xx), then stop; p is a maximizer of gcr.

Step 3: Set p:=p+ min{A(p, X), u(p, X)} xx. Go to Step 1. H

Chung and Tcha derive a pseudo-polynomial bound on the number of iterations of the
algorithm by assuming that the edge costs (e) are all integer-valued [2]. We note that the
set X in Step 1 can be obtained by solving a maximum submodular flow problem; see, e.g.,
[4, Section 5.5] and [5] for algorithms of the maximum submodular flow problem.

4. Steepest Ascent Algorithm for Polyhedral L-concave Functions
4.1. Algorithm

We consider the following steepest ascent algorithm for the maximization of a polyhedral
L-concave function g : RV — R U {—occ}, where it is assumed that argmax g is nonempty.
Since g is a polyhedral concave function, the nonemptiness of arg max g is equivalent to the
condition that g is bounded from above; in particular, g satisfies property (LF2) with r = 0.

Whereas a standard steepest ascent algorithm iteratively updates a current solution p
by using a direction d € RV which maximizes the value of directional derivative ¢'(p; d), our
algorithm uses a restricted class of directions given by 0-1 vectors. Recall the definition of
¢(p;d) in (2.2). It is assumed that we have an oracle for computing the value ¢(p; d) exactly;
see Section 4.4 for more details on such an oracle.

Steepest Ascent Algorithm for Polyhedral L-concave Functions

Step 0: Set k :=1 and p; := p°, where p° is an initial vector chosen from dom g.

Step 1: Let X; C V be a set maximizing the value ¢'(px; xx, ); if there exists more than
one such Xy, then take a (unique) minimal one.

Step 2: If ¢'(pr; xx,) < 0, then output the current vector py, and stop’ (py is a maximizer
of g).

Step 3: Set A := ¢(pr; Xx,.), Pr+1 := Dk + MeXx,, and k := k + 1. Go to Step 1. O

We note that the minimal X, that maximizes ¢’(py; xx, ) in Step 1 is uniquely determined
by the following property:

*0'(p; xx) admits an explicit formula [2], which is omitted here.
TIf the algorithm stops, we have X}, = () since it is the smallest set with ¢’(py; xx,) < 0.
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Proposition 4.1. Let p € domg. If X, Z € argmax{¢'(p;xv) | Y C V'}, then it holds that
XNZ XUZeargmax{g(p;xy)|Y CV}.

Proof. By (LF1) for g, we have ¢'(p; xx) + ¢'(p; xz) < ¢'(p; xxnz) + ¢'(p; Xxuz). Hence,
XNZ,XUZ € argmax{g' (p;xv) | Y €V} holdsif X, Z € argmax{¢'(p;xy) | Y CV}. O

The validity of the steepest ascent algorithm follows immediately from the following
proposition, stating that maximizers of a polyhedral L-concave function are characterized
by a local property.

Proposition 4.2 ([12, Theorem 4.29]). Let g : RV — RU{—o0} be a polyhedral L-concave
function. Then, p € dom g is a mazimizer of g if and only if ¢'(p; xx) < 0 for every X C V.

Hence, the output of the algorithm is a maximizer of function g.

Remark 4.3. It is easy to see that the steepest ascent algorithm described above coincides
with Hassin’s and Chung and Tcha’s algorithms when applied to polyhedral L-concave
functions gy in (3.1) and ger in (3.5), respectively. Our algorithm is different from Chung
and Tcha’s algorithm in the choice of X in Step 1. The unique minimal maximizer X
of ¢'(p; xx) is chosen in our algorithm to guarantee the finite termination (see Theorem
4.7), whereas Chung and Tcha’s algorithm takes an arbitrary maximizer and imposes an
integrality assumption on the input to show the finite termination. O]

Remark 4.4. The steepest ascent algorithm presented in this section can also be seen as
a natural generalization of the steepest ascent algorithm for L-concave functions defined on
integer lattice points (see [10,11]), for which an analysis of the number of iterations is given
in [14]. O
4.2. Monotonicity properties

In the analysis of the steepest ascent algorithm, the smallest maximizer that is not smaller
than the initial vector p° plays an important role. Note that a maximizer p satisfying
p > p° always exists by property (LF2) with » = 0. Moreover, the existence of the unique
minimal maximizer p satisfying p > p° follows from the closedness of dom g and the following

property.
Proposition 4.5. Let p,q € dom g be mazximizers of g satisfying p > p° and g > p°. Then,
p A q s also a maximizer of g and satisfies p A q > p°.

Proof. 1t follows from p > p° and g > p° that p A ¢ > p°. By property (LF1), we have
9N a)+g(pVaq) > g(p) + g(g) = 2max{g(p') | p' € RV},

from which it follows that both of p A ¢ and p V g are maximizers of g. O

Denote by p the unique minimal maximizer of g such that p > p°. Note that the
maximizer p is “nearest” to p° in the sense that

1P — p° |l = min{||p — p°|| | p € argmaxg, p > p°}. (4.1)

We now present the main theorem of this paper. For k = 1,2, ..., we define real numbers
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ag, B and sets Ay, B, C V byt

ay, = min{p(i) — pi(i) | i € Xy},
Br = max{p(i) — px(i) | i € V} —max{p(i) — px(i) | i € V \ X},
Ay, = argmax{p(i) — pr(i) | i € V},
By ={i eV |p(i) = pe(i)},
where p, and X are the variables in the k-th iteration of the steepest ascent algorithm.

Note that set B is nonempty due to the choice of p and property (LF2) of the function g.

Theorem 4.6. In the steepest ascent algorithm for a polyhedral L-concave function g, the
following hold for k =1,2,...:

Pr <D,

e < minfoy, Bi},

Ap € X CV\ By,

Ay C Agiq; moreover, Ay C Ags1 if \p = Br and Ax = Ak if M < Bk,

By C Byy1; moreover, By, C Bii1 if A\ = ax and By, = By if M < g,

9 (Pr; Xx0) = 9 (Drts Xy ); moreover, Xi, © Xipr if ¢'(0; Xx,,) = 6 (Prs1s XXip)-

i
N Ol w1

(4.2)
(4.3)
(4.4)
(4.5)
(4.6)
(4.7)

The proof of Theorem 4.6 is given in Section 4.3.

From this technical theorem we obtain various nice properties which are peculiar to the
steepest ascent algorithm described above for polyhedral L-concave functions and are not
shared by the ordinary steepest ascent algorithm for general concave functions.

The first property is the finite termination of the algorithm.

Theorem 4.7. The steepest ascent algorithm for polyhedral L-concave functions terminates
n a finite number of iterations.

Proof. By (4.7) in Theorem 4.6, it suffices to show that ¢'(px; xx,) takes a value in a finite
set of real numbers. Let

D ={¢(p;xx)|p€domyg, X CV, ¢(p;xx) > —oc}.

Since g is a polyhedral concave function, it can be represented as g(p) = minj<;<;{a; p+b;}
(p € dom g) for some a; € RV and b; € R (i = 1,2,...,t). Hence, if ¢'(p; xx) > —oo, then
we have ¢'(p; xx) = a] xx for some i. This implies that D is a finite set. ]

In the following, we denote by m the total number of iterations executed in the algorithm.
The next property is that the algorithm outputs the maximizer p that is smallest with p > p°.
Theorem 4.8. The steepest ascent algorithm outputs the mazimizer p.

Proof. By (4.2) in Theorem 4.6, we have p, < p for all k. Since pp > p°, if pp # p, then
pr is not a maximizer of g, and the algorithm continues to the next iteration. Hence, the
algorithm outputs the vector p when it terminates. O

The third property is that the trajectory of the solutions generated by the algorithm
is a “shortest” path from the initial solution p° to the “nearest” maximizer p in the sense
that the total sum of the step lengths is equal to the {o-distance ||p — p°|| from the initial
solution p° to the nearest optimal solution p.

Tt should be understood that oy, Bk, Ak, and By, are defined for each k which is less than the total number
of the iterations executed in the algorithm.
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Theorem 4.9. The total sum Z;”;ll A of the step lengths is equal to ||p — p°|so-

Proof. By (4.4) in Theorem 4.6, we have ||[p—pi+1]lcoc = [|P—Dk|lco—Ax for k =1,2,... ., m—1.
This implies 327" A\ = [|p — P°/|oo- O

The fourth property is the concavity of the function g on the trajectory of the solutions
generated by the algorithm.
Theorem 4.10. Let 1) : [0,A,,_1] — R be a function defined by

@D(/\) = g(pk + (A - Ak—l)XXk) (k = 1’2) cee, MM = 17 Ak—l S A S Ak)7

where Ay, = Ejzl A (k=0,1,...,m—1). Then, v is a piecewise-linear increasing concave
function.

Proof. Foreach k =1,2,...,m—1, the function 1 is linear in each subinterval and its slope
is given by ¢'(px; Xx, ), which is a positive number due to the choice of X. Hence, the claim
follows from (4.7) in Theorem 4.6. O

Remark 4.11. We see from Theorem 4.6 that the monotonicity property of Hassin’s algo-
rithm extends to the steepest ascent algorithm for L-concave functions. Indeed, Proposition
3.1 for Hassin’s algorithm can be obtained as a special case of Theorem 4.6 applied to the
polyhedral L-concave functions gy given by (3.1), where ¢'(px; xx,) = I(px, Xi) for each k.

O
Remark 4.12. The results in this section can be naturally extended to locally polyhedral
concave functions with L-concavity (i.e., (LF1) and (LF2)); a function g : RY — RU {—o0}
is said to be a locally polyhedral concave function if for every bounded interval [a,b] with
dom gNJa,b] # 0, the restriction of the effective domain of g to dom gN[a, b] is a polyhedral
concave function. We note that the concave closure of an L-concave function defined on

integer lattice points (see [10,11]) is a locally polyhedral concave function with L-concavity.
O]

4.3. Proof

In this section we give a proof of Theorem 4.6. We assume that g : RY — RU {—o0c} is a
polyhedral L-concave function that has a maximizer.
Lemma 4.13 ([12, Lemma 4.28]). It holds that

9(p) +g(a) < g(p + Axx) + g(g — Axx)
for every p,q € domg and A € R with 0 < A < X — X, where
N =max{q(i) —p()}, X =argmax{q(i) —p(i) [i €V},
A= max {q(i) —p(i)} (N'=-c0 if V\X =0).

iEVAX
The following two lemmas show two properties for the proof of Theorem 4.6. We say
that X C V is a steepest ascent direction of function g at p € dom g if

g (p; xx) = max{g'(p;xy) | Y € V}.

By Proposition 4.2 and property (LF2) with r = 0, every steepest ascent direction X is a
nonempty proper subset of V' (i.e., 0 € X C V) if p is not a maximizer of g. Note that
for p € domg with p ¢ argmaxg and every steepest ascent direction X at p, we have
¢(p; xx) < +oo since ¢'(p; xx) > 0 holds by Proposition 4.2 and there exists a maximizer
of g by our assumption.
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Lemma 4.14. Let p € domg be a vector with p° < p < p and p # p, and X be a steepest
ascent direction of g at p. Put

A=argmax{p(t) —p())},  B={i€V[p@)=p()}.

(i) A C X holds.
(il) X \ B is also a steepest ascent direction at p.
(i) X N B =0 holds if X is the unique minimal steepest ascent direction at p.

Proof. We first note that p is not a maximizer of g. Let € be a sufficiently small positive
real number such that

9(p +exx) — 9(p) = €g'(p; xx). (4.8)
To prove (i), assume, to the contrary, that A\ X # () holds. Then, we have

arg max{p(i) — (p + exx) (1)} = A\ X.
Hence, Lemma 4.13 implies that

gp)+gp+exx) < gd—exax)+9(p+exx +exax)
= g(p—exax) +9(p+exxua) (4.9)

Since p > p and p # p, we have A\ X C {i € V' | p(¢) > p(i)}. Therefore, we may assume
that € is chosen so that

P=P—EXax 2P (4.10)
holds. It follows from (4.10) and the choice of p that g(p) > g(p — exa\x), which, together
with (4.9), implies g(p + exxua) > g(p + exx). From this inequality and (4.8) it follows
that

eq' (p; xxua) = g(p+exxua) — 9(p) > g(p +exx) — 9(p) = €9'(P; xx),

where the first inequality is by the concavity of g. This, however, is a contradiction to the
choice of X. Hence, we have A\ X =), ie., AC X.

We then show that X \ B is also a steepest ascent direction at p. We may assume that
X N B # () since otherwise the claim holds immediately. Then, we have

arg max{(p +exx)(@) —p(i)} = X N B.
It follows from Lemma 4.13 that

gip+exx)+9(®) < glp+exx —exxnp) + 9P+ exxns)
= g(p+exx\a) + 9P+ exxnp). (4.11)

Since p is a maximizer of g, we have g(p) > ¢g(p + exxnp), which, together with (4.11),
implies g(p +exx) < g(p+ exx\p). Hence, it follows that

ed (p,xx) =g9(p+exx) —9(p) < glp+exx\n) — 9(p) < eg' (P, xx\B),

i.e., X \ B is also a steepest ascent direction at p. Hence Claim (ii) holds.
Finally, (iii) follows easily from (ii) since (ii) implies X \ B 2 X if X is the unique
minimal steepest ascent direction at p. O
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Lemma 4.15. Let p € domg be a vector with p ¢ argmaxg, X C V be a steepest ascent
direction of g at p, and X € R be a real number with 0 < X\ < &(p; xx). Put ¢ = p+ Axx,
and let Y CV be a steepest ascent direction of g at q. Then, the following three properties
hold:

(1) 9'(pxx) =2 9'(¢ xy)-

(i) If ¢'(p;xx) = ¢'(¢; xy), then X NY is also a steepest ascent direction at p.

(i) If A < é(p; xx), then X is a steepest ascent direction at q.

Moreover, under the assumption that X (resp., Y') is the unique minimal steepest ascent
direction at p (resp., at q), the following two properties also hold:

(iv) If ¢'(p; xx) = ¢'(¢; xy), then X CY holds.
(v) If N <é(p;xx), then X =Y holds.

Proof. By the choice of A\ and concavity of g, we have

g(p+Ixx) —9(p) = Ag'(p; xx)- (4.12)

Let € € R be a positive real number with ¢ < A such that

9(a +exy) — 9(a) = €9'(¢; xv). (4.13)
Put ¢ = ¢+ exy. By (4.12) and (4.13), we have

9(@) — g(p) = Ag'(pi xx) +€9'(¢; xv). (4.14)
Note that ¢ can be represented as
q=p+exxuy +(A—e)xx +exxny.

Claim: The following inequalities hold:

9(4) — 9(Gd — exxny) < eg'(p; xx), (4.15)
g(p +exxuy + (A —e)xx) — g(p +exxuy) < (A —¢)g'(p; xx), (4.16)
g(p+exxuy) — 9(p) < eg'(p; xx). (4.17)

[Proof of Claim| Inequality (4.17) can be shown as follows:

g(p+exxuy) — 9(p) < ed'(p; xxuy) < ed'(p; xx),

where the first inequality is by the concavity of g and the second inequality follows from the
fact that X is a steepest ascent direction of g at p.
We then prove (4.15). It may be assumed that X N'Y # ) since otherwise

A

9(q) — 9(G — exxny) = 9(4) — 9(q) =0 < g’ (p; xx)

holds, where the inequality follows from p ¢ arg max g and Proposition 4.2. Since arg max{{(i)—
p(i) |i € V} =X NY, Lemma 4.13 implies that

g(p) +9(q) < g(p+exxny) +9(¢ — exxny),

from which it follows that

9(q) — 9(¢d —exxny) < g(p +exxny) — 9(p) < ed' (p; xxny) < g’ (p; xx)- (4.18)
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Inequality (4.16) can be shown similarly to (4.15) as follows. Lemma 4.13 implies that

g(p) +9(p+exxuy + (A —€)xx)
< glp+ A —e)xx)+9((p+exxoy + (A —e)xx) — (A —e)xx)
= glp+ (A —e)xx) +9(p+exxuy),

from which it follows that

g(p +exxoy + (A —e)xx) — g +exxuy) < glp+ (A —e)xx) —9(p) < (A —2)g'(p; xx)-

[End of Claim)]
Inequalities (4.15), (4.16), and (4.17) imply

9(q) —9(p) < (A +2)g' (p; xx)- (4.19)

Then, Claim (i) follows from (4.14) and (4.19).

To prove Claims (ii) and (iv), assume that ¢'(p; xx) = ¢'(¢; xv). It follows from (4.14)
that g(q) — g(p) = (A + €)¢'(p; xx), which, together with the inequalities (4.15), (4.16),
and (4.17), implies that all the inequalities (4.15), (4.16), and (4.17) hold with equality. In
particular, we have

9(4) — 9(¢ — exxny) = €' (p; X x), (4.20)

from which it follows that X NY # () since ¢'(p; xx) > 0 by Proposition 4.2. By (4.18) and
(4.20), we have

ed' (pixx) = 9(q) — 9(§ — exxny) < g(p+exxny) — 9(p) < ed' (p; xxnv)-

This shows that X N'Y is also a steepest ascent direction of g at p, i.e., (ii) holds. If X is
the unique minimal steepest ascent direction at p, then we have X C X NY ie, X CY.
Thus, (iv) holds.

We finally prove Claims (iii) and (v). For A < &(p; xx), we have ¢'(¢; xx) = ¢'(p; xx),
which, together with (i), implies

d (@ xx) =9 xx) > 9 (6 xy)

This shows that X is also a steepest ascent direction at ¢ and that ¢'(p; xx) = ¢'(¢; xy)- If
Y is the unique minimal steepest ascent direction at ¢, we have X O Y, which, combined
with Claim (iv), implies X =Y. O

We now give a proof of Theorem 4.6.

[Proofs of (4.2) and (4.3)] It suffices to show that for k = 1,2,... . m — 1, if p < p
then Ay < min{ay, Ok} and pry1 < p hold.

Assume that pr < p holds. First suppose, to the contrary, that a; < A\.. Let p/ =
i+ agpXx,. Since pi < p, the definition of p’ implies p’ < p. Note that p’ is not a maximizer
of g since

9(Per1) — 9(0") = (A — aw)g'(pr; xx,,) > 0.

Hence, p’ # p holds. Since p’ is given as p' = pp + apxx, with o < A\p = é(pg; xx, ), the
set X is also the unique minimal steepest ascent direction at p’ by Lemma 4.15 (v). By
Lemma 4.14, we have X; N B’ = (), where B’ = {i € V | p(i) = p/(i)}. On the other hand,
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the definition of p’ implies that B’ contains some element in X}, a contradiction. Hence, we
have oy > Ai.

Next suppose that £, < Ag. Let p” = pp+Brxx,. In asimilar way as in the previous case,
we can show that p” < p, p” # p, and that the set X}, is also the unique minimal steepest
ascent direction at p”. By Lemma 4.14, we have A” C X, where A” = arg max;cy{p(i) —
p”(i)}. On the other hand, the definition of p” implies that A” contains some element in
V'\ Xy, a contradiction. Hence, we have S > Ay.

Finally, the inequality py1 < p follows immediately from p, < p and A\p < ay.

[Proof of (4.4)] By Lemma 4.14 applied to p = py and X = X}, we obtain Ay C X, C
V'\ By, i.e., (4.4) holds.

[Proofs of (4.5) and (4.6)] Claims (4.5) and (4.6) follow from (4.3), (4.4), and definitions
of ag, By, and pry1.

[Proof of (4.7)]  The inequality ¢'(pi; Xx,.) = ¢ (Pk+1; Xx,.,) follows immediately from
Lemma 4.15 (i). Suppose that ¢'(pr; xx,) = ¢’ (Pk+1; Xx,,,) holds. By the definition of pj4q
(and ¢(pr; xx,)), we have ¢'(pr+1; Xx.) < ' (Pr; Xx,, ), and therefore X # X1 holds. This,
together with Lemma 4.15 (iv), implies X € Xp41.

This completes the proof of Theorem 4.6.

4.4. Computation of step size

So far we have assumed that the value ¢(p; xx) is given by some “oracle,” i.e., that the
exact value of ¢(p; xx) can be computed efficiently for every p € domg and X C V. Here
we discuss the computation of the value é(p; xx) for a polyhedral L-concave function g.

We can indeed compute the value ¢(p; xx) efficiently for the special case of polyhedral
L-concave functions arising from the minimum cost (submodular) flow problems discussed in
Section 3. For the minimum cost flow problem considered in Section 3.1, the value ¢(p; xx)
is equal to A(p, X) given by (3.3), which can be computed in linear time in the size of the
edge set E. In the minimum cost submodular flow problem considered in Section 3.2, the
value ¢(p; xx) is equal to min{\(p, X), u(p, X)}, where p(p, X) given by (3.6) can also be
computed in polynomial time in the size of the set V.

For a general polyhedral L-concave function g, we can still compute the value ¢(p; xx)
efficiently if the function ¢ has a certain “integrality” property. For a polyhedral concave
function g : RV — RU {—o0} and z € RY, we denote

arg max g[—x| = argmax{g(p) — p x| p € domg}. (4.21)

A polyhedral L-concave function g : RV — R U {—oo} is said to be integral if for every
r € RV with argmax g[—z] # 0, the polyhedron arg max g[—z] is integral. Note that the
polyhedral L-concave function gy in (3.1) is integral if y(e) € Z U {+oc} for all e € E, and
ger in (3.5) is integral if y(e) € ZU {400} for all e € E and p is an integer-valued function
[10].

It is known (see, e.g., [10, Chapter 7|) that for every integral polyhedral L-concave
function g and every x € RV with arg max g[—x] # 0, there exists an integer-valued function
p:V xV —ZU{+oo} such that

argmax g[~a] = {p € R | p(v) — p(u) < p(u,v) (u,v € V)}.

It follows from this fact that the value ¢(p; xx) is an integer for every p € dom g N ZY and
X C V. Hence, ¢(p; xx) can be computed exactly by binary search, and its running time is
bounded by log ®, where

¢ = max max{|(p(i) — p(j)) — (¢(1) = ¢()) | . ¢ € dom g}.
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Even for a non-integral polyhedral L-concave function g, we can compute an approximate
value of ¢(p; xx) with additive error at most € in time polynomial in log ® and log(1/e).
Note that if an approximate value of ¢(p; xx) with additive error at most ¢ is used in the
steepest ascent algorithm, we can compute a vector p € dom g satisfying

inf{||p — p"||c | p* € argmaxg} < [V]-¢

(i.e., p is in the neighbor of an optimal solution) by the proximity result shown in [§].

5. Algorithm for Polyhedral L*-concave Functions
The steepest ascent algorithm for maximization of polyhedral L-concave functions is natu-
rally adapted to polyhedral Lf-concave functions. A polyhedral concave function g : RV —
R U {—o0} is said to be polyhedral Lf-concave if the function § : RY — R U {—occ} defined
by

g(n,p) =g(p—n1) ((n,p) eRxRY =R") (5.1)

is polyhedral L-concave, where V = {vo} UV. Polyhedral Lf-concavity of g is characterized
by the following “translation-supermodularity” [12, Theorem 4.39]:

g(p) +9(q) < glpV (g—M1) +g((p+ 1) Aq) (Vp,q € domg, VA >0). (5.2)

We now consider the maximization of a polyhedral Lf-concave function g : RV — R U
{—o0}, where it is assumed that arg max g is nonempty. The steepest ascent algorithm in
Section 4.1 applied to the polyhedral L-concave function § given by (5.1) with an initial
vector (0,p°) € RV yields the following algorithm for the polyhedral Lé-concave function g
and the initial vector p° through the following correspondence (see also [10, Section 10.3.1]):

g g
(n,p) — q=p-nl (5.3)
(n,p) + A0, xx) <= ¢+ Axx '
(nap) +)‘(17XX) — q_/\XV\X

Steepest Ascent Algorithm for Polyhedral Li-concave Functions

Step 0: Set k :=1 and p; := p°, where p° is an initial vector chosen from dom g.

Step 1: Let 0, € {+1,—1} and X} C V be a pair of a sign and a set maximizing the value
J'(p; ok X x,,); if there exists more than one such pair, then choose o4 and X}, according
to the following rule:

(i) if there exists such (oy, Xj;) with o = +1, then set o = +1 and take a (unique)
minimal Xj,.
(ii) otherwise, set o, = —1 and take a (unique) maximal Xj.

Step 2: If ¢'(px; ok xx,,) < 0, then output the current vector py and stop (pg is a maximizer
of g).

Step 3: Set \g := ¢(pr; 0k Xx,)s Pkt1 = Dk + Ak Ok Xx,, and k :=k+ 1. Go to Step 1. [

The finite termination of the algorithm follows immediately from Theorem 4.7.
Corollary 5.1. The steepest ascent algorithm for polyhedral LP-concave functions terminates
i a finite number of iterations.

In the following, we denote by m the total number of iterations executed in the algorithm.

The properties of the steepest ascent algorithm for polyhedral Li-concave functions in
this section can be derived from the corresponding results for polyhedral L-concave functions
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in Section 4.1 through rather mechanical translations based on the correspondence (5.3).
Although the concept of polyhedral Li-concave function is equivalent to that of polyhedral
L-concave function by definition, it is emphasized that the class of polyhedral Lé-concave
functions contains that of polyhedral L-concave functions as a special case, and accordingly,
the results to be established in this section have wider applicability than those in Section 4.
Remark 5.2. If the steepest ascent algorithm in this section is applied to a polyhedral
L-concave function g, then its behavior coincides with that of the steepest ascent algorithm
for polyhedral L-concave functions in Section 4.1. [
For a vector ¢ € RV, define

+ o . - _ _ .
lgll% = max [0, maxq(i)],  lgll = max [0, max{—q(i)}].

Note that ||g||% + [|q]|> serves as a norm of ¢ (satisfying the axioms of norms), and accord-
ingly, the value ||p — ¢||% + ||p — ¢l|~ represents a “distance” between two vectors p and

q.
Let
n=min{n |n € Ry, Ip € argmaxg s.t. p > p° —nl}, (5.4)

and denote by p the unique minimal maximizer of g under the condition p > p° —n1l. Note
that the vector (1,p + n1) is the unique minimal maximizer of the associated L-concave
function g under the condition (7,p + 71) > (0,p°), and satisfies

10,5 +71) = (0,0°)[loc = 16 — P°ll% + 1P — P°l| - (5.5)

The maximizer p is “nearest” to the initial vector p° in the following sense.
Proposition 5.3. The mazimizer p satisfies

16 =Pl + 1p — p°llc = min{[lp = 5 + [lp — p°ll< | p € argmax g} (5.6)

Proof. Let 1) be the real number defined by (5.4). Since the vector (7, p + 71) is the unique
minimal maximizer of § under the condition (7, p + 1) > (0,p°), we have

17, p+71) = (0,p°) oo
= min{||(¢,p +¢1) = (0,p°)[|c | (¢, p+ (1) € argmaxg, (¢,p+¢1)>(0,p°)}. (5.7)

The left-hand side of (5.7) can be rewritten by (5.5). On the right-hand side of (5.7), we
have

((,p+ (1) € argmaxg <= p € arg maxg,
(Cp+C1) > (0,p°) <= > lp—p°llx,

and the latter implies

1(¢,p+¢1) = (0,000 = llp — P°IZ, + ¢

Therefore, the right-hand side of (5.7) is equal to

min{||p — p°||% + |lp — p°||= | p € argmax g}.

Hence, the equation (5.6) follows from (5.7). O
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The next property, which follows from Theorem 4.8, states that the algorithm outputs
the “nearest” maximizer p.

Corollary 5.4. The steepest ascent algorithm for polyhedral Lf-concave functions outputs
the mazximizer p.

As in Theorem 4.9, the trajectory of the solutions generated by the algorithm is a
“shortest” path from the initial solution p° to the “nearest” maximizer p.
Corollary 5.5. The total sum Y"1 Ay, of the step lengths is equal to ||p—p°||% + |p—p°| = -

Proof. By Theorem 4.9 applied to the L-concave function g and the initial vector (0, p°), it
holds that

m—1
A= 105+01) = (0,0°)]loe = 16 = P15 + 117 = 2|
k=1
where the second equality is due to (5.5). O

The next property is the concavity of the function g on the trajectory of the solutions
generated by the algorithm.

Corollary 5.6. Let 1 : [0, A,,—1] — R be a function defined by
Y(A) = g(pr + (A = Ap—1)orxx,) (k=1,2,....m—1, A1 <A< Ap),

where Ay, = Zj:l Aj (k=0,1,...,m—1). Then, 1 is a piecewise-linear increasing concave
function.

Proof. The claim follows from Theorem 4.10 and the correspondence (5.3) between the two
algorithms. O]

We finally show some monotonicity properties of the algorithm by using Theorem 4.6.
For ¢ € RY, we denote

supp”(q) = {i € V' | q(i) >0},  supp (¢q) ={i € V | q(i) < 0}.

For k=1,2,...,m, we define sets Ay, B, CV by

Ay = argmax{p(i) — px(i) | i € V. p(i) > pi(i)}
_ { argmax{p(i) — px(i) | i € V} (if supp™(p — px) # 0),
{i e V| p(i) = p(i)} (if supp™(p — px) = 0
By = argmin{p(i) — p(i) [ € V, p(i) < pi(i)}
_ { argmin{p(i) — px(i) | i € V} (if supp™(p — px) # 0),
{i eV |p(i) =pp(i)} (if supp=(p —pr) =0
m=> NI1<j<k-1, 05=-1}

where py, is the vector in the k-th iteration of the steepest ascent algorithm.

Corollary 5.7. In the steepest ascent algorithm for a polyhedral L*-concave function g, the
following hold for k =1,2,...,m — 1:

(111) Ak g Ak-i—l a,nd Bk Q Bk-i—l-

(iV) g,(kaUkXXk) > 9,<pk+130k+1XXk+1); moreover, if g/(pk§UkXXk) = g/(pk+1;ak+1XXk+1)7

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



200 S. Fujishige, K. Murota, & A. Shioura

then we have the following:
(iv-a) If o = —1, then oy = —1.
(iv-b) If o, = o1 = +1, then X C Xiiq.
(iv-c) If op = o1 = —1, then X 2 Xpi1.
(iv-d) If o, = +1 and o1 = —1, then Xx CV \ Xgi1.

Proof. For k=1,2,...,m, let py € RY and X, C V be the variables obtained in the k-th
iteration of the steepest ascent algorithm in Section 4.1 applied to the L-concave function
g and the initial vector p° = (0,p°). Note that

151 :ﬁoa pm:(ﬁ7ﬁ+ﬁ1)
We denote p* = (1, p + 1), and define
Ay = argmax{p* (i) — pp(i) | i € V},
Bi={i € V| 5() - (i) = 0}.
Then, Theorem 4.6 implies the following properties:
@) g <p.
(i) A € X SV \ B,
(111/) Ak Q Ak:-i—l and Bk Q Bk—‘rl- B R
(iv') §'(Pri x%,) = §' (P13 Xx,,,); moreover, Xy © Xyp1 if §'(Pr; xx,) = G’ (P13 X%, ,,)-
We show below that Claims (i), (ii), (iii), and (iv) follow from (i’), (ii’), (iii’), and (iv’),
respectively.
By the correspondence (5.3) between the two algorithms, the following property holds:

if o, = +1, then vy ¢ X and X = Xk; }

if 6, = —1, then vg € X; and Xy =V \ X;. (58)

Hence, we have n, = pi(vg) for all k, and therefore py, = (nx, pr + Mk 1) holds. From this and
(i"), Claim (i) follows. 3
We then prove (ii) and (iii). By (ii’), (iii’), and (5.8), it suffices to show that A,NV = A,
and B, NV = By,. Since
max{p” (i) — pr(i) | i € V} = max [ — g, max{(p(i) + 1) — (pu(6) +m) | i € V}]
= 1) — n + max [0, max{p(i) — px(i) | i € V}],
it holds that
A, = { arg max{p(i) — pi(i) | i € V} (if supp™(p — px)
{i € V| p(@) = pr(i)} U{vo} (if supp™®(p — p)
Hence, we havei A, NV = Ay
Note that By, is rewritten as
By, = argmin{p*(i) — pp(i) | i € V}
since By, # 0 and p* > Py, for each k. Hence, we can show the following equation in the
same way as (5.9):

[N

0),
0) (5.9)

= [ argmin{p(i) — pi(i) | i €V} (if supp~(p — p) £ 0).
i = { {Z S | ﬁ(z) = pk(z)} ) {Uo} (if supp_(ﬁ — pk) = Q)) (5'10)

This implies By, NV = By, and therefore Claims (ii) and (iii) hold.
Finally, Claim (iv) follows from (iv’) and (5.8). O
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6. Variant of Steepest Ascent Algorithm

We discuss a variant of the steepest ascent algorithm for polyhedral L-concave functions,
where the set X} in Step 1 is chosen arbitrarily from among the sets maximizing the value
g'(pk: Xx,) (i.e., not necessarily minimal); in this section we call this variant the modified
(steepest ascent) algorithm.

We see from Proposition 4.2 that the modified algorithm still outputs a maximizer of
a polyhedral L-concave function ¢ if it terminates. While the output of the algorithm
is not necessarily the unique minimal maximizer p of g under the condition p > p°, the
output inherits a nice property of p as shown in Section 6.1 (see Theorems 6.1 and 6.2). In
addition, it is shown that the modified algorithm terminates if the function g has a certain
“rationality” property (see Theorem 6.3).

On the other hand, we demonstrate in Section 6.2 that the modified algorithm may not
terminate in any finite number of iterations if the function ¢ is not “rational.” This fact
shows that the choice of the unique minimal steepest ascent direction is essential for the
finite termination of the steepest ascent algorithm for polyhedral L-concave functions.

6.1. Monotonicity properties of modified algorithm

We show three properties of the modified algorithm. The first property is that the output
is the “nearest” maximizer of g from the initial vector p°. This property is a generalization
of Theorem 4.8 (see (4.1)).

Theorem 6.1. Suppose that the modified steepest ascent algorithm for a polyhedral L-
concave function g with an initial solution p° € dom g terminates. Then, the output p*
of the algorithm is a mazximizer of g satisfying

Ip* = p°[loc = min{||p — p°|| | p € argmaxg, p > p°}. (6.1)

Note that (6.1) with (4.1) shows [[p* — p°|lcc = || — P°||ce, Which, however, does not imply
p*=p.

The second property, which is a generalization of Theorem 4.9, is that the trajectory
of the solutions generated by the modified algorithm is a “shortest” path from the initial
solution p° to the “nearest” maximizer p*.

Theorem 6.2. Suppose that the modified steepest ascent algorithm for a polyhedral L-
concave function g with an initial solution p° € dom g terminates after m iterations. Then,
the total sum 31" \i, of the step lengths is equal to ||p* — p°||oo-

The third property is that the modified algorithm terminates if the function g has a
certain “rationality” property. Recall the definition of arg max g[—z] for x € RV in (4.21).
Theorem 6.3. The modified steepest ascent algorithm for a polyhedral L-concave function g
with an initial solution p° € dom g terminates in a finite number of iterations if the following
conditions hold:

e for every x € RV with argmax g[—z] # 0, the polyhedron arg max g[—z| is rational,
e the initial solution p° is a rational vector.

Proofs of Theorems 6.1, 6.2, and 6.3 are given below, where the following lemma is
crucial.

Lemma 6.4. Let p € domg be a vector that is not a maximizer of g, and X C V be a
steepest ascent direction at p. Also, let p be the unique minimal mazimizer of g under the
condition p > p. Then, the following properties hold with X = ¢(p; xx):

(i) For every A € [0, )], the vector py = pV (p + Axx) is the unique minimal mazimizer of
g under the condition py > p+ A\xx.

(ii) For every A € [0, A], it holds that ||px — (p + Axx)|leo = 1P — Plleo — A
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Proof. [Proof of (i)]  Let A* € [0, ] be the maximum real number such that p, € arg max g
for every A € [0, \*]. In the following, we assume, to the contrary, that \* < A and derive a
contradiction.

Put ¢ = p+ Mxx and ¢. = p+ (A" +¢)xx with a sufficiently small positive real number
. Then, for Y = {i € X | p(i) < p(i) + A*}, we have

Qe NDx» = q + EXX\Y Qe V Prx = Drre-

By (LF1) for g, it holds that

9(q=) + g(Dr) < g(ge ADar) + (g V Dax) = glq + exx\y) + 9(Das1e)- (6.2)

By Lemma 4.15 (iii), X is a steepest ascent direction at ¢ since \* < X. Hence, we have

(@ xx) > 9(¢ xx\v),

from which it follows that

9(¢=) — 9(q) = eg' (¢ xx) > €4’ (¢ xx\v) > gla +exx\y) — 9(q), (6.3)

where the second inequality is by the concavity of g. By (6.2) and (6.3), it holds that

9(Dr+) < g(Dretz), .., Prsse € argmaxg.
We can choose ¢ sufficiently small so that

Dx = Prx —l—()\—)\*)Xy ()\* <V )\*—F&)

holds. This, together with the concavity of g, implies that p), € argmaxg for every \ €
[A*) \* + €] since pPy«, Prsye € argmaxg. Hence, we have p, € argmaxg for every \ €
[0, \* 4+ €], a contradiction to the definition of A*. Hence, we have \* = X and p, € argmax g
for every X € [0, \].

It remains to show the minimality of py, i.e., that for every A € [0, \], if ¢ is a maximizer
of g with ¢ > p + Axx, then it satisfies ¢ > p,. Since ¢ is a maximizer of g with ¢ >
P+ Axx > p, we have ¢ > p by the definition of p. This inequality and ¢ > p + Ay x imply
that ¢ > pV (p + Axx) = Pa. )

[Proof of (ii)] Let A be a real number with 0 < A < A. To prove

153 = (0 + Axx)lloo = P = Pllos = A, (6.4)
it suffices to show the following:

1P = (0 + Axx)lloe = max{p(i) —p(i) | i € X} = A, (6.5)
1Dx = (P + Axx)lloo = max{p(i) = p(i) [ i € V\ X} = A, (6.

S Ot
~—

|p — plloc = max [max{ﬁ(@') —p(i) | i € X}, max{p(i) —p(i) |i € V'\ X}}

We first prove (6.5). By Lemma 4.15 (iii) and A < ), the set X is a steepest ascent
direction at p + Axx. Hence, Lemma 4.14 (i) implies that

argmax{p,(1) — (p + A\xx)(?) | i € V} C X, (6.7)
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since py is the unique minimal maximizer of g under the condition p) > p 4+ Ay x by Claim
(i) of this lemma. From (6.7) it follows that

122 = (P + Axx)loo = max{pa(i) — (p+ Axx) (i) | i € X}
—p(i) = X,0) i€ X}
= max [ max{p(i) — p(i) | i € X} — A, 0]
= max [RHS of (6.5), 0],

2

(7)
(4)

= max { max(p

]

where py = pV (p+ Axx) is used. In addition, we have ||py — (p+ Axx)||oo # 0 since p+ Axx
is not a maximizer of g by:

9(p + Mxx) = g9(p + Axx) — (A = A)g'( xx) < 9(p + Axx).
Therefore, we have (6.5). The inequality (6.6) can be shown easily as follows:
P2 = (P + Axx) oo = max{pa(i) — (p+ Axx)(@) [ i € V\ X}

= max{p(i) —p(i) | i € V'\ X}
> max{p(i) —p(i) |i € V\ X} — A\

From (6.5) and (6.6) it follows (6.4) for every A with 0 < A < \. By the continuity of
the norm, the equation (6.4) also holds with A = A. This concludes the proof of (ii). O

We now prove Theorems 6.1 and 6.2. Suppose that the algorithm terminates in m
iterations, and let p* be the output of the algorithm, i.e., p* = p,,. Since p* > p°, we have

Ip* — p°[loe > min{|[p — p°|| | p € argmaxg, p > p°} = [|p — p°||s0,

where the equality is by (4.1). We also have

m—1 —1

3

Ip" = Plloo = 10" + D Mexx) = 1°lloe < D A
k=1 k=1
Hence, it suffices to show that
m—1
10— p°llee = Z)\k- (6.8)
k=1

We prove (6.8). Repeated application of Lemma 6.4 implies that for k = 1,2,...,m, the
vector pV pg is the unique minimal maximizer of g that is lower-bounded by py, and satisfies

k—1

1BV pr) = Prlloe = 1(PV Pr-1) = Pr-illoc = A1 = 1P = P°[|oc — ZAj‘
j=1

We have p V p,, = pp since p,, € argmaxg. Therefore, (6.8) holds. This concludes the
proofs of Theorems 6.1 and 6.2.
We next prove Theorem 6.3. We first give a proof for the special case where
e g is an integral polyhedral L-concave function, i.e., for every x € RY with arg max g[—x] #
(), the polyhedron arg max g[—z] is integral (see Section 4.4 for the definition of inte-
gral polyhedral L-concave function),
e the initial solution p° is an integral vector.
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Then, the value &(p; xx) is an integer for every p € domgNZY and X C V, as shown in
Section 4.4. Hence, we can inductively show that the vector p, as well as the step size A
are integral for each k. This fact and Lemma 6.4 (ii) imply that

1Dk+1 — Pt lloo = [Pk — Prlloo — M < ||Pk — Drlloo — 1 (k=1,2,...),

where pr denotes the unique minimal maximizer of g under the condition that py > py.
Hence, the number of iterations is at most ||p1 — p1lleo = [P — P°||co-

We then consider the general case. Since g is a polyhedral concave functions, there exist
a finite number of distinct sets of the form argmax g[—x]. Hence, there exists a positive
integer 7 such that

e the function g, : RV — R U {—o0} given by g.(p) = g(mp) (p € RY) is an integral

polyhedral L-concave function,

e 7p° is an integral vector with 7p° € dom g,.
We see that the behavior of the modified steepest ascent algorithm applied to g with the
initial vector p° is essentially the same as that of the modified steepest ascent algorithm
applied to g, with the initial vector 7p°, which terminates in a finite number of iterations
by the discussion above. This concludes the proof of Theorem 6.3.
6.2. A bad instance for the modified algorithm
We show that the modified algorithm may not terminate in any finite number of iterations
by using the polyhedral L-concave function gr arising from the maximum weight tension
problem (MWT) described in Section 2. In particular, we consider a special case of the
problem (MWT), which we call the mazimum linear-weight tension problem, where the
weight function ¢, for (u,v) € E is of the form

Pu(a) = {

with &(u,v) € R and fi(u,v), u(u,v) € R. The function gp : RY — R U {—o0} associated

with the maximum linear-weight tension problem is represented as

> wu,0)(p(u) = p(v) (fpe P),

K(u,v) o (if p(u,v) < a <T7i(u,v)),
—00 (otherwise)

gT(p) = (u,v)EE (69)
—00 (otherwise),
where
P={peR"|p(u,v) <p(u)—pv) <auv) (V(u,v) € E)}. (6.10)

Note that gr is a linear function on dom g = P.

We consider the function gr in (6.9) associated with an instance of the maximum linear-
weight tension problem given in Figure 1, which is a modification of the one in McCormick
and Shioura [7] (see also Queyranne [15]). Only the five broken edges have nonzero value
of k(u,v); k(s,t) = +1, and each of four arcs (u,v) = (s,7),(7,3),(8,4), and (4,t) has
k(u,v) = K with a sufficiently large positive number K. We set u(u,v) = 0 for all (u,v) € E.
The value 7i(u,v) of each edge (u,v) is indicated in the figure, where

r=W5-1)/2, Si=(1+7)/2, S;=1/2, S3=r/2,
and M is a sufficiently large positive number. These numbers satisfy the identities

1=r+r%

51—7“:7”351, 52—72:7"552, 53—7"5:7“353,
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Figure 1: A bad instance for the modified algorithm. The number associated with an edge
(u,v) means the upper capacity (u,v).

and the inequalities 1 > S; > r > Sy > 12 > S3 > r3 > S, —r = 135]. The three thick edges
(11,10),(9,6), and (5,2) are special edges, which control the behavior of the algorithm.
Suppose that the modified steepest ascent algorithm is applied to this function with the
initial vector p; = 0. Set X7 = {s,8,9,10, 11, 12} is a steepest ascent direction at p;, where
(91)'(p1; xx,) = 2K + 1. We assume that this steepest ascent direction is selected in the
first iteration. Then, each component p;(i) for i € X, is incremented by ¢(p1; xx,) =, i.e.,

P2 =90 (otherwise).

In the second iteration, the set Xy = X;U{4,5,6,7} is a steepest ascent direction, where
(91)"(p2; Xx,) = 2K + 1. We assume that this steepest ascent direction is selected in the
second iteration. Then, each component py(i) for i € X5 is incremented by ¢(po; xx,) = 1,
ie.,

L+r (ifi e Xy),
ps(i) =4 1 (if i € Xo\ X71),
0 (otherwise).
The values of pg(u) — pr(v) at the beginning of the k-th iteration with k = 1,2, 3 are shown
in Table 1. In the analysis below, we mainly consider changes of values py(u) — pg(v) for
edges (u,v) rather than the components py(u) for u € V' of the vector py.

Note that in the following iterations, every steepest ascent direction X must satisfy the

following conditions:

seX, teV\X, {s,TJU{7,3} CX, {84}u{4t}CV\X.

Hence, every steepest ascent direction X has the value of the directional derivative equal to
1 in the following iterations.

Repeated choice of the same steepest ascent directions starts from the third iteration.
In the 3/¢-th iteration with ¢ > 1, we can select a steepest ascent direction

X3€ = {87 17 27 37 67 77 117 12}7 with (QT)/(p?,ZS XXge) = 17 5(173@; XXM) = r3272-

Note that the set X3, cuts all edges in G with capacity S, i.e., u € X3, and v € X3, for each
edge (u,v) with capacity S;. Note also that X3, is not a minimal steepest ascent direction
at pse; the minimal steepest ascent direction is given by {s, 3, 7}.
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Table 1: The values pg(u) — px(v) for (u,v) € E at the beginning of the k-th iteration.

k (4,t) | (8,4) special edges
(7,3) | (s,7) | (11,10) | (9,6) | (5,2)
1 0 0 0 0 0
2 0 r 0 r 0
3¢ 1 r 0 p3t=2 | 363
3+1) 1 r 32 0 |t
30+ 2 1 r 3t 31 0
k edges with
ﬁ(u7v) =51 ﬁ(u’ U) =52 ﬁ(u7v) =53
1 0 0 0
2 0 0 0
3/ Sl(l — 7,3(—3) SQ(l - TM_S) S3<1 — T3£_3)
3¢ +1 51(1 — 7"%) SQ(l — T3€_3> 53(1 — 7"%_3)
+2 [ Si(1 =73 | So(1—r3F) | S3(1—r33)

Similarly, in the (3¢ + 1)-st and (3¢ 4 2)-nd iterations, we can select steepest ascent
directions X3p1 = {s,2,3,7,9,10,12} and X3,,0 = {s,3,5,6,7,10}, respectively, as

(9T)/(p3£+1§ XXMH)
(QT)/ (p3f+2; XXs3040 )

=1,
=1,

30—-1

C(P30415 XXapyr) =177,

C(P30425 X Xap00) =17

3¢

This shows that in the following iterations, there always exists a steepest ascent direction

with a positive value of the directional derivative. Hence, the modified steepest ascent
algorithm applied to the function g given above does not terminate in any finite number of
iterations. It should be noted that this bad instance also shows that even if a given function
is linear on its effective domain, the modified steepest ascent algorithm may not terminate
in any finite number of iterations.
Remark 6.5. We see that the sequence of vector p; generated by the modified steepest as-
cent algorithm applied to the bad instance converges to an optimal solution of the maximum
linear-weight tension problem. This instance can be modified so that p, does not converge
to any optimal solution (and the algorithm does not terminate in any finite number of
iterations).

Let us consider a directed graph obtained from the one in Figure 1 by adding a new vertex
t" and a new edge (t,t'), where @(t,t') = 1, u(t,t’) = 0, and k(t,t’) is a real number with
0 < k(t,t') < 1. If we apply the modified steepest ascent algorithm to the new instance, then
the same sequence of steepest ascent directions can be selected since k(t,t") < 1. Therefore,
we have py(t) = px(t') = 0 for all k, while every optimal solution p* of this instance satisfies
p*(t) — p*(t') = 1(t,t') > 0. Hence, py does not converge to any optimal solution. O

6.3.

In each iteration of Hassin’s algorithm in Section 3.1, the unique minimal maximizer X C V'
of the value I(p, X) is chosen and used to update the vector p. We point out that the choice
of the unique minimal set is essential for the finite termination of Hassin’s algorithm. We
show that a modified version of Hassin’s algorithm, where X is not necessarily the minimal
maximizer of the value I(p, X), does not terminate in any finite number of iterations for

A bad instance for the modified Hassin’s algorithm
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some instance of the dual of the minimum cost flow problem. This modified version of
Hassin’s algorithm coincides with a special case of the modified steepest ascent algorithm
considered in this section applied to the polyhedral L-concave function in (3.1).

In the following, we show that every instance of the maximum linear-weight tension
problem can be transformed to an instance of the dual of a minimum cost flow problem.
According to this transformation, the bad instance in Section 6.2 yields a bad instance for
the modified version of Hassin’s algorithm.

Consider an instance of the maximum linear-weight tension problem given by a directed
graph G = (V, E) and values x(u,v), i(u,v), pu(u,v) € R for (u,v) € E. Recall that the set
P of feasible vectors is given by (6.10). We assume that P # (). We define an instance of
the dual of a minimum cost flow problem on a directed graph G = (V, E) with V = V and

E={c e | ¢, e are copies of e € E} U {é | € is the reverse edge of e € E}.

With sufficiently large positive numbers I' and C'; we set

y(e') = -T, c(e') = rle),
v(€") = —ple), c(e”) =C,
v(€) = Ti(e), c(e) =C.

Then, the objective function of the dual minimum cost flow problem in (3.1) is given as
follows:

gu(p) = Z k(u,v) min{0, p(u) — p(v) — T'}

(u,v)eEE
+ Y Clminf0,plu) - plo) — pulu, 0)) + min{0, p(v) — pla) + i, )]
(u,v)EE

We show that the resulting instance of the dual minimum cost flow problem is equivalent
to the given instance of the maximum linear-weight tension problem. Since C' is sufficiently
large, every maximizer p of the function gy satisfies

p(u) —p(v) = p(u,v) 20, p(v) —p(u) +7a(u,v) 20 ((u,v) € E),

i.e., argmax gg C P. Since I' is also sufficiently large, we have

min{0, p(u) —p(v) —I'} = p(u) — p(v) =T
for p € P, which implies that

gu(p) = Y K(u,v)(p(u) —p(v) = T)

(u,v)EE
= Z k(u,v)(p(u) —p(v)) =T Z K(u,v) (peP),
(u,v)eE (uv)el

where 3, cp £(u, v)(p(u) —p(v)) is equal to the objective function value of the maximum
linear-weight tension problem, and the term Fz(um)e 5 k(u,v) is a constant. Hence, the
set of optimal solutions of the dual minimum cost flow problem coincides with that of the
maximum linear-weight tension problem. Since C' is sufficiently large, every steepest ascent
direction X of gy at p € P satisfies the condition that p + ¢'xx € P for ¢ € [0,¢] with
a sufficiently small ¢ > 0. This fact implies that the behavior of the modified Hassin’s
algorithm for the instance of the maximum linear-weight tension problem coincides with
that of the modified steepest ascent algorithm for the given instance of the dual minimum
cost flow problem.
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