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Abstract

In this thesis, we look for theories of interacting multiple gravitational fields. In general,
interaction among gravitational fields generates extra degrees of freedom, which turn out to
have negative kinetic energy and are called BD-ghosts. Thus, for a long time, it had been
thought that healthy theories are impossible. However, recent progress in non-linear massive
gravity has opened a way. A generalization of massive gravity leads to a theory of interacting
two gravitational fields. Interaction models which contain more gravitational fields are also
proposed, but whether or not they contain BD-ghosts is not completely resolved. Hence, in
this thesis, we determine when a system of multiple interacting gravitational fields becomes
ghost-free.
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Chapter 1

Introduction

It is widely known that we have four kinds of forces, electromagnetic force, weak and strong
nuclear forces, and gravitational force. They are mediated by particles named by photon, W, Z
bosons, gluon and graviton. In general, particles are classified by the notion of mass and spin.
(See Appendix A for details.) Except for graviton, the above particles have spin-1. Graviton
is a massless particle with spin-2. Non-linearly self-interacting theories for massless spin-1 and
spin-2 particles are uniquely determined. Respectively, they are Yang-Mills theory and general
relativity. These two theories are central concern of modern theoretical physics, but compared
to Yang-Mills theory, general relativity contains more complicated interactions and difficult to
study. Thus, even now, a lot of properties are hidden in a veil of mystery. One may think that a
theory with spin-3 would be more difficult, but it is not the case. A spin-3 particle cannot have
self interactions [1] and drops out from our arguments. Then, properties of a spin-2 particle
may be one of the most challenging theories to study.

In this thesis, we investigate non-linear interactions among multiple kinds of gravitons, not
a single graviton. For spin-1 particles, we can consider interactions among them. However, for
spin-2 fields, such an example had not been discovered until very recently [2]. For a long time, it
had been thought that non-linear interactions of gravitons are impossible because they generate
extra degrees of freedom with negative kinetic energy. These modes are unphysical and must
be removed, which had bothered us for long. However, the authors of [2] have succeeded in
eliminating such an unphysical state and discovered a healthy theory of non-linearly interacting
two gravitational fields. After that, two prominent researches have been published. One of them
is an extension to a system containing three gravitational fields [3], but whether or not it retains
unphysical states is left unresolved in [3]. The other is a research on multiple interacting spin-2
fields written in terms of vielbeins, not metrics [4]. In general, gravitational fields are expressed
by metrics, but theories in [4] are written only by vielbeins. Though these vielbein theories
do not contain unphysical states, they do not necessarily overlap with metric theories. For
instance, in the case of three spin-2 fields, only a special type of metric interaction can be
rewritten in a vielbein formulation. Therefore, the purpose of this thesis is to seek healthy
theories for interacting multiple spin-2 fields expressed in terms of metrics, not vielbeins. More
precisely, we firstly settle the problem of the theory with three metrics, and then determine
when theories of multiple metrics exclude unphysical states.

Prior to directly consider interactions among fields, it is convenient to investigate a massive
one. This is because, in general, massless fields become massive when interaction among them is
switched on. This fact is related to breaking of symmetries due to introducing interactions. As is



well known, a massive field has more physical degrees of freedom than its massless counterpart.
In four-dimensional cases, a massive spin-s (s = 1,2, ...etc) field has 2s + 1 dynamical degrees
of freedom corresponding to the helicity 0, £1,...,+s states while massless one has only two
degrees of freedom coming from the helicity s modes. These increased degrees of freedom
are supplied via breaking of a symmetry. A theory of a free massless spin-s field contains a
gauge symmetry, which reduces physical degrees of freedom to two. On the other hand, when
we introduce a mass term, the symmetry is broken and we cannot remove degree of freedom.
Thus, we have more physical degrees of freedom. A mass term is a special case of more general
interaction terms where we include not only one but also two or more fields. If there are free
massless fields with no interaction, we should have symmetries which eliminate right number of
degrees of freedom. However, interaction terms generally breaks some of these symmetries. As
a result, more physical degrees of freedom are left, which should correspond to massive modes.
Hence, we see that interactions generally makes massless fields massive.

This discussion suggests that understanding of massive gravity, where a graviton becomes
massive, should help us to construct a theory of interacting spin-2 fields. Thus, our first
step is focused on massive gravity. We usually introduce a mass term for a scalar or vector
field as a quadratic term of the field. The action for them is quadratic and the equation of
motion becomes linear when they are free. However, general relativity is a complicated non-
linear theory even in the vacuum, and does not seem similar to these simple cases. Hence, we
start with linearized general relativity and make the graviton field massive, which is a topic
in Chapter 2. Afterward, we consider its non-linear extension in Chapter 3 and 4. At the
same time, a healthy theory of interacting two gravitational fields is introduced. In Chapter
5, we consider interacting multiple spin-2 fields written in terms of vielbeins. We also consider
their relationship to a metric formulation. Then, based on the result of these chapters, we
investigate conditions to construct a metric theory of non-linearly interacting multiple spin-2
fields in Chapter 6. This chapter is based on our original work [5]. Finally, Chapter 7 is devoted
to an application of interacting gravitational fields. Especially, we attempt an application to
the AdS/CFT correspondence, which is based on our unpublished work [6].



Chapter 2

Linear massive gravity

We begin our long journey toward a theory of interacting gravitational fields. Our first step is
to consider linear massive gravity. In this chapter, we linearize general relativity and attempt
to introduce a mass term. Linearized general relativity is very similar to electromagnetic field,
and it seems easy to make the gravitational field massive. However, even in the linear level,
introducing graviton’s mass is not so trivial.

As usual, a mass term is introduced simply as a quadratic term of the field. For example,
in the four-dimensional flat space-time, a massless real scalar (spin-0) field ¢ has the action

5= [du{ - @000}, (2.1

and the equation of motion is given by

— =0 0,0"¢ = 0. 2.2
55— 0 = Ou0"0 (2.2)
We introduce a mass term by adding a quadratic term with a coefficient m?
4 1 L 5.0
S = [ d'a{ - 50.0)(0"¢) - Jm*}. (2.3)
Then, we obtain the equation of motion
0S
r7 0 = (9,0 —m*)p =0, (2.4)

and we interpret m as mass of the scalar field. In the case of a vector (spin-1) field A, the
situation is almost the same. We have the action and the equation of motion for a massless
vector field

1
S = / d'z — 1F B Fu = 04A, = 0,A,, (2.5)
;j =0 = J,F" =0. (2.6)

As is well known, this system is invariant under a gauge transformation 4, — A, + 9,A, where
A is an arbitrary function. Thus, some modes are unphysical. In order to extract true degrees of
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freedom, we can impose gauge fixing conditions 9, A* = 0 and Ay = 0. Therefore, the number
of remaining degrees of freedom is two, which corresponds to the helicity 1 modes. We make
the vector field massive by introducing a quadratic term

S = / d*z F’“’F 2m2AMA“}, (2.7)
which leads to the equation of motion
)
= FMV — 2AV — U. 2
A 0 =0, m 0 (2.8)

Taking the divergence of the equation of motion, we find 9, A¥ = 0 to conclude that the missive
vector obeys

9,0 —mHA, =0, 0,A” =0. 2.9
I

Since the mass term breaks the gauge invariance, we cannot impose gauge fixing conditions.
Instead, the transverse constraint d,A” = 0 reduces one degree of freedom. Hence, the total
number of degrees of freedom is three, which corresponds to the helicity +1 and 0 states.

In the above examples, giving mass to a field is straightforward. There is no difficulty. A
naive extension of a free vector (spin-1) field is linearized general relativity where we have a
tensor (spin-2) field called graviton. However, the situation becomes rather complicated. A
massive spin-2 field should have five degrees of freedom corresponding to the helicity 0, £1 and
+2 states. On the contrary, an extra sixth degree of freedom emerges along with introducing a
quadratic term, and what is worse, this sixth mode turns out to have negative kinetic energy.
Such an unphysical mode has to be excluded, which leads to the so called Fierz-Pauli mass term
[7]. This chapter is devoted to investigating the Fierz-Pauli tuning from several viewpoints:
the equation of motion, the Stiickelberg trick and the Hamiltonian analysis. These tools play
an important role also in later chapters. Prior to more complicated non-linear theories, we
demonstrate how they work in a simple linear model. The Stiickelberg trick is useful to trace
the behavior of the extra unphysical degree of freedom which is mixed with other regular ones.
It also gives us a key idea for the non-linear extension of linear massive gravity. However, it
is difficult to prove the absence of an extra degree of freedom by only the Stiickelberg trick.
Thus, we need to rely on the Hamiltonian analysis. It gives us a systematic way to count the
total number of degrees of freedom contained in the system. When we succeed in constructing
a consistent theory of a massive spin-2 field, the Hamiltonian analysis must show five degrees
of freedom are left. For more details or a historical overview, review articles [8, 9] are helpful.

2.1 Linearized general relativity

In this section, we derive the action of a graviton or spin-2 field in the linear level. We start
with the action of general relativity which is well-known as the Einstein-Hilbert action

Srulg) = 167TG dPx\/— det g(R[g] — 2A). (2.10)

We set the dimension of the space-time to be D composed of one time and D — 1 spatial
directions. In the action, we have a metric g, (p,v =0,1,..,D — 1) and the scalar curvature
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R|g] for g,,. A represents a cosmological constant and G is the gravitational constant. The
equation of motion is given by

0SEn
O

1
=0= Ry — 59k =0. (2.11)

This system is invariant under a diffeomorphism

of*ofs
P ), ) LI (1) (212)

with an arbitrary function f#(x), and the invariance is responsible to extract true degrees of
freedom. The discussion of a non-linear case is postponed to Section 3.1.1.

Here, we consider a perturbation around a fixed background metric and expand the action
up to the second order. Thus, the metric g, is decomposed as

Guv = g,uu + h,uzu (213)

where g, is a background metric obeying (2.11) and h,,, represents a fluctuation. The detailed
calculation is found in Appendix B. The result is

1
Sen =15 / dPzL?), (2.14)
with the Lagrangian density
Ly, 2

T ol Va(Tant = ven)

(D) (T 4 5 (Dl ) (T = S (T H0) (P i) + (V) (9,75)

pbll—

R

_ B _ Zpa pB

D( " h ah >

_ 1 _

+V (haﬁv“h 5 — VP hos + WV o hP 5 — RPN hH g + Qh%vah“ — §h°‘aV“hﬁg>,
(2.15)

where ?u stands for the covariant derivative constructed from the background metric g,,. The
space-time indices are raised or lowered by g, and its inverse g"”. When we neglect total
derivatives, the Lagrangian density is simplified to be

Ly 1. N R |
% == 1 (Vahw)(VERY) + S (Valy )(VIR) = S (VER o) (V) + (Vi o) (Vuh75)
R 1 2 -
+ o5 (nsh?a - Sheah 5) + =R (2.16)

The invariance under (2.12) is translated to a gauge symmetry
By — hyw + V.6 + V€, (2.17)

with an arbitrary vector §,, which has a role to extract true degrees of freedom in the linear
theory.



2.2 The Fierz-Pauli mass term

In this section, we attempt to introduce graviton’s mass to linearized general relativity. We add
a quadratic term with no derivative as a mass term. However, the choice of a quadratic term
is not unique. We start with a general mass term because we do not have a guiding principle.
Then, we see that an extra degree of freedom emerges due to the introduced quadratic term,
and what is worse, it has negative kinetic energy. In order to exclude it, we have to tune the
mass term, which uniquely picks up the so called Fierz-Pauli mass term [7].

In this chapter, we mainly rely on the flat space-time as a background. We denote the
Mankowski metric as 7, = diag(—1,1,1, ..., 1), and thus we set g,, = 71,,. We put A =0 and

R = 0, and total derivatives are discarded. For notational simplicity, we abbreviate the trace
part of h,, as h = h*,, and write down the linearized Einstein-Hilbert action

— 1 D

with
1 1 1 1
Lpn = =7 Oaly) (0°W") + 5 (0ahy) (0" = 2 (9,h)(O,h"™) + 1(0,h)(0"h). (2.19)

For the purpose to make a graviton massive, we add a quadratic term to the above action.
Since we have two kinds of quadratic terms h**h,, and h?, we try to add a linear combination
of them

L,, = ah® + bh*"h,,,, (2.20)
where a and b are some constants. Then, we have the action
§— ! /dDa:(ﬁEH + L), (2.21)
167G
and the equation of motion §S/Jh*” = 0 is found to be
%th — %aaath — %aaauhm + %aﬂayh + %nwaaaﬁhaﬂ — %nﬂymh

+2an,,h + 2bh,, =0, (2.22)

where we have defined OJ := 0"0,,. We take divergence and trace on (2.22), and obtain

adyh + bd"h,, = 0, (2.23)
- (9 . 1)Dh + (9 - 1)8 95h°% + 2(aD + b)h = 0, (2.24)
2 2 ¢

It is easy to see that two equations (2.23) and (2.24) lead to the equation of motion for the
trace part

(g 1) (1+2)0h - 2(Da+ b)h = 0. (2.25)

Here, we notice that something interesting happens when we set a +b = 0. The dynamics of
the trace h is lost, and a constraint

h=0 (2.26)



is left. Substituting this constraint (2.26) back into the equation (2.23), we get another con-
straint

0" hy, = 0. (2.27)

We insert these traceless transverse conditions (2.26) and (2.27) into the original equation of
motion (2.22), and obtain a simple equation

(O + 4b)h,,,, = 0. (2.28)

In this case, the total number of degrees of freedom is easy to count. The symmetric tensor A,
has $D(D+ 1) components, but we have constraints (2.26) and (2.27). Thus, the total number
of degrees of freedom is 1D(D +1) =1 — D = 4(D —2)(D + 1). In the four dimensional case
(D = 4), we have five degrees of freedom, which should be nothing but spin (2,1,0,-1,-2) modes
for a massive spin-2 field. Therefore, it seems natural to put a + b = 0 and set 4b = —m?,

where m is interpreted as graviton’s mass. This mass term is the Fierz-Pauli mass term [7]
1
Lpp = —ZmQ(h"”hMV — Rh). (2.29)

In the case of a + b # 0, the trace part becomes dynamical and an extra degree of freedom
is included. In fact, this extra mode turns out to have negative kinetic energy. Such a particle
is called ghost, and must be excluded from the system. In order to focus on the trace part,
we assume that h,, is diagonal. We decompose the space-time indices into the time and
spatial components. The time component is denoted as 0 while spatial ones are represented
as i, j, k, ...etc. We set hog = hoo(t), ho; = 0 and h;; = ¢(t)d;;, where all non-zero components
depend only on ¢ and the time derivative is abbreviated as gb = Oy¢p. Then, the Lagrangian
density is simplified to be

L= —%l(D —1)(D =2)¢* + (D = 1)(a(D = 1) + b)¢* + (a + b)hiy — 2a(D — 1)hoo.  (2.30)

We see that hgg is merely an auxiliary field. The equation of motion for hgq is

a(D —1)

h =
00 a+b

9, (2.31)

which is substituted into the Lagrangian density (2.30) to give

£=-tp-nw-gp LT

Hence, there is a field with negative kinetic energy. On the other hand, if we put a+b = 0, the
equation of motion for hgy reads ¢ = 0. The ghost field ¢ is eliminated. Thus, we conclude that
the extra mode we have encountered from the trace part is a ghost. The Fierz-Pauli tuning is
necessary to exclude this ghost mode.

2.3 The Stiickelberg trick

In Section 2.2, we have seen how a ghost degree of freedom emerges. From the equation of
motion, we suspected that the trace part contains an extra degree of freedom which should
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be absent in a healthy massive theory. Then, we have extracted diagonal components to show
that the trace part actually has negative kinetic energy. However, this method is rather ad
hoc and difficult to apply to more complicated theories such as non-linear massive gravity
which we discuss in Chapter 3. A more powerful and widely applicable method is known as
the Stiickelberg trick, where we introduce new degrees of freedom along with additional gauge
symmetries. These newly introduced degrees of freedom trace a ghost hidden in the original
variables.

In this section, we explain the Stiickelberg trick in the context of the ghost problem in linear
massive gravity. We show that when the Fierz-Pauli tuning is violated, higher order derivatives
with respect to the time coordinate emerge on the newly introduced field, which leads to a
ghost degree of freedom.

Even outside this chapter, the Stiickelberg trick plays an important role. When we inves-
tigate the non-linear extension of the linear Fierz-Pauli theory, we heavily rely on it. The
Stiickelberg trick is also helpful in considering the vDVZ discontinuity in Section 2.5. More
details about the Stiickelberg trick is found in [8].

We begin by the Lagrangian density £ = Lgy + L,,, where Ly and L, are given by (2.19)
and (2.20) respectively. We left constants a and b in (2.20) undetermined to know the role of
the Fierz-Pauli tuning. The Stiickelberg trick starts with introducing a new field A, through
the following replacement

by = by + 0, A, + 0,A, (2.33)

which imitates the invariance broken by the mass term L,,. Because the massless part of
the Lagrangian Lrpy has a gauge symmetry oh,, = 0,5 + 0,§,, Lpn is invariant under the
replacement (2.33). On the other hand, the mass term L, breaks this gauge symmetry and
picks up a change. Thus, the Lagrangian density after the replacement is found to be

L(h, A) =Lpu(h) + Ly(h)
+ 4ah(9"A,) + 400" (9, A,) + 26(9,A,) (9" AY) + (2b + 4a)(D,A,) (D" A*),  (2.34)

where Lgg(h) and L,,(h) do not contain the field A,, and are the same as (2.19) and (2.20).
The introduction of the new field A, comes along with a gauge symmetry

(Shw, = ,ugu + azxf,ua 5Au = _gu- (235>

The original Lagrangian before the replacement (2.33) can be recovered by fixing this gauge as
A, = 0. Hence, the theory itself is not changed before and after the operation (2.33). The next
step is to introduce one more extra field ¢ via the replacement

A, — A, + 0,9. (2.36)
Then, we obtain

L(h,A,é) =Lpu(h) + Ln(h)
+ 4ah(0"A,) + 4Dh"™ (D,A,) + 2b(8,A,) (0" A”) + (20 + 4a) (9, A, ) (8" A")
+ 4ah(0"0,¢) + 4bh*" (0,0,9)
+ 8(a +0)(0,A,)(0"0"¢) + 4(a + b)(0,0,¢)(0"0"¢). (2.37)
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Along with the introduction of ¢, one more gauge symmetry comes. In total, we have two kinds
of gauge symmetry

5h;u/ = augu + aug/u 6Au = _gm (238)
A, = 0N, 66— —A. (2.39)

By fixing the gauge as A, = 0 and ¢ = 0, we can restore the original Lagrangian. Therefore,
we can investigate L£(h, A, ¢) instead of the original Lry(h) + L, (h).

Now, we see that the Lagrangian density (2.37) contains higher order derivative terms such
as (0,0,0)(0"0"¢). In general, a higher order derivative with respect to the time coordinate
carries an extra degree of freedom which is ghost-like [10, 11]. Here, we do not develop the
abstract proof. Instead, we show the emergence of a ghost mode through an explicit calculation.
In order to simplify the formula, we partially fix the gauge freedom by the conditions 0*h,, = 0
and 0, A" = 0.

Actually, our gauge fixing is not complete, and fictitious modes may be contained. However,
the role of the Stiickelberg trick is to guess whether or not a ghost mode is contained, and it is
not expected to completely determine the problem. By using the Stiickelberg trick, we speculate
a appropriate form of a mass term. Then, its validity is proved in another way, which we discuss
in the next section.

Integrating by parts and using the gauge conditions, we simplify the Lagrangian density

L =Lyc(h) +26(0,A,)(0"A”) + 4ah(O¢) + 4(a + b)(O¢)(O¢) + A (0" h,) + (0, A%),
1 1

Lyc(h) = —Z(aahuy)(ﬁo‘h“”) + Z(auh)((?“h) + ah® + bh* h,,,. (2.40)

The last two terms represent constraints coming from the gauge fixing, and \* and \ are

corresponding Lagrange multipliers. For the purpose to eliminate the coupling between h and
¢, we introduce a shifted graviton field [,

8a
huu = ZNV + mgbnuy. (241)

Then, we obtain

L =Lare(l) + 26(9,A,) (" A”) + N (01, + 8ad,¢/ (D — 1)) + A(9,A")

16a*D 64a®’D(aD +0b) , 16a(aD + b)
2 (0 D0ar T o)
b1+ — D—1

+ 4(a + 0)(0¢)(Ho) + lo.  (2.42)

We extract the property of the ¢ part and define
Ly = (00)(0¢) + Ap(Dp) + B, (2.43)

where A and B are some constants. This Lagrangian is physically equivalent to the following
two-field Lagrangian

Loy = (ch + écb)w - iw? + <B - 2A2>¢2. (2.44)

In the Lagrangian (2.44), v is merely an auxiliary field and the equation of motion for it can
be solved in terms of ¢

0Ly

A 1 A
5 =Op+ 50— =0 = v=2(0s+ 5¢). (2.45)
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The above solution is plugged back into the original Lagrangian (2.44), and we can find the
equivalence

Ly plp=p@) = Lo (2.46)

Hence, we can investigate Ly, instead of £,. In order to diagonalize the cross derivative term
in (2.44), we rename the fields ¢ and v in the following way

p=0c+x, Yv=0-—Y%, (2.47)

and obtain

Loy = —(0,0)(0"0) + (0x)(0"X) + -+ -, (2.48)

« 7

where the remaining terms represented as are composed of no-derivative couplings be-
tween o and y. Thus, we find that one of ¢ and x always behaves as a ghost. This discussion
can be applied to the Lagrangian density (2.42). Therefore, we conclude that a ghost degree of
freedom is contained in (2.42). To exclude this unphysical mode, we have to set a + b = 0 and
eliminate the higher order derivative. Here, it should be noticed that we discarded the term
(0,A,)(0"0"¢) in (2.37) by the gauge fixing, but this term also disappears under the tuning
a+ b = 0. The Fierz-Pauli tuning eliminates all of the higher order derivatives in (2.37) and
the system becomes ghost-free.

2.4 The Hamiltonian analysis

In Section 2.3, we have used the Stiickelberg trick to investigate the existence of a ghost degree
of freedom. In general, the Stiickelberg trick is useful in detecting a ghost, but it is extremely
difficult to directly prove the absence of a ghost. If the extra mode is eliminated, we should
have the right number of degrees of freedom. Especially, five degrees of freedom must be left
in the case of a four-dimensional massive spin-2 field. Thus, we have only to count the total
number of degrees of freedom to finish the proof of the absence of a ghost. In Section 2.2, we
have counted the total number of degrees of freedom from the equation of motion. However,
this method is possible only when the equation of motion is not so complicated. The most
systematic way to count the number of degrees of freedom is the Hamiltonian analysis, which
we use as a main tool throughout this thesis. In this section, we reconsider linear massive
gravity from the view point of the Hamiltonian analysis.

As in Section 2.3, we start with the Lagrangian density £L = Lgy + L,,, where Lggy and
L,, are given by (2.19) and (2.20) with the constants a and b undetermined. The first step
of the Hamiltonian analysis is to find the dynamical variables and construct the Hamiltonian.
Hence, we decompose the space-time indices into the time and spatial ones, which we denote
1= (0,7). We also abbreviate the time derivative as Jy¢ = ¢. Then, the Lagrangian density is
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written down:

1. . 1
E :Zh”hw - Z

1 1 1 1
- Z(aihjk)(aihjk> + §<aihjk)(akhij) - §(az'hkk)(ajhz’j) + Z(aihjj)(aihkk)

.. 1. .

1 1 1
— §<alh0])(ajhzo) + 5(31@0)(81}1]0) + §h00(8182hkk — 81(9]h1]>
+ (Cl + b)hoohoo — 2&h00h”‘ — Qbh()zhol + Ghiih]’j + bhijhij7 (249)

where we have performed integrations by parts on hgyy, and lowered all of the indices. From
this decomposition, we find that only h;; (¢,7 = 1,2,..., D — 1) are dynamical, and define the
canonical momenta

oL 1. 1. 1
Tij = 8Tw = §hij - §5ijhkk - §(ajhz‘o + Qihjo) + 6ijOkhok, (2.50)

which can be inverted for hl]

1. 1 1
§hij = Tij — m%ﬂkk + §(ajhi0 + Oihjo). (2.51)

The Hamiltonian density is constructed through the Legendre transformation

H ::Wijhij — ﬁ
1
D -2
1 1 1 1
+ Z‘:(aihjk)(aihjk) — §(aihjk>(akhij) + 5(3ihkk)(3jhij) — Z(aihjj)(aihkk)
— ahiihjj — bh”h”

=TijTij — i T jj

1
— §h00 ((M)zh]] — 828]% — 4(lhZZ + 2(& + b)hoo) — tho(aiﬂ'ij — bhjo). (252)
In the following analysis, we often use a short hand notation
h = hii; T = T4, (253)

which we must be careful not to confuse with the trace with respect to the space-time indices
h#, = —hoo + hi;. The space-time dimension D is sometimes omitted:

/d:c: /lel‘, §(z) = 6PV (), (2.54)

and we also abbreviate the derivative and integration symbols:

0% = 9,0;, /f +g9= /dx[f(x) + g(2)]. (2.55)
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2.4.1 the massless case

Prior to the analysis of massive gravity, we consider the massless case where the constants a
and b are set to be zero, a = b = 0. The Hamiltonian density is given by

1
H=K— §hooC — hyC;, (2.56)
where the each element is defined as
1
IC ::'/Tijﬂij — mﬂ'n’ﬂ'jj
1 1 1 1

+ 1 0ihgi) (Gihw) = 5 (Bihgie) (Ohi) + 5 (D) (Dihi) — 7 (Dihy;) (Ditua), (2.57)
C :z@-ﬁihjj — @-@hij, (258)

In the above formulae, we notice that hgy and h;y appear only linearly and can be interpreted
as Lagrange multipliers. Variation of the action with respect to these multipliers leads to
constraints

cC=0, C=0. (2.60)

In general, constraints must be preserved along the time evolution which is represented as the
Poisson bracket with the Hamiltonian. Thus, the following consistency conditions must be
satisfied

C':{C,H}pBZO, C.Z':{CZ',H}]DB%O, (261)
where the Hamiltonian H is given by

"o / P2 H(z), (2.62)

and the Poisson bracket is determined by

p1_( 0F(z) 6G(y)  dF(x) 6G(y)
{F(2),.G)}pp = /d Z(éhij(z) E7 s Rl 5hij(z>>. (2.63)

In the Poisson bracket, all the time coordinates are set to be equal. Since the action is now
written as S = ﬁ [ hr+ -+, we should define {F,G}pp = 167rGf§—Z% + ---. However,

the constant ﬁ is merely an overall factor, and we omit it. The symbol “~” represents the

equality on the hypersurface determined by the constraints C = 0 and C; = 0.
To begin with, we investigate the Poisson brackets between C and C;. Variation of C with
respect to the variable h;; is calculated as

This formula suggests that the Poisson bracket contains derivatives on the delta function.
Hence, it is convenient to introduce an integrated form

(fC)) = / 4P f(2)C(x) (2.65)
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with an arbitrary function f(z). Then, discarding total derivatives, the variation is given by

5 ((fC)) = / 2[5, (0000 S) — (8.0, )] 51y (2.66)

Because C does not contain the canonical momenta 7;;, the variation with respect to m;; is zero.
We also notice that C; does not contain h;;. Thus, we find

0,C =0, 0,C; = 0. (2.67)
On the other hand, variation of C; with respect to m;; is found to be
(Sﬂci == 283'(57'('1‘]'. (268)

We define its integrated form

(fiC)) = / 4P f(2)Ci(2) (2.69)

with any vector valued function f;(x), and obtain the variation

where we have symmetrized the coefficient of dm;;. Using these formulae, we calculate the
Poisson brackets between C and C;. Following two types are immediate from the definition of
the Poisson bracket

{C(x)7c(y)}PB =0, {Ci(x)acj(y)}PB = 0. (2.71)

The remaining type is calculated as follows

{
:/dﬂf dy/dz [0 (0k0k f) = (8:0; )] (2)d(x — 2) [ = Big; — D39:] (y)d(y — 2)
[ d216,(0) ~ @0,1)][ - 919, ~ 0391

I
Q
T

~2 [@ (@) - (00,109 = 0. (2.72)

In the last line, we have discarded total derivatives. This Poisson bracket can also be expressed
in the following form

(0D (€} = [ do [ dur@)a){C@).C0)} .73
and the functions f and g; are arbitrary. Therefore, we know that

{C(x),Ci(y)} py = 0. (2.74)

All of the Poisson brackets between C and C; are zero.
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Now, we consider the Poisson bracket with the Hamiltonian. The remaining task is to
calculate variation of K. The variation with respect to h;; is given by

WK = (Ohis) Oy — %@hjk)akahij — (OO,
1
2
In the Hamiltonian H, K is contained in the integrand. Thus, we define

1 1
+ §5z‘j(ak:hkl)al§hij + §(aihkk)aj5hij — =05 (Othyr ) 010 hij. (2.75)

K = /dD_lxlC(x), (2.76)
and represent the variation in the following form
K = % / dx( — 8%hyj + OOy, + OuOshay — 6,060 hyg — 0,05k + 5“3%) Shy.  (2.77)
We can also obtain the variation with respect to m;;
0K = 2(7%- — ﬁwéi»émj, (2.78)
5K = / da;z(mj . ﬁmﬂ-)amj. (2.79)

Then, we calculate the Poisson bracket between C and the Hamiltonian H

(O, HY g ~ (IO Ky = [t [y [ @[y = @0, ()00 =)

Ly ) ()5 2)

X 2<7Tij — m

_ / dx2(9;7,)(:f)

The symbol “x” means the equality under the constraints C = 0 and C; = 0 imposed. In general,
we have {F, hooC} = {F) hoo }C + {F,C}hoo. Here, we express f(z) as f(z) = [dyf(y)d(z —y),
and rewrite the above formula

daCi(2)0if () = [ dx | dyCi(@)d™ f()o(x — o) = [ dz [ dyf()Ci(y)0™6(x — y),
/ ] [e]

(2.81)

where we have exchanged names of the integration variables x <+ y. Hence, we conclude that
0

{C(:E),H}PB %/dyCi(y)a—yi(S(x—y). (2.82)

The consistency condition € & 0 is satisfied when we set C; = 0. The other Poisson bracket is
calculated in the same way

{({fiCi)), H} ppy = {((fiC0)), K}y
__ / dm% | = hij + ODil + OuDyha — iy Ohdthug — DD;h + 530°h] [ = Dif; — ;1] =0,
(2.83)
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and we obtain
{Ci(x),H} = 0. (2.84)

Therefore, two consistency conditions (2.61) are automatically satisfied on the constraint surface
determined by C = 0 and C; = 0, and all of the Lagrange multipliers hgo and hg; are left un-
determined. These remaining Lagrange multipliers correspond to the gauge freedom contained
in the system. Therefore, we can count the total number of degrees of freedom in the following
way. In configuration space, the number of the original dynamical variables is %D(D —1) com-
ing from the symmetric tensor h;; (i,j = 1,2, ..., D). In phase space, the canonical momenta 7%
are added, and the number of the dynamical variables is doubled 2 x 1D(D — 1). However, all
of these dynamical variables are not independent. We have constraints C = 0 and C; = 0, which
reduces D degrees of freedom. Besides, the remaining Lagrange multipliers hgg and h;y mean
the existence of the gauge freedom. Thus, D degrees of freedom are further eliminated by gauge
fixing. Then, the total number of degrees of freedom is D(D—1)—D—D = (D—1)(D—2)—2
in phase space. Divided by two, we conclude that we have

S(D-1)(D-2)-1 (2.85)

physical degrees of freedom in the configuration space. In the four dimensional case (D = 4),
only two degrees of freedom is left which is nothing but the helicity +2 modes.

2.4.2 the massive case

We proceed to the Hamiltonian analysis of massive gravity (a # 0 and b # 0). The Hamiltonian
density is given by (2.52). In the case of a +b # 0 and b # 0, hoo and hjy become auxiliary
fields. We can solve the equation of motion for them by other fields as hoy = hoo(hi;, mi;)
and ho, = hox(hij, mij), and substitute these solutions back into the original action. Then,
the auxiliary fields disappear while the variables h;; and m;; are left. Because we have no
constraint, the total number of degrees of freedom is $D(D — 1). In the four dimensional case
(D = 4), we have six degrees of freedom. One extra component remains, which is known to be
a ghost. The emergence of this extra degree of freedom comes from quadratic terms of hgg and
hio. In the massless case, these quadratic terms disappear and hgy and h;y become Lagrange
multipliers, which leads to the reduction of the degrees of freedom. When the field becomes
massive, the number of physical degrees of freedom must increase. Thus, it seems needed to
partially eliminate the quadratic terms of the non-dynamical variables hgy and h;g.

Now, we focus on the Fierz-Pauli tuning and set a = —b. Then, the quadratic term of hg
disappears while h;y remains as an auxiliary field. The equation of motion for h;y reads
oL
6hj0

We can easily solve the above equation

1

hjo = 5 (
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which is plugged back into the Hamiltonian density (2.52) to give

1 1
g i~ op (0imik) (O5je)

1 1 1 1
+ ;l(aihjk)(aihjk) - 5(3¢hjk)(akhij) + 5(@"%)@}%]’) - ;l(@ihjj)(az‘hkk)

H :Wijﬂ-ij —

1
+ bh”h]] — bhwh” — §h00C1. (288)

Then, we obtain the Hamiltonian density

1
H =K~ Sho, (2.89)
where
1 1
]C I:’ﬂ'ijﬂ'z‘j — mﬂ-iiﬂjj - %(aﬂﬂk)<ajﬂ'gk> + bh”hﬂ - bhwhw
1 1 1 1
+ 3 (Bl ) (Qihjk) = 5 (0ihjn) (Ohiy) + 5 (Oitue) (Djhis) — 7 (Oits) (Vi) (2.90)

Variation of the action with respect to hyy leads to a primary constraint C = 0. The constraint
C = 0 must be preserved along the time evolution. Thus, we must imposed the following
consistency condition

c={C.H},,~0, H:= /dD_lsvH(x), (2.92)

where the symbol “a” represents the equality on the hypersurface determined by the constraint
C ~ 0. Since C does not contain the canonical momenta 7;;, we immediately find

{C(x),C(y)},, =0 (2.93)

As in the massless case, it is convenient to consider integrated formulae

((fC)) = /dD_lzvf(:v)C(x), K = /dD_l.CE’C(ZU), (2.94)
and prepare their variation

1
oK = 3 /dx( — &hij + OO;hji + OOjhi

— 8,0k by — D,0;h + 6,;0%h + AbS;h — 4bhij>5hij, (2.95)

2 1 1
0K = /dfc [2% — 5 5% T 57 (00ma) + %(@@'Wﬂ)} OTij, (2.96)
(1)) = [ do[5s(@2) ~ @i0,1) + 468, 15hs, Ba((5C) =0, (2.07)
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where 0;, and 0, represent variation with respect to h;; and 7;;.
Then, we calculate the Poisson bracket with the Hamiltonian H = K — $((hooC))

{{FC), HYpp =€), K}

2 1
:/d:{,’ [52J (82f) - (dajf) + 4b511f] |:27Tij — mﬂ'(sij + E@;ajm]
4b
from which we read the consistency condition
. 4
C = {C, H}PB ~ 2(8,-8]»7% - —_b27'('> ~ 0. (299)

Obviously, the consistency condition (2.99) is not satisfied automatically, which leads to a
secondary constraint

4b
C(z) = 82-8]-73-]' — mﬂ'ii =0. (2100)

The constraint Cpy = 0 must also be preserved along the time evolution, which means that we
need one more consistency condition

C’(g) = {C(g), H}PB =~ 0. (2.101)

Here, we have two constraints C = 0 and C() = 0. Thus, the symbol “~” should be reinterpreted

13 2

as “=" on the constraint surface determined by both of the two constraints.
We immediately find that variation of C(y) with respect to h;; is zero 0,C2) = 0. We prepare
the variation with respect to m;;

521 = [ dal(0i031) -
and calculate the Poisson bracket with the Hamiltonian
{<<fc(2)>>’H}pB: {<<fc(2)>>7K}pB__{ fC <hOOC }PB' (2103)
The first term 1is

{((fC(2)>>, K}PB
1
= — /dm§ [ — thij + 0kO;hji + 0xOjhiy — 0;;0kOthiy — 0;0;h + 6ij82h + 4bd;;ih — 4bhij}

4b

[oan- )

b b D—
/dxf[ 2 5 (9:03hi; — 0%h) + 86°h = —/dxf[D2_ € — 5= ;(86%)], (2.104)
and the second term is
{{(fC@)): ((hooC)) } ppy = _/dx [04(8%hoo) — (950;ho0) + 4bdi5hoo] [(8 0if) — f%}
dl’g ! (16b% f o). (2.105)
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Hence, we obtain

2b
(€ HYpy = [ do [+ 40D - Db~ k)], (2100
and conclude that
2b 8b*(D — 1)
{6(2)7 H}PB ~ _m [C + 4b(D - 1)(h00 - hu)] ~ —ﬂ(hoo — hu) (2.107)

Therefore, we can satisfy the consistency condition (2.101) by determining the Lagrange mul-
tiplier hgg to be

hoo = hyi, (2.108)

which finishes the Hamiltonian analysis. On the constraint surface C = C(3) = 0, we have the
traceless condition h‘lj = —hgo + hy = 0.

We can count the total number of degrees of freedom in the following way. In phase space,
the number of the original dynamical variables is 2 x 1D(D — 1) = D? — D. We have two
constraints C = 0 and C(z) = 0, which reduces the number of the degrees of freedom to D?—D—2.
In configuration space, we divide it by two and have

1

sD(D—1)—1 (2.109)
physical degrees of freedom. In the four-dimensional case (D = 4), we have 5 degrees of freedom
corresponding to the helicity (0,+1,42) states. In conclusion, we find that the absence of
quadratic terms in hgg has eliminated the right number of degrees of freedom. This structure
is expected to be generalized to non-linear massive gravity.

2.5 The vDVZ discontinuity

Thus far, we have focused only on the ghost problem and concluded that the Fierz-Pauli tuning
is the solution. In this section, we change the subject and consider the massless limit of linear
massive gravity with the Fierz-Pauli mass term. Because we know that general relativity has
strong predictive power on observations, we expect that the massless limit should coincide with
general relativity. However, in the linear level, there is a gap between predictions from general
relativity and massive gravity in the massless limit. This phenomenon is called the vDVZ (van
Dam, Veltman and Zakharov) discontinuity [12, 13|, which we now discuss. Resolution of this
issue is one of motivations to extend massive gravity from the linear level to the non-linear
level. Non-linear effects are expected to remove this pathology. Thus, in this section, we briefly
sketch how this problem emerges.
We consider the four dimensional case including a matter energy momentum tensor

1
S = Mi/d4x<£EH + EFP) - § /d4$hw,T‘LW, (2110)

where Lpg and Lpp are given by (2.19) and (2.29), and we have defined the Plank mass
M}? = 1/167wG. If we take directly the massless limit in the above action, we recover pure
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general relativity, but massive modes are lost. For our purpose, we need to take the massless
limit with all of massive modes retained. Thus, we rely on the Stiickelberg trick which we have
used in Section 2.3. After introducing two new fields A, and ¢ as in (2.33) and (2.36), we
obtain the action

2
S :Mg/d4l‘ ,CEH(h) + ﬁpp(h) — mTF'm/FMV
— m? (hy, 0" A — hd, AP) — m? (R, 0" ¢ — hd,d"9)

1
-3 / d*z (hy + 0,A, + 0,4, +20,0,0)T", (2.111)
where we have defined F,, := 0,4, — d,A,. Then, we assume conservation of the energy

momentum tensor 9,7" = 0, and normalize A, and ¢ as Au = mA, and é := m?2¢, which
leads to the action

1.~ -
S :Mz/d4$ EEH(h) + ﬁpp(h) — Z_IFMVFMV
— m(hyu 0" A — h9,A") — (D, 0" 0" — hd,0"P)

1
-3 / d'x h,, T . (2.112)

We also note the gauge symmetries corresponding to (2.38) and (2.39)

Ol = 0,6, + 0,8, 6A, = —mé,, (2.113)
5A, =0\, 6= —mA. (2.114)

Now, we take the massless limit m — 0, and obtain the action

1.~ N N 1
S=M / d*z Leu(h) — 1w = (hy0"0"$ — hd,0" ) — 3 / d*z h,, T".  (2.115)

Here, we shift the graviton field h,,, as h,, = k), + ﬁqbnw, to diagonalize the coupling between
h,, and ¢. The result is

1o - NP |
S=M / d*z (EEH(h’) - ZF“”FW - gaygbaﬂgb) -3 / d*z (h,, T" + ¢T), (2.116)

and the remaining symmetries are
oM, = 046 + 0,&u, A, = A (2.117)

Thus, we have one massless spin-2, one massless spin-1 and one spin-0 fields, which contains
242+ 1 = 5 degrees of freedom. Since no degree of freedom is lost, the action (2.116) describes
exactly the massless limit of massive gravity.
The important point is that not only %, but also ¢ couples to matter. Schematically, the
equation of motion for them is given by
1

1
W = —T 20 = —T. 2.11
0 e 0°¢ YE (2.118)
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We can find that h and ¢ contribute in the same order h ~ ¢ to the original graviton field
hyw = N, + ¢nu. Since pure general relativity corresponds to the field A/, the massless limit
of massive gravity deviates from general relativity. This is the origin of the vDVZ-discontinuity.

However, if we introduce some non-linear term =[¢] to the equation of motion for ¢

1 _ 1
O*h = ik 0*¢ + Z[¢] = ik (2.119)
p p
there is a possibility that the nonlinear term becomes dominant in some regime, and the con-
tribution from ¢ gets small, b’ > ¢. In this situation, general relativity is restored h ~ A/,
which is called the Vainshtein mechanism. Therefore, the non-linear extension of linear-massive
gravity is expected to resolve the vDVZ discontinuity.

2.6 The Fierz-Pauli mass term on curved space-times

We finish this chapter with a note about the Fierz-Pauli mass term on curved background
space-times. Throughout this chapter, we have considered how to exclude an extra degree of
freedom which is ghost like, and have not taken care of the possibility that ghosts are contained
in the remaining degrees of freedom. On the Minkowski background, the remaining ones are
guaranteed to be “regular” particles, which comes from the property of the Poincare-group.
However, when a background is curved, the above argument is not applicable. Ghost like
modes may be contained even if we exclude the extra degrees of freedom. For example, on the
de-Sitter background, we have a ghost when graviton’s mass is small compared to the Hubble
parameter [14]. In this section, we attempt to detect this type of ghost degrees of freedom. We
rely on the Stiickelberg trick which we have introduced in section 2.3.

On a curved background, the massless part of the Lagrangian density is given by (2.15).
We add the Fierz-Pauli mass term to obtain the action S' = ﬁ [ dPzL(h) and

Lthy 1, N cvrems Lo e i e e
i 1 (Vahu) (VW) + S (Vahy ) (V) = S(Vuh) (Vo h) + 2(V,uh) (V*h)
R 1 1
uv T R2Y o2 12
+—2D<h » 2h> 7 (W, — 1), (2.120)

where we have neglected total derivatives and the zeroth order term. We perform index ma-
nipulations by the background metric g,, and its inverse gt.
We introduce a Stiickelberg field A,

hyw = by +V, A, +V, A, (2.121)
and one more Stiickelberg field ¢
A, — A, +V,0. (2.122)
Then, we have the Lagrangian density

L(h, A, o) L(h)

vV—detg +/—detg

1 1 o= 2m2 R

— M FE,, + SmPRA'A, = m* (WY, A, = hV,A) + LYV
m?R u 20w

+ P (940) (V) — (WY, V6 — hO6), (2.123)
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where F,, :=V,A, —V,A, and a relation V,A, VA" = (VMA“)2 — I;’WA“A” has been used.
Along with the two Stiickelberg fields, two gauge symmetries are introduced

(Sh;w = Vyﬁu + Vug,ua 5Au = _gua (2124>
SA, =V,\,  6p=—\ (2.125)

Here, we notice that the Fierz-Pauli tuning eliminates higher order derivatives which is the
source of the extra ghost like degrees of freedom. Now, we define the shifted graviton field %,
as

2m?
hﬂl/ = h,/uu + mgbguy. (2126)
The role of this redefinition is to eliminate terms like h**V,V, ¢ or hld¢. Then, the Lagrangian
density written by hj,,, is

L(W, A, o) L(K) 1, 1 5=
= —-m"F"F,, + —=m“RA*A
V—detg /—detyg 4 w ot .

—m2(W"'V A, — W'V, AR) + m? (%mQ - %) (20V , A" + W ¢)
D-1 R 2D
-t (g’ = ) (Vb (779) = 5=56%). (2.127)

In the above formula, the coefficient of the kinetic term of the scalar field ¢ is %mz — % which
can be positive or negative due to the value of the background curvature R. This fact suggests
the possibility that we have ghosts in the remaining degrees of freedom. There is no generic
prescription to eliminate this type of ghosts, which must be handled case by case. In general,
the term “ghost-free” massive gravity means only the absence of ghost-like extra degrees of
freedom. Other types of ghost may be contained, depending on the background, solutions or
matter couplings. They are not considered in this thesis.
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Chapter 3

Non-linear massive gravity

Chapter 2 has been devoted to the problem of how to construct a consistent theory of massive
gravity in the linear level. We have achieved the Fierz-Pauli mass term which contains the right
number of degrees of freedom. However, we have encountered a pathology called the vDVZ
discontinuity, where predictions from massless limit of massive gravity deviates from those of
general relativity. One of motivations for non-linear massive gravity is to resolve this problem
by means of non-linear effects. Non-linear effects are also expected to explain observations such
as accelerated expansion of the universe or dark energy, but we do not treat these topics in this
thesis.

In this chapter, we extend linear massive gravity and construct a theory of non-linear massive
gravity. Firstly, we make only the kinetic term (the Einstein-Hilbert term) non-linear while the
Fierz-Pauli mass term is left in the linear level. In this setting, we see that an extra degree of
freedom is recovered via non-linearity and it behaves as a ghost. Thus, we try to remove it by
making the Fierz-Pauli mass term non-linear. For this purpose, the Stiickelberg trick is useful.
We use the Stiickelberg trick in the non-linear context and find the emergence of higher order
derivatives which turns out to carry a ghost. Then, we add non-linear terms to the mass term
to cancel potentially dangerous higher order derivatives. These newly introduced non-linear
terms are combined to become a non-linear mass term. We also attempt further extensions to
bi or tri-metric gravity.

As in the linear level, the final step is to count the total number of degrees of freedom, where
we rely on the Hamiltonian analysis. The Hamiltonian analysis of fully non-linear massive
gravity contains rather lengthy calculations. Hence, the Hamiltonian analysis is postponed to
the next chapter.

For more details and related topics, we can consult [8, 9].

3.1 The Fierz-Pauli mass term with the non-linear ki-
netic term

As a first step toward fully non-linear massive gravity, we attempt to make only the kinetic

term non-linear while we leave the Fierz-Pauli mass term in the linear level. Then, we consider
the action

1 —— 1
S = 162G /dng|: —det gR - ZmQUHanVIB(h’uyhaﬁ — huahzxﬁ) . (31)
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A full metric g, is composed of the background Minkowski metric 7,, and a fluctuation A,

Guv = Npw + h,uz/- (3.2)

The mass term explicitly contains the background metric. Thus, the diffeomorphism invariance
is broken. To begin with, we count the total number of degrees of freedom by the Hamiltonian
analysis, and find that there is an extra degree of freedom.

3.1.1 The Hamiltonian analysis

The Hamiltonian analysis containing the non-linear Einstein-Hilbert term is performed based
on the ADM (d+1) decomposition [15, 16].

the ADM decomposition

We regard a space-time as a foliation of spatial slices which have the unit normal vector n*
and the tangent vector e#;, where we write indices on the spatial slices as ¢, j,k =1,2,...,d. If
we denote general coordinates as X*# and coordinates on the spatial slices as %, the tangent
vector can be expressed as el = %. Since the slicing is spatial, the normal vector is time-like,
namely n#n, = —1. A time coordinate ¢ is combined with the spatial coordinates z* to form
space-time coordinates. However, there is no natural choice of the time on general space-times.

Thus, we define a vector

TH := Nn* 4+ N'et;, (3.3)

and regard it as the tangent vector of the time direction T+ = 83‘:. Coefficients N and N

determine the direction of the time evolution, and is called the shift and the lapse respectively.
Then, the line element is given by

ds? =g dX"dX"
=g (T"dt + e";da’)(T"dt + €”;da?)
=g (Nt + (Nt + dat)ers) (Nn“dt + (NPt + da?) e )
= — N2dt? + ~;;(N'dt + da') (NVdt + da?), (3.4)

where we have introduced the spatial metric v;; := g,e;e”;. Equivalently in a matrix form,
we can write it as

—N? 4+ N'N7 - N )
L, = . 3.5
In ( Vi N* Vij (3:5)

In the following, we denote the inverse of 7;; as 4%, namely v*v;; = 6;. We also denote the
covariant derivative constructed only from the spatial metric «;; and v as D;.

The Gauss-Codazzi relation represents the relation between the curvature of a (d + 1)-
dimensional space-time and that of d-dimensional spatial subspace

DR =R+ (K, K" — K?) — 2V, (n"V,n" — n*V,n"), (3.6)
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where K, is the extrinsic curvature and K = K*,. We neglect total derivatives and rewrite
the Einstein-Hilbert action as

_ 1 d+1 (d+1)
SEH_167TG dx\/—detg R

1 g
T /dt d'z Ny/dety (VR + Kj; K7 — K?). (3.7)
s
In the above formula, the extrinsic curvature can be expressed as
r .

the massless case

Prior to analyze massive gravity, we consider the case of general relativity. In the ADM for-
malism, the action is given by

1
5= 167G

/dt d'v £, L= Ny/dety(R+ K, ;K7 — K?). (3.10)

It is obvious that the dynamical variables are the spatial metric 7;;. Hence, we define the
canonical momenta

oL

7= 5 = Vdety (KY — 7 K). (3.11)
Vij
If we invert (3.11), we have
, N
Yij = ——==(2m;; — ™Y;5) + DiN; + D;N;. (3.12)

vdety

Instead of (3.12), we use the formula for the extrinsic curvature (3.8)

from which we obtain
Y7 = (D;N; + DjN;)77 + 2N+/det v (K;; KV — K?). (3.14)
We also calculate
7T7;j7Tij = (det ’Y) (KwKZ] + (d - 2)K2), (315)
7 = (dety)(d — 1)*K?, (3.16)
and find
1
K= — 7? 1
(d—1)2dety (3.17)
y 1 g d—2
K.Ki= —mny — ———— 72 3.18
! det~ 9" (d — 1)2det'y7r (3.18)
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which lead to

} 1 o
KK - K = — (m-jnw - WQ). (3.19)
ety

Then, the action can be read as

1
5= 167G

/ dt dx [%«jwiﬂ‘ + NRo + NiRi] , (3.20)
where each element is defined by

1 g 1
._ (dp _ Py 2
Ry :=+v/dety' YR m(ﬂ'wﬂ'] T 17T )

1 1 g
VA7 DR = — (3 = ) e 3.1
ery Jot VikVit = g Ve )T ( )

Ri :=2D;7); = 2y Djm’". (3.22)

Hence, N and N°? are interpreted as Lagrange multipliers and variation with respect to them
leads to constraints

These constraints must be preserved along the time evolution, which is represented as consis-
tency conditions

d d
ERO = {Ro, H}PB ~ 0, ERz = {,R/z, H}PB ~ 0. (324)

The symbol “x” stands for the equality on the hypersurface determined by the constraints,
and the Hamiltonian H is give by

H= /ddx( — NRy— N'R;). (3.25)

The Poisson bracket is determined by the following formula

[ [0F@) 0G(y)  OF() 3G()
(F@). 00 g = | [Wz) Swi(z)  679(2) () )

(3.26)

where the integration is only on the spatial coordinates and the time component is set to be
equal on each factor. Here, it should be noted that we are neglecting the overall factor 167G
for notational simplicity.

We explicitly calculate the Poisson brackets between R and R; in Appendix C, and the
result is

{Ro(2), Ro(¥)} p; = Ri(y) D)0 (x — y) — Ri(2)D},,0' " (z — y) ~ 0, (3.27)
{Ro(@). Ri(y)} .y = —Ro(y) D8z — y) ~ 0, (3.28)
[Ri(2), Ry (1)} oy = Ri(y)D6@ (2 — ) — R;(2) D7D (2 — y) ~ 0. (3.29)
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Therefore, we see that the consistency conditions (3.24) are automatically satisfied, and the
Lagrange multipliers N and N° are left undetermined. These remaining Lagrange multipliers
correspond to the diffeomorphism invariance contained in general relativity.

The total number of degrees of freedom can be counted. In phase space, the number of
the original dynamical variables is 2 X 1d(d + 1) coming from symmetric tensors h;; and 7%
(1,7 = 1,2,..,d). The constraints Ry and R; eliminate d + 1 degrees of freedom. The gauge
freedom corresponding to the remaining Lagrange multipliers reduce further d + 1 degrees of
freedom. Then, divided by two, the total number of degrees of freedom is

%d(d 1) = (d+1). (3.30)

In the case of a four dimensional space-time (d = 3), we have two degrees of freedom, which is
compatible with the analysis in linearized general relativity.

the massive case

In the massive case m # 0, the action is given by (3.1). Obviously, it is convenient to regard
the full metric g,, as a basic variable. Thus, h,, is interpreted as h,, = g, — 1,.. Since the
mass term contains no derivative, the definition of the canonical momenta is not changed. We
apply the ADM decomposition (3.5) for the full metric g,,, and obtain the action

o1 d. [+ i i
S = /dtd v [4iym + NRq + N'R,
- (52k531(hijhkl — haghy) + 267Dy, — 2N?61 by + 2NN, (7 — 5%J))], (3.31)

where h;; := 7;; — d;;. We notice that the crucial point is the break down of linearity for N and
N®. They become auxiliary fields and the equation of motion for them can be solved as

Ro 1
e e— NZ:— ZJ—(;ZJ -1 ]. . 2
T —( ) 'R (3.32)

These formulae are plugged back into the original action, and we have no constraint and no
Lagrange multiplier. Therefore, all the dynamical variables h;; (7,7 = 1,2, ...,d) remain. The
total number of degrees of freedom is counted to be

%d(d +1). (3.33)

In the case of a four dimensional space-time (d = 3), we have six degrees of freedom. One extra
degree of freedom is recovered via the non-linear extension of the kinetic term. This extra one
is called the BD (Boulware and Deser) ghost [17].

3.1.2 The Stiickelberg trick

We have seen that the combination of the non-linear Einstein-Hilbert term and the linear
Fierz-Pauli mass term leads to an extra degree of freedom. Then, we show that it is actually a
ghost. For this purpose, the Stiickelberg trick is useful. In Section 2.3, we have introduced the
Stiickelberg trick in the linear level. Hence, we need to extend it to the non-linear level [18].
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The essence of the Stiickelberg trick is to introduce a new field imitating the broken symmetry.
In the action (3.1), the invariance broken by the mass term is the diffeomorphism invariance of
the Einstein-Hilbert term. Therefore, we introduce a new field Y# and perform the following
replacement

a B
() = ) = ST (V (). (3:31)

Since the Einstein-Hilbert term retains the diffeomorphism invariance, it is not changed. Only
the mass term picks up a change. Thus, We have only to focus on h,, = g,, — 7 in the
Fierz-Pauli mass term, and replace it by H,, := G, — 1,,. Then, the action is given by

1 1 1
S = 167G /dD;p [\/—deth— ZmQUHQUVB(HuuHa,B . HyaHyﬂ):| . §/deh/LVTHV- (335>

For later convenience, we have added a matter coupling. 7" represents its energy momentum
tensor. Along with the new field Y%, a gauge symmetry is introduced

a b
(@) = I s (1@, V(@) = 1 (Y @) (3.36)

where f is a function corresponding to the gauge freedom. This is because the transformation
for Y after that for g,, can be expressed as

oy e gy oY ove of  ofe
o (Y 0) i g )y (o (S0 ()

oxH oxV
oY oy »
(Y (), (337

and G, itself is invariant. The gauge fixing Y* = 2 returns the original action (3.1).
Now, we shift Y* to define A

Y x) = 2% + A%(x), (3.38)
and expand the invariant tensor G,
1
G = (52 + 0,4%) (3 + 0, 4°) (M + A9z gas + §AAApaAapgaﬁ)
=G + (0,A%) o + (0, A7) g, + (0,A%) (0, AP) gup + (terms containing 9"='g). (3.39)
We perform index manipulations by the background metric 7, and obtain

H,, =hy, + 0,A, + 0,4, + (9,A%)(9,As)

+ (0, A b, + (0, AP g, + (0,A%) (0, A% hap + (terms containing 9"='h).  (3.40)
Here, we introduce one more Stiickelberg field ¢ through the replacement

Ay = Ay + 0,0, (3.41)
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and find

H,, = h,+0,A, +0,A,+ (0,A%)(0,A,)
+20,0,¢ + (9,0°9)(0,0¢)
+(terms containing h"='). (3.42)

Gauge symmetries are found from the transformation law for Y (3.36).

Our present purpose is to expand the action (3.35) by h,,, A, and ¢ and see whether a
ghost degree of freedom appears. In the following, we treat the four dimensional case D = 4
and put M]f = Firstly, we focus on the Einstein-Hilbert part. The expansion is

G
SEn :Mg d*x\/— det gR
M2
= / d4x{ — Tp(a,\h,w)(a’\h“”) + -4 M? x (terms of h”ZS)}, (3.43)

which contains the kinetic part for h,,. In order to eliminate the dimensional coefficient at-
tached to the kinetic term, we normalize h,, as

Py = Myhy,. (3.44)

Then, the Einstein-Hilbert action is rewritten as

1 ~ ~ 1 ~ 1 R
4 A7 v 3 4
Spn = /d x{ — Z(ﬁxhw)(a h*) 4 -+ 4+ —(terms of h”) + — (terms of h )—l—}

p p
(3.45)
On the other hand, the Fierz-Pauli mass term is expanded as
Spp 1= — M2 / (H H"Y — )
4 2 2 o m’
:/d x{ — MPT(h,Wh“ —h7) — MPIFWF’”
— Mng(hwa“A” — ho,A") — Mij(hwa’“@”qb — haua%)}
+ M?m?(higher than third order terms of h, A, qﬁ)} (3.46)
We normalize A, and ¢ in the same way as h,,
A, =mM,A,,  é:=m’M,g, (3.47)

and obtain

2
Spp = / d%{ - mI(hWh‘“’ = 1) = L Eu F =m0 A — 09, AY) — (1,006 — hd,0"9)

+ (higher than third order terms of h, A (ﬁ)} (3.48)
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We also consider the matter coupling term
1 4 N2
Seoup 1= — 3 d*zH,,T
1
—— [ {Gha T+ @A)+ @.0,07
+ T x (higher than second order terms of h, A, (b)} (3.49)

We assume that the energy momentum tensor 7" is conserved 9, T*" = 0, and find

1 .
Seoup = — / d4x{ oYY hu, T + T x (higher than second order terms of h, A, gb)} (3.50)
P

Now, we have various interaction terms, but important ones are coming from the expansion of
Srp. They are expressed as

szg (R (aA)n(A)(82¢>n(¢) _ Ai—"(h)—Qn(A)—?m((ﬁ)(ﬁ)n(h) (aA)n(A) ((92923)”((’25), (351>
where
. M, X ~3n(¢) +2n(A) +n(h) —4 n(¢) —n(h)
M= m( m ) A ey e ey - e s ey o7 ey s R )

In general, it is natural to think that the Planck mass M, is larger than graviton’s mass m.
Thus, we assume M, > m and find that A, decreases when X increases. Focusing on higher
than third order interactions (n(¢) + n(A) + n(h) > 3), the maximum value of A is 5 when we
have n(A) = 0,n(h) = 0,n(¢) = 3. Hence, the minimum value of Ay is A5 = (M,m*)5. On the
other hand, a condition 4 — n(h) — 2n(A) — 3n(¢) < 0 always holds because we do not have a
term with n(h) = 3,n(A) = 0,n(¢) = 0. Therefore, the interaction terms (3.51) have negative
mass dimension and non-renormalizable. Aj is the cut-off scale as an effective field theory.

Since the expanded action contains a lot of interaction terms, it seems difficult to detect
a ghost degree of freedom. Then, we focus on the cut off scale, and take a limit called Aj
decoupling limit

T
m—0, M,—>o00, T —=o00, As;, i fixed. (3.53)
P
In this limit, we have
MANE
m m

Therefore, among higher than third order interaction terms, only the term with n(¢) =
3,n(A) = 0,n(h) = 0 remains, whose explicit formula is given by

_ Mgm;{4@”@@)(@8%)(0”8&@ — 4(06) (9,0.0)(0"0°6)}
ZQLAE {©0) - ©d)@,0.0) 0"} (3.55)
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In order to diagonalize the coupling between h,, and ¢, we shift the graviton field ilu,, as
Py = R, + Ny, and obtain the action

/ Ny 1 77 vila 1 7/ 71y 1 7! 7!
5= [ s ——8h)@hﬂ)+?%@@@h‘Q—?@hﬁﬂﬂ)+1@mXWh)
v 1. [y
2M 1" _ZF“”F
~ 2(0:0)(049) + o |00 - @d@.0.0) 00 )] - b 350

We can see that non-linearity has lead to higher order derivatives with respect to time which
operate on ¢. This fact suggests the emergence of a ghost degree of freedom [10, 11]. For
simplicity, we consider such a Lagrangian density below (More details are found in [19].):

£y 1= = (0,6)(@0) + 35(06)" = 3T (357)

p

This is a simplified version of the scalar part in (3.56). The point is that an non-linear term
(O¢)? is not a total derivative combination, and it cannot exclude a higher order derivative
with respect to the time coordinate. In addition, we introduce one more Lagrangian density

N R R 4 /2 3 1 -
Lo = —(0,0)(0%) ~ 20,60 + [ 2ad2t - TR (358)
The field v is an auxiliary field. The equation of motion for v is given by
0L,
52‘” = 20¢ + 2\[ 22z = (3.59)

which is solved as a function of ¢

- _\/g/\fﬂmés. (3.60)

Substituting this solution back into Lj ., we find

1 -
Lowlyi__ sanomms = 7 0,0)(00) + ( o)’ + 3797 =L (3.61)

Thus, two Lagrangian densities £; and L, are physically equivalent. We can investigate £
instead of L£;. Here, we put

¢=p—1, (3.62)
and obtain

4 /2 1
Lyy = ['¢3:g07¢,¢ = —(0,) (") + (0,0)(0"Y) + g\/g 5/21&7 - M@T + ﬁwT (3.63)

In the above formula, @ behaves as a ghost. Therefore, we conclude that the 6th extra degree
of freedom is a ghost mode. This is called the BD (Boulware and Deser) ghost [17].
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3.2 How to eliminate the BD-ghost

In Section 3.1, we have considered the half non-linearization, where the non-linear Einstein-
Hilbert term and the linear Fierz-Pauli mass term are combined. Effects of the half non-
linearization has been investigated by the Stiickelberg trick. Then, we have found that the half
non-linearity leads to higher order derivatives which carry a ghost degree of freedom called the
BD-ghost. At first sight, this fact seems catastrophic. However, we should notice that this
theory is not fully non-linear. There is room to cancel these dangerous higher order derivatives
by non-linearly extending the Fierz-Pauli mass term. Thus, we add non-linear terms constructed
from a fluctuation h,, such as h* k%, ... with no derivative. We adjust them to cancel higher
order derivatives when we expand the action by the Stiickelberg fields. In this section, we try
to describe how this program works. The purpose of this section is not to explicitly construct
a theory of non-linear massive gravity. However, the calculation below gives us an important
clue to determine a non-linear and ghost-free mass term. More details are found in [20, 21].
Following [20, 21|, we start with the action

2
S=M / d'x [\/ —detgR — mT —det g ¢"*g"" (hywhas — huahus) |, (3.64)

where h,, = g — N is understood. Compared to the action (3.1), the above action (3.64)
already contains some non-linearity in the mass term . This is merely for our convenience.

Our main tool is the Stiickelberg trick, but we introduce it in a rather different way from
that in Section 3.1.2. We bring in a field Y* through the following replacement

huu - guu - nuy — Huy = Gu — GW/’ (365)
where
- ) N &
Gu(z) == o (x) 57 (2)Nagp- (3.66)

The replacement is done only on £, in the mass term. Then, the action is given by

2
S = M;/d‘lx l\/— det gR — mT —det g g"*g"?(H,yHop — HoaH,5) |- (3.67)

Along with Y¢, a gauge symmetry is introduced

affb
(@) = T I g5 (F@), V() = V(i (), (3.68)

where f is a function corresponding to the gauge freedom. This is because G, transforms as
a tensor field

oye  ogy”P ay« oY#

Ok (l’) oxY ('r>77045 — Ot (f(l’)) oxY (f(x))naﬂ
of* oy« ofroYy”s OfrOfr oYy ™ oy8
G oV s o (@)as = Lol @) 5 (F)mes

(3.69)
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Thus, H,, also obeys the transformation law for a tensor field. The gauge fixing Y* = 2
restores the original action (3.64).
Now, we shift Y to define A*

Y =z2x%— A“. (3.70)
Then, H,, is expanded as
Hyy =g — (65 — 0,A%) () — 0, A7 )1ag
=hy + (0, A Naw + (8 A7 )15, — (0, A%) (0, A% )ag
=h,, + 0, A, + 0,A, — (0,A%)(0,A,), (3.71)

where index manipulations are done by the background metric 7,,. We introduce one more
Stiickelberg field ¢ through the replacement

A% — A% 4+ 0%, (3.72)
and the expansion of H,, reads
H,, =h,, +0,A, + 0,A, — (0,A%)(0,A.)
+20,0,6 — (0,0%0)(0,0a0)
— (A (D,006) — (D, A%)(D,05). (3.73)

As in Section 3.1.2, we expand the action (3.67) by h,,, A4, and ¢. We remember (3.51) and
write down the general form of interaction terms coming from the mass term

m2M§ hn(h) (aA)n(A)(82¢>n(¢) — Ai—”(h)—Qn(A)—?m((ﬁ)(ﬁ)n(h) (aA)n(A) (82@3)”(@, (374>
with
O (MNT 3n(¢) £ 2n(A) ta(h) —4 n(¢) — n(h)
M= m( m > AT @ e =2t ne ta@ e = &)

Hat symbols represent normalized fields iLW = Mph,., Au = mM,A, and ¢ = m2M,¢. Since
our main interest is in higher order derivatives, we focus on higher than third order n(¢) +
n(A) 4+ n(h) > 3 terms. We can classify them according to the value of A
“A> 5
2n(¢) + 3n(A) + 4n(h) < 6 = no solution
“A=05:
2n(¢) + 3n(A) + 4n(h) = 6 = (n(¢), n(A), n(h)) = (3,0,0)
A <A<
n(¢) + 2n(A) + 3n(h) < 4, 2n(¢) + 3n(A) + 4n(h) > 6 = no solution
A=4:
n(¢) + 2n(A) + 3n(h) =4 = (n(¢), n(A), n(h)) = (2,1,0), (4,0,0)
3 A< 4
n(A) +2n(h) <2, n(¢) + 2n(A) + 3n(h) > 4,
= (n(¢), n(A), n(h)) = (1 25,0,0)5_54 2, (0> 3,1,0)_5, 1.
A=3:
n(A) 4+ 2n(h) =2 = (n(¢), n(A4), n(h)) = (n >2,0,1),(n > 1,2,0), (3.76)
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which is summarized in the following table.

scale A5 A4 A3+%2 A3+%1 A3 An>3
interaction (8%)3 (82(5)4 (82(5)7125 fl(a%)an
(04)(0°9)* (04)(0%9)"=% | (9A)*(0%)">"

All of these interaction terms can have potentially dangerous higher order derivatives. Our
present purpose is to cancel out them by adding non-linear terms of H,,. In the following
calculations, we abbreviate ¢, = 9,0,¢ and A,, = J,A, for notational simplicity. Besides,
we denote the trace with respect to g, as < : > and the trace with respect to 1, as [-]. For
example, we write

<¢> = glw(bl“/’ <h¢> = g gﬂﬂhuu(ﬁaﬂa (377)
(8] = 0" Gy (] = 00" Dy Parp.

Now, we start the program with the action (3.67)

S = Mg/d‘{r V=gR - m{@], £ = v=g((H?) — (H)*). (3.79)

We know that L, contains higher order derivative terms which lead to the appearance of a
extra ghost degree of freedom. One of them is (9%¢)*. We add a third order term of H,,, which
we denote L3, to cancel this (9%¢)% term. The explicit form of L3 is completely fixed to cancel
the potentially dangerous (9%¢)? term coming from L,. Here, we have another freedom. We
can also add a third order term £I” which returns a total derivative about the (9%¢)® part.
Thus, we get a mass term Lo + L3 + agﬁgD , where a3 is a constant. The coefficient a3 is
adjusted to cancel other third order dangerous terms such as h(9%¢)?. From the third order
mass term Lo+ L3+ a3 L3P we encounter further higher order derivative terms such as (9%¢)*.
Thus, we add a fourth order term £, to cancel the (9%¢)* term. Also, we can add another
fourth order term £I? which returns a total derivative combination about (9%¢)*. We make
use of LIP to eliminate other fourth order ghost like terms. Whether this program works or
not is a non-trivial problem. We consider up to the fourth order cancellation for (9%¢)?, (9%¢)3,
(029), (0A)(0%0)?, (0A)(9%¢)3, h(D%¢)* and h(9%¢)3. Such a term (0A)*(9%¢) is difficult to
investigate. The details are found in [22], but we do not consider it here.
From the expansion of L5, we find

-3
(0.9]
=

(0%¢)? : total derivative (3.80)
(0%0)* + — 4[6"] + 4[¢][¢”] (3.81)
(0%9)" :[0"] — [¢")* (3.82)
h(0¢)* - 4[h][¢%] — 2[hl[¢]" + 8[he][¢] — 10[h¢’] (3.83)
h(0*¢)* = — 2[nl[¢°] + 2[hl[4][¢°] + 8[h”] — 4[hg][¢°] — 4[hg”][¢] (3.84)
(04)(0°¢)* : — 12[A¢”] + 4[A][¢"] + 8[A¢][¢] (3.85)
(04)(0%¢)" : 4[A¢’] — 4[Ag][¢”]. (3.86)
The next order term L3 is determined to cancel the (9%¢)? term (3.81)
Ly:= —%\/—_g<<H><H2> — (i), (3.87)
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and the expansion is

(0%6)° : — 4[0l[¢] + 4[] (3.88)
(0%¢)" :2[¢°]” + 4[¢][¢°] — 6[¢"] (3.89)
h(9%¢)* + — 2[h][¢7] — 4[hg][¢] + 6[h¢”] (3.90)
W(0%9)° : 4[h][¢7] — 2[n][6][¢*] + 6[he][¢°] + 10[n?][¢] — 18[hg’] (3.91)
(04)(9%¢)* + — 4[A][¢”] — 8[Ag][¢] + 12[A¢”] (3.92)
(0A4)(0%¢)° : 4[A][¢°] + 12[A¢°][¢] + 8[A¢][¢?] — 24[AS°]. (3.93)
Also, we add a total derivative term
L3P = —y=g (3(m) (1) — 2(11°) — (m)"), (3.94)
which contains
(0%¢)® :total derivative (3.95)
(0%¢)" : 12[¢°] + 24[¢][¢°] — 24[¢"] — 12[¢]*[¢"] (3.96)
h(0%¢)* + — 12[h][¢"] + 12[h][¢]* — 24[h¢][¢] + 24[h¢”] (3.97)
h(0%¢)° : — 24[h][¢][¢%] + 20[1][¢"] + 4[h][¢]’
+36[h¢][¢°] — T2[he"] + 60[n¢?][¢] — 24[he][¢]* (3.98)
(0A)(0°¢)* : 24([A][¢]* — [A][¢%] + 2[A¢”] — 2[A¢][¢]) = total derivative (3.99)
(9A)(0%0)" : 24[A][¢°] - 24[A][][¢] — 96[AG”] + 48[A0]6”] + T2[A¢)[6] - 24[A¢) [?]32.1 "

How to construct total derivatives is a topic in Appendix D. Then, we obtain the mass term
Lo+ L3+ azLEP | whose third order terms are

(0%¢)? : total derivative (3.101)
(0%¢)* : total derivative (3.102)
h(0°¢)* + (2 — 12as) ([h][¢%] — [R][¢]*) + (4 — 24a3)([he][g] — [h"]) (3.103)
(0A)(9%¢)? : total derivative. (3.104)

The h(9?¢)? term (3.103) seems to contain higher order derivatives. However, if we decompose
the coordinates into the time and the spatial components p = (0,4), we can see that higher
order derivatives with respect to the time coordinate is not contained

[1][¢%] — (R[] =h (2050250 — 2(800:0)* — (Ad)* + (0:0;9)*) (3.105)
[ho][¢] — [h?] =hoo (8§¢A¢ (000;) ) + 2’101(30a PAG — 0p0;00; aj¢)
+ hij (0:0;00¢ — 0;0,00;0"¢), (3.106)

where we have defined A := 9;0;. More simply, we can find [¢?]—[¢]* oc LI (00¢) and [ho][¢] —

[h¢?] o< W X, ,S,Q,) (00¢) from Appendix D to conclude there is no higher order derivative. Anyway,
no ghost emerges from (3.103). The fourth order (9%¢)* term coming from Ly + L3 + a3 LIP is

(0%0)" + — (54 2403)[¢"] + (1 + 1205)[¢7)" + (4 + 24as) [9][¢°] — 12a5[¢]*[¢7].  (3.107)
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This should be canceled by £4. Hence, we determine
L= —Vlgg ((5 4+ 240a)(H*) = (1+ 1209)(H?)" ~ (44 2Aag)(H)(H?) + 1205 (H2)(H)").
(3.108)

which contains

(029)* + (5 + 24a3)[¢Y] — (1 4+ 12a3)[¢?]* — (4 + 24a3)[¢][¢°] + 12a3[0]?[¢?]  (3.109)
hO%¢)° + = (24 1203)[h][¢°] + 12a3[h][¢][¢?] + (10 + 48a3) [he’]

— (2 + 24a3)[h¢][6°] — (6 + 3603)[he?][¢] + 1203 [hgl][¢]* (3.110)
(0A)(97¢)° + (20 + 9603)[A¢°] — (4 + 48a5)[Ag][¢7] — (4 + 2403)[A]["]
— (12 + 72a3)[A¢?][¢] + 24a3][Ad)[¢]* + 24as[A][¢?][¢]. (3.111)

We also add a total derivative combination
£1P = =g ((H)" = 6(H2) ()" + S(H*)(H) + 3(H*)" = 6(H") ), (3.112)

which is expanded to give

(0%¢)* :total derivative (3.113)
h(9%9)* : 32[h][¢]* — 96[N][¢][¢°] + 64[h][¢”]

— 192[¢*) + 96[1][¢?] + 192[0?)[¢] — 96[hd] ) (3.114)

(0A)(8%¢)? : total derivative. (3.115)

Then, we obtain the fourth order mass term Ly + L3 + a3LIP + £, + a4 LIP | from which we
have

(0*¢)* : total derivative (3.116)
(0A)(0*¢)* : total derivative (3.117)

P(O%6)° : (4 + 32a4) (2(A][67] — B[AI0)I0?) + [h] )"
— 6[hg"] + 3lh]l0?) + 6[ng?)l0] — 3hal[6]?). (3.118)

The h(0%*¢)? term (3.118) seems to contain a ghost, but we can show the absence of higher
order derivatives with respect to time. It is merely a combination A*” X S,) defined in Appendix
D. Hence, we do not encounter a ghost degree of freedom.

Thus far, our program works well. Here, we should notice that the condition to eliminate
higher order derivatives on ¢ seems to be enough. In the above calculation, we have determined
non-linear terms £3 and L4 in order to cancel the (0%¢)® and (9%¢)* terms. Other conditions
have not been used. We have also added total derivative combinations £I? and £1% to cancel
remaining higher order derivatives, but they have not played any role in this purpose. Other
ghost like terms in h(9?¢)? or h(0?¢)? have been canceled automatically, and the constants as
and a4 have been left undetermined. Therefore, it seems that the condition which makes the ¢
part total derivative eliminates all of dangerous higher order derivatives. Actually, the explicit
construction of non-linear massive gravity has been succeeded in this line [23].
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3.3 dRGT massive gravity

Now, we are in the position to construct a theory of fully non-linear massive gravity, which is
called dRGT (de-Rham, Gabadadze and Tolley) massive gravity [23]. In Section 3.2, we have
obtained a suggestion that total derivative combinations for the scalar field ¢ introduced via the
Stiickelberg trick may lead to a ghost-free and non-linear mass term. In this section, we carry
out this strategy. We remember that the Stiickelberg fields A, and ¢ have been introduced via
H,, in (3.73). In order to focus only on the ¢ part, we put h,, =0 and A, = 0, and see

Hﬂ”|h:0,A:o = 20,0,¢ — (0,040)(0°0,¢), (3.119)

which we write H = 200¢ — (00¢)? in a matrix form.
Here, we define

> on)!
ICr, =060, — \/Or, — Ht, = Z dn(H")“w d, = ( n) (3.120)
n=1

(2n — 1)(n!)24n”

The upper index on H*, is raised by ¢"*, namely H*, := ¢g"*H,,. The square root of a matrix
X is denoted as /X, and defined as (vVX)",(vX)*, = X*,. The purpose to bring in the
tensor KC,,, is to make the ¢ dependence in (3.119) simple. Setting h,, = 0 and A, = 0, we find

,C‘h:O,A:O =l=vl- H‘h:O,A:O
=1 —+/1—200¢ + (00¢)2

—1— /|1 — 004
—1—|1—00g|
= 900, (3.121)

which is a matrix form of K¢ = 0"0,¢. In the last step, we have used a condition

V|h:0,A:Q
1—00¢ > 0. We can read it as 1 — # > (. In the next section, we consider some solutions
p
for ¢ (3.140) or (3.143). Under the cut off scale 7 < A;', these solutions are estimated to be
gZ; < % and 1 — #}42 > () is satisfied.
Then, we propose the following action

= ! p vV m2 — < TD
STl _detg[R—jW(g,lC) , Wi(g,K) -—;)oznﬁn (K), (3.122)

where £IP is the total derivative combination defined in (D.2) at appendix D, and «, is a
constant. If we insist that constant and linear terms of h,, should not appear, we have to set
ap = ap = 0. Besides, ap = —4 restores the Fierz-Pauli mass term. When we set h,, = 0 and
A, =0, the mass term becomes

W (n,00¢) = total derivative. (3.123)

Therefore, we expect that we have succeeded in constructing a theory of non-linear and ghost-
free massive gravity. This theory is called dRGT massive gravity. We postpone the proof of
the absence of a ghost to Section 4, and proceed related topics.
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The action (3.122) is often used in a rather different formulation. We remember (3.66) in
which the Stiickelberg field Y# has been originally introduced

oY > 9y P oY oY P

— TR VIR
H/ux = 9w — a w Oxv a3, o and H 5 6x* Or” - Nas> (3124)
and express the tensor K#, as
oY > oy’
’CNV = 5”1/ Y g'u)\f)\l/a fuy = Ok Ozv -, Nas- (3125)

Then, the mass term is represented as

D
> anLiP(K Z aL LIP (/g7 f), (3.126)
n=0

where o/, is a constant written by a linear combination of o, (n = 0,1,..., D). Thus far, we
assumed that the background metric is the Minkowski metric 7, = diag(—1,1,..,1). However,
we can remove this assumption. The absence of a ghost can be proved on general background
metrics. Hence, we forget the origin of f,, and regard f,, as another non-dynamical metric.
In conclusion, the action of non-linear massive gravity is generally given in the form [24]

SMG—R dPx /= det [R+2m Zﬁnen } (3.127)

where (3, is a constant and e, is defined in Appendix D.

3.4 The Vainshtein mechanism

In this section, we consider the Vainshtein mechanism, namely a resolution of the vDVZ dis-
continuity discussed in Section 2.5. Here, we consider only the simplest setting. More detailed
or general discussions are found in [25] and references therein.

We focus on the four dimensional case (D = 4) with the Minkowski background, and return
to the expansion by the Stiickelberg fields. We remember the action (3.122) and add a matter
coupling

m? 1 y
S = M2 de\/—detg[R - TW(g,/C)} -5 /d4x H,,T". (3.128)
Here, conservation of the energy momentum tensor 9,7"" = 0 is assumed. We expand the

action by the Stiickelberg fields through g,, = 7., + h,, and (3.73)

H,, =h,, +0,A, +0,A, — (0,A%)(0,A.)
+ 28u8u¢ - (auaagb)(auaagb)

— (9,A)(D,000) — (,A47)(D,059). (3.120)
We also remember the table
scale As Ay A3+%2 A3++1 Az Apss
interaction | (820)3 | (9%¢)* | (829)">" h(92¢)"=>?
(0A)(0%¢)* (0A)(0%¢)"=2 | (0A)*(0%¢)"="
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where the normalization iLW = Mphy,, Au = mM,A, and ¢ = m*M,¢ is understood. We
already know that (92¢)"23 terms are combined to become total derivatives. Now, we as-
sume that we encounter an interaction term such as (9A)(---9%¢---), where the second term
(+--0%p---) does not contain h,, and A,. Originally, A, has been introduced via the replace-
ment A, — A, + d,¢. Thus, we should also have a term (9%¢)(---9%¢---), which is a total
derivative. Then, from the argument in Appendix D, we notice that (9,4,)(---9%¢--+) must
be a total derivative. Therefore, interaction terms between the scale A5 and Az, 1 are all
total derivatives. This fact means that the cut off scale of dRGT massive gravity is raised to
A3. We focus on this scale to investigate the Vainshtein mechanism.
We take a limit called A3 decoupling limit

T
m—0, M,—=oo, T —o00, As, i fixed. (3.130)

p

Interaction terms with scale A,,-3 disappear, and only those with A remain. They are h(9%¢)"22

and (9A)%(824)">'. Here, we notice that A, is quadratic in the action. Hence, the equation
of motion for A, reads (---)A, = 0, which means that A, = 0 is a solution. In the following,
we consistently set A, = 0. Therefore, in this situation, the mass term in the action (3.128)
becomes

2m2 LSS NIV
My [ diaht X, (3.131)

where we have defined

- )
K = = (V= det g W /C)) . 3.132
=g (VEaa W )| (3.132)
We recall the definition of W (g, K) in (3.122)
4
W(g,K) = anll”(K), (3.133)
n=0
and apply the formula (D.29). In order to restore the Fierz-Pauli mass term at the linear level,
we set ag = a1 = 0 and ap = —4. Then, we find
1o 1
Xw =3 D (X0 + X)) = 5 (202X () + (a2 + 303) X)) + (a3 +40s) X)) (3.134)

As we mention in Appendix D, X, ,(f;) is a linear combination of (00¢)™ terms, and note that
h#*X,, contains no higher order derivative with respect to the time coordinate. Taking the

normalization h

w, A, and ¢ into account, we obtain the action

R e

o A 1- A
_ 4 VA v 1
S = /d 2 by Ty, — < (= 8RL) + ANt T ) o
(3.135)
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where h,,, Y#*?h,, represents the kinetic term coming from the Einstein-Hilbert action found
in (2.19). In order to diagonalize a coupling h X S), we shift 1, as h,, = h,, + én,.,. Using

a relation TW’\" (gbn,\p) = —#Xﬁ,), the action can be written as
3az — 4 as +4ay 4 1
_ 4 / vAp 1/ my 3 2 3 4 v-(3 / v
S = /d thT“ ph/\p — h“ <8—A§X}(LV) + S—AgX/(Uj)> — 2—%huyTu
1.4 3ag — 4 -~ 4 az + 4ay » 4 -
S ¢ Sl S ¢ O/ 1) ¢ O [ —— 3.136
0% sag 0% sy N T aap? (3-136)
We can diagonalize one more coupling w X ,(fy) by shifting h;w as
30&3 —4 ~ ~
3

We employ relations (D.31), (D.32) and Y, (0x¢0,0) = in“%) to obtain the action

_ 4 v a3 + 40&4 v v (3 v
S = / d'z 1), YHRY  — EAT WX @) — 5, h,T"
(30(3 - 4) (3043 - 4)2 - 8(0&3 + 4(1/4)

(96)* ([9]° — [#7])

3,0, 3 -
- 5007 + T 00716] -
5(30[3 — 4) (043 + 4044)

- G4A (00)*([41° — 3[0[62] + 2[6%]) —

3270

~

oT, (3.138)

2M,

where we have abbreviated (0¢)? = (9,¢)(0"¢), and the notation [-] is found in (3.78). At
first glance, the action (3.138) seems to contain higher order derivatives with respect to time.
However, from (D.32), we see that such terms can be discarded via total derivative combina-
tions. This fact means that we cannot apply the argument in Section 3.1.2, with which we have
detected a ghost.

Now, we set ag + 4ay4 = 0 to eliminate the remaining coupling between hZV and q§ Notice
that the tensor field A}, corresponds to the gravitational field in pure general relativity while
that in massive gravity is h ~ h” + ¢. Schematically, the equation of motion for k., and b is
given by
1

673 __ L
0°¢" = +-T. (3.139)

p

1

1 A 1 A
2hl/:_T 2 4+ 4 52
0 7 0°¢ Agagzﬁ +Ag

Here, we consider a point source T ~ M§®)(z) with mass M, and assume static solutions. At
large distances, non-linear terms are negligible. Then, we have solutions

M1 A M1
h' ~—= ~——, 3.140
M,r’ M,r ( )

The scale where non-linear terms start to contribute is estimated from the above solution and
o 9
r2 At

(3.141)
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The result is called the Vainshtein radius

ry = /%3(%)3 (3.142)

Inside the Vainshtein radius, the solution for ngﬁ can be estimated to be

¢~ (%)%;a, B~ (%)éAgr. (3.143)

The second one comes when the cubic term in (3.139) dominates. Thus, we can find

hé” o <L>5, (L)2 <1 (3.144)

rv rv

Therefore, in small scales, the gravitational field in massive gravity ho~ b+ ¢ does not deviate
from that in general relativity h ~ h”. The vDVZ discontinuity is resolved at least in this
simple setting.

3.5 Extension to bimetric gravity

dRGT massive gravity has one peculiar feature. It contains a non-dynamical metric, which
breaks the diffeomorphism invariance. Thus, it seems natural to promote the non-dynamical
metric to dynamical one. This theory contains interacting two metrics and is called bimetric
gravity [2]. We give the dynamics to the non-dynamical metric in dRGT massive gravity, and
obtain the action

1 1
Spa dPz+/—det gR[g] + dPx+/— det gR[f]

T 167G, 167Gy

B D
+ 2(167TG9 + 167rGf> 1m2 dPx\/—detg Zﬂnen(\/gflf), (3.145)
n=0

where R[g] and R|[f] represents the curvatures for two metrics g, and f,, respectively. G, and
Gy are two kinds of gravitational constants. We can also include cosmological constants, but
we do not consider them here. In the action (3.145), we can rewrite the interaction term in a
rather different form. We recall a property (D.12) to find

en(VoUf) =det Vg fep—n((Vg ) 7). (3.146)

For a matrix X with the inverse X ', we know that det v X = v/det X and (v X)™! = /(X 1)
hold. Then, we notice a relation

V- detgen(\/g—lf) = /- detfeD,n( f—lg), (3.147)

and see that the metric g,, has no special meaning compared to the other metric f,,.

In general relativity, we have a diffeomorphism invariance which guarantees the massless
degrees of freedom. When the invariance is broken, degrees of freedom increases and the
graviton becomes massive. If the interaction in bimetric gravity (3.145) is switched off (m = 0),
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we have two independent general relativity and two diffeomorphism invariances are contained.
These symmetries extract a couple of true massless degrees of freedom. However, the interaction
term breaks one of them, and only one overall diffeomorphism invariance is left. We expect that
this remaining invariance reduces degrees of freedom corresponding to one massless graviton.
Thus, if the theory is consistent, namely we have no extra ghost mode, bimetric gravity should
have one massless and one massive graviton. In this section, we see this fact in the linear level.
Non-linear analysis is a topic in Chapter 4.
We consider a perturbation

9 = g,uu + h,uw f,uy = QW + luy; (3148)

where g, is a background metric for both two metrics, and h,, and [, stand for fluctuations.
We expand the action (3.145) up to the second order in hy, and [,,. For notational simplicity,
we write the trace with respect to the background metric as

[h] = g hoa, 1] = 3" e (3.149)
In the following, index manipulations are performed by the background metric g, and its
inverse gh.

Using expansion formulae (B.18) and (B.20), we find the result in Appendix E. In the four
dimensional case (D = 4), we find

v/ —detg iﬁnen(\/g——lf)

=(fo + 4By + 662 + 455 + B1) + (%50 + gﬁl + %52 + %ﬁg) 1) + (%51 + gﬁz + ;63 + %54) U
1 5 1 1 1 1 1 1 1 5 1
+< — 4_150 - gﬁl - 552 - gﬁs) [h%] + ( - Z/Bl - 552 - Zﬁ3> [hl] + ( - gﬁl - 552 - gﬁs — 154) 7]
H(50+ 3B+ B + (G804 5B+ 60 ) I+ (5B + s+ GBI (3150)
If we imposing the condition that linear terms should disappear

Bo+ 361+ 382 + 3 =0, Br+ 382+ 383+ B4 =0, (3.151)

we obtain
V=detg 3 Buen (Va1 ) = S (Bu+ 260+ 65) ([0 = 1] — [ —1)%), (3.152)

where we have eliminated 3y and (4 via (3.151). Therefore, the Fierz-Pauli tuning has been
restored. Notice that the condition (3.151) also removes the zeroth order term, which means
that > en( g! g) = 0 holds even in the non-linear level. The simplest setting is said to be
minimal, which is defined as

60 = 3a 61 = _17 62 = 07 53 = 07 54 = 1. (3153)
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Anyway, when we adjust the parameters to recover the Fierz-Pauli tuning, the linearized
action of bimetric gravity becomes

1 D A 1 D A
_ R R
Spa 167rGg/d x hy, h’\p+167rGf/d Tl Iy
m? 1 D 5 2
o )2 = [h— 154
3 167rGg+167rGf/d x<[(h D=1 =1 ) (3:154)

where hWT“Mph ap Tepresents the kinetic term coming from the Einstein-Hilbert action found in
(2.16). In order to simplify the kinetic terms, we define normalized variables h,, =: /167G, h,,
and [, =: /167G iuu. Then, the action (3.154) can be read as

Spa = / APy, TR by, + / dPx 1, TH 1),

m? 1 b . . A .
+T167TG9+1677Gf/d x([(s/167rGgh— V16mGy1)?] = [\/167Gy h — /167Gy [ ] )

(3.155)

Here, we introduce new variables

_ V167G by = 167G by /167G gy + /167Gy (3.156)

o 167G, + 167G, = ™ 167G, + 167Gy
and rewrite the action. The result is
2
Spa :/de 0 Yy, + /de Uy Yy, + mT/dDm([uQ] — [u]?). (3.157)

Thus, we have one massless and one massive graviton, and no ghost degree of freedom is
contained at least in the linear level.

3.6 Further extension to trimetric gravity ?

A naive extension of bimetric gravity has been originally proposed in [3], where we have three
metrics g, fu and by, and the action is given by

Sre =M} | d*z\/—det gR[g] + M} [ d*z+/—det fR[f] + M,%/d%\/— det hR[h]
4
+ Qm%]\/[gf / d*z\/—det g Z 5nen(\/g*1f)
n=0
4
+ 2m§M?h/d4x\/— det f ) Bren(\/F'h)
n=0

4
+ 2m§]\/[gg/d4x\/—dethZﬁZen(\/h1g). (3.158)
n=0

A lot of constants are introduced to adjust dimensions.

Bimetric gravity has been actually proved to be ghost-free [26, 27], which is a topic in the
next chapter, but the same method is not applicable to trimetric gravity. Thus, the ghost
problem in non-linear trimetric gravity has not been solved in [3]. We resolve this problem in
Chapter 6.
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Chapter 4

The Hamiltonian analysis of dRGT
massive/bimetric gravity

In this chapter we prove the absence of the BD-ghost in dRGT massive gravity. At the same
time, we also prove the fact that bimetric gravity contains the right number of degrees of
freedom, namely that of one massless and one massive graviton [26, 27|. Our tool is the
Hamiltonian analysis, with which we directly count the total number of degrees of freedom.
Actually, no-ghost proof in dRGT massive gravity is carried out by the Stiickelberg trick [28,
29, 30, 31], but it is extremely difficult and we do not know how to extend it to bimetric gravity.
Thus, we employ the ADM decomposition and rely on the Hamiltonian analysis. The essential
point of the proof is common for dRGT massive/bimetric gravity though it is not applicable
to trimetric gravity. We focus on the four dimensional case D = 4, but the dimensionality is
expected not to be crucial in this proof.
The action is now given by

4
Sue = M, d4x\/—detg[R—|—2mzzﬁn(\/g*1f)] (4.1)
n=0
for dARGT massive gravity, and

Spe =M | d'z+/—det gR[g] + M} [ d'z+/—det gR[f]
4
+2M3ffm2/d4x\/—detg Zﬂnen(\/g—lf) (4.2)
n=0

for bimetric gravity. We have several kinds of the Planck mass M,, M, and M}, and effective
mass M.y is defined as

s 1 1y
g

Prior to the actual proof, we remember the discussion in Section 2.4, where we have per-
formed the Hamiltonian analysis on the linear massive gravity with the Fierz-Pauli mass term.
There, we have found that the difference of degrees of freedom between massless and massive
gravitons comes from the break down of linearity for non-dynamical variables. In the massless
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case, all of the non-dynamical variables appear linearly in the action and are interpreted as
Lagrange multipliers. Their existence reduces the number of physical degrees of freedom to
two. On the other hand, in the massive case, some of these variables become quadratic. If we
do not have the Fierz-Pauli tuning, all of them get quadratic to become auxiliary fields. These
auxiliary fields are removed from the action via the equation of motion for them. Thus, we
cannot eliminate any dynamical degrees of freedom, and an extra sixth mode remains which is
ghost like. When we apply the Fierz-Pauli tuning, one of the non-dynamical variables recovers
linearity while the others are left quadratic. This structure reduces the extra ghost mode and
gives the right number of degrees of freedom to a massive graviton, which we know five.

Therefore, it seems natural to think that the same situation should occur also in non-linear
massive gravity. In Section 3.1.1, we have attempted the non-linear extension of linear massive
gravity with the Fierz-Pauli mass term. Then, we have seen the break down of linearity for all
non-dynamical variables, which fails to reduce the number of degrees of freedom. The result is
the emergence of the BD-ghost. Hence, we expect that, in dRGT massive gravity, only one of
the non-dynamical variables appear linearly and the others remain non-linear. Our expectation
is actually correct, but this fact is not so easy to see. Non-dynamical variables in the ADM
formalism is the lapse function N and the shift vector N. By comparing to the analysis in
linear massive gravity, it seems reasonable to expect that N becomes linear while N* remains
non-linear. However, we cannot see it even if we directly write down the action in terms of
the ADM variables. The non-linear mass term is composed of the square root \/g~!f, which
carries non-linear combinations of N, N2 N3 ... and N (N%)? (N%)3 ... Hence, we need to
mix the lapse N and the shift N to define a new variable n’ through a transformation

(N, N*) — (N,n" = n'(N, N¥)). (4.4)

The role of the new function n‘(N, N%) is to absorb higher order terms of N and to make N
appear linearly. This is the essential point of the following no-ghost proof.

4.1 The ADM decomposition

4.1.1 The decomposition of metrics

The Hamiltonian analysis is based on the ADM decomposition. Thus, we start with decompos-
ing the mass/interaction term. The (3+1) decomposition of the Einstein-Hilbert part is found
in Section 3.1.1. Notations for the ADM decomposition is the same as those in Section 3.1.1.
One metric g, is decomposed as

gy = 900 905 _ —N? 4+ NINF - N (4.5)
w gio  Yij ¥ig IN? Vij 7 .
and its inverse is
00 405 1 -1 NI
v g g
g = 0 ij = 2 i 2,45 _ AinTd ) (4.6)
gv g N N N-=vy N'N

where 7 is the inverse of the spatial metric ;. In the original definition, the shift vector
N is upper indexed. For notational simplicity, we also use the lower indexed shift defined as
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Along with g,,,, we decompose the other metric f,,

foo  foj — L% + wy N'N* WijLi
= — ) , 4.7
Z < fio [fij wi; L Wij 47
and its inverse
o (fO Y11 D
fﬂ - ( in fij - ﬁ Lt L2w9 — LI : (48>

We denote the spatial part f;; as w;;, and w* means the inverse of w;;. L and L’ are interpreted
as the lapse and the shift for f,,, where L’ is defined with an upper index. In the following,
we often use the lower indexed shift defined as L; := wiij. Here, it should be noted that we
never lower an index on L’ by v;; and N’ by w;;.

4.1.2 The new shift vector

Under the decomposition in Section 4.1.1, we write down the basic element g~!f
0 0
N2 :( (%) (%) )
= ) ()

N*y" fig = N (= foo + N' fro)  N*4" fi; = N*(—fo; + N' fi;)

. —L2 + LkLk + NlLl —Lj —I— lelj 4 9

- N2,yilLl _ NZ(LQ _ LkLk —|—NZLZ) N2,.Yz'lwlj _ Nz'(_Lj +lelj) ( : )
We can see the complicated dependence on the Lapse and the shift. Thus, the mass/interaction
term necessarily contains higher order terms for them, which makes the absence of a ghost degree
of freedom extremely unclear. Our strategy is now to ensure the linearity of the lapse /N through
a variable change (N, N*) — (N, n’(N, N¥)). If we express N’ by the transformed variables as
Nt = N{(N,n*), the function N*(N,n*) should be linear in N. Otherwise, we encounter an
non-linear term of N from N?R, which is contained in the Einstein-Hilbert action. Hence, we
set

N'=c + Nd, (4.10)

where ¢! and d* are some functions of n’ and independent of N. We can determine a transfor-
mation (N, N¥) — (N,n‘(N, N*¥)) by fixing these functions ¢! and d*. We realize the linearity
of N through a proper choice of them. Then, we write down (4.9) via (4.10) as

N2¢7'f = Ey+ NE, + N%E,, (4.11)
where Ej; o are matrices independent of N and given by

“lot o lyted

En = . ; 4.12
B Wi G (T [ R G (Y0 11) 2
. L2 — LkLk -+ ClLl —Lj + c’wlj <4 13)

T\ (L% = Ly LF + L) —d(—Lj+ dwy) )’ :
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T gy
Bo={ —dod = (Sl dfid =l iy —di(=f + ) )
. dlLl dlwlj <4 15)
T\ —d'Lict — (L? — Ly LF + L)) d! —cidlwlj —d'(—L; + clwlj) ’ '

0 0 0 0
E, = , ) . . = , A , A . (4.16
2 ( (,.Yzl _ dzdl)flo (’}/Zl _ dldl)flj ) ( (,.Yzl _ dde)Ll (,.Yzl _ dzdl)wlj ) ( )
In the wavy underlines, we set
Q= _fO,u + clfl,u (417>

for notational simplicity.

Since N is expected to appear linearly after a variable change (N, N*) — (N, n’(N, N%)), we
have to seek the condition that all of N en(\/ g Lf ) become linear in N. In fact, this condition
is satisfied when we have

N\/g-'f = A+ NB, (4.18)
where A and B are some matrices independent of N. We take the square
N%¢g~'f = A> 4+ N(AB + BA) + N*B?, (4.19)
and compare to (4.11), from which we obtain
A*=F, B*=F, AB+ BA=E,. (4.20)

We can easily find the matrices A and B obeying (4.20). Because the square of Ej satisfies a

relation
2
E2 — Qo Q;
07\ —apc® —cla;
0 J

B a2 — apcla apa; — aicla;
—a%c’ + apclayd —apc'a; + c’alclaj

1 ag Q5
=(ap — c) i i
—QpC  —Caj

=(ao — da) By, (4.21)

the solution for A is given by
_ L Qo a; 1712 k Iy 1k
A= , r:=ayg—ca =L — L, L"+2c¢L; — ¢ c"wy. (4.22)

—anct  —cta.
agc c'a;

On the other hand, B? = E, can be solved as
B=va( o % VaD'; = /(v — did) i (4.23)
lewklflo Dzj ’ J J :
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where we have factored out y/x for convenience. We have introduced a matrix D’;, and it

has some properties we use in later calculations. Firstly, we note that D can be expressed
as D = v/ Sw with a symmetric matrix S. Then, we expand it as D = /14 (Sw—1) =

S dn(Sw —1)" =3 d,(Sw)™ with some coefficients d,, and d,,. From this expanded formula
and symmetric properties of S and w, we can find a relation

wirD¥; = wj,DF;. (4.24)

Next, we contract the above formula with w'. We get w'w;; D¥; = w'w;, D*; which leads to
D' = Whw., DF,. Once more contracted with w™ , we obtain w™ D', = w™w., W D*, = W' D™,

J Jk 7 ) 7 7k i i
Thus, we can find another relation

wiijk = wjkDik. (425)

These two relations are used repeatedly.
Though we have determined A and B, they must also satisfy the remaining relation AB +
BA = FE;. We write down the left hand side

- a; D' W fio a; D'
AB+ BA= ( —cda; DI fis —cla.D¥;

0 0
+ i i i i ; 4.26
( CLOD kwklflo - CL()D kck D kwklfloaj - D kckaj ) ( )

and read equations

aiDikwklflo == dlflo, (427)
CLZ‘Dij == dlflj, (428)
Ci&ijkwklflo - aoDikwklflo + CLQDika = dlfloci + aodi, (429)
ciakaj — Dikwklfloaj + Dikckaj = Cidlflj + diaj. (4.30)
From Eq.(4.27), we have
(d' — a; D' ™) fio = 0. (4.31)

Using the definition of a; (4.17), f;; = w;; and relations (4.24) and (4.25), Eq.(4.28) leads to
d! :wljaiDij (4.32)
=w (= fo; + " fri) D'; = — fow” D'; + W " f1;D'), = — fuw D' + D'y c*. (4.33
We also obtain from Eq.(4.29)
ag(d" — D'yc® + D'y fio) + (d' — aijkwkl)ciflo =0, (4.34)
and from Eq.(4.30)
a;(d" — D'y + D' fio) + fi;(d' — w'™a,D¥,,) e = 0. (4.35)
These equations (4.31), (4.33), (4.34) and (4.35) lead to one condition
d' = D'y (c" — WM fip), (4.36)
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which connects two functions ¢ and d* introduced in changing variables (4.10). Note that D
depends on ¢ and d’. Thus far, we have not specified how ¢’ and d' actually depends on n'.
Therefore, we can determine ¢! and d' as functions of n’ by introducing a relation among ¢, d*
and n’. For our purpose, the following relation works well

n' =:c —w* fro, (4.37)

from which we have
c=n'+ L', (4.38)
d' = D'n". (4.39)

We can determine D%, by n' in the following way. We substitute (4.38) and (4.39) into the
definition of D'; which says

VD' = \/ (v = did )wyj, = ag— daj=L* — L,LF 4+ 2d L; — ¢ Fwy,, (4.40)

and obtain

VED'; = \J(4i = D Dl = /(3 — Dy Dl e, (141)

x = L? — n'nFuy,. (4.42)

In a matrix form, it can be expressed as

VaD =+/(y' = Dnn"DT)w, x=L*—n"wn, (4.43)

where the subscript “T” stand for the transposed matrix. This equation determines D'; as a
function of n'. We take the square of both sides of (4.43)

a:DilDlj = (v — Dimnmnlek)wlj = yilwlj — Dimlankjwkm, (4.44)
which can be read as

DilQlkaj = yilwlj, Q') = 20" + n'n™wpy, (4.45)
&DQD =~v"'w, Q:=z1+nTwn. (4.46)

Then, we get DQDQ = v 'w@ and read DQ = /v 'wQ. Hence, we find the solution

D= (Vre@)Q (1.47)
where the inverse of Q is given by
1
Q= —-(1- L nn"w). (4.48)
x

Therefore, we have the solution D = D(v,w, n’, L), and obtain d* = d'(,w,n*, L) via (4.39).
Here, we have one point to notice. In the Hamiltonian analysis of dRGT massive gravity,

we do not need to take care of the lapse L and the shift L* for the non-dynamical metric f,,.

However, in analyzing bimetric gravity, they must also be traced. Hence, we have to simplify
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the complicated dependence on L in D*;. We recall that D is determined by the equation (4.43)
and define normalized quantities 7' and  as

n' = La', = L*1-ntwn) = L*3. (4.49)

Then, (4.43) can be written as

LVED = /(' = L?DAaT DT )w. (4.50)

In order to eliminate the L dependence, we normalize D’; as

~

Di;:= LD, (4.51)

and obtain the equation

ViD = \/ (y"' = DA DT)w, & =1—a"wh. (4.52)
The solution for D can be found as before
D= ( 7—1wQ)Q_1, (4.53)
where

Q=i+nTwn, Q'==(1-niTw). (4.54)

S

Thus, we have the solution D = 15(7, w, '), and the complicated dependence on L is removed.
In this “hat” quantities, (4.38) and (4.39) read ¢! = Li’ + L* and d' = Di;a*, and we obtain
d' = d'(y,w,n*). The transformation law is give by

N = + Nd' = Lt + L' + NDi (v, w, )ik, (4.55)

In the following, we use this “hat” formulae. Sometimes, a relation \/xD = VD is useful.

4.1.3 Linearity of the lapse

Now, we show the linearity of N. In fact, the mass/interaction term is linear in not only
N but also L and L. To begin with, we consider e;(y/g~1f) = Tr\/g~1f. From (4.18), we
immediately find

Nei(v/g7'f) =TrA+ NTrB. (4.56)

Matrices A and B are explicitly given by (4.22) and (4.23). Hence, we can calculate their trace

B 1 ao a; _ag—ca; _ _
TI"A = Trﬁ ( _aoci _Ciaj ) p— T — \/_ — L\/;, (457)

TrB = /2TrD = VZTrD, (4.58)
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and obtain
Nei(V g~ f) = LVE + NVETeD = LVE(w, ) + N(VETrD) (v, w, 7). (4.59)

Therefore, we find the linearity of N and L. This linearity is retained even for e, e3 and ey.
For a preparation, we notice that EZ = xEj leads to

A" = g2 (4.60)

and TrA"™ = 2™/ holds because we know TrEy = x. On the other hand, we have (TrA)" = z"/2,
Thus, we obtain an important relation

TrA" = (TrA)". (4.61)

We have one more important relation containing both A and B. We can see Tr(A?B) = Tr(EyB)
and Tr(A)Tr(AB) = /2 Tr(EyB/+/x) = Tr(EyB), which leads to

Tr(A?B) = Tr(A)Tr(AB). (4.62)

In the following, we use a short hand notation Tr"X := (TrX)" for a matrix X.
Using relations (4.61), (4.62) and (4.18), we obtain

1 9o 1 1 2
Nes(v/g7f) ZQN(Tr (NA + B) — TI“(NA + B) )
—(TrA)(TrB) — Tr(AB) + %N(TrQB - Tr32>, (4.63)
Nes(vg~'f) :%(Tr?’(%AqLB) - 3Tr(%A+ B)Tr(%AJr B)? +2Tr(%A+B)3>

=Tr(AB?) — Tr(AB)TrB + %(TrA) (Tv*B — TrB?)
+ éN(Tr:”B — 3(TrB)(TrB?) + 2T B?), (4.64)

and

VdetyNey(v/ g1 f) =v/—det gdet \/g~Lf = \/—det f = LVdet w. (4.65)

We can calculate these traces. Using a; = n*wy,, ¢ = n' + L, and formulae for A and B (4.22)
and (4.23), we find

TrA =z = LV, (4.66)
Tr(AB) = a; D' 3™ fig — c'a, D*; = —niw,;ijknk = —n"wDn = —LaTwDh. (4.67)
We apply (4.40) squared D', D*; = (v'* — d'd*)wy; to the trace of AB?, and find

1 A A A
TI‘(ABQ) :% [ai (’}/Zl — dldl)flo - Czak(’}/kl — dkdl)wli]

= — \/Eniwiijkaml = —znTwD?n = — ViR wD?h. (4.68)
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If we employ (4.41) squared xD? = (v~ — Dnn? DT)w, the trace of AB? is also expressed as

Tr(AB?) = —%nTw(fyl — Dnn" DT)wn. (4.69)
We proceed to calculate the trace containing only B
TrB = /zTrD = VZTrD, (4.70)
TrB? = 2TrD? = iTrD?, (4.71)
TrB® = a"TrD? = Vi TrD?. (4.72)

Collecting these trace formulae, we write down the elements of the mass/interaction term

Neo(v/g7'f) =N, (4.73)
Nei (Vg f) =LV + NViTiD, (4.74)
A A 1 A ~
Ney(v/g~tf) =L(2TrD + aTwDn) + 5N(:&Tr?D — &#TrD?), (4.75)
A . A 1 . A
Nes(Vgf) =L| = VanTwD® + (" wDi) ViTeD + SVa (i D — iTe D)
1 ) R . R R . R
o [:%%Tr?’D — 333(TeD)(TeD?) + QJE%TrD‘g} , (4.76)
Vdet
Nes(Vg ' f) =LY —=. (4.77)
vdety
Therefore, we obtain
4
N Buen(Vg ' f) = LU(v,w,7) + NV (7,0,7), (4.78)
n=0

where U and V' are defined by

Vet . .
Uy, w, ) =64 \/di_t:’ + BV + Bo[#TeD + i wDi]
o o ~ 1 o o
+ 3 [VE(TeD) (ATwDi) — VEnTwD?h + So3 (D - %)), (479)
. T P A2
V(’y,w, Tl) Z:ﬁo + ﬁl\/;TI'D + §ﬁ2x(Tr D —TrD )
1 o ~ ~ ~
+ B [Tr?’D — 3(TeD)(TeD?) + 2TrD3] . (4.80)

The linearity for N and L, and also that for L? is confirmed.

4.1.4 The Hamiltonian formulation of the action

Since the mass term or the interaction term in (4.1) and (4.2) do not contain derivatives, the
definition of the canonical momenta is not changed from that in Section 3.1.1. We denote the
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canonical momenta for v;; and w;; as 7 and p” respectively. Then, the action S = [ d*zL has
the Lagrangian density

4
Laie/M} =174 + NRo + R (Lit' + L' + NDiyi*) + 2m*\/—det g > Bren(v/g71f)
n=0

(4.81)
=194, + (L' + LYR; + 2m*L/det YU (v, w, )
+ N[Ro + RDiitk + 2m?\/det 1V (v, w, )] (4.82)

for dARGT massive gravity, and
ﬁBG :Mgzﬂij"}/ij + M]%p”w”

+ LMpRE + MIR] + LIMFRG + MR + 2m* M2y /et /U (3,0, 1)

+ N[M2RY + M2RY Digitk + 2m> M2, p1/det AV (v, w, )] (4.83)

for bimetric gravity. Ry and R; are defined as (3.21) and (3.22). The subscript (g) and (f)
represent “for g,,” and “for f,,”. The difference comes from terms with the wavy underline,
which do not contain ‘. Hence, variation with respect to 7’ leads to the same formula.

Now, we see the linearity for N, L and L?, and the non-linear dependence on n’. We expect
that the variation with respect to n' leads to an equation to determine the auxiliary field n?,
and the solution does not break the linearity for N, L and L’ when it is substituted back into
the action.

4.2 Variation with respect to the new shift

In this section, we calculate variation with respect 7. We often use a formula
OTr(VX) = STe(VX " 6X), (4.84)

where X is a matrix. We also rely on properties wy, D*; = w;, D¥; and w* D7), = wik D).
Since the mass/interaction term is constructed from the traces of matrices A and B, we
calculate their variation. We start with the simplest one

1 , 1
OTrA = 0\/x = —z " 2n'w;;0n’ = —ﬁnTwén. (4.85)

Variation of the trace of B needs a little trick. Using (4.41) or its matrix form, we calculate it
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in such a way

6TrB =6Try/(y~! — DnnTDT)w

ler<\/(7_1 — Dnn"DT)w 715(7_1 — DnnTDT)w>

2

== 52D D e D" e
1 . - -
=— m(D_l)lj (5(D]lnl)Dmknkwmi + D]mlfs(Dmk’”k)Wmi)
=— F(D_I)Zj (5(D]lnl)Dminkak + D]lnlfS(Dmknk)w’”i)
T

B 1

2\/x

1

=— ﬁnTw(S(Dn). (4.86)

<(5(Djml)nkwjk + nié(Dmknk)wmi)

Similarly, we also obtain
STrAB = — §(n"wDn) = —(0n")w; D! n* — n'w;6(D7yn*) = —nTwDén — nTwé(Dn), (4.87)
and

STrAB? = — 5(\/EnTwD2n)
= — 5(\/Ewijjmkaml)
1

:ﬁ (n"wD’n)n" wén — 2¢/zn"wD§(Dn). (4.88)

Here, we can find an important relation from (4.88). We remember that Tr(AB?) can be
expressed in a different way (4.69)

1 1 . .
Tr(AB?) = —%nTw(v_l — Dnn DT)wn = —ﬁnzwlj(y]l — DI, n™nP Dy, (4.89)
In this formula (4.89), variation acting on 1/4/x leads to

1 1
—5<—>nTw(’y_1 — Dnn" DT)wn = —x_%(nden)nwaDQn = ——(nTwD*n)n"wén,

VT VT
(4.90)

where we have used £D? = (y~! — Dnn® DT)w after the variation . In the same way, variation
of (4.89) with respect to n’ which exists outside the bracket is

1
—QW’FLTWIDQCSTL = —2y/anTwD?*on, (4.91)
and that within the bracket is
1 2

%niwij (5(Djmnm)Dlpnp + Djmnmé(Dlpnp))wlknk = —x(nTan)nTwé(Dn). (4.92)
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Hence, we have

1 2
STrAB* = —ﬁ(nTwD%)nden — 2v/znTwD?on + ﬁ(nTan)nde(Dn). (4.93)
Comparing (4.88) and (4.93), we obtain
1 1
[\/EnTwD + ﬁ(nTan)nTw] (Dn) = [\/_n wD? + \/_(n TwDn )nTw] on. (4.94)
Equivalently, we can express it as
1
VoD + —DnnTw] (Dn) = [\/_D2 —(nfwD?n )1} on (4.95)
NN 7
with unit matrix 1. Remaining ones are calculated to be
6TrB* =0Tr(y~ ' — Dnn” D")w = —2nTwD3(Dn), (4.96)
STeB* =0Te[(v~" — Dnn” D")w]? = —3y/anTwD?3(Dn), (4.97)
We collect these formulae for variation and obtain
1
dNey (/g f) =0TrA+ N6TrB = —TnTw(S(n + NDn), (4.98)
x
N
ONes(Vg ' f) =0TrA - TrB + TrA - 0Tk B — 0Tx(AB) + (208 - TrB — §TrB?)
=n"w[D — 1TrD]é(n + NDn). (4.99)

e3 is rather complicated
dNes(v/g ' f) =6Tr(AB?) — 0Tr(AB)TrB — Tr(AB)dTrB
1 1
+50TrA - (Tr*B — TrB?) + FTrA- (26TrB - TrB — §TrB?)

N
+ = <3Tr2B . §TtB — 36TtB - TrB? — 3TvB - §TrB? + 2(5TrB3>

1
= [ﬁ(nTwDZn)nTw +V2(TrD)n"wD — g (Tr*D — TrDZ)nTw} on
1
— [\/EnTwD + %(nTan)nTw] d(Dn)
+ g [ — (Tv?D — TrD*)n"w + 2(TeD)n" wD — 2nTwD2] , (4.100)
but we use (4.94) and conclude
1
dNes(v/g7'f) = —van'w [D2 — DTrD + §I(Tr2D - TrDQ)} d(n+ NDn). (4.101)
Thus, variation of the Lagrangian density with respect to n' is given by
1 . .
W(Sﬁ =R;0(n' + ND"yn") 4+ 2m?\/det 7{ — B—\/l_n w + Ban w(D — lTrD)
p
_ ﬁ3\/5nTw [DQ — DTrD + %I(TrzD — TrD2)] }5(72 + NDn). (4.102)
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In the case of bimetric gravity, we have only to replace m* by m*MZ;;/M?. The last factor in
(4.102) can be interpreted as
a , , ON®
—(nf+ ND, ) = —. 4.103
on’ (" + 2 onJ ( )
Since the variable change should be invertible, the transformation matrix ON’/On/ must have
the inverse. Therefore, the variational principle leads to an equation

1
Rgg) — 2m?2y/det VTWTW{BJ + ﬂgx/f(lTrD — D)
T

1
+ fax [D2 — DTrD + 51(T1r2D — TrDQ)} } =0,  (4.104)

which is equivalently in the hat formula

Rgg) —2m?2y/det viﬁTw{ﬁll + 52\/5(1T1"ZA) — 15)
\/E
+ B3 [[)2 —~DTD + %1(Tr2f) —~ TrDQ)} } =0.  (4.105)
For later convenience, we name the left hand side of the above equation as C;. We solve this
equation as n' = n'(y, m,w) and substitute it back into the original action. Then, we start the
Hamiltonian analysis. Here, the important point is that the solution n‘(~y, 7, w) is independent
of L, L' and N. We recall that D= lA)('y,w, ﬁ) also does not depend on L, L* and N. Thus,
non-linear terms of N, L and L* never appear in the action.
In the minimal model where 5, = —1, o = 0 and 3 = 0, we can explicitly solve the
equation (4.105). The minimal model drastically simplifies (4.105)

VIR, + 2m?y/det yw;;a’ = 0. (4.106)
Squaring this equation with the metric w, we have
(ViR + 2m?y/det v wiyid ) (VER, — 2m?y/det y wyil?) = 0, (4.107)
which is calculated to be
IRW Ry — 4m*(det v)wjn?n* = 0. (4.108)
We substitute £ = 1 — 27w, and obtain

L o (Rkwki)wzj(wﬂRl)
g = ) 4.109
el 4mA(dety) + RiwIR; ( )

The above equation can be easily solved as
- ijji
VAmA(det v) + RywH R,

~1

(4.110)

and

4m?(det )
4m*(dety) + RTw 'R’

&= (4.111)
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4.3 The Hamiltonian analysis

In Section 4.2, we have found the equation of motion (4.105) for the auxiliary field 7', and
obtained the solution 7’ = A'(y,7,w). We substitute the solution into the original action,
and eliminate the auxiliary field n’. The action is linear in L, L' and N because n'(vy, T,w)
and D(fy,w,'fz) does not depend on L, L? and N. Then, we proceed to the main part of the
Hamiltonian analysis. We recall the action S = [ d*zL with the Lagrangian density

Lye/M} =m%;; — Hy + NC, (4.112)
Hy = — (LA' + L)R; — 2m*Ly/det y U (7, w, 7), (4.113)
C =R + R;Dixi* + 2m>\/det v V (v, w, ), (4.114)

for dARGT massive gravity, and
Lpe =M;m7%; + Mjp“ai; — Hy + NC, (4.115)

My = — L[MPRY + MRV — LIMARY) + M2 R + 2m2 M2, /dety U (y,w, )],

(4.116)
C: M2R +M2R ) Dipi* + 2m? Mff\/det V(y,w,n) (4.117)

for bimetric gravity. The difference is only in the wavy under lines. We also remember the
explicit formulae of U and V'

vdet w

U(v,w,n) =f4———— WarEl + BV + Bo [xTrD +n an]
. . 1 . .
+ 33 [\/E(TrD) (R"wDn) — ViaTwD?n + 5% %(Tr2D - TrDQ)} : (4.118)
o 1 N o
V(v,w,n) =By + 1VaTrD + 55293(%«21) — TrD?)
1 ~ o ~ ~
+ gt [TﬁD ~ 3(TeD)(TrD?) + 2TrD3]. (4.119)

In these formulae, 7’ is interpreted as the solution of the equation (4.105), which we denote
nt = nt(y, m,w).
Now, we take variation with respect to /N and obtain a primary constraint

Clvy,mw,n(vy,m,w)) = 0. (4.120)

This constraint must be preserved along the time evolution, which is generated by the Hamil-
tonian

H:= /d%(”ﬂf — NC). (4.121)
Hence, the Poisson bracket with the Hamiltonian H must be zero

={C(x),H},, = /dgy{C W)} o — /d3yN(y){C(:p),C(y)}PB ~0, (4.122)

29



where the symbol “~” means the equality on the hypersurface determined by constraints. The
Poisson bracket is given by

IF(z) 0G(y) OF(z) 0G(y)
{F($)7 }PB /d3 [ mn B mn
Vmn(2) O™ (2) 0™ (2) 6Ymn(2)

+ (w and p derivatives)|,
(4.123)
and that between C(x) and C(y) is derived in Appendix F. The result is

{C(x),Cy)}py = — [Pi(x)%5(3)(x —y) — P'(y) 832.5(3)@ —y)|, P':= Clﬁijnj. (4.124)

Thus, we conclude

{C(z),C(y)} pp = 0. (4.125)

Here, notice that this result holds for both of dRGT massive gravity and bimetric gravity.

In the case of ARGT massive gravity, the coefficient of N at (4.122) disappears, and the
Lagrange multiplier N cannot be determined. Therefore, we have a secondary constraint Cs) =
0, which we derive in Appendix F,

C2) ::/d?’y{C(x), Hely)}
=2 L (YT — 20 ) U™ + 2m%\/det 5 5 D, (LU™) Diyi* + € Dy (L' + L)

+ (DR, — 2m?\/det v Vily, ) Dy(Liv? + L7) + (DyRo + Diyit*DiR;) (L + L),
(4.126)

where U and V are defined in (F.57) and (F.46). The first term in (4.126) contains 7 linearly
without derivatives. Since such a term cannot be found in C and C;, secondary constraint C
does not automatically vanish even on the constraint surface. If we consider bimetric gravity,
additional terms contribute to the above formula. The consistency condition on Cy for the
time evolution

o) (o). )~ [ Pr{C) M) [ 1N Corfa). 00}y ~

(4.127)

have to be further imposed. The explicit calculation seems extremely difficult, but if we are
able to confirm

{Coy@), HsW)}pp %0, {Co(x),C))},, #0, (4.128)

we can find that the consistency condition on C(y) determines the Lagrange multiplier N, and
no additional constraint emerges. At least in the linear level, we know that (4.128) is satisfied,
which we have seen in Section 2.4.2. We also know that dRGT massive gravity reduces to
the Fierz-Pauli mass term in the linear level. Taking into account these facts, we believe that
(4.128) is actually satisfied. Therefore, we have two constraints and no remaining Lagrange
multipliers. The total number of degrees of freedom is (6 x 2 — 2)/2 = 5, which means the
absence of the BD-ghost.
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In the case of bimetric gravity, we have the Hamiltonian density

H="H;—NC=—-L'c" —Lc™ - NC, (4.129)
" = M2RY + MRV, (4.130)
C = MFRY) + MR + 2m> M2, 1\/dety Uy, w, 7). (4.131)

In addition to N, we have other Lagrange multipliers L and L’. Variation with respect to them
leads to primary constraints

c=0, c®=o0 c%¥=o. (4.132)

We can speculate the structure of their Poisson brackets as follows. Firstly, we recall the fact
that bimetric %ravity retains one overall diffeomorphism invariance. Thus, it seems reasonable to
think that CZ(L and C¥) should generate corresponding transformation and {Ci(L), C](.L)} p ~ 0,
{C(L),CZ»(L)}PB ~ 0 and {C",CP}pp ~ 0 hold. In general, one of generators may be a
combination of C and C'¥), but the essence of the following argument does not change. Among
these generators, CZ-(L) should generate spatial transformation, and on the (spatial) constraint
surface, C = 0 is satisfied on every point. Then, we find {Ci(L),C} pe ~ 0. On the other hand,
the result (4.126) suggests {C,CL}pp % 0. This is because all of C, C¥) and CZ»(L) do not have
a linear and no derivative term of 7. Actually, our speculation is correct, which is explicitly
shown in [32]. Therefore, the consistency condition for the primary constraints can be read as

%c = / dy{C(x), Hy)} pp = — / dyL(y){C(x), ¢V (y)}pp # 0, (4.133)
%c}” = / dy{c (@), H(y)} pp ~ 0, (4.134)
%C(L) = /d3y{C(L)(a:), H(y)}PB A —/d3yN(y){C(L)(x), C(y)}PB # 0. (4.135)

From (4.133) and (4.135), we have one secondary constraint. The consistency condition on this
secondary constraint determines one of the Lagrange multipliers, and the Hamiltonian analysis
ends. Eventually, we have five primary constraints and one secondary constraint. The number
of the undetermined Lagrange multipliers is four. The total number of degrees of freedom is
counted to be (12 x 2—5—1—4)/2 = 7 which means one massless and one massive gravitons.
We have no ghost-like extra degree of freedom.

The analysis in this chapter has focused only on the four dimensional case. However,
generalization to higher dimensions would be straightforward though the amount of calculations
increases. This expectation is supported by the analysis in chapter 5.

61



Chapter 5

Multi-vielbein gravity

In this chapter, we consider a theory introduced in [4]. We have devoted all of Chapter 4 to the
Hamiltonian analysis of dRGT massive/bimetric gravity, where a large amount of calculations
has been carried out. The origin of this complexity is clear. It comes from the fact that the
mass/interaction term is non-linearly dependent on the lapse N as well as the shift N*. We see
N2, N3.., and (N%)? (N%)3,..., through the expansion of the square root /g~ f. This non-
linearity obscures the absence of the BD-ghost. If the BD-ghost should be eliminated, we must
have a constraint to reduce degrees of freedom. In general, we get a constraint from variation
with respect to a variable appearing linearly in the action. Thus, such a linear variable needs
to be found. We have had a lot of effort to deal with this problem.

Therefore, it seems that the removal of the square root drastically simplifies the analysis.
Then, we focus on a variable called vielbein which is interpreted as a square root of a metric.
We expect that a vielbein opens up the square root in the interaction term and makes the
constraint structure extremely clear.

We begin this chapter with revisiting general relativity from a perspective of a vielbein.
Then, we introduce interactions among multiple kinds of vielbeins. We construct an interaction
term which carries no additional ghost-like degree of freedom. At the end of this chapter, we
consider a relationship between a metric theory and a vielbein theory.

5.1 General relativity in a vielbein formulation

In this section, we bring in a new variable called vielbein, which can be interpreted as a
square root of a metric. We revisit general relativity in a vielbein formulation, and perform
the Hamiltonian analysis. This is a preparation for the next sections, where we introduce
interactions among vielbeins and count the number of degrees of freedom by the Hamiltonian
analysis.

5.1.1 The ADM decomposition

We introduce a vielbein E;f as a square root of a metric g,

9 =: E;?EVBT/ABa (51)

where 145 is the Minkowski metric. Subscripts A, B, .. run on indices of the Minkowski space-
time. We also introduce the inverse of the vielbein E;?, which we denote by E’. The inverse
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vielbein E' is determined by the following relations
EJEl =65,  E/E{=46" (5.2)

The action of general relativity (2.10) can be rewritten in a vielbein formulation via (5.1)
1
= —— [ d”z(det E) R[E :
Sen = 15 | dVe(det E) RIE] 5.3

where R[E] is the scalar curvature written by the vielbein. In order to proceed to the Hamil-
tonian analysis, we need to apply the ADM decomposition to the vielbein. Here, we fix our
notation about space-time indices. We use Greek letters u, v, ... to represent general space-time
indices, and their spatial components are denoted as i, 7, .... Index manipulations for them are
performed by the general metric g,,, and its spatial metric 7;;. On the other hand, capital letters
A B,... run on indices of the Minkowski space-time, and we write their spatial components as
a,b,.... They are manipulated by the Minkowski metric 7,, and its spatial component d,,. We
have two kinds of time components, which seems confusing. Hence, we assign the index 0 to
the time component of the general space-time, and assign the index ¢ to that of the Minkowski
space-time.

If we regard E;:‘ as the A component of the vector E,, vectors Ey, E—15 . are linearly
independent because the determinant of the vielbein should not be zero: det Ef # 0. Then,
we rename the vector F; as V;, and Ey can be written as a linear combination of V; plus one
more independent vector M

EA= VA E = NVA+ NMA, (5.4)

where N and N’ represent coefficients. We substitute (5.4) into the definition (5.1), and regard
the coefficients N and N* as the lapse and the shift. We expect that the metric g, returns the
ADM decomposed form (3.5)

—N?2 4+ N'N, N;
A 1B 7
EE Nap = < N, %; ) , (5.5)
from which we obtain
MAMPnap = =1, M*VPnap =0, VAV nap = ;. (5.6)

This is the general (d+1)-decomposition in a vielbein formulation. If we put M4 = (1,0,0,0, ...),
we have V. = 0 and the formula dramatically simplifies. In this case, we denote the remaining
V% as ef, and the decomposed vielbein reads

E, E¢ N Nieo
A _ o o | _ J
B <Ef E) ( 0 e ) (5.7)

7

A general vielbein can be recovered through a Lorentz boost

A ;5/ pll X e/ a
A(p) B (pb 5g+ 1 papb > ) ’V T 1 +p Pas (58>

T
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which takes M4 = (1,0) to (7, p) with p := (p',p?, ...). Then, a general vielbein is parametrized
by p

N Nieg )B ( N7+ Niejpy - Np* + N7ej (3 + gipo”) ) (5.9)

i elpy et (o + ;Hpbpa)

I

However, the Einstein-Hilbert action is invariant under local Lorentz transformations because
vielbein dependence comes through the relation to the metric (5.1). Hence, p dependence
disappears from the action (5.3), and we have only to consider the upper triangular form (5.7).
Therefore, the spatial component ef plays an important role, which constructs the spatial metric

Vij = € e50a. (5.10)
The inverse is denoted as ¢, and satisfies
elel = oy, etel =57, Y = elel 50 (5.11)

In the following, indices are raised and lowered by the spatial metrics 7;;, 7, dq and 6.
We can construct a spatial vielbein with two lower or two upper indices, for example €2d,,. We
can write it both e,; and e;,. The order of the indices a and ¢ is arbitrary, which will never
confuse us.

5.1.2 The Hamiltonian analysis

We proceed to perform the Hamiltonian analysis in a vielbein formulation. We remember
calculations in section 3.1.1. We have written the Einstein-Hilbert action with the phase space
variables (3.20), where the canonical momenta ;; has been defined by (3.11). Here, we think
that the action (3.20) is written by the spatial vielbein e through 7% and ~;;. This is a short
cut treatment, more detailed discussion is found in [33].

We focus on the first term 4;;7% in (3.20), and rewrite it with the spatial vielbein

Yy = (é?eg’-csab + e?é?ﬁab)ﬂij = &N + 1) ejq = 2607 €54, (5.12)
which means that the canonical momentum conjugate to e is
I, = 277 ej,. (5.13)

Since we regard 7 as a function determined by (3.11), (5.13) defines II) as a function of ef.
From the definition (5.13), we can obtain
w9 = e, (5.14)

Because 7% defined by (3.11) is symmetric, we should have the condition
el = 0 < IIfey; = 0. (5.15)

This condition comes from the fact that we have doubled the number of dynamical variables.
The spatial metric 7;; is symmetric and contains %d(d—i—l) components, while the spatial vielbein
has no symmetric property and has d? components. The above condition reduces %d(d - 1)
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variables from the spatial vielbein and no extra degree of freedom is introduced. Thus, we must
impose a constraint

Pav = j,e4; = 0. (5.16)

Then, we go to phase space. We have the action
1 , , 1
Spn = —— [ dtd’ ["-‘HZ NRy + N'R; + =\?P, 5.17
EH 167TG/ xT\e; a+ 0+ +2 Pba ( )

where )\, is a Lagrange multiplier and antisymmetric in a,b. The canonical variables are ef
and IT:. Ry and R; are given by e¢ and IT% through (5.10) and (5.14). Variation with respect
to N, N* and A% leads to three kinds of constraints

Ro=0, R;=0, Pu=0. (5.18)

Now, we calculate the Poisson bracket

F F
o 0G 0G 9 ] (5.19)

{F.G}pp= / &' Lseﬂz) 0L (2)  def(2) OlL; ()

among constraints. In Ry and R;, the dependence on e and II) comes only through v;; and
7. In such a case, we have

oF 0G (5F 0Oy | OF 57rkl>( 0G  0Ymn N 0G 67rm")

— = ‘ . 2
ded O, M 0ed  omht et ) \ 0ymn OLLL  dmmn OIIY (5.20)

Derivatives operating on ;; are calculated from (5.10) and derivatives on 7% are obtained from
(5.14). They are given by

57]@[ i i 57mn
(5_6;.1 = 5k6la + (5[6]%“ 51__[31 =V, (521)
o 1 v okt 1
— _ - ic _ = Zgkela. 5.22
der 2 et T 2% (5.22)
In calculating d7/de, we have used a property e,ef = 65 which leads to a useful relation
del, = —ey(0el)e]. From these formulae, we find
— = — (676, + 070 — = ——[I'y"e™me 5.23
Ser oI~ 20m0n T 0u0m)s o G = — e (5.23)
and conclude
(e,IT) (v,m) 1 d oF 5G k_ma m _ka\ . In
F.G =1{FG —— [ d II —1I . 5.24
{ ’ }PB { ) }PB 4/ 257Tk;z(z) 57Tm”(z)( a® a€ )”Y (2) ( )

The subscript (e, II) stands for the Poisson bracket constructed from functional derivatives with
respect to ef and II%, namely (5.19). Similarly, the subscript (7, 7) represents that of 7;; and

a’

7. Their difference vanishes when we impose the constraint

Pp=0< ngﬂa — 0. (5.25)
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Thus, we think that the Poisson brackets among R, and R; are the same as those in the metric
formulation.
Next, we calculate the Poisson brackets containing P,,. Derivatives of P, are easy to
calculate
0Pay O0Pay

1 ( i 1 c c
s = 3 (Mo = T0). = 5 (Few — djes). (5.26)

It is convenient to use an integrated version for P,,. We introduce P(f) := [ d%z f**(x)Pu(x)
with some antisymmetric tensor f®. When a functional F is dependent on e¢ and ITY only
through (5.10) and (5.14), we can calculate as

SP(f) 6F  6F 6P(f)

{PUD. Pl :/ ded 0T, et oIl

/ OP(f) (6yw OF o™ SF N\  (byq OF o™ F \4P(f)
ded  \OILL Oy, OITL Ok deld 0y 0ed omkt ) oIl

(2

(5.27)

We neglect delta functions because we always encounter two delta functions and three integra-
tions. They leave overall one integration. Then, recalling §v/dII = 0 and noticing

vk OP
5’:;1 51_(1{) = fab (ebkeal + ebleak) = 0, (528)
we find
B SP(f) okt 6P(f) on*\ 6F
P, Fpp = / ( ded OIL  OILi  det ) dmkl (5.29)
In fact, the integrand is zero since we can see
SP(f) ox*  6P(f) o= 1,
56(@) i &;) s = ol *(Ike) + jel) = 0. (5.30)
Hence, we obtain
{P(f), F}pp=0, (5.31)

and conclude that the Poisson brackets between P, and Ry or R; vanish.
The remaining one is the Poisson bracket between P,,. Straightforwardly, we calculate to
find

{P<f)’ P(q>}p3 = / (faqud - deqab)échad- (532)

Therefore, we know that the consistency conditions are automatically satisfied on the constraint
surface
dRy
dt

dR;
dt

Py _ {Paw,H},, ~0.  (5.33)

- {R()’H}PB ~ 0, dt

- {Ri7H}PB ~ 0,

We need no additional constraint. Besides, all of the Lagrange multipliers are left undetermined.
The total number of degrees of freedom is counted as follows. In phase space, the number of
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the original variables is 2d?. Then, constraints reduce d + 1 + 3d(d — 1) degrees of freedom.
In addition, the remaining Lagrange multipliers mean existence of gauge freedoms. By fixing
them, we further reduce d+1+ %d(d —1) degrees of freedom. Then, the total number of degrees
of freedom turns out to be

1 1 1

5 [2d2 - Q(d + 14 5d(d - 1))} = Zdld—1)-1. (5.34)
In a four-dimensional case (d = 3), we have two degrees of freedom, which is compatible with
the case of general relativity written by the metric language.
5.2 Ghost-free multi-vielbein gravity

In this section, we consider interacting vielbeins and construct a ghost-free model. We assume
that we have A" metrics g(I),, (I =1,2,..,N') and define corresponding vielbeins E(I)? as

u
9(1) =2 (1) E(I)Jnas. (5.35)
Now, we introduce an interaction term given by
N
U(E(1),.,EWN)) = > T(LIy--Ip)e "> #Pey, a0, a, E(L) 1 E(I),2 - E(Ip)i2,
e (5.36)
where e#1#2#D and €4, 4,..4, represent antisymmetrization symbols determined by €"%4 = 1

and €gjo..q = 1. The coefficient T'(I115---Ip) is set to be symmetric. The concept of this
interaction term is to linearize all the lapse and the shift. In the formula for a general vielbein
(5.9), the lapse and the shift appear linearly and are contained only in time components.
Thus, antisymmetrization (5.36) returns only linear terms of them. The above interaction
term clearly breaks each diffeomorphism and local Lorentz invariance, but the overall ones are
retained. Under the overall local Lorentz transformation

E(I), = MpE()} (I1=1,2,.,N), (5.37)
interaction term U transforms as

5“1“2"'“D6A1A2...ADE([l)ﬁllE<[2)Z‘22 o E(ID)AD

H“D
_>€H1#2"'MDEAlAQMADAAlBlE(Il)EllAAQBQE(]2>522 ce AADBDE(ID)fg
1
:ﬁ(EAlAzmADEBlen.BDAAlBIAAQBQ . 'AADBD)EM“Q"'MD60102.-~CDE(11),€11E([Q),% .. 'E(ID)SDD
=(det A)e"1#2 e yoa, B(I) IV E(L)32 -+« E(Ip),?, (5.38)

where we have used a property
A2 AP ep b, gy, = DISTg 652 - 0Py, (5.39)

Under the overall general coordinate transformation

—— B} (f(z) (I=12,..N), (5.40)



interaction term U becomes

6IMIMQWMDEALAb E([l)AlE([ ) T E<ID)££
)
—><det a—i)6“1”2'”“’3EAIAZ...ADE(]l)MlE(]Q)ﬁ; < E(Ip)*r. (5.41)

Thus, integrated interaction term [ d”zU is invariant under the overall local Lorentz and
general coordinate diffeomorphism.
Then, we have the action

N
S = ;/d%zm(z«:([)) +/deU(E(1),...,E(/\/’)). (5.42)

Lpr(E(I)) is the Einstein-Hilbert term for each vielbein E(I) with 1/167G ;) included. In
order to perform the Hamiltonian analysis, we rely on the ADM decomposition and assume
that vielbeins are parametrized by vectors p(I) as in (5.9) for each I =1,2,..., N

gy — NI+ NUPelDlps NOpI? + NP5 + sitzp(Dop(1)']
2 e(D)!p(D), (D! [0% + sr=p(Dpl1)°] |
(5.43)

Each of the Einstein-Hilbert term is invariant under a Local Lorentz transformation E(I ) —
A(I)gE(I)E. Hence, all of p(I) drop from the Einstein-Hilbert terms. They remain only in the
interaction term U. Besides, we decompose spatial vielbeins as

e(I)¢ = [eD]ee(I)! (I =1,2,...,N), (5.44)

1

where ¢(I) is an antisymmetric matrix ¢(1)? 6 = —q(I)? 6°* and it generates a spatial rotation
on the Minkowski indices. This matrix ¢(/) has d(d — 1)/2 components. Thus, remaining
d(d+1)/2 degrees of freedom are left in é(). Since the Einstein Hilbert term is invariant under
a spatial rotation (5.44), q(I) drops out from the kinetic term and becomes an auxiliary field.
For instance, we can suppose that é(I) is chosen to satisfy the following condition

oUu oUu
A(1)}6pe = o(I1); 4
8é([)fe( )15170 aé([)zc€< )zdbav (5 5)

which extracts d(d + 1)/2 degrees of freedom. On the other hand, the equation of motion for
q(I) is given by
ou 5 — ou
Oq(1)y, ™ da(l)",

Sha. (5.46)

Using (5.44), we can rewrite it as

oU
De(1)?

L
e Be(I)

7

le” (I)]b ée[eq(I)]d [e_q(l)]b ée[eqm]d Oda- (5.47)

e

Then, we expand both sides about ¢(/) and find a solution
q(1)*, = 0. (5.48)
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This is because the zeroth order expansion is nothing but (5.46). Hence, ¢(I) disappears from
the action. In the following argument, we use é¢ instead of e, and assume that auxiliary fields
q(I) (I =1,2,...,N) are solved as above.

In vielbeins parametrized by vectors p(I), the lapse N (I) and the shift N(I)* appear only lin-
early. In addition, the interaction term U is constructed by antisymmetrizing vielbeins. Hence,
the interaction term U contains only linear terms of N(I) and N (I)*. Therefore, schematically,
the action can be decomposed as

N
5= 3 [ aPa{ADL + NOIROUE D + @Ufésp)
+ N R, 1) + QDi(e, )] ). (5.49)

where Q(I)o and Q(I); represent contributions from the interaction term U. We do not have
constraints P(I)y (I = 1,2,...,N') because we have already fixed spatial rotations on the
Minkowski indices before going to phase space.

Now, we count the total number of degrees of freedom. To begin with, we remember that
we have the overall local Lorentz invariance, especially overall boost invariance with which
we set p(1) = 0. Then, using constraints obtained from variation with respect to N(I); for
I=2,3,..,N, we solve the remaining p(/) as

R(I)(e, ﬂ) + 9(I);(é,p) =0 = p(I)* =p(I)*(e, f[) (I=2,3,...,N). (5.50)

We substitute the above solution p(I)(¢é,1I) into the action, and obtain

N

S = / d%{ > (ﬂ(f);é(f)g + N(I) [R(I Jo(é, I1) + Q(1)o (&, p(e, ﬂ>)])

I=1

+ N(1)° [R(l)i(é,ﬂ) + Q(l)i(é,p(é,ﬂ))] } (5.51)

Variation with respect to N(I) and N(1)* leads to constraints Ro(I) + Qo(I) = 0 and R;(1) +
Q;(1) = 0. Among Ro(1) + Qo(1) ,..., Ro(N) + Qo(N), one of them is combined with
Ri(1) + Q;(1) to generate the overall general coordinate transformation. The remaining A" — 1
constraints are related to broken invariances of coordinate changes.

Actually, we have to calculate the Poisson bracket with the Hamiltonian, but it seems ex-
tremely troublesome to complete this task. Only the bi-vielbein case is completed [34, 35]. For
more general cases, the following rule is expected to hold. A constraint generating a transfor-
mation under which the invariance is retained gives rise to no additional constraint, and the
corresponding Lagrange multiplier is left undetermined. On the other hand, each constraint
generating a transformation under which the invariance is broken leads to a secondary con-
straint. Then, the consistency condition on this secondary constraint determines one Lagrange
multiplier. Here, we apply the above rule though we may need detailed investigations about
this point. Some related studies are found in [36, 37].

Constraints and gauge fixing conditions relating to the overall general coordinate diffeo-
morphism reduce 2(d + 1) degrees of freedom. Remaining constraints responsible for broken
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symmetries of coordinate changes generate secondary constraints, and these primary and sec-
ondary ones remove further 2(N —1) degrees of freedom. Therefore, the total number of degrees
of freedom is counted to be

%(2 x %d(cH— DN —2(d+1) — 2(N — 1))

:%d(d —1) -1+ WN-1) Ed(d +1) - 1}. (5.52)

In four-dimensional space-times (d = 3), we have

24+ 5N —1) (5.53)

degrees of freedom, which is nothing but one massless and (N — 1) massive gravitons.

5.3 Toward metric formulations

As a final work in this chapter, we consider whether or not multi-vielbein theories can be
translated into some metric theories. A vielbeins comes from doubling the number of variables,
which introduces an extra Lorentz invariance. Thus, we expect that a constraint related to this
Lorentz transformation turns out to be a clue to a metric formulation.

5.3.1 The constraint from the Lorentz transformation

We recall the action given by

N
S = SEH+/deU(E(1),...,E(N)), Spy = /dD:c.cEH = Z/dDwEEH(E(I)). (5.54)

We know that the Einstein-Hilbert term Sgg is invariant under each local Lorentz transforma-
tion

E(I),; — MDD 5E()E (I=1,2,..,N). (5.55)
For our purpose, it is convenient to consider an infinitesimal transformation given by
A, ~ g +w(D)?,, (5.56)
where w(I)# 5 is antisymmetric
(I 0 = —w(I)° g™, (5.57)

The invariance of Sgg is represented as

5wSEH = /dDLIZ' 6£EH

SE(I)#

w(I)*zE(I) = 0. (5.58)

We can take arbitrary w(/)*,; which is antisymmetric. Hence, we obtain
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We combine (5.59) with the equation of motion for E(I)7

0LEH oUu

SE(DA T oE(DA (5.60)

and obtain a constraint written by only the interaction term U

= . .61

m

Here, we rewrite the interaction term (5.36) in a suitable form to consider a relationship to a
metric formulation. Using inverse vielbeins E(J)", we can write E(Iz)ﬁf = E(J)f;E(J)glE(IZ)EZ
Then, the interaction term is written as

Iy g a B E(L) - B(Ip) e

KD
="M e ap B(J)0 E(J)fg (E(J);}lE(Il)fll) e (E(J)EDDE(ID)EEJ?)
1 1 D 1D V1 1 VD D
ZﬁEAI...ADEAI ADE(J)i ---E(J)i‘Dé" P ey (B(J)p E(I)RY) - (E(J)R E(Ip),P)
=(det E(J)) e " Pey,., (E(J)R E(I)Y) -+ (E(J)2 E(Ip))P), (5.62)

where we have used

E“lmuDeul.“VD = .D!(S'u‘1 s 6MD <563)

(1 vp|’

We can also write E(L)% = E(J)FE(J)E E(L),, and using €' 4Pep, g, = D!(Sf;‘;l = -(521’;’},
we obtain

e’““?"'“DEAIAQ.--ADE([l)ﬁfE([Q)ﬁ; e E<ID)/€L?

=(det E(J))ea,npe” PP (E(J) E(I)Y) -+ (E(J)2 E(Ip)y»). (5.64)

5.3.2 The case of bi-vielbein

EO———EC

Figure 5.1: Each box describes a vielbein. The link represents interaction.

We consider the case where only two kinds of vielbeins interact, which we denote by E(1)
and E(2). It is convenient to represent this setting by a diagram in Fig.5.1. Notice that
vielbeins construct metrics

9D = EQ2EWPnas, 92w = E2)LE2)504. (5.65)
We extract a basic element of the interaction term

D ey A E(L)5E E(l)ﬁ:E@)A”H - B(2),0 (5.66)

H1 Hn41 HUD?
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where n copies of F(1) and (D — n) copies of E(2) are contained. We can write (5.66) in the
form (5.62)

(det E(1)) €€ P80 - 0bm (E(L) T EQR)mr) -+ (B2 B(2)50)

Un+1

=(det BE(1))nley, , opp€ P (B B2)mi) -+ (B(1)4E2 E(2),7) (5.67)

ocy/det g(1)ep_n(E(1) " E(2)), (5.68)

where we have used (D.5), (D.11) and (D.2). Therefore, if the replacement
E(LEQ2)) < Vg(1)~g(2)", (5.69)

is possible, we can recover bimetric gravity. In fact, this replacement is allowed owing to the
constraint (5.61) which is related to the Lorentz transformation. In order to make sure this
fact, we write the interaction term (5.66) in the form (5.64)

(det B(1))en,.ape? B00gt 0 (B BE)A) - (BQ)R ER)D)

MHn+1 HD

=(det E(1))nlea,,,.a,e? B0 (B(L)5 T E(2)i1) - (E(L)E2 E(2)47). (5.70)

n+1 Hn+1 D wp

In Appendix D, we can find explicit formulae for antisymmetrization such as (5.70), from which
we know that (5.70) can be expressed as a combination of traces

(BB (BQ B - (EOEEQD) (BOSERL). 611
For notational simplicity, we define
Xa¥ = E1)3E(2)3, (5.72)
and read (5.71) as
Xo, " Xe, Ot X, 2 X, O (5.73)
In the simplest case where the interaction term U is given by
U ox X, (5.74)
the constraint (5.61) leads to
EW4LEQ)nes = EQ)REQ2) n0a < Xanes = X5 noa. (5.75)

Actually, this relation always solves the Lorentz constraint even if the interaction term is not
restricted to U o« Xo©. We apply the constraint (5.61) to a more general element (5.73), and
find that

X4 Xe, - X, X e, “nes = X X, - X, X0, “noa (5.76)

must be satisfied. However, we can easily prove by induction that (5.76) is automatically
satisfied when (5.75) holds.
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If we use the relation (5.75), we can rewrite the element g(1)7g(2) as
g()*g(2)n =EMREQ) " P E(2)SE(2), nep
= EQ)4EQ) " P EQ2)S B(2),) ncs
D

— B4 EQ){EQ))EQ)D. (5.77)

Therefore, we find

EQ)4EQ2),) = (V1) 79(2))" (5.78)

and restore bimetric gravity.
Here, it should be noted, taking the inverse of both sides of (5.75), we find another relation

EQR)LE(L)ncs = EQ)LE1) nca. (5.79)

Thus, the Lorentz constraint (5.61) on E£(1) is automatically satisfied when that on F(2) holds.
This is because we have one symmetry coming from the overall Lorentz transformation. In a
more general multi-vielbein case, one of the set (5.61) is automatically satisfied.

5.3.3 More general cases

We continue to the case with three vielbeins E(1), E(2) and E(3). However, we soon recognize
that interacting three vielbeins are not always translated into a metric formulation.
To begin with, we consider the chain type interaction represented by a diagram in Fig.5.2.

£(2)

/

L) L£(3)

Figure 5.2: The diagram represents the chain type interaction.

In this type, the interaction term can be expressed as U = Uy3+Uss, where U;s and Usz mean in-
teractions between (E(1), £(2)) and (E(2), E(3)) respectively. The point is that no interaction
between (E(3), E(1)) or among ((E(1), E(2), E(3))) are included. Focusing on the coupling be-
tween (E(1), E(2)), we express the interaction term Uys as Ui ~ (det E(2))LTP(E(2)7 E(1)),
where £77 is a linear combination of £I? defined in Appendix D. We apply the constraint
(5.61) to E(1), and find

EQR)LE(L)ncs = EQ)LE(1) nca. (5.80)
Taking the inverse of both sides, we also obtain

EMWLE(?2) nes = EQ)LE(2) nca. (5.81)
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We proceed to the constraint on F(2). We express the interaction terms containing F(2) as
U ~ (det E(1))LTP(E(1)7'E(2)) and Uy ~ (det F(3))LT™P(E(3)"'E(2)). Then, we apply
the constraint (5.61) to E(2). Here, contributions coming from Uss cancel each other because
we already have a relation (5.81). Thus, the constraint on F/(2) is calculated from only Uss,
and we obtain

ER)4E(Q2);nes = EB)5E2)nca. (5.82)
Taking the inverse of both sides, we also obtain
EQ)4E@);nes = EQ2)EE(3);noa, (5.83)

which is nothing but the constraint on E(3). Therefore, using these three relations, we can
restore trimetric gravity with one interaction cut.

When the interaction becomes loop type, namely U = U5+ Usz 4 Usy, the situation becomes
complicated and we cannot recover trimetric gravity. The corresponding diagram is in Fig.5.3.

£(2)

AN

E() E£Q3)

Figure 5.3: The diagram represents the loop type interaction.

As an example, we consider an interaction given by

U = an(det E(1))E(1)} E(2) + aos(det E(2))E(2)4E(3)7 + asi(det E(3))E(3)4 E(1)7,
(5.84)

where aqg, a3 and agy are constants. Using variation ddet E = (det E)Eﬁ(SE;‘ and 0L =
—E4EROE:, we calculate the constraint (5.61). The result is found to be

ap(det E(1)E(L4E2) nep — azs(det E(2))E(2)4E(3)ncs = (A < B), (5.85)
ays(det E(2))E(2)4 E(3),nes — asi(det E(3))E(3)4E(1)ncs = (A ¢ B), (5.86)
as1(det E(3))ER)4E(1) ncp — arz(det E(1)E(1)4E(2)nep = (A +» B), (5.87)

from which we cannot obtain the key relations like (5.81) or (5.83). Therefore, trimetric gravity
is not recovered from the loop type interaction.

In the case of an interaction among (E(1), E(2), E(3)), the situation is the same as that in
the loop type. We cannot in general recover trimetric gravity. We call this pattern as branching
link type interaction and represent it by a diagram in Fig.5.4. For example, we consider

U =e 200 p e ap Bt -+ B2 B(2)p 7 E(3),0

— o det B(L) [(EQLEQR))(EWER)E) - EQLERPEQLEG)].  (5.88)

v v
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EQ)

E(1) £(3)

Figure 5.4: The diagram represents the branching link type interaction.

The constraint (5.61) leads to

(EQ)%E2)S )V EQYEB) nes — E()4E?2)S E(1)4E3) nes = (A + B), (5.89)
(E()4E3))VE(D)AE((2) ncs — EQ)4EB) B E2)Snes = (A < B), (5.90)

and independent one obtained from variation with respect to E(1). Hence, we cannot obtain
the key relations necessary for a metric interpretation.

We can easily generalise this discussion to more general cases where interacting multiple
vielbeins are contained. Only the tree type interaction such as Fig.5.5 can be translated into a
metric formulation. If loop or branching link structures are included, interaction terms cannot
be reformulated in the language of metrics.

In a different viewpoint, how to translate a vielbein theory is discussed also in [38].

/
.

/ —

Figure 5.5: The diagram represents an example of the tree type interaction. Each box describes
a vielbein.
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Chapter 6

Multi-metric gravity

In Chapter 4, we have proved the absence of the BD-ghost in dRGT massive/bimetric gravity via
the Hamiltonian analysis. We have seen that the essential point of the proof is to linearize the
lapse by the transformation of the lapse and the shift variables. However, this transformation
cannot be applied to the case of trimetric or more general multimetric gravity, and whether
BD-ghosts exist or not has been left unanswered. On the other hand, in Chapter 5, we have
considered interacting multiple gravitational fields in a vielbein formulation. Actually, we have
constructed a ghost-free interaction written by vielbeins, but they cannot always be translated
into a metric formulation. Only the tree type interaction can be translated into the language
of metrics. Thus, the ghost problem of multimetric gravity containing loop or branching link
interaction has not been resolved.

In this chapter, we analyze them and prove that they suffer from BD-ghosts, and clarify
when multimetric gravity becomes ghost-free. The difficulty of the Hamiltonian analysis in
Chapter 4 has come from the non-linear dependence of the lapse, and we have paid a lot of
trouble to linearize it. This strategy has been retained even in Chapter 5. We have introduced
vielbeins along with antisymmetrization to linearize all the lapse and shift variables. The
linearity of these variables has made the structure of the constraints extremely clear.

Now, we take the same strategy, namely linearization of the lapse. We focus on the ho-
mogeneous space-times, where the shift vector disappears. We see that interaction terms of
multimetric gravity becomes linear in the lapse, and the constraint structure is drastically sim-
plified. Therefore, we can perform the Hamiltonian analysis explicitly, and count the total
number of degrees of freedom to decide whether or not BD-ghosts are contained.

This chapter is based on our original work [5]. We focus on four-dimensional space-times.

6.1 Bimetric gravity revisited

Figure 6.1: Each blob describes a metric. The link represents interaction.

In this section, we revisit bimetric gravity and demonstrate our method to probe a BD-ghost.
Since, in Chapter 4 and Chapter 5, we have already proved that bimetric gravity is ghost-free,
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we make sure that the same conclusion can be obtained by using a simple mini-superspace
approximation.
We recall the action of ghost-free bimetric gravity (3.145)

S=M; [ d*z\/—detgR[g| + M} [ d*z+/—det fR[f]
4
+2m2Mg2f d4x\/—dethﬁnen(\/g*1f), (6.1)
n=0

where the first and the second terms are the Einstein-Hilbert action for the metric g and that
for f, and R[g] and R|f] represent scalar curvatures for these two metrics. M, and My stand for
Planck masses M, := ﬁ and My = ﬁ. The last term describes the interaction between
two metrics, and (3, are dimensionless coupling constants. The other constants m and M, are
introduced to adjust the mass dimension, the details of which are not relevant in this chapter.
The interaction term is constructed from antisymmetrization functions e, (n = 0,1,2,3,4)
defined in Appendix D. For convenience, we represent the existence of the interaction by a
diagram in Fig.6.1, and we abbreviate trace operations as tr"X = (trX)" and trX" = tr(X").

Now, we perform the Hamiltonian analysis based on the ADM formalism. In particular,
to make the analysis tractable, we employ the mini-superspace approach. Namely, we assume
spatial homogeneity and express metrics in terms of ADM variables as

Gudz’dz” = —N(t)*dt* + v;;(t)da'da’ | (6.2)

where N is a lapse function and «;; is a spatial metric. Similarly, we can take the following
ansatz

fudatds” = —L(t)*dt* + wy;(t)da'da? (6.3)

where L is a lapse function and w;; is a spatial metric. It is convenient to write them in a

matrix form,
—-N% 0 —1/N% 0 )
_ m g
I ( 0 v ) Y ( 0 7Y 7
[ -L* 0 w [ =1/ L?> 0
fuu - ( O wij ) ) f - ( O wij 9 (64)

where 77 and w” are inverse matrices of corresponding spatial metrics 7;; and w;;. Then, a
basic element of the interaction term can be calculated to be

(971 1), = ( LZ(/)NQ Vu?ﬂlj ) = Vg 'f= ( L{)N \/,y()—lw ) . (6.5)

In the right hand side of (6.5), we see that the lapse functions N and L appear only through the
combination L/N. Besides, higher order terms such as (L/N)?, (L/N)3?,...etc do not appear.
Because the function e,, contains antisymmetrization, we have only up to linear terms of L/N in

Zizo Bnén (\ /g*lf). Thus, the interaction term /— det g Zi:o ﬁnen( g*lf) becomes linear
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in N and L. This feature is an advantage of our homogeneous ansatz and is not restricted to
the four-dimensional case. The explicit calculation is as follows. The first one is given by

V—detge(Vgif) = /—detgtry/glf
= detvN(L/N—i—tr\/fy*lw)
= /dety (L + Ntr\/fy—lw> : (6.6)

The second one becomes
V=detge(VgT) = v detgy (Vg Tf —tr(g 1))
= fdety N %{ (L/N + tr\/fm>2 — L2/N? — tr(y ") }
— VAo {LuyATe %N(tr2\/7——1w ~u(w)} . 67)
The third one can be calculated as
V—detges(vg'f) = v/~detg 1(tr3¢ﬁ =3/ () + 2 (e )
— /dety N - {(L/N + tr\/’y——lw>3

(L A7) (22 157 2(2/V 4 () )

= y/det~y {%L(trQ\/’ylw — tr(’y’lw))
+éN(tr3 vy~ lw — 3try/y~ 1wtr(’y w) +2tr(7 w) /2>} .

The last one is

\/—detge4(\/g*1f) =+/—detgdet\/ g lf =+/—detf=LVdetw . (6.9)

To sum up, the interaction term reads

4
V/—detyg Z Buen (Vo' f

det [50 + Bitry/v 1w + ﬂg (tr Vo lw — tr(v‘lw)>
653 (tr Vo lw = 3try/vlw tr(’y’lw) + 2tr(’y’1w)3/2)]
+L [\/det 7{51 + Gotry/ v lw + %,63 (trQ\/V—lw — tr(v_lw)) } + B4V det w} . (6.10)

Here, we should notice an important point. When we count the number of physical degrees of
freedom, the following fact must be taken into account. In the vacuum cases, we can diagonalize
one of two spatial metrics using overall Spatial coordinate transformations. Performing a spatial
coordinate transformation x* — A(to) 27, we can set one spatial metric at the time ¢ = ¢,
74 (to), a unit matrix d,;. Moreover, smce the orthogonal transformation dose not change
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74 (to) = 6i;, we can diagonalize 4;;(t9) simultaneously by using this freedom. At this stage,
homogeneous spatial coordinates are completely fixed. Now, 7;; and +;; is diagonal at the time
t =t as an initial condition. Then we assume diagonal form of v;;(¢) at all time, and insert
it into the equation of motion. Any contradiction never occurs in vacuum. Thus, we conclude
that one spacial metric 7,;(¢) can be diagonalized because of the uniqueness of the solution.
Hence, the number of component of one of two spatial metrics reduces from 6 to 3. This fact
will be used later.
For simplicity, we assume that interactions are minimal, namely

Bo=3, Bi=-1, [r=0, B3=0, ps=1 (6.11)

Clearly, this simplification does not lose any generality concerning with the ghost analysis.
Then, setting [ d®z = 1, the Lagrangian defined by S = [ dtL reads

L= Mm% + Mipiy; — NCy — LCy, (6.12)

and

Oy i=——2 (”ij%‘ - §7Tii7fjj> — M7+/dety PR[3] + ary/dety(try/y 1w = 3),  (6.13)

( iy %pﬂpj» — M}V detw PR[w] + a1 (v/dety — Vdetw), (6.14)

where 7 and p” are canonical conjugate momenta of 7;; and w;;. The first two terms of
Cy and C, come from the Einstein-Hilbert term in the action. Thus, ®R[y] and ®R[w] are
spatial scalar curvatures composed from v and w, respectively. The last term comes from the
interaction, and we use a; := 2m?2M g2f. We can see that the lapse functions N and L behave
as Lagrange multipliers, and variation with respect to them leads to constraints

Cy=0, CL=0. (6.15)

These two constraints must be preserved along the time evolution. Hence, we must impose
consistency conditions on them

Cy={Cy,H},,~0, Cp={Cy,H},,~0, (6.16)
where H is the Hamiltonian given by
H=NCy + LCy, (6.17)
and the Poisson bracket {F, G} pp is now defined by

{F G} _L oFr 3G_8F oG L or aG_aF oG
' PB _Mgz Yy O™ Q™1 Dy MJ% OWpm OP™™  OP™ Oy

). (6.18)

Here, “~ 0” means “= 0” on the hypersurface determined by constraints. Notice that {F, F'} pp =
0 because of spatial homogeneity, and we find

{CN, H}PB%L{CN’CL}PB =: LONL, (619)
{CL’H}PB%N{CL’CN}PB = NCLN. (620)
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In order to check if additional constraints arise or not, we have to calculate the Poisson bracket
Cnr. From the calculation presented in Appendix G, we obtain

1, det 1.
Cne={Cn,CL},, = liﬂli —1/ d:tZ) <§pli try/ytw — tr( fy‘%dpu;))]. (6.21)

This leads to one secondary constraint Cyy, =~ 0. We must also impose the consistency condition
on this secondary constraint

Cnr=N{Cnr,Cn}ppy+ L{Cni, CL},, 0. (6.22)

The explicit calculation can be found in Appendix G, and the result is {C’NL, CN} pp 20
and {C’NL, C J} pp # 0. Therefore, this condition determines one of two Lagrange multipliers
N and L. The remaining multiplier describes the overall time reparametrization invariance in
bimetric gravity.

The number of components of two spatial metrics and their canonical conjugates is 24.
Since we can diagonalize one of the two metrics, we should subtract 6 from this number. Recall
that there are two primary constraints and one secondary constraint. Furthermore, as we have
one undetermined Lagrange multiplier, we have to put one gauge condition. Thus, the total
number of degrees of freedom should be (24 —6—2—1—1)/2 = 7 in configuration space, which
matches degrees of freedom of one massless graviton and one massive graviton. This proves
that BD-ghost is absent in bimetric gravity described by the action (6.1).

6.2 Ghost in trimetric gravity

We apply the method explained in the previous section to trimetric gravity. In contrast to the

case of bimetric gravity, there are three kinds of interaction, namely, the chain type, the loop

type and the branching link type interaction. In this section, we investigate the chain type and

the loop type interaction. Interaction with a branching pattern is considered in Section 6.4.
We remember the action for trimetric gravity given in Section 3.6

S =M} [ d*z\/—detgRlg] + M} [ d*z+\/—det fR[f] + M} / d*zv/— det hR[h)
4
L om2M?, / d'oy/=detg " Buen (Vo T)
n=0
4
+2m3M3, / d*v/—det £ Blhen(\/f'h)
n=0

4
+ 2m§M,§Q/d4x\/—dechﬁZen(\/h—lg), (6.23)
n=0

where we have three metrics g,,, f. and hy,, from which we construct scalar curvatures R|g],
R[f] and R[h]. In previous chapters, we have denoted a perturbation as h,,,, but in this chapter
it does not represent a perturbation. The interaction terms contain free parameters f,, [,

"', and mass parameters my, mq, mg, Mys, Mgy, Mp,. A Planck mass M, is also introduced. It
should be noted that there exists one overall diffeomorphism invariance in this trimetric theory

80



which makes one of gravitons massless. If this trimetric gravity contains no extra degree of
freedom, the total number of degrees of freedom should be 2 4+ 5+ 5 = 12, which comes from
one massless graviton and two massive gravitons. From now on, we use

ay = Qm%M;f, ap = 2m§M§h, ag 1= 2m§M§g (6.24)

for notational simplicity. If we have a; # 0, as # 0 and a3 # 0, all pairs (g, f), (f, k) and (h, g)
interact and we call it the loop type interaction. When one of a; (i = 1,2, 3) is set to zero, two
of three pairs of interactions remain, which we call the chain type interaction. The chain type
interaction is already concluded to be ghost-free via the vielbein formalism in Chapter 5. On
the contrary, whether or not the loop type interaction is ghost-free has been left unanswered.
Now, we settle this problem.

Apparently, the full Hamiltonian constraint analysis is almost impossible. To circumvent
this difficulty, we take the method used in the previous section. We assume spatial homogeneity
and express metrics in terms of ADM variables as

Gudz’dz” = —N(t)*dt* + ;;(t)da'da’, (6.25)

where N is a lapse function and «;; is a spatial metric. Similarly, we can take the following
ansatz

fudatds” = —L(t)*dt? + wy;(t)da'da? (6.26)
and
hdrtda” = —Q(t)*dt* + py;(t)da'da? (6.27)

where L and () are lapse functions and w;; and p;; are spatial metrics.
To perform the Hamiltonian analysis, we need the Lagrangian in the ADM variables. Similar
to the case of bimetric gravity, we assume that interactions are minimal

(60751752753754) = (B{G?Bi?ﬁé?ﬁéaﬁé) = ( (/)/7 1/7 5,7 Zl’,lv //) = (37 _17 0707 1)7 (628>
and set [ d*z = 1. Then, we obtain the Lagrangian

where 7% p' and ¢* are canonical conjugate momenta of 7;;, w;; and p;;, and we have defined
M ij L 2 3
Cn = —deiv<ﬂj7rij — 57 iw7j> — M, det v ®R[y]
+ ar/dety(try/ 7w — 3) + az(v/det p — y/det ), (6.30)
Cp = M; (p"jp't - lngﬂ) — M?Vdetw ®R[w)
Vders PP P ) = My
+a2\/detw(tr\/w—1p—3) +a1(\/det7— \/detw), (6.31)
M? y 1. . ;
=0 (Y. — .. ) — M, (3)
Cq == (0704 = 30',) — Miv/detp ORIy
+ azy/det p(try/pLy — 3) + as(Vdetw — \/det p). (6.32)
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The first line of each Cly, Cf, and Cg comes from the Einstein-Hilbert term in the action, so
GR[Y], ®R[w] and ®)R[p] are spatial scalar curvatures calculated from 7, w and p, respectively.
The other terms can be derived from the explicit formula of the interaction term (6.10). Ob-
viously, we can see that the lapse functions N, L and ) behave as Lagrange multipliers, and
variation with respect to them leads to three constraints

Cy=0, C,=0 Co=0. (6.33)

These constraints must be preserved along the time evolution. Thus, we need consistency
conditions for them

C’N:{CN,H}PB%O, OL:{CL>H}PB%07 CQ:{CQ’H}PB%O' (634)
Here, the Hamiltonian H is given by
H = NCy+ LCL + QCq, (6.35)

and we find {F, F}pp = 0 due to spatial homogeneity. Therefore, we have following three
consistency conditions

{CN= H}PB ~ L{CN’ CL}PB + Q{CN= CQ}PB ~ 0,
{CL> H}PB %N{CL’ CN}PB+Q{CL’ CQ}PB ~ 0, (6‘36)
{Cq. H}pp = N{Cq, Cn}pp+ L{Cq . CL}pp = 0.

Whether or not additional secondary constraints arise depends on the Poisson brackets,

CNL = {CN, CL}PB’ CLQ = {CL, CQ}PB’ CQN = {CQ, CN}PB' (637)

The explicit calculation of the first Poisson bracket is found in Appendix G, and the result is

1 . det 1 .
Cnr = aq |:§7le’ =1/ d;Z; <§pli try/7 1w — tr( 7—1wpw)>] . (6.38)

By performing permutations among g = (N,~), f = (L,w) and h = (Q, p), we also obtain

Cro = as F i detw (%(blz try/w=lp — tr(\/w1p¢p)>] (6.39)

2 det p

and

_ L det p 15 1. -
Con = as [§¢i— “detfy (27rltr\/p Ly tr(\/p 177r’y)>] . (6.40)

In general, quantities inside the bracket does not vanish.
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Figure 6.2: The diagram represents the chain type interaction.

6.2.1 Chain type interaction

In this subsection, we consider the chain type interaction
ay #0, ay=0, az#0, (6.41)

which cut interaction between f and h as in Fig.6.2.
In any case, there are primary constraints (6.33). Since Cg, = CLgo = 0 trivially holds,
consistency conditions (6.36) lead to equations

LCNL—i-QCNQ ~0, NCpy=D0, NCQN ~ 0. (6.42)
Hence, we have two secondary constraints
CNL ~ 0, CNQ ~ 0. (643)

Needless to say, these secondary constraints have to be preserved along the time evolution,
which requires the following consistency conditions

Cnp={Cni, H},, = N{Cn, COn}pp+ L{Cxni, CL} ppy + Q{Cni, Co},, =0, (6.44)
CQL = {CQL7 H}PB = N{CQL7 CN}PB +L{C'QL, CL}PB +Q{CQL, C’Q}PB ~0. (6.45)

In Appendix G, we calculate the Poisson brackets in the above equations, and see they do
not vanish. Then, we know that conditions (6.44) and (6.45) determine two of three Lagrange
multipliers N, L and ). The remaining multiplier is related to the overall gauge transformation.
Eventually, we have five constraints and one gauge freedom. We remember that dynamical
modes are spatial metrics, and each of them has six components. However, as is already
explained, we can diagonalize one of them. Hence, trimetric gravity has 3+ 6 + 6 = 15 degrees
of freedom in configuration space and 15 x 2 = 30 in phase apace. Thus, the total number of
degrees of freedom is (30 — 5 — 1)/2 = 12 which matches the physical degrees of one massless
and two massive gravitons. Therefore, no BD-ghost exists in the spectrum. This conclusion is
consistent with that obtained by the vielbein method in Chapter 5.

6.2.2 Loop type interaction

Now, we consider the loop type interaction represented by a diagram in Fig.6.3

aj 7é O, as 7é O, as 7& 0. (646)
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Figure 6.3: The diagram represents the loop type interaction.

In this case, we know that

{Cn,CL},py 20, {CL,Cq};,#0, {Cq,Cn}pp#0 (6.47)

holds even on the constraint surface. Hence, consistency conditions (6.36) do not generate any
secondary constraint. Instead, it determines Lagrange multipliers N, L and (). However, due
to the antisymmetric property of the Poisson brackets

Cnr = {CNa CL}pB = _{CL> ON}PB =—Cin (6.48)
Cro={Cr, Co}py = —Cor (6.49)

only two of them are determined. For example, if we choose

I —

G Q, N=-—2Q, (6.51)

all of consistency conditions (6.36) are satisfied.

To conclude, we have three primary constraints and one undetermined Lagrange multi-
plier. Hence, we need one gauge condition to fix it, which is associated with the overall time
reparametrization invariance. In trimetric gravity, as is already counted, there are 3+6+46 = 15
degrees of freedom in configuration space and 15 x 2 = 30 in phase apace. In phase space, we
have three constraints and one gauge condition, so the total number of degrees of freedom is
(30 —3 —1)/2 = 13. If no BD-ghost is present, there must be 2 + 5+ 5 = 12 degrees of
freedom which comes from one massless graviton and two massive gravitons. Therefore, one
extra degree of freedom exists and it should be a BD-ghost. Here, we have just counted the
total number of degrees of freedom, but we can actually confirm that this extra one behaves as
a ghost [36]. Thus, we have proved the existence of a BD-ghost in trimetric gravity with the
loop type interaction.

6.3 General multimetric gravity without branching in-
teraction pattern

In Section 6.2, we have discussed about trimetric gravity with the chain type or loop type
interaction, and found that the loop type interaction cannot exclude a BD-ghost. However,

the conclusion is not restricted to the case of trimetric gravity. Even if we introduce more
interacting metrics, almost the same conclusion holds. The chain type interaction remains
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ghost-free while the loop type interaction suffers from BD-ghosts. In this section, we consider
N dynamical metrics g (k = 1,2,.., ), and explicitly calculate the number of BD-ghosts if
they exist.

Now, we consider the following interaction term

N 4
Zak V —det 9k Zﬁk,nen(\/ gk_lgk+1)7 (652>
k=1 n=0

where we define g1 := ¢;. For later purpose, we also use go := gn. Let us describe the
interaction between two metrics g and g1 in terms of ADM variables

dsi = —NZ(t)dt* + Y4 (t)dx'da? . (6.53)

Schematically, the interaction can be written as

4
v/ — det gy, Z ﬁk,n€n<\/ gk_lgk-i-l) = NiFe (9 e+1) + Ner G (e = Y1) (6.54)
n=0

where [}, and G, are some functions determined by parameters 3y ,,. Thus, the total interaction
term is given by

N 4
> apy/—det gp Y Brnen <\/ g;;lng) => Nk{aka (v = Y1) + a1 Gror (Vo1 - ) }
k=1 n=0

- (6.55)

=

Here, we introduce canonical conjugate momentum 7 for v, and obtain the Lagrangian

N
L= mi—H, (6.56)
k=1

where the Hamiltonian H is given by

N
H = ZNka, Cr, = Cp (v, ) — arFr (Ve Yt1) — @1 Grot (Yo—1 : W) (6.57)

k=1

In the Hamiltonian, C} comes from the Einstein Hilbert term for gy, so it contains 7 and its
canonical conjugate momentum 7. The lapse functions Ny, (k = 1,2, .., N') behave as Lagrange
multipliers, and variation with respect to them leads to A/ primary constraints

Cp,=0, (k=1,2,..N) . (6.58)
As is usual, the consistency condition about the time evolution for them must be imposed
Cr = Chh1Nee1 + Crpp1Nepr =0, (k=1,2,..,N), (6.59)

where we have defined Cy; = {Ck, Cl} B This Poisson bracket Cj; satisfies Cy; = 0 for
|k — 1| =2 2 because C}, contains only Vx_1, Yk, Vk+1 and m. When we encounter Ny and Npryq,
they are understood as Ny := Ny and Nyry1 := Ny.
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Note that the explicit calculation gives rise to an important information
Ck,k+1 X Qg . (660)

Besides, the structure of this matrix depends on whether the number of cites is odd or even.
For example, in the case N' = 4, we have

0 0172 0 C’1,4
—Clip 0 Co3 0

Cry = 0 —Chs 0 Gy | (6.61)
—01’4 0 —0374 0
while, in the case of N' =5, we obtain
0 CLQ 0 0 Cl,5
—Cl2 0 Cas 0 0
Ok,l = 0 —0273 0 0374 0 . (662)
0 O —03,4 0 CV4,5
—Clis 0 0 —Cys 0

In the case of odd number of metrics, we cannot split the equations into two independent sets.
On the other hand, in the case of even number of metrics, we can split a set of equations into
independent two groups of equations. Hence, we have to discuss two cases, separately.

6.3.1 Chain type interaction

&

.
.
o
0
o
o
K
o
o
.

Figure 6.4: The diagram represents the chain type interaction.

Prior to the loop type, we consider the chain type interaction, where one of (gk, gr+1)k=1.2.. N
interactions is cut as in Fig. 6.4. Here, we set a; = 0. Then, the consistency conditions for the
primary constraints (6.59) lead to N/ — 1 secondary constraints

Crpr ~ 0, (k=2,3,..,N). (6.63)

These secondary constraints must be preserved along the time evolution. Thus, we further
impose

N
Crar1 ~ Y {Cips1. Ci}pyNim 0 (k=23 N), (6.64)
=1
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which determine N'— 1 of Ny (k = 1,2,..,N), and only one Lagrange multiplier remains
undetermined. Therefore, the total number of degrees of freedom can be deduced as

%(2(3+6(/\/—1))—N—(/\/—1)—1):2+5(/\/—1)- (6.65)

It is clear that this result corresponds to one massless and A/ — 1 massive gravitons. Therefore,
there exists no BD-ghost. This conclusion is also consistent with the result obtained by the
vielbein method in Chapter 5.

6.3.2 Loop type interaction

We have to discuss odd and even numbers, separately.

Odd number of metrics

Firstly, we consider the case where N' = 2m + 1 with (m = 1,2,3,4,...). In this case, we can
classify the equations (6.59) into the following four parts

Cor 26-1Nok—1 + Cop 2641 Nog+1 = 0 (k=1,2,3,....,m),
Cok—1,26—2Nog—2 + Cop—1,26Nop = 0 (k=2,3,...,m),
Cio2m+1Nomy1 + C1 2Ny = 0,

Com+1,2mNom + Comg1,1 N1 = 0.

Solving (6.66), we see that all of Nopyy (K = 1,2,..,m) can be expressed by N;. Similarly,
(6.67) can be used to express Noy (kK = 2,3,..,m) in terms of Ny. Substituting these results
into (6.68) and (6.69), we obtain a single equation which determines Ny by N;. Thus, (6.59)
determines N — 1 Lagrange multipliers, and one multiplier is left undetermined, which reflects
the existence of the overall gauge symmetry. In the case of odd number of metrics, there is no
secondary constraint, while we need one gauge condition to fix the gauge degree of freedom. In
conclusion, the total number of degrees of freedom can be calculated as

%(2(3+6(/\/’—1))—/\/—1):2+5(N—1)+A%. (6.70)
Here, the first two terms correspond to massless and massive gravitons, respectively. The last
one should be BD-ghosts, and the number of BD-ghosts is given by (N —1)/2.
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Even number of metrics

Next, we consider the case N = 2m + 2, where m is a natural number. In this case, we can
split the consistency conditions (6.59) into two independent sets of equations,

Ck,k—lNk—l + Ck,k+1Nk+1 =0 (k) =1,3,5,...2m+ 1), (671)
Ck,k—lNk—l + Ck,k+1Nk+1 =0 (/{Z =2,4,6,..,2m + 2) (672)

The first set (6.71) contains only Ny (k = 2,4,6,..,2m + 2), and the second set (6.72) contains
only Ny (k=1,3,5,..,2m+1). Here, if a component Cj, x4, is found in the set (6.71), Crr1x =
—Cy. +1 must be in the other set (6.72) and vice versa. Therefore, in each set, every component
Cr r+1 appears only once. Now, we define

Di,j = CQZ'_LQ]‘ X Mj = Ngj (Z,] = 1, 2, 3, LM+ 1) (673)
Note that D;; # 0 only for ¢ — j = 0, 1. Then, the equations in (6.71) can be written as

ZDm‘My‘ =0 (1=1,2,3,..,m+1), (6.74)
j

which we can divide into two parts

D11 My + D11 M1 = 0, (6.75)
D;; «M;_y+ D;;M; =0 (i=2,3,..,m+1). (6.76)

Using the series (6.76), we can solve all of M; (i = 2,3,..,m+ 1) in terms of M;. However, the
relation between M; and M, obtained from (6.76) cannot be coincide with the formula (6.75)
because the equations in (6.76) does not contain D;; and Dy ,41. Thus, we have to impose
an additional constraint in order to get non-trivial Lagrange multipliers. This is a secondary
constraint expressed by

If the determinant is not vanish, all of M; must be zero. Under this condition (6.77), m of M,
(7 =1,2,..,m+ 1) are determined, and one is left undetermined.
Now, we take the latter set (6.72) and define

Ei,j = CQi,ijl y W] = Ngjfl (/L,] = 1, 2, 3, .., m + 1) (678)

The same argument applies, so we get a secondary constraint det £;; = 0, and one of W;
(j = 1,2,..,m + 1) is left undetermined. However, matrix FE;; satisfies E;; = —Dj;. Hence,
det E;; = 0 is not a new constraint. Therefore, from (6.59), we get one secondary constraint
det D;; = 0 and two undetermined Lagrange multipliers . Then, we must impose a consistency
condition for the secondary constraint

N

d

- det Dy ~ > {det Dy, Ci}p,Nik ~ 0, (6.79)
k=1

which reduces the number of undetermined Lagrange multipliers from two to one.
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To summarize, there are N primary constraints and one secondary constraint, and we need
one gauge condition. Thus, we come to the conclusion that the total number of degrees of
freedom is

N =2
5

%(2(3+6(N—1))—j\/’—1—1):2+5(N—1)+ (6.80)

Here, again, the first two terms correspond to massless and massive gravitons, respectively.
Hence, the number of BD-ghosts should be (N — 2)/2.

6.4 General multimetric gravity with branching interac-
tion patterns

In this section, we study branching interaction patterns. In an interaction diagram, branching
can occur at a node which represents a metric or a midpoint of a link. We call these two
patterns as branching node type and branching link type respectively. The former overlaps
with a vielbein theory, but the latter does not.

6.4.1 Branching node type interaction

Figure 6.6: The diagram represents the branching node type interaction.

Branching node type interaction can be expressed as a diagram in Fig.6.6, and the interaction
term is given by

N 4

V= detgn 3 funea (/o' ar) (6.81)

Applying the spatial homogeneity ansatz and the ADM decomposition
dsy = —NZ()dt* + yiij(t)da'ds’  (k=1,2,...,N), (6.82)

each element of the interaction term can be written as

1
V —det gy Zﬁk,n€n<\/ gflgk> = NMFi(n ) + NeGr(n ), (6.83)
n=0
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where Fj, and G}, are some functions. Summing them, the total interaction term is obtained

N 4 ~ N
Z V —det g1 Zﬁk,n€n<\/ gflgk> = NiF(71 v, o) + ZNka(% CVe), (6.84)
k=2 n=0

k=2

N
F(Pyl :727"'77/\[) = ZF’C<71 ’Yk) (685)
k=2

Here, we introduce canonical conjugate momentum 7, for ¢, and obtain the Hamiltonian H

N
H— Z NG, (6.86)
k=1
= C?(’}/l,ﬂ'l) _F(’Yl :’)/27-'%7N)a <687)
Cr = O (s mi) = G i) (B =2,3,...,N). (6.88)

In the above formulae, C} comes from the Einstein Hilbert term and contains v, and its
canonical conjugate momentum 7. The lapse functions Nj, (k = 1,2,..,N) are Lagrange
multipliers, and variation with respect to them leads to N primary constraints

Co=0, (k=1,2,..,N). (6.89)

Since we notice {C,Cy}pp % 0 for k = 2,3, ..., N and {Cy, Cy } pp = 0 when k, k' =2,3,.... N,
the consistency condition for the time evolution becomes

0 Cia -+ Cin Ny
—C N.
2 Z | =o. (6.90)
: 0 :
—Ci N Ny
Thus, we have N — 1 secondary constraints
Cl,k: {Clack}pB ~ 0 (k:2737aN) (69]‘)

These secondary constraints must be preserved along the time evolution. Hence, we impose the
consistency condition

N
Ol,k = {CL]‘”H}PB ~ Z Nk/{OLk,Ck/}PB =~ 0 (l{? = 2, 3, ...,N), (692)

k'=1

which determines N — 1 Lagrange multipliers. Eventually, we have N primary constraints,
N — 1 secondary constraints and one undetermined Lagrange multiplier. Therefore, the total
number of degrees of freedom is

%(2(3+6(N—1))—N—(N—1)—1)=2+5(N—1)- (6.93)

We have no BD-ghost.
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Figure 6.7: The diagram represents an example of the branching link type interaction containing
three metrics.

6.4.2 Branching link type interaction

We close our investigation toward multimetric gravity with the analysis on the branching link
type interaction. An example is sketched in Fig.6.7.
For matrices X (I)* (I =1,2,3,4), we introduce a function S given by

S(X(1), X(2), X(3), X(4)) = €prpopapua € X (1), X (2)2, X (3), X (4", (6.94)

where €, 1,5, and €7172374 are antisymmetrization symbols defined by €pio3 = 1 and €% =1

respectively. Here, we have four matrices since we are focusing on the four dimensional case.
Interaction terms we have considered in previous sections have been constructed from the
functions e, (n =0,1,2,3,4), which can be expressed by S as

eo(v g7 f) x«S8(1,1,1,1),

el( g—lf) ocS(l 1,1, g—lf),

ex(vVg ' f) < S(1,1, Vo if, \/T) (6.95)
es(Vg ' f) < S(L Vg f g g,

es(Vo ' f) < S(Va T N T NV, (6.96)

where 1 means unit matrix.

On the spatial homogeneity ansatz, interaction terms in previous sections become linear in
the lapse functions, which is necessary to exclude BD-ghosts. Otherwise, we have no constraints
and cannot reduce any degrees of freedom. Thus, the interaction term of the branching link
type should be constructed to be linear in the lapse functions.

In the case of trimetric gravity with metrics ¢,,, f., and h,, the following combinations
are possible

S(L1,\/g7'f, /g7 'h)

S(L, g f: g . /g h)

] SRR
S(
S(

VI A g R g h)
VI N N g g h)
VI g h g b\ g h).

We can also include permutations of g, f and h. Since spatial homogeneity is assumed, three

\
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metrics are written as

_ N2 _ 2
Guv = ( é\] '7(3]' ) ) gl“’ = ( 1(/)N 79]- ) ) (698)
_ T2 _ 2
f,uV = < éj (AS]‘ ) , = ( léL woij ) ) (699)
B = ( _822 0 ) R = ( _1(/)Q2 0 ) , (6.100)

Pij pY

from which basic elements of the interaction terms are expressed as

. L2/N? 0 L/N 0
1 - . -1 =

(g f)y - ( 0 f)/zlwlj ) = gtf < 0 \/’E , (6.101)

_ 2/N?2 0 Q/N 0
lh 2 — ( Q / ) > _ -1 ( , 6.102
(g )1/ 0 fyzlplj g f 0 7_1,0 ( )
Vv —detg = Ny/det. (6.103)
Then, we can immediately find that antisymmetrization in (6.94) actually makes interaction

terms (6.97) linear in N, L and Q.
Now, the Hamiltonian can be read schematically as

H:NCN+LCL+QCQ, (6.104)
with
Cy = C%(v, ) + Fn(v,w, p), (6.105)
Cr := CY(w,p) + Fr(v,w, p), (6.106)
Cq = CH(p, &) + Folv,w, p), (6.107)

where C};, C7 and C§ come from the Einstein-Hilbert terms while F, Fy, and F come from
the interaction term. Notice that Fy, I, and F(y generally contain all of , w and p. In fact, if
we consider an interaction such as /— det gS(l, Vo tf, oL, \/g—lh), Fg does not depend
on p. Hence, Fy, F1, and Fp may independent of «, w and p respectively, but this situation
is not relevant to our analysis. The lapse functions N, L and () are Lagrange multipliers, and
variation with respect to them leads to three primary constraints

Cy =0, CL =0, Co = 0. (6.108)
Since they must be preserved along the time evolution, we impose the consistency condition
Cy={Cy,H},,=L{Cy,CL},,+Q{Cy,Co},, =0, (6.109)
CL={Cr,H},,=N{CL,Cn},, +Q{CL, Co},,~0, (6.110)
Co={Cq,H},,=N{Cq.Cx},,+L{Cq,CL},,~0, (6.111)
which is equivalent to
0 Cnt  Cho N
—Cnp, 0 Cro L | =0 (6.112)
—Cng —Crg O Q
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Here, the Poisson brackets Cy, := {CN, CL}PB, Crg = {CL, CQ}PB and Cng = {CN, CQ}PB
does not vanish.
In the case of four metrics gy (k = 1,2, 3,4), the following combinations are possible

(1, V91792, V917 93, V91 94)
E»/gl‘ng,V/gl‘lgz,y/gl‘lgg,x/gl‘lg4) (6.113)
(

S

o

v/ —det g1 x

V)

\/917193, \/917192, \/917193, \/917194)
Vo1 l9n Vo g2V 1 s v/ 91 ga)

and permutations of g (k = 1,2,3,4). Applying the spatial homogeneity ansatz and the ADM
decomposition gx = (N, k), we obtain the Hamiltonian

V)

4

H :ZNka’ Cr := CR (ks ) + F(71, 725 735 7a), (6.114)
k=1

where C} comes from the Einstein-Hilbert part while F comes from the interaction term.
Notice that each F} generally contains all kinds of spatial metrics. As mentioned before, Fj,
may not depend on -, in special situations, but our argument below does not change. Then,
we have four primary constraints Cy, = 0 (k = 1,2, 3,4), and the consistency condition

0 Cio Ciz Cia N,

—CY 4 0 Cos  Caa N,
’ ’ ' ~ 0 6.115
Oy G 0 G || M (6.115)

—Ciy —Coy —Cs4 O Ny

is imposed. Here, C}; := {Ck, CZ}PB vanishes only for k = [.
In the case of five metrics g (k = 1,2,3,4,5), possible combinations are

V—det 1S (Vg1 g2, V91 93, V91 94, V9171 5) (6.116)

and permutations of g (k = 1,2,3,4,5). Then, the Hamiltonian is give by

5
H :ZNka’ Cr = Cp(ve, ) + Fio(v1, 72,73, V4, V5), (6.117)
k=1

which leads to five primary constraints Cy, = 0 (k = 1,2,3,4,5), and we impose the consistency
condition

0 Cia Ciz Cia Cip N,
—Cli 0 Cos Coa Cyp N

—Ci3 —Cy3 0 Cs4 Cs N3 | =0. (6.118)
—Ciy —Coy —C34 0 Cys Ny
—Ci5 —Cy5 —C35 Cys5 O N5

Notice that Cy; := {Ck, CZ}PB vanishes only for k = [.
In any case, consistency conditions (6.112), (6.115) and (6.118) can be read as a linear
equation

CN =0, (6.119)



where C is an antisymmetric matrix and N is a column vector. In general, an antisymmetric
real matrix is a normal matrix because the Hermitian conjugate C' = —C satisfies CCT =
—C? = C'C. Thus, the spectral decomposition is possible C = > ;arPr, where a; is an
eigenvalue and P; is a projection operator. Taking the Hermitian conjugate of this spectral
decomposition CT = ;a;Pr, where a* means complex conjugate of a, we find a; = —ay to
notice that eigenvalues ay must be pure imaginary or zero. On the other hand, the trace of
an antisymmetric matrix have to be zero. Hence, the number of non-zero eigenvalues must be
even, and we come to the conclusion that the rank of matrix C, which we denote by r, must
be an even number.

In the following, we assume that we have N metrics, and C is a N' x A matrix. In
configuration space, the number of original dynamical variables is 3+ 6(N — 1), but a no-ghost
theory should have 2 4+ 5(AN — 1) ones. Thus, we have to remove extra N degrees of freedom.
In phase space, we already have A primary constraints. Therefore, in order to exclude all of
BD-ghosts, we need N additional conditions.

If the number of metrics N is odd, (6.119) determines r Lagrange multipliers while remaining
(N — ) ones are left undetermined. Then, there is no secondary constraint, and we have only
N — r gauge conditions, which cannot exclude all of BD-ghosts. Though we do not carry out
explicit calculations, we expect N'— r = 1 because we have one overall invariance of the time
coordinate change. Therefore, the total number of degrees of freedom should be

1 N —1
5(2(3+6(/\/—1))—/\/—1) = 245N 1)+ =—. (6.120)
We have (N — 1)/2 BD-ghosts.

When we have even number of metrics, we see two possibilities. One of them is a case
where the rank r does not coincide with the number of metrics r # A, and in the other case,
we have r = N. In the first case, we immediately find that we do not have enough conditions
and some of BD-ghosts remain. In the second case, we must impose an additional condition
det C =~ 0. Otherwise, only the solution N = 0 is allowed. Then, the rank of the matrix C
reduces, which we denote by ' (1" is an even number.). Then, (6.119) determines " Lagrange
multipliers while remaining N' — 7’ ones are left undetermined. Besides, we must impose the
consistency condition on the secondary constraint d det C/dt ~ 0, which reduces the number of
undetermined Lagrange multipliers from N —1' to N/ —7’'—1. Therefore, we have one secondary
constraint and N'— 1’ — 1 gauge conditions. In total, N’ — 7’ conditions are obtained, but they
are not enough to exclude all of BD-ghosts. Here, we expect N'—r’ —1 = 1 which corresponds
to the overall invariance of the time parameterization. Hence, the total number of degrees of
freedom should be

%(2(3+6(N’—1))—N—2> :5(N—1)+2+A%. (6.121)
We have (N — 2)/2 BD-ghosts.
The conclusion is that the branching link type interaction always suffers from BD-ghosts.

94



Chapter 7

Applications

Applications of bimetric or multimetric gravity are diverse. For example, gravitational waves
[39], inflationary universe [40], acceleration of the universe, dark matter,...etc. In this chap-
ter, we consider an application to the AdS/CFT correspondence. This topic is based on our
unpublished work [6].

7.1 The AdS/CFT correspondence and multimetric grav-
ity

The AdS/CFET correspondence is a kind of holography where the world is understood as a
boundary of a higher dimensional space-time. This is one of the most widely studied topics
in modern theoretical physics [41, 42, 43, 44], covering general relativity, string theory, matter
field theory and so on. In the AdS/CFT correspondence, we prepare a (d + 1)-dimensional
asymptotically AdS (anti de-Sitter) space-time and read information from the AdS-boundary.
In the bulk space-time, we put a (classical) gravity theory. Then, a (quantum) matter field
theory is reflected on the AdS-boundary. An important feature of the AdS/CFT correspondence
is that when the bulk side is weakly coupled, the coupling of the boundary field gets strong.
Thus, we can investigate the complicated matter field theory through analyzing rather simple
equations in the bulk gravity theory. In standard settings, we use general relativity with other
scalar, vector or spinor fields as a gravity theory. As is well known, we have a large number
of applications of the AdS/CFT correspondence. For practical applications, a review [45] and
references therein is useful.

Sometimes, massive fields play an important role in the AdS/CFT correspondence. For
instance, a massive scalar field is used in holographic superconductor. Massive fields are also
expected to describe dissipative systems, such as metals with impurities. Hence, it seems
promising to investigate massive gravity in the context of the AdS/CFT correspondence. In a
sense, a natural completion of massive gravity is bimetric gravity. It seems also interesting to
study bimetric or more general multimetric gravity in this context. On the other hand, from a
more theoretical view point, emergence of massive gravitons in the AdS/CFT correspondence
has been reported in the past [46, 47, 48]. They say when we prepare several CFT boundaries
and introduce interactions among them, some of gravitons on the bulk side become massive.
This situation makes us recall multimetric gravity.

Motivated these facts, we attempt to apply bimetric gravity to the AdS/CFT correspon-
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dence. Multimetric cases are left as future works. In studying the AdS/CFT correspondence,
one of the main difficulties is how to interpret a result. We put a gravity theory on the bulk
space-time, and read information from the boundary. However, we cannot know in advance
what kind of theory we obtain as a boundary field theory. We are often puzzled with what
a result physically means. Therefore, we proceed our argument as close as possible to a well-
known case where pure general relativity is used. Besides, we rely on the hydrodynamic limit,
which makes analytic calculation possible. In these settings, the counterpart on the boundary
side is interpreted as fluid of the supersymmetric Yang-Mills plasma [49, 50, 51]. Its transport
coefficients such as sheer viscosity are calculated via the AdS/CFT prescription. Following this,
we investigate the case of bimetric gravity and see that two-component fluid emerges. We also
calculate values of the pressure and sheer viscosity.

7.2 dRGT massive gravity and the AdS/CFT correspon-
dence

Prior to directly consider bimetric gravity, it is convenient to start with dRGT massive gravity.
In this section, we firstly revisit the case of general relativity [49, 50], and then extend it to
that of dRGT massive gravity. Our calculations follow a review [45].

In the AdS/CFT correspondence in general relativity, we encounter divergent terms. In
order to cancel them, we add a counterterm and obtain a finite result. However, mass of a
graviton gives rise to extra divergences which are absent in the case of general relativity. The
main topic of this section is how to cancel these additional divergences.

7.2.1 The case of general relativity

We review the AdS/CFT correspondence in general relativity. Especially, we focus on the
first order hydrodynamic limit. Hydrodynamic limit means a long wave length limit, where
derivative expansion is effective. We take only the first order derivatives, and higher order ones
are discarded. We can carry out analytic calculations owing to this approximation.

In these settings, the boundary field theory is interpreted as the supersymmetric Yang-
Mills plasma, and the pressure and the sheer viscosity can be calculated via the AdS/CFT
correspondence.

Now, we start with the five-dimensional Einstein-Hilbert action with a cosmological constant

A:

1
Spn = d’z+/—det g(R — 2A). (7.1)
167 G5
Since we consider an asymptotically AdS space-time which has a boundary, we need to bring
in the Gibbons-Hawking term. We denote the induced metric on the AdS-boundary as v and
introduce

2
Scr = / d*z\/—det VK, 7.2
T 16mGs AdS—bdy (7:2)

where K represents the extrinsic curvature and the subscript “AdS — bdy” means that the term
is evaluated on the AdS-boundary. The Gibbons-Hawking term is necessary to obtain correctly
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the equation of motion. In the AdS/CFT correspondence, we have to add one more term

1 6 L
Set = d*zy/—dety( -+ =R+ 7.3
' 167G5 /AdS—bdy ! ) V(L " 2 " >7 (73)

namely a counterterm which plays a role to cancel divergences. In the above formula, R is the
curvature constructed from 7, and L is the AdS-radius related to the cosmological constant as
A = —6/L?. Terms denoted by “--” contain higher order derivatives such as R?. Including
R, they can be neglected because we leave only first order derivatives with respect to the
coordinates on the AdS-boundary. This is the first order hydrodynamic limit. Then, we have
set up the action

S = Sgg + Scr + Sa. (7.4)

Sgm is a bulk term while Sggy and S.; are boundary terms.
In general relativity, a lot of asymptotically AdS solutions are known. However, we focus
only on five dimensional Schwarzschild AdS black hole (SAdS-BH) whose metric is given by
gudrtdx” = (@>2i( — hdt® + dz* + dy* + dz°) + L—Qdu2 (7.5)
m L) u? hu?" "’
where r is a constant and L is the AdS-radius. A function h is defined as h := 1—u? (0 < u < 1).
Note that the coordinates on the bulk space-time are denoted by z* = (t,x,y,z,u), and the
AdS-boundary is located at u = 0 while the Black Hole horizon is on the region v = 0. If we
set h = 1 and rg = 1, we restore the pure AdS space-time.

According to the ordinary prescription of the AdS/CFT correspondence, we consider a
perturbation around a fixed background and expand the action up to the second order. Then,
we solve the equation of motion, and substitute the solution back into the original action. To get
this on-shell action is the first step. For this purpose, we take a perturbation g, = g, + 0g,.
and set the background metric g to be SAdS-BH (7.5). We assume a simple ansatz for the
fluctuation

89", = §"0g, = (7.6)

o O O O
O OO O
(el evilenlh SN e

S O O O
O O O OO
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I
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—~
\.(\F
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~—

0 0

Here, ¢ depends only on the coordinates t and u. Then, we expand the action S =5 H—i—SG o+
Set up to the second order in ¢ and perform the Fourier transform ¢(t, ) f dw o —iwt g . The
perturbed Einstein-Hilbert action is given by (B.44), but we should note that total derlvatwes
cannot be discarded since we have boundaries. Including them, we write down the Einstein-
Hilbert action

¢ _ Vi [ ﬁ
P 160Gy LD
167TG5L5/ / { Db+ 20

8 , 1 /L2 \2 4
T Af-ede (2u3h (E“’) +$>¢‘”¢‘”}’ (77)
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where we have abbreviated f dxdydz = V3, Oy,¢(u) = (b’ and f dtdrdydz = Vj. Remaining parts

Ser and S, are easy to calculate. Using /—7v ~ (T—) *1{;(1 — 2(;52) and K = Nf V7 with the
lapse function N—! = U\/E/L, we expand Sgy as
2 1
S = — d'r—
I T 16mGs N
1 s 4 h N n
— "o gt s p ‘ 7.8
167G5 LP d gj{ ut ud * <2u3 >¢¢+ 500 =0 (7.8)

u=0

16‘;46?5 205 (1) + 16‘7:3G5£_§5 ;l_:{ (=)ot 2G5 - u>¢_w¢;}
(7.9)

Noticing that the back ground value of R is zero, and taking into account the first order
hydrodynamic limit , we also get

6
= — d*o/ ==
St 167TG5/ o ’yL u=0
Vi rivh Vs 1 [dw f
=—0 — — wPu 7.10
167Gy L5 u* +167TG5 L5 o u4¢5 ¢ u=0 (7.10)
Vi 7"3( 6) Vs dw(?)
= 0 (3= (S-S oY) ou| 7.11
16mG5 L s +167TG5L5 27 2+ (")) -t - ( )

where O[u?] means higher than fourth order terms u"=*.

Boundary terms Sgy and S, do not contribute to the equation of motion. It is obtained
from the bulk term Sgg. For convenience, we write the bulk term schematically as

1
Svuik = SEH :/0 du ﬁ(éb, ¢/7 (25//); (7'12)

and take the variation ¢ — ¢ + d¢. We obtain the variation of the bulk action

s = [ (50 3500+ (555
[y (2 Yoo (2] [ an{(25) - (25 (25 o

(7.13)

The §¢’ term will be canceled by dSgy, and we get the equation of motion

(;ﬁ)" - <§_§/),+ (82) 0. (7.14)

On the other hand, we can also express the bulk action as

1
s [ [ad(55)e+ (55)0 + (55)¢')
4 1
:16?G5%[§};+5{{<2—§>—<§;> bor ()¢
w25y (2 (), 1
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since we know that L£(¢, ¢, ¢") is quadratic in ¢, ¢’ and ¢”. The remaining zeroth order term
is explicitly written. According to the AdS/CFT prescription, we solve the equation of motion
and substitute the solution into the original action, and get the on-shell action. Thus, the last
term is discarded. Besides, we do not need the field value on the non AdS-boundary ¢(u = 1),
which we neglect [52, 53|. Then, the bulk action can be read as

Vi g ( 2 1 oL oL N/ oL
D L I (CORC) SEY
Stk = a1\ i) o~ 2\ \\a) T \agr) )T G )? . (7.16)
Therefore, recalling the explicit formula (7.7), we obtain the bulk action
Vi s 2 Vs rg [dw(h 3h ,
= Ny = [ - S 1
Stutk 167G L5< u4> + 167Gs L5 | 27 u4¢ W 2u3¢ wPu » (7.17)
Vi g 2 Va rg [dw (/1 371 .
- Tofg 2 2 1)ty — 2= —u)o
167G L5( u4> + 16mG5 L> | 2 <u4 >¢ wh 2 <u3 u)gb wP 70’
(7.18)
and the full action
S = Spuik + Scr + Set
Vi s Vs rg [ dw 1 A 1/1 ,
= il M . (= —u)o_ 1
167Gs L | 167G, L5 ) 2r (=5 +Ol)s-ut + 2<u3 u) -t . (7.19)
From (7.7) and (7.14), we also obtain explicitly the equation of motion
h N\ (L* \2 1
— — — 0, = 0. 7.2
<u3¢w> + (7’0 w) u3h¢ 0 (7.20)

Now, we solve the equation of motion (7.20) and substitute the solution into the action
(7.19) to get the on-shell action. Since our main interest is the first order hydrodynamic limit,
we have only to solve (7.20) up to the first order expansion in w. We expand ¢, (u) as

du(u) = do(u) +woi(u) + w’es(u) + -+ (7.21)
and insert it into (7.20), which becomes
(5e) =0 =0 (722
We can easily solve these equations
¢; = Ai+ Biln(1 —u*)  (i=0,1), (7.23)
and obtain
du(u) = (Ag + wAy) + (By +wBy) In(1 — u*) + Ow?), (7.24)
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where A; and B; are constants. This solution is substituted into (7.19), but in (7.19) we need
only the asymptotic formula near the AdS-boundary u ~ 0, which we approximate as

bo(u) = A, + B, In(1 —u*) + Olw?] = A, + Bu(—u' + O[u®]) + Olw?], (7.25)

where we have defined A, := Ay + wA; and B, := By + wB;. Then, the on-shell action is
obtained
167G L>  167Gs L5 | 27

( - %A_wAw - 2A_wa>. (7.26)

The remaining constants Ay and By ; are fixed by a boundary condition on the Black Hole
horizon (v = 1). Hence, we have to solve the equation of motion (7.20) near the u ~ 1 region.
Approximating as h = 1 — u* ~ 4(1 — u), we get the near horizon equation from (7.20)

S R - IR B

Its solution is easy to find

bt~ 1) oc (1 — u) 55, (7.28)

A boundary condition selects one of these branches. In order to see what they mean, we set
ro = L = 1 and remember that background SAdS-BH has ds? = —u%dtQ + ZTUZ' If we change the
coordinate u to u, = [~ % ~ 1In(1 — u), this metric reads as ds® o< (—dt* 4+ du?). Then, the
solution is written as ¢ (u ~ 1) oc (1—u)*i% = eFU and we notice ¢(t,u ~ 1) oc e™ ¢, (u ~
1) = e7@(Fu)  Because the Black Hole horizon is located at u, = —oo, the branch e=™t+u)
represents an ingoing wave while the other et (%) is outgoing. We select the ingoing wave
condition according to the standard AdS/CFT prescription. Thus, we obtain the near horizon

solution

2 2 2

L2 L2 L
Gt~ 1) o< (1 —u) 0% ~ (1 —ut)e ™" =1 — igwln(l —u*) + O[w?). (7.29)
0

The previously obtained solution (7.24) must match (7.29), which fixes the constants as A; = 0,
By =0, B, = —i%AO. Renaming Ay as ¢(¥, we obtain the on-shell action from (7.26)

Vi rg Vi o1y / dw 10 1 ) (12
. r 0] 2 a0y ( To ) g 7.30
167G5 LS + 167G, L5 | 2r 2¢_w¢w + 2¢_w ZTow o0 %, (7.30)

where we should notice that ¢ [ dwe® wet? cannot be interpreted as zero [52].
The last step is to apply the GKP-Witten relation

(esp (i / 500)) = exp (18[00 = 67 ). (7.31)

In the right hand side, we have an action S[¢]. We solve the equation of motion for a bulk field
¢ and obtain its solution. The boundary value of the solution is important and denoted by ¢(©.
We substitute the solution into the action and get the on-shell action S [¢]u:0 = ¢©]. The left
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hand side represents an expectation value of the boundary field theory, where ¢(® becomes a
source of an operator O.

In our case, ¢ is a fluctuation of a gravitational field so that O is interpreted as a perturbed
boundary energy-momentum tensor 67,,. Thus, we obtain

58 1 1 70\ 3
ST >— _ To 40 4y <_0> 0 7.39
B S T=re Ay EACR T oA W A (7:32)

where the functional derivative must be interpreted as M%gzﬁ_w}"w(bw = 2F,¢, [52, 53]. In a
long wave-length limit, any field theory can be effectively described by hydrodynamics. Hence,
we assume that the energy-momentum tensor of the boundary field theory has the following
form

" = (e + P)u*u” + Pt + 1, (7.33)

with energy density €, pressure P and velocity field u*. Since the boundary field theory is
supposed to be on the four dimensional uncurved space-time, we have yu = 0,1, 2,3 and n*” is
the Minkowski metric. The term 7, contains derivatives, but we need only first order ones. In
the rest frame, 7, has no time component (¢ = 0) and spatial components are given by

2
Tij = —n(@iuj -+ @-ui — géw(‘?kuk> — (@Jakuk (i,j, ]{3 = 1, 2, 3) (734)
n and ( represent transport coefficients called sheer viscosity and bulk viscosity. Here, we
assume that this fluid is firstly at rest u* = (1,0,0,0), and then the background space-time is

slightly distorted 7, — g = M + 0g,,. Using a projection operator P* := g + u*u”, the
energy-momentum tensor is written as

2
T" = (e + P)ulu” + Py — PrApve [n (V/\up + V,uy — gg,\pﬁgu”> + CgApVUu”} . (7.35)

We calculate the linear response of this tensor, but we are now concerned with a perturbation
(7.6). Thus, we set

0 0 0 0

|1 0 0 3guy(t) 0
29w =10 bg0() 0 0 (7.36)

0 0 0 0

The velocity field u* = (1,0,0,0) is not changed because of parity symmetry. We can easily
calculate the linear level response. After the Fourier transformation, we find

6T, = —Pdg, +iwndg, . (7.37)
We compare (7.32) to (7.37) and identify ¢® with dg2, from which we interpret that the
boundary field theory has the pressure P = ﬁ;—f’; and the shear viscosity 1 = 1671(;5 (%0)3

On the Black Hole horizon, (x,y,z) components of the metric can be written as ds* =
(%)Q(dm‘2 + dy? + dz*). Employing the area law of Black Hole entropy, we can calculate the
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entropy density as s = ﬁ(%)g This value is interpreted as the entropy density of the
boundary field theory. Thus, we obtain the ratio n/s = 1/4x.
The pressure can be calculated in a different way. If we consider only background SAdS-BH

with no perturbation, the Euclidean on-shell action is given by

_ 1t P Vs g
S = _167TG5E/0 dT/dxdydz = T I6nCL I (7.38)

where f3 is the inverse temperature. Thus, we have the partition function Z = e~5# and we can
calculate the pressure as

1 1 7

—Oy,InZ = 2.

3 T 160G, I

This result is compatible with the value obtained from a perturbation.
This is the standard calculation of the first order hydrodynamics via the AdS/CFT corre-

spondence. Other types of perturbations lead to other coefficients, but we will not treat them
in this thesis.

pP=

(7.39)

7.2.2 The case of massive gravity

We apply the method explained in the case of general relativity to dRGT massive gravity. We
see that mass of a graviton give rise to extra divergences, and how to cancel them is our concern.
We show that not only a new counterterm have to be added but also a condition on graviton’s
mass must be imposed. For notational simplicity, we set 167G5 =1, L=ro=1and V3 =1 in
this subsection.

In Section 3.3, we have obtained dRGT massive gravity, where we add the mass term

5
Smass 1= 2m2/d5x\/ —det g Zﬁn en(\/g—lg) (7.40)
n=0

to the usual Einstein-Hilbert action. In this mass term, g represents a background metric while
g means a full metric ¢ = g + d¢g (background +fluctuation). Parameters (3, are adjusted to
restore the Fierz-Pauli mass term in the expansion up to the second order in dg

Snass = —im2/d5x\/ - detﬁ(Tr(ég)2 - Tr2(59)>, (7.41)

where we have abbreviated Tr*A = (TrA)? and TrA? = Tr(A?). Then, we start with the action
given by

S = SEH + SG’H + Sct + Smassy (742)

and set the background metric g to be SAAS-BH. Sgy, Sgy and S, are the same as those in
general relativity, and are constructed from the full metric g.
Now, we take a perturbation similar to (7.6)

0

ogh, =

v

(7.43)
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and expand the action up to the second order in ¢. Calculations are almost the same as those
in general relativity. The only difference is that S,,,ss is added to the bulk action (7.12)

Sbulk: = SEH + Smass = /du ‘C(¢7 ¢/7 ¢”)7 (744>

Soase =~ [ [ a2 Lo o (7.45)

Since Spass contains no derivative, it has no contribution to (7.16) and there is no change in
(7.19)

where we have

S = Spur + Sam + Set = V4+/d—w{<— % +O[U4]>¢fw¢w + %(% —U)cbm;}

2m
u=0
(7.46)
The difference occurs only in the equation of motion. From (7.14), we find
h N\ 5 1 w?
(556L) =m®bu+ =0, (7.47)

We solve (7.47) up to the first order expansion in w. The result is

1 1
Pu(u) = Aw{ukm + 1(1 —a)u’ T+ O[Um*za]} + Bw{uzﬁa + 1(1 + a)ubt? 4 O[um”“]}.
(7.48)

A, and B, are defined as A, := Ay + wA; and B, := By + wB; with constants Ap; and By ;.
graviton’s mass is contained in o := /1 +m?2/4. We substitute this solution into the action
(7.46) and obtain the on-shell action

SZ‘Q—F/;ZW{(l-Fa)A_wB +(1 - a)B_,A,

+ A LA, ((1 —a)u 4+ Z(a® —a— Dut + O[u8_4a]> } (7.49)

1
2

u=0

However, we see that extra divergences arise from u=**|,—g, u*~**|,—o and O[u®"1¢]

Here, it should be noted that if we consider the pure AdS space-time, only one divergence
occurs. The AdS space-time corresponds to setting h = 1 in the metric of SAdS-BH (7.5). In
this case, the solution for (7.47) becomes ¢, (u) = A,u?>7?% + B,u?T?*. Higher order terms
such as O[u®~29] or O[u5"2] in (7.48) come from the expansion of h = 1 — u* around u ~ 0.
In addition, if we set h = 1 in (7.17), (7.8) and (7.10), the action (7.46) becomes S = V, +

d‘; 13 ¢—w®,|lu=0. Therefore, we have only one divergence u 4a\u o in the pure AdS space-time.

In order to cancel divergences in (7.49), we attempt to add a new counterterm S,,.. This
situation resembles that of a massive scalar field [54], in which extra divergences can be canceled
by a mass term on the AdS-boundary. Therefore, we try to add a term

4
St X / d*z+/— det vy Z B en (7’1’7). (7.50)
Ads—bdy n—=0

|u:0-
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We chose parameters g/, to return to the Fierz-Pauli mass term in the second order expansion
1
Sonet = —5(1 — a)/ d*z/— detﬁ(Tr(&y)2 - Trz(éfy)). (7.51)
Ads—bdy

The coefficient (1 — «) is adjusted for our purpose. If we consider perturbations dependent
on the spatial coordinates (z,y, z), we may need other counterterms [54]. However, we do not
treat this topic in this thesis. In Section 7.2.3, we investigate the validity of this counterterm
in a different perturbation.

Inserting the perturbation (7.43) and the solution (7.48), we find

Set = — (1 - a) /Ad y dz+/— det y¢? (7.52)
s—bdy

dw /1 — u*

—(1-a) / o] (7.53)

dw/1 1 4
- (1 - Oé) / %(E - 5 + O[U’ ])¢—w¢w _— (754)
= / ;l—i:{(a —1)(A_,B, + B_,A,) (7.55)

—4a 1 4—4a 8—2a
n A,MAW< — (L= a)u™ + Za(l —a)u'™ + Ofu ]) } (7.56)
u=0
Thus, we obtain
d 1

S+ S =Vi+ / %{QaA,wa + AfwAw( _ §u4*4a + O[USiQa]>} . (7.57)

The divergence from u~*® has been canceled, but still other divergences remain. If we take
the pure AdS space-time as a background, these remaining divergences do not appear and
Smet 18 enough. Cancellation of them requires a condition on graviton’s mass. We have to set
—4 <m? < 0, namely 0 < o < 1, which is a reminiscence of the BF-bound [55, 56, 57].

Then, the non-divergent on-shell action is given by

d
S+ Sper = Vi + / 2—w(2aA,wa). (7.58)
m

Finally, we attempt to fix constants Ap; and Bj;. If we assume that the massive and
massless solutions (7.48) and (7.29) coincide in the massless limit o = 1, we should set A, = o
and B, = izw¢fd0), which leads to

B dw /iow ©) ,(0)
S+Smct_V4+/27T( 5 >¢_w¢w , (7.59)
TY — (0)
<OTSY >= 550 = iwag.,”. (7.60)

Compared to (7.37), we read P = 0 and n = «. The pressure is zero which is not consistent
with the value calculated from the background metric (7.39). We do not know how to interpret
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this result. We suspect that this peculiarity comes from the weird feature of dRGT massive
gravity. It depends explicitly on the background metric, which seems artificial. We have a more
natural theory for a massive graviton, that is bimetric gravity. Hence, we proceed to extend
the method to bimetric gravity and expect that the peculiarity in dRGT massive gravity is
modified.

7.2.3 Validity of the new counterterm

Before going to the case of bimetric gravity, we reconsider the counterterm introduced in (7.50)
and (7.51). In Section 7.2.2, we have taken only a perturbation (7.43). Thus, it is worth
considering whether the counterterm (7.50), (7.51) can cancel divergences in other types of
perturbations. Recalling calculations in Section 7.2.2, we notice that the role of the counterterm
(7.51) is to cancel the divergence coming from v ~*®. This term is a leading order contribution
in the expansion of h = 1 — u* around u ~ 0. Next order terms contribute as u*=4*, w84 .
and so on. If we consider the pure AdS space-time as a background, only v~ divergence is
left and other divergences O[u?~%%] do not occur. Hence, we need only to consider the AdS
space-time for our purpose. In the following, we set 167G5 = 1 and L = ry = 1 for notational
simplicity.
We consider a perturbation dependent only on the coordinate u

Xo(u) —01(u) —b(u) —O3(u) —Ilo(u)
91(“) X1(u) ¢1(u) ¢2(U) IT; (u)
ogt, = | Oa(u)  d1(uw)  xao(u)  @3(u)  Tla(u) |, (7.61)
O3(u)  ¢au)  @3(u)  xs(u) Is(u)
Mo(u) Thi(u)  Ha(u) TI(uw)  xa(u)

and the background metric is set to be purely AdS. Minus signs are put to make dg,, symmetric.

Now, we expand the action as in Section 7.2.2. We can use (B.44) for the Einstein-Hilbert
part. Then, we obtain the equation of motion. The solutions are substituted back into the
action, and we see whether or not divergences remain. We skip the details, but we find that
only diagonal components xo,1,234 couple. Calculations for ¢;—; 23 are the same as those in
Section 7.2.2, so we omit this part. The simplest part is II;—123. The equation of motion
turns out to be

1 1
m2EH0 =0, —m2$HZ~ =0(Gi=1,2,3), (7.62)

and we have I, 123 = 0. They have no contribution.
Each of 0;—1 2 3 obeys the equation of motion

3

1 m?
0+ 0+ S0 =0, (7.63)

and has the action

1
Shu S, Set = —=—=0:0, 7.64
bulk T OGH + Oct SYERAC (7.64)
Lo
Smct = (1 — CY)E(QZ —0 (765)
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The solution for (7.63) is easy to obtain
91' (U) = AiuQ*QO‘ -+ Bl-u2+2a, (766)

where a := /1 4+ m?/4 is understood. Then, the divergent part of the on-shell action is given
by

Sputk + Sem + Su = —AZ(1 — a)u™, (7.67)
Smct = (1 - 04>A12u_4a7 (768)

and can be canceled.
Diagonal components X;—o,1,2,3.4 are rather complicated. Their equations of motion are given

by

(12 + m?)xs — 3ux, + m*(T — xi) +3u(l — x}) —*T" —x!) =0 (i=0,1,2,3), (7.69)
12x4 +m?T + 3ul’ =0, (7.70)

where we have defined T := xo + x1 + X2 + X3- Summing up (7.69) for i = 0, 1,2, 3, we find
4(12 + m?)xq — 12ux, + 3m*T + 9ul” — 3u°T" = 0. (7.71)
From (7.70) and (7.71), we obtain
'=0, xs=0. (7.72)
Then, the equations of motion (7.69) are expressed as
—m?y; — 3ux, +u*x! =0 (i=0,1,2,3), (7.73)
and we have their solutions

xi(u) = A2 + Bu*™* (i =1,2,3), (7.74)
XO(U) = —(Al + Az + Ag)UziQa — (Bl + Bz + Bg)u2+2a. (775)

The action for y part is, using I' = 0,

Stk + Scr + Set = — (XoXo + X1X3 + X2Xa + X3X5), (7.76)

4ut
1
Smet = (1 = @) —(=XoX0 + X1X2 + X2Xs + XaX1). (7.77)
We substitute the solutions (7.74) and (7.75), and obtain its divergent part

Sputk + Sam + St = (1 — @) (A3 + A + A3 + A1 Ay + Ay Az + AzA)u™®

: (7.78)

u=0

Smet = —(1 — @) (A2 + A3+ A2+ A1 Ay + Ao Az + Az A e (7.79)

u=0

Therefore, all divergence can be canceled.
This fact supports the validity of the counter term introduced in (7.50) and (7.51).
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7.3 Bimetric gravity and the AdS/CFT correspondence

In this section, we apply the AdS/CFT prescription studied in Section 7.2 to bimetric gravity.
Our interest is what emerges as a boundary field theory. In Section 7.2, we have considered
the case of dRGT massive gravity and obtained a weird result which we do not know how
to interpret. Certainly, massive gravity itself is a peculiar theory. It explicitly contains a
background metric, which we give outside the theory. In Section 7.2, we have set it to be
SAdS-BH, but it has not been determined by an equation within massive gravity. Hence, it
seems natural to make the reference metric dynamical and solve the equation of motion for both
two metrics. This is nothing but bimetric gravity introduced in Section 3.5. Since bimetric
gravity can be regarded as a completion of dRGT massive gravity, we expect that the strange
result in massive gravity should be cured in bimetric gravity.

In the following, we denote two metrics in bimetric gravity as g and f, and their induced
metrics on the AdS-boundary as v and p respectively. Collecting the results in the previous
section, we start with the action given by

S :SEH [g] + SGH [’Y] + Sct [7]
+Seu(f] + Saulp] + Selp]
+S’mt [ga f] + Sint,Ct [77 p] (78())

For one metric g, we have
SEH[ ] + SGH[ ] + Sct[ }

5 — —
167TG d°x+/— det ( 2A)

2 \ 1 \ 6
_ K — RTINS 81
NETE d*z+/— dety M+167TG d*z+/ det’y(L—l— ), (7.81)

AdS—bdy AdS—bdy

and for the other metric f, we know

SEH[f] + Saulp] + Selp]

5 J— —
167rG d’x+/—det f ( 2A)

2 / 4 1 4 6
+ d*x+/—det pK|p| + / dx\/—detp<——i—~->. 7.82
167TGf AdS—bdy [ ] 167TGf AdS—bdy L ( )

In bimetric gravity, we can introduce different gravitational constants for two metrics, which
we write as G, and Gy. R]g| is the scalar curvature for g and R|[f] is the scalar curvature for
f. K[v] and K[p] represent the extrinsic curvatures for each metric. In general, cosmological
constants for g and f can be different, but we assume that they have the same value A and each
metric has the same AdS-radius L. We impose this condition in order to take perturbations on
the same background for both g and f. The interaction term S;,[g, f] is given by

. 50r/—
Sintlg, f] = 167G, —|—167TGf/d detg Zﬁnen (7.83)
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and the counterterm Sj,. .[7v,p] is an extension of the counterterm (7.50) we have added in
massive gravity

4

1 1

Sint.ct| Vs — d*z+/— det ' en —1p). 7.84
vatlY, p) o 167rGg+167rGfL/Ads_bdy zy/—dety ;ﬂne (Vv 1p) (7.84)

As explained in Section 3.5, we suppose that S;;[g, f] vanishes when we set f = g. Therefore,
we have a solution ¢ = f =(a solution in general relativity). In the following, we consider a
perturbation g = g+ dg and f = f 4 Jf around the same background g = f =(SAdS-BH).

Thus, the expansion of Si[g, f] and Sint.et[7, p] up to the second order in dg and Jf is given
by

_ 1 5./ 25
Silos 1 = ~Tra Tom Gf( ) d°wy/=detg(Tr(dg — 8f)2 — Ti(6g — 3) ), (7.85)
B -« 1 9
Sint.ct[Vs p] = ( 5T >167TG9 167G /Ads bdyd x4/ — det 7 (Tr(ch 5p) — Tr*(d 5p)),
(7.86)

where we have defined o := /14 (mL)?/4. The coefficient (1 — «) is adjusted to cancel the
leading order divergence.

Now, we take a perturbation such as (7.43)
00 0 00O
006 00
5g", =g g =1 0 ¢ 0 0 0 |, ¢ = o(t,u), (7.87)
00 0 00O
00 0 00O
00 0 0O
00 ¢ 00
6, =g =] 0w 0 00|,  b=ytu) (7.88)
00 0 0O
00 0 0O
The interaction term S;,;|g, f] is expanded to be
1
int — — d w_ —w w — Yw) .
Sint 167rGg+167rGf 2 / / U (9= oo =), (7:89)
and the bulk action Sy = Sgglg] + SEH[f] + Sintlg, f] is obtained

Shuik
4
0

2—(16§a 167@)(7“—5) s

[ anf3h e ot ¢g—%¢_w¢;+(2;3h(f—jw)2+%)¢_w¢w}
e (1) [l St ot = Bt (G (Bo) o+ 5 v
_mngimwa (mgL (T—i)% / / du— — -w)(b = Yu). (7.90)
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We expand the counterterm

S =~ =)o () [ 6w v l| 9
and including other boundary terms, we find
4
5 :<1671G - 1(3716110)(7“_05)‘/4

+1671G (5 > / {( Olu])g-wtrs + %(% _“>¢‘W¢;} »

T R e

—(- )WG Ty (T—f’; / (— - % + O[] (9 = ) (b0 = )|
(7.92)

Sint has no contribution to (7.92) since S;,; does not contain derivatives, but it has effects
on the equation of motion obtained from (7.90). Here, we normalize ¢ := ¢/,/167G, and
¢ =1 /\/167G, and introduce new variables

o . V167Gs6 + /167Gy v . VI67Gy — \/167Gri

167G, + 167Gy 167G, + 167Gy (7.93)
Using relations such as ¢2 + ¢2 = 2 + U2, we notice
5 :<1671G * 1671Gf> (Z—i)w
+L—% 3/‘;“{(— % +O[u4]><I>_w<I> + —(5 - u)CI)_wq)’ } .
+£—35 3/3—“{(— ; + Ol Wy + o (= —u)w ] } )
—(1- a)z—ivg / ;l—” (% — 5+ Ol U] . (7.94)

On the other hand, we obtain the equation of motion for ® and ¥ from the bulk action (7.90)

h ! L? N2 1
=)+ (Swt) e =0, 7.95
<u3 w) * row ush ( )
h ! 1 L? N2 1
SL) —(m —, (Fo?) v, .
(o) = (@mp 5+ (7o) gy =0 (7.96)
We solve them up to the first order expansion in w

@, (u) = A, + Bu(u' + O[u), (7.97)
W) = Cu2 > 4+ 2(1 = @) + 07} + DL 4 L0+ o) 4 Ol ).
(7.98)
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A, B, C,and D, are A, :== Ag+wA;, B, .= By+wbBy, C, := Cy+wC; and D, := Dy+wD;
with constants A;, B;, C; and D; (i = 0,1). Then, the on-shell action is found to be

4
S :<1671Gg * 1671Gf> <%)V4

4 4
+ %vg / ‘Zl—:< - %AwAw n 2Afwa) + %vg / Z—j(zacwa), (7.99)
where we have imposed a condition 0 < o < 1 in order to make O[u?~%?]|,—y terms finite.

Now, we have obtained the on-shell action (7.99), but it is written by massless and massive
modes ® and W. The original variables g, and f,, are mixed. In the context of the gravity /fluid
correspondence, how to interpret this mixture is not clear. Hence, we proceed with variables
9w and f,,,, namely ¢ and . In addition, we have to consider a boundary condition on the
Black Hole horizon to fix constants A, B, C' and D. In the massless limit m = 0, bimetric
gravity decouples to a pair of independent general relativity, in which case we should select
the ingoing wave condition. Therefore, it seems natural that the solutions for ¢ and ¢ should
match (7.29) in the massless limit.

When we set a =1 (m? = 0), we have

167G P, + /167G, Y,
w =1/167G J
i T T JT6nG, + 167G,

JI67G A, + /167G, C., JI67G; B, + /167G, D,
— /167G, Y"1 e N T e it 07w 4 4 O,

\/167TG9 + 167Gy \/1671'09 + 167Gy

(7.100)
167G ,®, — /167G,

o =/167C
v T /165G, + 167G,
V167G, A, — /167G, C., /167G, B,, — /167G, D,,
—/TonG, Y0 TRy oGy Y T8 4 O],

\/167TG9+167TG]0 \/167TG9+167TG]0

(7.101)
Thus, we put
o0 — /167G, V316mG A, + /167G, C,, iszgb(O) iTen /167G ¢B,, + /167G, D,
“ 167G, + 167Gy T A ¢ /167G, + 167G,
(7.102)
WO — /167G, V161G A, — /167G C, Z,L%;w(o) _ /16:C; 167GyB,, — /167G D,
v I /167G, + 167G, | 4rg ¢ Y Trem el

(7.103)

and we obtain

167G + 167G B (iL2w> 167G ;¢ + 167G,
Y 16m\/G,Gf /167G, + 167G, dro ) 167\/G,Gy /167G, + 167G’
(7.104)
I D :(iL%) (00 — ) (7.105)
© J/16nG, + 167G, dro ) /167G, + 167G
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| bulk space-time | i Ads boundary} interacti

Figure 7.1: non-interacting case Figure 7.2: interacting case

Substituting these relations into (7.99), we obtain the on-shell action expressed by original
variables ¢ and

4
o= (16716’9 * 1671Gf> (%)w

1 o dw LGy ) 0, LGy ©) (0)
+167TGg+167TGf<L5>V3/ 277{ a 2<Gg>¢—w¢w “org (Gg +a>¢_w¢w
AWMU LPw Gy (0),,.(0)
- 2<G L o (Gf+ Jou
_ L4000 4 0 g0
5 (6000 + 06?)
LQ
+ig (1= a) (o + v %) } (7.106)
0

This on-shell action contains mixed terms such as ¢, which suggests that two-component fluid
emerges. If the metrics g and f do not interact, we have two independent AdS (bulk)/CFT
(boundary) pairs. The fluctuation of g enters into one boundary and becomes a source to
generate one field. The fluctuation of f goes into the other boundary and becomes a source
of another field (FIG.7.1). For convenience, we call these boundaries as g-boundary and f-
boundary. However, if the interaction between two metrics is switched on, perturbations begin
to go into not only the original boundary but also the other. For example, the perturbation of
metric g enters into f-boundary as well as g-boundary. As a result, two fields are generated on
respective boundaries (FIG.7.2).
In this situation, the GKP-Witten relation can be written as

<exp (7, / 00, + 600, + 09, + 1© Qf>> — exp <i5[¢, Dluco = 69, w“))}), (7.107)

where Oy and Qg are operators on g-boundary, and Oy and Q are on f-boundary. #© becomes
a source of not only O, on g-boundary but also O on f-boundary. ¥ becomes a source of
Q, as well as Qy. In our setting, these operators are interpreted as energy momentum tensors.

Here, we remember the discussion in the case of general relativity. We considered a pertur-
bation around SAdS-BH and obtained an expectation value of the perturbed energy momentum
tensor (7.32) via the AdS/CFT correspondence. On the other hand, we focused on the boundary
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field theory. We assumed that the boundary space-time was slightly distorted and calculated
the linear response of the energy momentum tensor (7.37). We compared (7.32) with (7.37),
and read the coefficients.

Now, we proceed in the same way. We have two boundaries, namely g-boundary and f-
boundary. Each boundary field theory has some energy momentum tensor though we do not
know their concrete formulae. Schematically, we write them as T|[g] and T[f]. T|[g] is an energy
momentum tensor on g-boundary and TIf] is that on f-boundary. Then, we assume that the
boundary space-times are slightly distorted from the flat background, and consider the linear
response of these energy momentum tensors. We denote the distortion as 7, — 7,, 4+ dg,, and
Nuw — N + 0 f for g-boundary and f-boundary respectively. It seems natural to think that
the response on g-boundary 67'[g| should consists of only dg,, and that on f-boundary 677f]
should composed of only df,,. We seek concrete forms of these linear responses 67'[g| «x dg
and 0T'[f] o< df from expectation values calculated via the AdS/CFT correspondence. Thus,
expectation values on g-boundary < O, > and < Q, > should contain only the metric g (or ¢)
while < Of > and < Qf > should contain only the other metric f (or ¢).

Focusing on g-boundary, expectation values of the energy momentum tensors are calculated

as
o5 iy Gy/G i\ Gi/Gy+a
R A <L5> 167Gy + 1677Gf¢w +W(L3> 167G, + 16wa¢“ (7108
55 o 1 AL 1-a o
T 5@ T T\Ts 73 . (71
<> 509 |, (L5> 167G, + 167G 2 “"( L3> 167G, 7 167,70 (T109)

These formulae and (7.37) have the same form. Thus, we compare them and conclude that we
have two-component fluid. The pressure P and the sheer viscosity 1 of each component are
given by

rd G /G rd 1
Plgly = (75 L= Plgly = (-2 11
91 = (3) 167G, + 167G’ o) = (5) 167G, + 167G’ (7110
3 3
— T_O Gf/Gg +a o r_o l1—a
lole = (75) 167G, + 162G, 9= (%) 167G, + 167G (7.111)

P|g], represents the pressure on g-boundary generated by the fluctuation ¢. We note that the

total pressure is P[g]s+ Plgly = ﬁ;—é which is compatible with the value calculated from the

background metric (7.39). We recall that the entropy density on g-boundary is s[g] = ﬁ(%’)?’

and calculate the ratios

nlgls _ (i) Gy/Gy+a  nlgly _ ( 1 ) l—a (7.112)

slg] dr) Gy/Gy+17  s[g] Ar) G ]G+ 1
If we set Gy = G, they depend only on graviton’s mass
nlgle Iyl+a  nlgly I\1~-a
_ (1 _ (L , 7.113
slg] (47r> 2 7 g (47r> 2 ( )

7.4 Summary and discussion

In this chapter, we applied the AdS/CFT correspondence to dRGT massive and bimetric grav-
ity, especially in the first order hydrodynamic limit. Based on the well known case of general
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relativity, we first try dRGT massive gravity. Then, in contrast to the case of general relativity,
we encountered additional divergences. In order to remove them, we added a new counterterm.
Besides, we also need to imposed a condition on mass of a graviton. Certainly, we removed the
divergences and obtained a finite result but how to interpret it was not clear. The AdS/CFT
correspondence suggested that the pressure is zero, which contradicts the value calculated from
the background metric. Thus, we further extended the AdS/CFT prescription to the case of bi-
metric gravity, expecting this peculiarity is removed. As a result, we found that two-component
fluid emerges, and the total pressure restores the background value. We also calculated their
sheer viscosity, which is dependent on graviton’s mass and ratio of gravitational constants.

However, what we studied in this chapter is only the simplest setting. Further detailed
investigation is needed to clarify the features of the boundary field theory. It is worth studying
more general perturbations. For example, diagonal perturbations which lead to other properties
such as sound waves [51]. Applications to more general multimetric case can be also possible.
Besides, the relation between bimetric or multimetric gravity and the deformation of boundary
CFTs [46, 47] remains unanswered. We left these issues as future works.
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Chapter 8

Conclusion

Figure 8.1: The diagrams represent branching node type, chain type, loop type and branching
link type interactions.

The main purpose of this thesis is to determine when we can construct a healthy theory for
interacting multiple gravitational fields. In general, interaction among gravitational fields gen-
erate extra ghost-like degrees of freedom, which we call BD-ghost. Thus, we need to construct a
theory which excludes such ghosts and has the right number of degrees of freedom. In describing
gravitational fields, we have two kinds of formulations. One of them is expressed by metrics,
and the other is written by vielbeins. If there is only one field, these two formulations coincide.
However, they do not necessarily overlap when we have multiple kinds of interacting gravita-
tional fields. In any case, basic interaction patters are classified into four categories, namely
branching node type, chain type, loop type and branching link type interactions (Fig.8.1). The
former two patterns construct tree type interaction (Fig.8.2). Only under the tree type inter-
action, metric theories and vielbein theories coincide. In this thesis, we have addressed metric
theories since vielbein theories are known to be ghost-free. Our strategy is to directly count
the total number of degrees of freedom by using the ADM decomposition and the Hamiltonian
analysis. However, the non-linear dependence of the lapse and shift obscures the constraint
structure. Thus, we have employed the spatial homogeneous ansatz to make the lapse appear
linearly. The result of our analysis is that, in a metric formulation, only the tree type interac-
tion can exclude extra ghost degrees of freedom. Loop or branching link structures suffer from
BD-ghosts and cannot be allowed.

Though we have determined when we can exclude extra ghost states, this is only for “extra”
ones. Therefore, what we have obtained is a necessary condition for a healthy theory. In general
settings, we may contain other types of ghost modes in ordinary degrees of freedom, which needs
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case by case treatment.

Figure 8.2: The diagrams represent an example of the tree type interaction.
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Appendix A

A note on the Poincaré group and
degrees of freedom

In this Appendix, we consider the origin of degrees of freedom for massless and massive fields.
We concentrate on the four-dimensional Minkowski space-time.

The number of degrees of freedom of a field is related to the Poincaré group, which is
constructed from the translation and the Lorentz transformation. We denote its infinitesimal
version as

ot — =t + a! + Wt (A1)

where parameters a and w*, correspond respectively to the translation and the Lorentz trans-
formation. In the following, we raise or lower space-time indices by the Minkowski metric 7,
and 7", and a property w"’ = —w"" is understood. Under a transformation (A.1), a field
® 4 () transforms as ®4(x) — @,(2'). In general, we can write it as ®4(z) = A PP (2"). A

spin-1 vector field is a case of A = p and A,” = g%f while a spin-2 tensor field has double
index A = (uv) and AW)‘” = %ffc—/:‘gﬁf . In an infinitesimal transformation, we can approximate
this matrix as A,” ~ 6§ — %w‘“’(SW) 47, Explicit formulae are given by
(Saﬂ)uy = _i(nauég - 776/15;) (A.2)
for a vector field, and
(Sap)w™ = =i (1w 05 + a0 67 — 130208 — 15,8007)) (A.3)

for a tensor field. The symbol (---) means symmetrization divided by the number of the
elements. In any case, we obtain

O, (z) — Du(z) = (- ia" P05 + %W(MW)AB)@B@), (A.4)
where we have defined
P,i=—id,, (My)a" = (2,P, — 2,P)65 + (S,u)a”. (A.5)

They construct the generators of the Poincaré group. We regard contractions on indices A, B
as matrix products, and find the following commutation relations

[P;u Pl/] - O, (A6>
[Mp,lla Pa] - i(n,uozpu - naupu)a
(M, Mag] = i(n#aMVﬁ + Mg Mpua — MusMya — nvaM#ﬁ)‘ (A.8)
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Note that P? := P*P, commutes with all of the generators and is a casimir operator. The
poincaré group has another casimir operator called the Pauli-Lubanski spin vector W :=
e P, M,,. Representations of the Poincaré group are classified by these two casimir operators,
which correspond to mass and spin respectively. P? = 0 means a massless case while P? = —m?
stands for a massive case. P? = m? is a tachyon case and omitted as an unphysical situation.
Since we know that momentum operators P* commute with each other, they can be diagonalized
simultaneously. We write their eigenvalues as p*, but states with p° < 0 are discarded due to
their negative energy.

Now, we assume that we have some large state space and need to find an irreducible rep-
resentation. In general, irreducible states are interpreted as one particle states. Here, the
representation of a transformation L is expressed as U(L). A convenient way to classify repre-
sentations for the Lorentz group is to use a notion of little group. Generators P, and M, can
be decomposed into time and spatial components as H := P°, J; := €M, and K; := My,
and they satisfy

[P, P}] =0, [J;,P}]=ieuP", [K; P =ib;H, (A.9)
[P,H| =0, [J;;H=0, [K; H|=1iP, (A.10)
[Jl J]] = iEiijk, [JHK]] = T:Eiijk, [KZ,KJ] = _ieijk:t]k- (Al].)
In a massive case p?> = —m?, we can chose a rest frame p* = p(Or .= (m,0,0,0). A general

momentum p* can be restored by a Lorentz transformation p = B(p)p(o). Here, transformations
which do not change the fixed momentum p(® makes a group called little group. In this case,
little group is composed of spatial rotations, whose generators are angular momenta .Jy, Jo
and J3. As is usual, we can simultaneously diagonalize J? + JZ + Ji and Js, which we write
JP+J2+J2=s(s+1)and Js=n (n = —s,—s+1,....,5 — 1,5). Thus, states with pO* are
labeled by spin s and its J3 component n = —s, ..., s, which we denote by \p(o), s,m). These
states span a subspace invariant under spatial rotations, and a rotation R is represented as

UR)P, s,n) = D(R)nwl[p®,s,n), (A.12)

where D(R),, is the representation matrix for R. Then, we define states outside of this
subspace as

. s,n) = U(B(p))[p®, 5,n). (A.13)

In fact, these states construct the irreducible representation of the Poincaré group. This is
because an arbitrary Lorentz transformation L is represented as

U(L)lp, s,n) = U(LB(p)|p"”, s,n) =U(B(Lp))U(B_1(LP)LB(p))Ip(O),87n>
—ZD HLp)LB(p))nw U(B(Lp) P, 5.1)

= Z D(B~H(Lp)LB(p))nw|Lp. s,1), (A.14)

where we have used the fact that B~'(Lp)LB(p) does not change p® and thus it is interpreted
as a spatial rotation. Therefore, states of a massive field are labeled by mass m, spin s and
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components n = —s,...,s. A massive spin-1 (s=1) field has three (n = —1,0,1) degrees of
freedom while a massive spin-2 (s=2) field has five n = —2, —1,0, 1, 2 degrees of freedom. If we
use p® = (m,0,0,0), the Pauli-Lubanski spin vector becomes Wy = 0 and W; = m.J;.

In a massless case, we cannot chose a rest frame, but we can chose such a frame p# = p/(Or .=
(1,0,0,1). The original momentum p* is restored by a Lorentz transformation p = B'(p)p'®.
An infinitesimal Lorentz transformation which does not change p'(% is specified by w*,p/©" = 0.
Thus, a condition w? = w3 corresponds to the little group, and we find

{ .

éw‘“’MW =1 (wlo (M10 —+ M13) -+ w20 (M20 -+ M23) + w12M12>. (A15>
We notice that generators of the little group are T} := —Myy — M3 = K1 + Jo, T := —Myg —
Mys = Ky — J; and J3 = Mys. Here, we define T, := T} + 715 and T_ := Ty — iT5. Then,
commutation relations for these generators can be read as

[J37 T+] = T—H [J?n T—] = —T_, [T-I-a T—] = 0. <A16>
The above algebra has a finite dimensional representation
Il QN = Mp @ N, T @O N =0, T_[p® )\ =o0. (A.17)

Other types of representations are continuously infinite dimensional and discarded as unphysi-
cal. This is because (A.16) means J5 rotates T, and T_, namely we have €37, e=#7s = T
and 3T _e~107s = =T We can extend the states (A.17) to more general states

[, A) = U(B'(p)) I, \) (A.18)

and construct the irreducible representation. This argument is the same as that in a massive
case. Under the condition p* = p/©*  the Pauli-Lubanski spin vector satisfies W? = WHW,,
T.T- and can be interpreted as W? = 0. Besides, we immediately see W#P, = 0 from the
definition of W*. Hence, W* must be proportional to p*. The proportional coefficient is nothing
but A, namely we have W#* = 2\p*, which says

Twe 5. J
A== rJ (A.19)
2p p-p

An eigenvalue A represents helicity of the field. In general, modes with opposite helicity A
and —A\ are related via spatial reversal. When the theory contains a symmetry about spatial
reversal, opposite helicity modes are interpreted as two states of the same field. Theories for
spin-1 electromagnetic field or spin-2 gravitational field have this symmetry. Therefore, we
conclude that massless spin-1 or spin-2 field are composed of two degrees of freedom, which
corresponds to helicity £1 and +2 modes respectively.
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Appendix B

Linearization of the Einstein-Hilbert
action

In this Appendix, we derive the action for linearized general relativity from the Einstein-Hilbert
action

Spulo) = <= [ dPey/~detg(Rlg] - 2A). (B.1)

For a systematic calculation, we assume that we have two metrics g, and g,,,. We denote their
Christoffel symbols as I'#,y and I’ * . respectively. We also denote their covariant derivatives as
V, and V. Since the difference of the Christoffel symbols plays an important role, we define

Cul,)\ = IW,,)\ — fﬂy}\' (B2>
These two covariant derivatives operate on the metric g,, in the following way

v,ugu)\ = augu)\ - Fp;wgp/\ - Fp,u)\gupy (B?))

vugVA = Gugu)\ - Fp;u/gp)\ - f‘pu)\gum

from which we obtain

vugVA - vugl/)\ = _Op;wgpA - Cp,u)\gwr (B5)

In this formula, we set V,g,» = 0 and take permutations of indices (y, v, \)

v,ugy)\ = C)\,u,u + Cuu)u

szg)\u = C;w)\ + C/\V,ua

?)\guu = CV)\M + Ou)\m (B6)
where we have defined C),, := ¢,,C”,,. We can solve the equations (B.6) for C”\W as
1 _ _ _
CA”V — §g/\p (V”gpy + Vg — Vpg,w). (B.7)

Here, we remember the definition of the curvature tensors. The curvature tensors for g,, and
g can be defined by the following formulae, with an arbitrary vector u,,

(Vuv,, - VVVM)U)\ = RW,\”up, .
(v#ﬁ, — @Vﬁﬂ)m =. R“V)\ pup. (Bg)
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The difference of these two curvatures is obtained when we express (B.8) by use of V. We can
rewrite the covariant derivative V by V in such a way

Vo, = 0, — T uy =V, — C* L u,. (B.10)
Repeating such calculations, we can find

(VMVV — vyv“)U)\ — (?H?V — vyvu)m
= — (V,C"» — V,.C? ) u, + (C7 0 CPhy — C7nCP o). (B.11)

Hence, we obtain an important formula

R/ﬂ/)\p = R;w/\ P— Qv[uopu]/\ + QCUA[quV}Ua (B12)

where [---] means antisymmetrization, for example ab,; = 3(a,b, — a,b,), divided by the
factorial of the total number of the elements. We contract (B.12) with 6, and also obtain a

formula for the difference of the Ricei tensors
RHA = R!M - 2v[ucpp])\ + QCUA[MOPP]J. <B13)

Thus far, we have not assumed any relation between two metrics g, and g,,, but our present
purpose is to obtain the linearized action of general relativity. Therefore, we assume that g,
is a background metric and g,, is composed of the background plus fluctuation

G = guu + 5g,uu- <B14)

Then, we can obtain the perturbed curvature tensor for any order through the expansion of
C?,, by 6g,,. For our purpose, it is enough to calculate up to the second. Using V,g,, = 0,
the formula for C*,, (B.7) is now written as

1 _ _ _
O)\;UJ = §g>\p (vu5gpy + Vuégup - vpéguy)a (B15)

from which we see that the higher order expansion comes from the inverse metric g*”. In the
following, we denote the inverse of the background metric g,, as g*’, namely g'gy, = 6*,.
The inverse of the metric g, is defined by the formula g"*gy, = §*,, and we can calculate it
order by order. We expand the inverse g"” as

9" =g" + g1y + g + O[], (B.16)
and substitute it into the definition ¢" gy, = 0%,

(9" + g1) + 9fs) + OL8%)) (9n + b9a) = 3", (B17)

14

We determine gﬁ'j) and gél; perturbatively. The first order term is determined as gﬁ) =
— g grs 9xp- If we perform index manipulations by the background metric g, and its inverse
g"”, we can write gﬁ'j) in a simple form gﬁ'j) = —dg". We apply this index rule throughout this
chapter. In the same way, the next second order term is determined as gé‘;) = (6g"°)(6gpm) g™
Then, we can write the inverse metric g as

g =g" = 89" + (39"")(6gp0)3™ + O[0°]. (B.18)
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The action (B.1) contains the determinant of the metric g,,. Thus, we also need to expand the
determinant

det(g..) =det(g.. + dg..)
=(det g..) det(1 + 9_159)

:(detﬁ..)[l%—ég + - (5g“ dq”, — 6g" 09" )+O[53]}, (B.19)

where we should notice 6g*, := §**dgy,. Applying the Taylor expansion v/1+z = 1 + %az —
12?2 + O[z?], we find

1 1 1
V/—detg.. =+/—detg. [1 + 5(59“# + gég“#ég”l, - Z(Sg“lﬁg”“ + 0[53]} : (B.20)

From these formulae, we can obtain the action for linearized general relativity. In the following,
we denote 0g,, as h,, for notational simplicity.
Substituting (B.18) into (B.15), we obtain the perturbed C*,,

M =0, (B.21)
1 - - _
O)\/(J,ly) = ég)\p (vuhpl/ + vuhp,p - vphp,y>; (B22)
1 _ _ _
CAL‘? — _§hxp(vﬂh,,,, + Vihup = Vohu). (B.23)

We have attached the subscripts (0), (1), ... to represent the order of the expansion. Then, the
Ricci tensor (B.13) is calculated order by order

R =R, (B.24)
R :%gaﬁ(vavﬂhgA — V. Vahas + VaVahus — VaVihy), (B.25)
R :%vu(haﬁﬁmaﬁ) + %?a(h OV shun) — =Va(h*PV uhgy) — Vo (h*?Vhg,,)

— L) (Tahas) + 5 (Tha) (Vsh®) = 5(V2han) (V)

3T (VH5) + 1 (Tuar) (V5) — (V) (V7). (B.26)

We proceed to calculate the scalar curvature R = g"*R,,y. The zeroth and the first order terms
are given by

R :guARl(g) - (B.27)
RO =g R+ g RS = V9 iy = VIV, = W2 Ry, (B.28)

The second order term is composed of three elements

R® = g™ RE) + g\ R + gl R, (B.29)
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and each of them is

_ _ 1 - - 1 = - 1 = —
G RE =1 (Tl ) (V) = 3 (Tahya) (T9R) £ 3 (T, ) () — - (TR, (TR,

1_ _ _ _
+ =V, (K VP hag — 20V P hog + RV 1P ), (B.30)

[\]

TNRE =T (V) = 5(T,0%0) (T) = (Vo) (91)
+ %%( — 2PV W g + WV o B 5 + WPV hag), (B.31)
TRy =Rk 1. (B.32)
Hence, we obtain
RE) = = (Talyu ) (V) 5Tl ) (VH) = LV (Tal) + Ry
+ Vu (h*P VP hag — BN P hag + WOV b 5 — KOV b g). (B.33)

Since our final purpose is to obtain the perturbed Lagrangian density y/— det g(R — 2A), we
must continue to calculate

(\/— det g(R — 2A)>(0) —/—det (0)(R(O) “92A) = \/—det §(R — 2A), (B.34)
(x/—det (R —2A) ) \/—det R +\/—detg(1)R(O) — \/—detg(l) <2\

=+/—det g (V“ (v)\hu)\ - V hA ) h'uA (RIM - %gu/\R + Ag,uk)>a

(B.35)
and
<\/T (2) (0) (2) (1) (1) (2) (0)
— etg(R—QA)) =y/—detg RY ++/—detg R —+/—detg (R—2A)
(B.36)
whose elements are
J/—detg " R® = \/~det g R, (B.37)
1 _ _ 1 _ _ 1 _
V= detg RY = /= detg | = S(VAR W) (V) + 5 (V) (Vuh"5) = S Ry
1- _ _
5V (B by — BV 5)]. (B.38)
1 1 _
V—detg (R —20)© = /“det g (ghaah% - Z—lhaﬂhﬁa) (R — 2A). (B.39)
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Therefore, we obtain
(\/— det g(R — 2A) ) /\/—det g
1 _ I 1
_ a 1B “poa 1B _ T _ pay v tpa puv
5 (hah? 2h oh%5) (R =28) + (R = 550 R+ Ag ) (Hha” = Sh" )
l = wi AN l = w2 Xe} l = o v l = o v
= 1 (Vahw)(VERY) + S (Valyu )(VIR™) + 1 (VER o) (Vuh’s) — 5 (VIha) (V)

_ _ _ _ _ 1 _ 1 _
+Y, (meﬁ — W hag + WOV by = B0V b+ Sh VR = SV ﬂ>.

(B.40)
We can simplify the above formula by use of the Einstein equation for the back ground metric
_ 1 = B
R;uz - Eg,u,yR + Aguu = Oa (B41)
and its contracted form
D—-2_
A= ——R. B.42
5D (B.42)
Eventually, we obtain the action for linearized general relativity
1
Spn =——— | d’zL) B.43

where the Lagrangian density Eg}{ is given by
(2)
Leu

"R+ V, (Vb — VIR
J/—detg + u( A A)

S| v

(T ¢ 5 (Tah)(T7R) = S (TPR) (V) + 5 (4%0) (7,%5)

»Jkln—

S

_ 1 1 _
+V (h"‘BV“h 5 — huavﬁhaﬂ + WGP g — RPN b5 + 2h%vahﬂ — §h°‘aV“h%>.

(B.44)
If we include a matter coupling
S = Spi + Seoups Seowp = | d°x\/—det g Leoup, (B.45)
its perturbation is interpreted as
5S oy = —% / dPx /= detg T"3g,,. (B.46)
Here, the energy momentum tensor 7" is defined by
T _ m%y(m 9Leoup)- (B.47)
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Appendix C

The Poisson bracket in general
relativity

In Section 3.1, we have formulated the Einstein-Hilbert action in the ADM decomposition

1
5= 167G

/ dt d'z [%w” +NRo + N"Ri] , (C.1)
where each element has been defines as

1 ” 1
RO =1/ det’y(d)R — m(ﬂ'ijﬂ'u — ﬁﬂz)

1 1 .
=/dety DR — ——— (yaci — = ) 7" C.2
ety Jot Vik Vil = g VR )T (C.2)
Ri :=2D;7; = 2y Djmo". (C.3)

The Poisson bracket is determined by

OF(z) 6G(y) IF (z) 6G(y)
— d _
(F@. 60 = [ 4|5 530~ ) (©4)
and those between Ry and R; are calculated as follows.
To begin with, we remember the calculation
ddety = (det ) [det(l +y715y) — 1} = (dety)Tr(y'8y) = (det v)7v"” 55, (C.5)
(C.6)

from which variation such as §/dety = %\/ det 7y 67;; can be easily obtained. We also re-
member the formula for the first order variation of the scalar curvature (B.28), and apply it to
variation of the curvature (¥ R with respect to Vij

OR = —Rij&)/ij + ,Di,Dj&Yz‘j - ’YijDkaé%ja (C7)

where we have omitted the subscript (d). Throughout this appendix, we neglect the subscript
(d), and R means the scalar curvature for the spatial metric ~;;.
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Next, we calculate variation of Ry and R;. Variation of Ry with respect to v;; is given by

9, Ro :ix/det v RyY 675 + +/dety ( — RY67;5 +D'D? 6,5 — WZJD’“D/&%]‘)

2 g 1 1 1 .
— —— 7m0y — —— (Wklw - 7r2> Yoy, (C.8
\/—detfy< RO T T 2 /ety \T TR g )0 (C-8)
In the above formula, we notice that derivatives are operating on the variation of the metric J-y.
Hence, in the calculation of the Poisson bracket, we encounter derivatives on the delta function,
Dgzgg = Dé(x — y). In such a situation, it is convenient to introduce integrated forms

7T7Tij5")/ij> +

(fRo)) = / def(@)Ro(x),  ((f'R) = / 0 fi(2)Ra(x), (C.9)

where f(z) and fi(x) are arbitrary scalar and vector functions. Thus, neglecting total deriva-
tives, we find

5, ((fRo)) = / diz [%\/detv FRYT + \/det ( — fRU 4 DIDIf — DD, f)

2 ik j ij 1 ki Lo\ ij
det’yf<7T g >+2\/mf<” " )7 0%
(C.10)
Here, it should be noted that [---]¥ in (C.10) is symmetric for the indices ij because a relation
D'DJ f = DID'f holds. Variation of Ry with respect to 7% is easy to obtain
5 Ry = ——— (--— ! ~>5“ (C.11)
N e A B LY A '
2 1 .
5 = [ %zl - (—— ) s 12
(R = [ o] = 2y = ) on (€12

We continue to variation of R,. Discarding total derivatives, the variation with respect to 7;;
is given by

05 {(f'Ri)) =20, {{f "7 De™))

= — 20, (™" Di f1))
= — 2(((8, 7)) 7" Dy f*)) — 2((yiyn?* 6, (D f"))). (C.13)
The second term in (C.13) contains a factor
0, (Def') = 6, (0 f' + T f') = (6,T'u) . (C.14)
We apply the formula (B.22)
57Fikl = %fyim (chhml + Di0Yem — Dmé%l), (C.15)
and find that the second term in (C.13) is written as
=2((yiym"6,(Dif))) = (=7 (Didyig) f*)) = (Dl f*)675)). (C.16)
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Thus, we obtain

5 ((f'Ry)) = / Az [ = 2(Dp fO)7* + Dy(fF7)] 675, (C.17)
where the indices ij at [-- -] are symmetrized. Variation of R; with respect to 7 leads to
0x({f'Ri)) = 0x((2f 9 Dym"")) = (=2 (Dy f5)o77)), (C.18)

where the symmetrization is understood.
Now, we set about the calculation of the Poisson brackets. The first target is {RO, Ro
which corresponds to

Frs

(R (aR = [ atz| ST 2T SR SIROLL e

In the above Poisson bracket, contributions between non-derivative terms cancel out, and the
remaining part is calculated to be

/dz <<fR0>> d{(gR0))
07ij(2)  omi(2)

— [ o [ ay / dz[J_w Dif— WD’“Dkf)]< )o(z - 2)
x [ \/_7 Tij — ﬁmj)} (y)o(y — 2)
=_ 2/dx (DiDJf — ’}/UDk’Dkf)g(ﬂ-ij — ﬁﬁ%j)

=2 / dz[gm (D;D; f)]. (C.20)

Combining the contribution from the exchange f <> g, we obtain

{UR)), (R, = — 2 / 0z [gn (DD, )] +2 / dr[f79(D,D;g)]

[ dela@m)@5) - 10w Dg)
:/dm[(Dif)g— (D'g) f]R:. (C.21)
Here, we write f(z) = [ dyf(y)d(z —y) and g(z) = [ dyf(y)d(z — y) to find
((fRo)), {(gRo)) }pB
/ dr [ dylDl, f 0 - [ [ a — ) (@)Ri(x)
= [ o [ duf@)g) (R D5l = ) = Ral@)Dloyila 1) (C.22)

where we have renamed integration variable as x <+ y at the first term. Hence, we conclude

{Ro(@), Ro(y)} s = Riy)Dfy)8' (@ — y) = Ri(2) D)0V (x — ). (C.23)

Frs
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We proceed to consider {RO7 Rl} pp Which corresponds to

_ / dr / dy / dz B\/detv FRYT 4+ \/det ( _ [RU 4 DIDIf — AUDFD, f)
2 iho gL 1 _ 1 ij _
- —det'yf e — g >+2 —det7f<7rkl7rkl d_17T2>7 }(z)é(m 2)

X

27mi D™ (y)8(y — 2)
xr

/dy/dz[ \/2_7 < Tij — ﬁﬂ%jﬂ(iﬂ)&x—z)
2(Dug)n + D)) ()5 (y — 2). (C.24)

[_
- [
[-

In the above formula, terms without 7 are

X

/ dz E\/M FRAY + \/det ( _ fR £ DIDI f — AIDFD, f)} [ = 29,0 D;g™]
= [ do/dets [ - FRIDG) + 2 R(Dyg:) - ADDIS — 5D D) (D)
= [ do/dety [ - FR(D') + 2/ RV (Dig) + 2D )(DD; - DD
= [ do/det [ - FRDig) + 2R (Dygi) + 20 )R]
_ / dey/dety [~ FR(Dg") — 2/ (D Ry)o'|
— [ ooty [ - SR(Dg) - HDLR)S
- / dx[ - \/Mfu(giR)} , (C.25)

where we have used the definition of the curvature and a property D'R;; = %D]R. On the other
hand, terms containing 7 are

d = ( ik_ g~ zj) - < kl o 2> ij —9 sz m
/ x[ AL LR R W - A U A e L [~ 20miDig"]

2 1 o y
- o] = e (o = ) [ 2P+ )

Dy, [(Wijmj — di 17T2>gk]. (C.26)

x—
det v

Hence, we find

(R R = [ oD = VAR + i (¥ = )]
= —/d:rfDi(Rogi). (C.27)
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If we write Ro(z)g'(z) = [ dyRo(y)g'(y)d(z , We see

{<<f7zo>>, (RN} g = / @ / dyf (o -y, (C2)
from which we obtain
{Ro@). Riw)} py = ~Roly)P["o(x = ). (C.29)
The last calculation is {Ri, Rj} pp- We write down the former half of this Poisson bracket

[asS R 3
6735 (2 o7 (2)

/dx/dy/dz 2(Dy fH) 7" + Dy(f* 7)) (2)8(x — 2) [ — 2ma Dy g (v)d(y — =)

= [ arler (s (i) + 20 (Dus)(Digy) — 2D Dul ). (€.30)
The second term in (C.30) is

and the third term in (C.30) is
/—Q(ngz‘)pk(fkﬂij) = /kaﬁij(pkpjgz‘)
=/wwmmm—@mm+@mm
= / 2157 Ryjug' + 2f 7Dy Dy.gi. (C.32)
Thus, (C.30) can be read as

/QWJk(Dku)( D;g;) — 2f1(Dyr?® )(D;gj) + kaﬂinkﬁlgl. (C.33)

Combining the contribution from the exchange f <> g, we find

(PR, (PR} oy = / 21*g'w (Ryjit — Rujar) + 9'RI(Dif;) — 'R (Dyg;)

jﬂM&ﬂum—&ﬂqu (C34)
Where we have used a property Ry = Ryji. If we write f/(z) = [dyf?(y)d(z — y) and
() = [dyg’ (y)d(z — y), we see
{ (R} = [ o [ du[R P Wi =) = Ryla) @D ()3 = )]
/ da / dyfi(x (y)DVs(x — y) — Rj(x)Dd(x — y)].
(C.35)
Therefore, we conclude
{Ri(2), Ri()} py = Ri(y)DY 6D (x — y) — R;j(x) D6 (2 — y). (C.36)
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Appendix D

Total derivatives

In this appendix, we think about total derivatives. In the main part of this thesis, we often
rely on total derivative combinations constructed from polynomials of d,A" or 9,0,¢. Here,
the dimension is assumed to be D. We recall a relation

(0, A™) (0, A™2) - -+ (8, A™)

n

=00 (A0, -+ (0, 4)) = 3 (A0, 4%) -+ (00 A% -+ (0, 47) ). (D)

k=2

and find that antisymmetrization of indices on partial derivatives leads to a total derivative.
Hence, we introduce the following polynomial for a matrix II#,

L0 (M) = Qb T 02 - T (D.2)

where the symbol ef112 74 is defined by
it =l o - (D3)
In the definition (D.3), [-- -] represents antisymmetrization divided by the number of the ele-

ments. When we set I to be II#, = 9,A*, LIV becomes a total derivative. We should notice
that ej1f27 4 satisfies ef1h2#» = 1 and returns zero if two sets {1, fi2, ..., ftn } and {v1, va, ..., vy }
do not coincide. For example, we have €}33 = 0 for n = 3. It is also useful to introduce other
antisymmetrization symbols €#1#2"#P and €,,,,...,,,. They are totally antisymmetric and deter-
mined by €15..p = 1 and 2P = 1 respectively. We do not raise or lower their indices. We can

easily show that relations

ISy D H1 Sp2 .UD

€ [ = Dlo) 0,7 -0, (D.4)
et A1 . "

eHrhnAntl Deyl...,,n,\nﬂ...)\D = (D — n)' e, (D.5)

hold, which are convenient for explicit calculations.
An important property for (D.2) is that the same index appears only up to two times. One
is in the upper index and the other is in the lower index. Therefore, if we set I1#, = 00, ¢,
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there is no higher order derivative with respect to time. Their concrete formulae are given by

L7P(1) =1, (D.6)
L£7P(1) =117, = Tr(1), (D.7)
L£3P(1) =1+, 11%, — 14,11, = Tr(I)* — Tr(11%), (D.8)
LEYP(I1) =Tr(I1)* — 3Tr(I1) Tr(I1%) + 2T (I1%), (D.9)
LTP(I1) =Tr(I1)* — 6Tr(I1?) Tr(I1)? + 8Tr(IT*) Tr(IT) + 3Tr(I1%)* — 6Tr(I1*), (D.10)
and LID (1) = 0. The first one (D.6) is a definition.
In this thesis, instead of (D.2), we mainly use the following definition
1
en(I1) := — LITP(11). (D.11)

n!

We immediately find ep(IT) = det II. When we have the inverse matrix [T, namely IT#, (IT"1)* =

(IT 1), I1*, = 6%, we can express e,(II) by ep_,(II"!). Using (D.3) and (D.5), we calculate it
as

1

— K1 HnAng1-AD LE S I
e, (1) _n'(D—n)'e " €vrevprngr-p Wy o 107,
— 1 M1 Hnbnt1HD ¢ I IV, HYntl L §VD
n'(D _ n)' ViUnVn+1"VD M1 Hn ™ g 41 17%5)
— 1 6#1"'Mnﬂn+1"‘MD6 HVI . HVn
_n!(D _ n)! Vi VnVn41'VD H1 Hn
Vn41 —1\Bn+1 Oén+1) L ( 125) —1\Bp aD)
X (H Qn+1 (H ) Nn+16/8n+1 I aDp (H ) “D 5/8D
= 1 b1 Hniint 1D o an+1 ‘ap
ViUnVn41'VD ﬁn+1 -Bp

(D —n)/(D —n)!
X (Hm#1 . _Hl/n#n]:[l/n+lan+1 . Hl/DaD) ((H_ )ﬁn+1“n+1 (H_I)BDMD)
1

— M1 BnMnt1"KHD
€ €1 Unlny1vp

n!(D —n)/(D —n)!pC,
X (Hylﬂl o 'Hynﬂnnynﬂﬂnﬂ e HVDHD) (<H71)5n+1an+1 (Hil)ﬁDaD)

Oén+1 ‘ap

€Bpt1--BD

1o, ) , 1 aia . B
:EEM #D€V1WVD (H 1#1 o H DuD) 8 (D )' Bnill 55 ((H 1)6 +10£n+1 (H I)BDCMD)
=ep(ep_p(IT7H). (D.12)

In fact, we can include more general cases with matrices II(I) (I = 1,2,...,n). A combination

Sy P(T(1),m(2), ..., TM(n)) == bz (1) T1(2)72 - --TI(n)™, (D.13)
becomes a total derivative when we set 1II(1)* = 0d,A(I)* (I =1,2,...,n).
A derivative of (D.2) is also important
(nyv . 1 0 TD HHLp2 n TTVL 2 Vn
X(H) wo n+ 161—‘[—%‘671—4—1(1_[) = Crrvgevn II H w2 T II Hn* (D14)
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When we decompose the indices as p = (0,7), we see that X (n)s ; contain up to two “0” indices,
and X ™, contains only one “0” index while X ™% has no “0” index. The trace of (D.14) is
easily calculated to be

(n)p . TD
X(II) o= (D —n)L, " (I1). (D.15)
Similarly, general X*, can be expressed by £TP. Variation of £ is directly given by

SLID(I) = (n+ D)epif2 bl (611, )T, - - - T

viva---Un+1

(D.16)

Hn+12

but we know that the right hand side of (D.16) can be written by traces. Assuming that 611
constructs a trace Tr((éH)Hm) the number of combinations to choose the elements of II"™ is

nCm = (=] ), ; and the number of their ordering is m!. In addition, we take notice that the
signature of the permutation (g, Az, -+, Apy1, A1) = (A, Aoy -+, Auar) s (—1)™. Thus, we
obtain
TD - (=1)"n! m\ pTD
0L, (1) = (n+1) (n— m)‘Tr((dﬂ)H )Ln_m(H), (D.17)
m=0 ’
from which we conclude
" (—=1)mn!
X (I — —( D D.1
()0, = 30 ey, 1, (). (.15)
m=0
In the same reasoning, we can also find
"L (=1)™(n —1)!
LIP(1) = - (—T ) crP (). D.19
L D L L (D.19)

m=1

These two relations (D.18) and (D.19) lead to a recursion formula
X(IM)™k = —nIl*\ X (ID)™~DY 4 11 X (T =D gv,. (D.20)

Concrete formulae for X(™*, are given by

X(m)©n (D.21)
X(mWe —Tr( Yok, —TI#,, (D.22)
X(I)@k =(Tr(M)? — Tr(I1%)) 6", — 2Tr(II1*, + 2(I1%)*, (D.23)
XMW@k =(Tr(M)* — 3Tr(I)Tr(11?) + 2Tr(I1%)) 6%, — 3(Tr(I)? — Tr(I1%))11%,,

+ 6Tr(I1)(I1%)* , — 6(I1%)" | (D.24)

and X (I1)("=P~1) = 0.

In Section 3.4, we encounter a case where we set II = K. The definition of K*, is found
n (3.120). We need a derivative of \/—det g LIP(K) with respect to h,,. We recall the h,,
dependence in H% = g®*H,g = (n°* — h** 4+ O[h?])(hys + - - -) and find

SHe 4
Shiv

= (5&9@5 — 5(O;HV)5. (D25)

132



Then, using properties of the coefficient d,, such as (n + 1)d,+1 — nd,, = —%dn and d; = %, we
obtain

) 1
S Tk = (g,w —Kuw), (D.26)
which leads to
O Tu(km) = (M — (K™)) (D.27)
ShHv 92 m w7 '

where the index is lowered by g,,. From (D.17) and (D.27), we calculate as

) —
Shwv ( — det g EZD(K)) ‘h:O,AZO

4 (n=1)! ﬁ[ )
ShHv

— "L (009) + D0 (-1)

m=1

m TD
(n—m)!m (K )} LK ’hzO,A:O

n!

't [0 = ()] 222,

(D.28)

I -
=" LIP(00¢) + > (- [a—
m=1

Here, we introduce a notation (II"'),, := 0 and use (D.18) to simplify the above formula. We
come to the conclusion

(\/ —detg L,"”(K (K)) }h:O,A:O

Z —m)![mm) = (1) | 25,01
1 _
_§(X(H)( )+ ”X(H);(ﬁ/ 1)) |H:aa¢>' (D.29)
In the case of II*, = 0"0,¢, we can also prove
6LTD(996) — —%(n - 1)(8,6)(0"6)LTP. (006) + (total derivative),  (D.30)
which is combined with (D.15) to give
PX (00 MH = ! D —n)(n+1)(0,¢)(0"¢)LEP, (004) + (total derivative). (D.31
H 92 H

Similarly, we can show that the following relation

(0,6)(0,¢) X (00p) ™ = (%n +1)(0,0)(0"¢) LI (006) + (total derivative) (D.32)

holds. These relations are used in Section 3.4.
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Appendix E

Linearized interaction in bimetric
gravity

In D-dimensional space-times, the interaction term of bimetric gravity (3.150) is constructed
from the following elements

\/Tetgeo(\/g_lf)_ 1 ooy 1o
/—det g =L glhl = gl glRl D
@eée(tgg_lf) =D+ (2= D)+ 21+ (= 2+ ) - 50 - 11
(5 - )P+ 0 (2)

—D(D 1) + (g =1)(D = Dlr] + (D = D)

v—detg )
(2w (2 )m - P
(Bt G- s
V()
V—detg
—(D*— 3D+ 2D) + (%D?’ — 3D+ %D - 3) [h] + (gD2 — gD - 3) 1]
+<_%3+%5D2_%D+17f)[h2]+(-%DM%D—%)WH(—%DM%LNZ)[F]
L gt (o D (- e
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V—detges(v/g71f)

24 -
v—detg
4 3 2 D4 3 35 2 3 2
=(D*—6D*+ 11D —6D)+<7—5D +5D —25D+12)[h]+(2D —12D* + 22D — 12)[1]
1
+ ( - T +3D% — 5431)2 + 52 D — 18) [?] + (= D* + 9D* — 26D + 24)[hl]
D* 14 71 77
D S ap ey (2 — B T T s e
+( 2+ + 6>[]+<8 8 8 1 +15) A
15
4 (D* — 9D + 26D — 24)[A][l] + (gDQ—gD 9) 2, (E.5)

where we have calculated up to ey.
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Appendix F

The Poisson bracket in dRGT
massive/bimetric gravity

In this Appendix, we calculate the Poisson bracket which we need in Section 4.3. In calculating
the Poisson bracket, it seems hard to take into account derivatives with respect to variables in
ni(y,m,w). However, in fact, we do not need to trace variables hidden in n'(y, 7, w). To see
this fact, we recall variation of the Lagrangian density (4.102)

oL 0
orr = Cigarl

L' + NDi;id), (F.1)
where C; represents the left hand side of (4.105), namely
1 . .
C; =R — 2m?\/det y—AﬁTw{ﬂll + BV (1TeD — D)
Vi
A N A 1 N .
+ B3 [DZ — DTrD + 51(T1~2D - TrD2)] } : (F.2)

%

The variational principle leads to the equation of motion C; = 0, which we have solved as
n' = n'(y,m,w). On the other hand, from the explicit formulae for the Lagrangian densities
(4.112) and (4.115), we can express the left hand side of (F.1) as

oL OH; . oC

= N . F.
ok~ ok onk (E:3)
Thus, we obtain
OH; oc 0 A~
_ I L _ e 9 (D, F.4
DRk oo gar = Cigar (D) (F4)
Since we have solved C; = 0 and substituted the solution, we conclude
0 0
LT ¢ o (F.5)

onk ’ onk

Therefore, when we concern C and Hy, we need not to take care of derivatives with respect to
variables contained in 7'(y, T, w).
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F.1 {C(2).C(y)},,

We perform the explicit calculation of the Poisson bracket {C(x),C(y)} ;. We omit the sub-
script “PB” for convenience. In dRGT massive/bimetric gravity, the Poisson bracket is deter-
mined by

3 ) 6G(y) 0F(x) 0G(y)
i W)} = / = an (

2) S (s) 57 (=) 3y (2) + (w and p derivatives)], (F.6)
where we neglect the coefficients M, and M;. The above Poisson bracket contains functional
derivatives with respect to w;; and p”. However, we have only to calculate derivatives with
respect to 7;; and 7 because C does not contain p¥. Therefore, there is no difference between
the case of dRGT massive gravity and that of bimetric gravity. Results are translated each
other via the replacement m? <> ffm2/M2

Now, we write down the Poisson bracket using the Leibniz rule

{C@),cy)},, ={Ro(x), Ro(y)} (F.7
+ {Ro(x), R;Dijt(y)} + {R:Dixi*(x), Ro(y)} (F.8
+ {Ro(z), 2m* AV (y)} + {2m° 7V (z), Roly)} (F.9

)
)
)
)
)
)

+ {R:Diyi*(z), R;Diyi(y)} (F.10
+ {R Dk (z), 2m* AV (y)} + {2m2 /7 V(z), R;Dil(y)}  (F.11
+{2m*\ YV (2), 2m* 7V (1)}, (F.12

where 7 is a shorthand notation for dety and we have dropped the subscript (¢g) on Ry;. We
can immediately find that (F.12) vanishes because both terms do not contain 7 outside n’.
Similarly, (F.9) has no contribution, which can be shown as follows. Since /7 V(y) does not
contain 7 outside n, we notice

{Ro(x), VAV ()} ox 5;20 (\g;V)‘

(F.13)

Besides, there is no derivative on 7 in Ry and no derivative on v in /V. Thus, we find
{Ro(z), V7V (y)} x 6(z —y), and conclude

{Ro(@), VAV(W)} + {V7V(2), Roly)} o 6(a —y) —d(y — ) = 0. (F.14)

We can simplify (F.8). Applying the Leibniz rule, we have
{Ro(x). R; DIl (y)} = {Ro(x), R;i(y)} D7l (y) + {Ro(x), DIl (y)}Ry(y).  (F.15)
We notice that Di At does not contain 7 outside 1 and also does not have d~ terms, while Ry
contains no O terms. Then, we find {Ro(z), D70 (y) } R;(y) o 6(z—y), and (F.8) is simplified

to be

{Ro(x), R;(y)  Dii (y) + Digi® (2){Ri(x), Ro(y)}. (F.16)
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We proceed to take (F.10). Since Dil does not depend on m;; outside 7, we find
{RiDi (x), RyDIil(y) } =Dt (@) {Ri(x), Ry (y)} Dirid' ()
+ Diyi® (2){Ri(x), DIin'(y) }R;(y)
+ Ri(x){ Dk (), R;(y) } D7 ()
+ Ri(2){ Dy (x), D! (y) } R;(y) (F.17)

=D (1) {Ri(x), R;(y)} D (y)
(515%7%’“(1’) OR;(y)

. . Di, il
+ Rz(x) 57mn(93) 57Tmn($) m (y)

SDIl(y) oRi(x) A .
— Ry - D'yn®(x). F.18
]( ) 6Ymn(y) 0m™™(y) K () ( )

We can also write down (F.11) with functional derivatives
N 3V ; N

[RDii (@), 202 7V ()} = —2m? XYW IR gy ()

Ymn(y) 0T (y)

Collecting all of these formulae, we obtain

{C(:r),C(y)} :{Ro(x)uRo(W} ) A (F.20)
+{Ro(x), R;(y) } DI (y) — {Ro(y), Rj(x)} DIyl (x) (F.21)
+ Dyt (2){ Ry (), R;(y)} DIt (y) (F.22)
5 (a) ! ((y;) - Digdl(y) - smn(y)é‘;ﬁfz} Digit(x),  (F.23)

where S™" is defined by
Sm(g) = Ri(x)w + 2m25ﬁ—v(x). (F.24)

0Ymn () Yomn ()
The Poisson brackets among Ry and R; are obtained in Appendix C, which says

0 , g
(3) . i AT
8yi(5 (x y)], R':=~"R;, (F.25)

5 (z — y), (F.26)

{Ro(e), Rofy)} = = [Ri(&) 169w — y) ~ Ri(y)

{Ro(z), Ri(y)} = —Ro(y)axi
(Rie), Ry0)} = ~ [Ry() bz ) = Ruly) 250z — )] (F.27)

We also need the following formula

3, I (2) vi(z) = | Pz J Dol (i
/ dw&rm"(y) (@) / d s (y) (273 Der* 0’ ()

. 5ﬂ_kzl
=—2 / d l’(DkUl) ﬂm”(y)
= — D (y) — Do (y) (F.28)
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for any vector vJ = y7¥y,. The symbol D; represents the covariant derivative constructed from
the spatial metric ;;. In the following calculation, it is convenient to consider the integrated
Poisson bracket

[ & [ @vs@awice).cw) (F.29)
with some functions f and g. We multiply two functions f (m) and ¢(y) to the Poisson bracket
{C(x),C(y)} and integrate over = and y. If we define C = [dPzf(x) ) and C(g) =

[ @yg(y)C(y), this Poisson bracket is expressed as {C( f) } f dx [ d3yf g(y){C(z),C(y)}.
We integrate (F.20) with functions f(x) and ¢(y), and obtam

[ & [ @ur@atn){Rotw). Rofo)}
= [ @ [ @yt [ - R 5200 = ) + R) 50w )]

= [ @agy (R = [ @ty R)
—/d%(g@if - faig)Ri (F.30)
Similarly, we can see that integration of (F.21) leads to
/ d*x (g, f — f0,9) R°Diygit®, (F.31)
and (F.22) is integrated to give
/ &z (g0, f — fOi9) Ry DIyl Diyid. (F.32)

We apply (F.28) to the integrated formula for (F.23), and find

—2 / B (fOmg — gOmf)S™ yn; DIxi". (F.33)
Hence, we obtain
(C().C@) =~ [ Pa(rag - o) P N
where P is determined by
P':= R' 4+ R"Diyi* + R; DI\t Dipit* + 257, Dipi®. (F.35)
Here, we express g(z) as g(z) = [ d®yg(y)é® (xz —y) in the first term on the right hand side of

(F.34)

(x — )| P'(x). (F.36)

/ Paf (m)[aiz / o / Tuf(@)
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We also write f(z) as f(z) = [ dyf(y)0®®(z —y) in the second term on the right hand side of
(F.34), and rename integration variables as = > y

[ o) [t @]Pa) = [ @ [ Ent@a|[5006 - ]Pw. @

Therefore, we obtain

Cn.Co) = [ @ [ ) [Pa)5-09 - ) - Pl 096 - ). (€39)

and read the Poisson bracket

{Cx).cy)} = - [Pi(:v)aiﬁ(g) (x—y) - P"(y)a%ﬁ(g)(:v - y)]- (F.39)

At first glance, P? defined by (F.35) seems complicated, but we can show that it is proportional
to C. To see this fact, we write down S™" explicitly

§Dipik(z) ,0/AV () 5 Diyik ,/1 5V
S (1) = Ry(z) Sy T = R o (2\@7 VA an),
(F.40)

where we have used 6v/dety = $+/detyTr(y167). V is defined by (4.80), and in order to

calculate the derivative on it, we prepare the following variation with respect to v;;

5VED =3Try/ (71 — DT D)

1 - - -1 - A
=STe[\/ (371 = DART DY) 6(y7! = D" D)
11 o~ . , A ] S koAl
=3 \/E(D ) i [&yjkwki — §(Di )Rl D™y, — DJknkd(nlel)wmi]
1 A-1\ 5. ik A=1\ 1m SLs0 Y Ak i ~1 ym
NG [wki(D ) jchj —( ) ;DM iwnn d(DIn™) — n'wyid(n' D l)]
1 o 1 .
=— (DY 64k — Niw;:0(Dink
e i( ) x0Y NG j0(DIxn”)
1 - 1 .
= Tr(wD 19y Y) — —=aTwd(Dn), F.41
and in the same way
§(VaD)? = Tr(wéy™Y) — 2 wDé(Dh), (F.42)
. 3 . e
§(ViD)? = 5\/E Tr(wDéy™Y) — 3V nTwD?§(Dh). (F.43)

Here, it should be noted that the above calculation includes variation with respect to ~;; within
n'(ry,m,w). We also need

0" = =" oy, (F.44)
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which comes from y*v;; = 5; Then, we collect these variation, and after a rather lengthy
calculation, we find

¢ — R

—2m2ﬁ5(bﬁ)i, (F.45)

1_
OV = =SV 8 +

where we have defined
V= {ﬁwlﬁ_l + Bg{(Trﬁ)wﬁ_l —w}
Vi

+ B3V {%(TrQD — TrD*)wD ™t +wD — (Trﬁ)w}] A, (F.46)
(]
Thus, we obtain
5Dk _
gmn — ci(w—’“” +m? (Y = T, (F.47)

We put C; = 0 and substitute (F.47) into (F.35), and we have
P! = CDii® — 2m?+/det v Vi, Digilk + R (F.48)
We apply (F.46) to the second term on the right had side of (F.48)

i A (1 . .
Vil Digih = ,yzm(\/__AﬁTw [511 + BV {(TtD)1 - D}
X

1 . A . A oA
+ 5392»{5(%20 ~TrD?)1+ D? — (TrD)D}]) . (F.49)
which leads to
R — 2m?\/det vy Vilelﬁjkﬁk = ~"C,,. (F.50)
Therefore, we finally obtain
Pi = Cﬁ"jnj + ’)/ijCj = Cﬁijnj. (F51)

F.2 {C(2),Hi(y)}pp

We perform the detailed calculation of {C (x),H f(y)} pp- 1t is useful to rely on the integrated
form

/ Py{Ca) Hy ()} o (F.52)

The calculation in Appendix F.1 has no difference between the case of dRGT massive gravity
and that of bimetric gravity. Their results are translated each other under the replacement
m? < Mfff‘m2/Mg2. On the contrary, {C(z), Hy(y)} ,, picks up a difference. Since # contains
momenta p*, we have such a result

SR
op

{C@). Hr W)} pimerie = {C@) W)} gsive + x (). (F.53)
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However, our main purpose is to show {C(z), Hs(y)} pp # 0. Thus, we have only to see
{C(x), Hy (y)}masme # 0, and the following calculation is based on dRGT massive gravity. We
assume that C; = 0 has been solved as 1! = f(y, 7, w), and do not trace derivatives with respect
to variables in 7' (v, T, w)

To begin with, we write down the Poisson bracket

{C(z), Hs(y)} = = {Ro(a), (LA' + L)Ri(y)}
—2m*{Ro(x), L\/det7U(y)}
— (R, Diyi(x), (LA + L)R;(y)}
— 2m*{R,Dii* (z), L\/detyU(y)}
—zmQ{Mv (Li? + LR;(y) }

—4m2{\/det V(z), L\/det’yU Y }, (F.54)
which can be simplified via the Leibniz rule
{C@) Hs(w)} == {Ro(w), Rily) }(LA"+ LY)(y)

— 2m2{R0 ), L\/M Uly)}
— ﬁzkﬁk(x){Rz(x)v Ri(y) H (LA + L7)(y)
p){ D (), R;(y) }(Li? + L7)(y)
— 2m*{ R Diyi( L\/RU )}
— 2m2{\/ﬁv (y) H(LA! + L7)(y). (F.55)

We express the above formula with functional derivatives

{C@). He ()} = — {Rol@), Rily) HLA' + LT)(y) — Digitk(2){Ri(z), R;(y) HLA + L7)(y)
5 ORo(z) 63/7U(y) L)

Om™(y) 0%mn(y)
dDii* (x) IR;(y) (LAY j

Ri(z) STV g

+2m2Di ¥ (2
S )57T’"”(y) Yo (V)

2 VAV@) R
2ty (L + L)), (F.56)

+2m

Here, we define

2 §y/det
U = vt (F.57)
Vdety  0Ymn
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and remember the definition of S™" (F.24). Then, this Poisson bracket can be read as

{Cl2). Hs(y)}

= — {Ro(x), Ri(y) }(LA' + L) (y) — Dixit* (@) { Ral), R;(y) }(LA/ + L7)(y) (F.58)

+m2L(y) (f;“n(g) VU™ (y) (F.59)
L) Dt (o) £ U™ ) (F.60)
- Sm"(x)%(mﬂ' + L) (y). (F.61)

We calculate functional derivatives

5R0($) . 1 3
5RZ(IL’) y y 3
s (y) == <7iM<5U>Dr(z) + %’n(m)pfn))(s( )(95 —y), (F.63)

and substitute the Poisson brackets among R, and R;. Integrating over y, (F.58) becomes

/ d*y(F.58) =D;(Ro(Li' + L)) + Diyit"R; Dy (Li? + L7) + Diyil* D, (Ry(Liv? + L7))

=(Dy/Ro + (D/R;) Diyi*) (L' + L) + Diyit*R;Dy(Lid + L)
+ Diyi"R;D; (L + L7) + RoDi (L' + L), (F.64)

and (F.59) and (F.60) turn out to be
/ Py(F.59) =m>L(Yimn ™k — 270 ) U™, (F.65)
/ dPy(F.60) =2m>\/det v Yim Dy (LU™) Diyit®. (F.66)
Along with (F.47), we integrate (F.61) to find
/ d*y(F.61) =25"";,, V., (LA' + L")
—2m?\/det v VD;(La! + L) — 2m?\/det y V™, Dy (L 4 LY). (F.67)

Collecting these formulae, we obtain

[ #vte@ mw)

—mQL(ymnﬂ L= 27rmn)Um" +2m?2y/det ’yfyimDn(LUm”)le +CD;(La' + LY
+ (DR — 2m2y/det v Vily, ) Dy (LY + L7) + (DiRg + Digt*DiR,) (L' + LY). (F.68)
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Appendix G

The Poisson bracket in homogeneous
bi/tri-metric gravity

In this appendix, we calculate the Poisson bracket among

M? g 1. .
N I:\/ﬁ<ﬂ'”ﬂ'ij — §7T’Li7TJj> — M;\/ det’y(B)R[’y}

+a1\/det’y(tr\/7—1w—3) +a3<\/detp— \/det'y), (G.1)
M? g 1, .
o f (4 FOo Sy S R 2 (3)
Cr .—m<p Pij = 5P Zpjj) M;vdetw “R|w]
+ agx/detw(tr\/w*lp —3) +ai(y/dety — Vdetw), (G.2)
and
L M}% ij L j 2 (3)
Cq -m@ Gij — §¢ o j) — M;;\/det p R[]
+ azy/det p(tr\/p—lv -3)+ ag(\/detw — /det p), (G.3)

which we need in Chapter 6. In a homogeneous space, the Poisson bracket is defined as

(F.c) :L(ﬁF oG OF OG) L(@F oG or OG)
FOPB M2\ O O™ O O, M3\ 0wy O™ Op™ Owimp,
1 oF 0G oF 0G

" W (apmn dgpm - dpmn apmn)'

(G.4)

The calculation is done based on the trimetric case, but that of the bimetric case is obtained by
setting parameters a; # 0, ao = 0 and a3 = 0. In the following, we omit the subscript “PB”.
To begin with, we calculate Cy := {Cy,Cr}. Since Cy and Cf, do not contain ¢*, there
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is no contribution from the pair (p;;, ¢").

{C’N, C’L} :{\/](\i%<%7riﬂjj — 7rij7rij> , —G1M}

M? 1. . g
+ { — al\/det’ytr\/frlw, @(?ﬁlﬂj _pwpw)}
- (w%w{v ety gy = wmg = MY G e g - p”pff}) |

(G.5)

The point is that the result is proportional to a;. Each term can be manipulated as

1 . . . O+/det 0 1 . . .
M;{\/dety,§7rzi7rjj—7r”7rij} = it (_ﬂ'ziﬂ'jj—ﬂ'z]ﬂ'ij>

Vo O™\ 2

1 .
= 5 det ’Y/Ymn ('Ymnﬂli - 27Tmn>
1 .
= 5\/det77rli (G.6)

and

1., . i otry/y w0 /1, i
M?{tr\/fy—lw, §p Z}p]j—pjpij} = <§p z‘p]j_p]pij)

Owpmn — Op™"
1 - mn ;
= 5 (V7w Y™ (s — 2Pren)
= %pii try/y tw — tr(vVy lwpw) (G.7)

where p represents a matrix with components p”". Hence, we conclude

1. det 1.
Cne={Cn,CL} = [57& — 4/ dstz <§pli try/ylw — tr( 'ylwpw))} (G.8)

In this case, C'yy # 0 because there is an interaction between g and f, namely a; # 0. Thus, if
the Poisson bracket is non-trivial or not is determined by the interaction pattern. The others
Crg = {C,Cg} and Cgn := {Cg,Cn} are obtained via permutations among g = (N,7),
f=(L,w) and h = (Q, p)

We proceed to the Poisson bracket {Cyr, Cn}. Since Cy, does not contain p;; and Y the
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pair (p;j, ) has no contribution.

1

—{Cni, Oy}

a1

Loof & 1 ij L /Tt~ (3)

:§Mg{7'(' ks m(ﬂ T — §7T 3T j> — det’y R[’y]}

1 1

+ 2a1{7r Ky V/detytry/y- 1w} — 5(3a1 —|—a3){7r ks \/det }
1 p* 1 y 1, .
ML { det y try/y~! (ij——%’)}
2gm\/efyr\/’yw,m7rﬂj 5T
1
— Ea“/dety tr\/v—lw pkk, tr\/y—lw}

1 I R

+Mg2\/:{\/detfytr(\/fy lwpw), m(ﬂjmj—?r ﬂrjj>}

\/EU tr Y lwpw), tr 7—1w}. (G.9)

Noticing that 7%, = v 7* and p*, = wyp*, each term is calculated as

of k1 (ol NV b L
Mg{ﬂ' ks —detfy(ﬂ Mij = 5T J>} =3 —detfy(?T Mij = 5Ti j), (G.10)
1
M;{Wkk, det’y(?’)R[’y]} = —§\/det”y(3)R[fy], (G.11)
M? {Wkk, Vdetytry/~— 1w} —/det ytry/y~lw, (G.12)
M;{ﬂ'kk, \/det’y} = —éx/det’y, (G.13)
2 1 i
Mg{\/detvtr\/y Lw, m(ﬂ']ﬂ'” 57T J)}
__1 ko _ 1 -1 _1 k -1
== 5Tk m(tr(\/’y wﬂ’y) 57 ktry/y w), (G.14)
M? {pkk, tr\/'y—lw} = —%tr\/'y—lw, (G.15)
= U (piig L
M? {\/detytr(\/v lwpw), m(ﬁjﬂ'w 27Tz7r33>}
:—%wkktr( 7—1wpw) — (vmnwkk—Zﬁmn)%tr( 7—1wpw), (G.16)
Mf{tr( vflwpw), tr\/'yflw} = —%tr(v_lw), (G.17)

146



where 7 and p represent matrices with components 7" and p™”. Therefore, we conclude

{CNL, CN}/CM

1 3 y 1,
:Z|: —detfy <7T ]7T1'j - §7T 1'71']]') + det”y(?’)R[fy]}
1 3
~ o0 \/det vy [altr\/'y—lw - 5(3a1 + ag)]
9

1 p 1 . 1 1
i e )

vdety
1 dety 1, _1
+ a [tr “lw — 2tr w }
4M7; "Vdetw K (7)
11 [, )
- = Tt “Lwpw) + 2(VmnT % — 2T ) =———tr “lupw } G.18
3 e [P VT ) + 2l =) () (619

It is almost clear that {CNL, CN} % 0.
The Poisson bracket {C’NL, C’Q} is easy to calculate

1
{Cwi, Ca}/ar =503V det P{Wkk, tr P‘W}
[dety (1
— as d;}tz (§tr\/71w{pkk, \/detv} - {tr( T lwpw), \/detw}).

(G.19)

Each element is calculated to be

1
M;{ﬂ'kk, tr p*lv} = —Etr\/pflv, (G.20)
3
M?{pkk,, \/detw} = —§vdetw, (G.21)
1
M]%{tr( ”y*lwpw), Vdet w} = —5\/detwtr\/ﬁy*1w. (G.22)
Thus, we obtain
{C’NL, C’Q}/al = —&\/detptr p iy + a22\/det’ytr\/7—1w. (G.23)
4M? 4M;

Apparently, it is not automatically vanish {C’NL, C’Q} % 0.
Other Poisson brackets such as {C’NL, CN} or {C’NQ, CN},...etc are obtained via permuta-
tions among g = (N, ), f = (L,w) and h = (Q, p).
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