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Preface

Nonlinear semidefinite programming (SDP) is a comparatively new problem which began to be
studied from the 2000s. It is a natural extension of linear SDP, and includes a wide class of
mathematical programming problems. In fact, nonlinear SDP represents not only linear SDP but
also linear programming, second-order cone programming and nonlinear programming. There
exist many applications that are formulated as nonlinear SDP, but cannot be represented as
linear SDP. Thus, it is worth studying on optimization methods for nonlinear SDP in order to

deal with such applications.

In this thesis, we focus on optimization methods for nonlinear SDP. Until now, some re-
searchers have proposed solution methods for nonlinear SDP. Basically, these methods are
derived from the existing methods for nonlinear programming, such as sequential quadratic
programming methods, successive linearization methods, augmented Lagrangian methods and
primal-dual interior point methods. Correa and Ramirez proposed a sequential semidefinite
programming method which is an extension of a sequential quadratic programming method.
Kanzow, Nagel, Kato and Fukushima presented a successive linearization method. Luo, Wu and
Chen presented an augmented Lagrangian method. Yamashita, Yabe and Harada proposed a
primal-dual interior point method. Although these methods can solve a certain nonlinear SDP,
they still have theoretical and practical drawbacks. These methods have the global convergence
property, which ensures to get a solution from an arbitrary initial point. However, these global
convergence properties have been proven under some restrictive assumptions. To make mat-
ters worse, the assumptions include the boundedness of some generated sequences, which is not

verified in advance.

The main purpose of this thesis is to propose efficient solution methods for nonlinear SDP
and prove its convergence property under reasonable and clear assumptions. First, we propose
a primal-dual interior point method with a Newton-type method. Moreover, we also propose
a differentiable merit function, and we show some useful properties of the merit function. Es-
pecially, we prove that the level set of the merit function is bounded under some reasonable
assumptions. The level boundedness of the merit function is not given in the literature related
to nonlinear SDP. As the result, we show the global convergence of the proposed method with
the merit function under some milder assumptions. Secondly, we present a two-step primal-dual
interior point method for nonlinear SDP which is a modification of the first method proposed
by Yamashita and Yabe. We prove its local and superlinear convergence. Note that two-step
implies that two Newton equations are solved at each iteration. Yamashita and Yabe’s two-step

method has to solve two different Newton equations at each iteration. Although the proposed



method also has to solve two different Newton equations at each iteration, the coefficient matrix
in the second Newton equation is equal to that in the first one. Thus, we can expect to reduce the
computational cost to about half compared with that of Yamashita and Yabe’s two-step method.
In addition, we prove that the proposed method converges to a solution superlinearly under the
same assumption as Yamashita and Yabe if we choose an initial point near the solution.

The second purpose of the thesis is to propose an efficient method for maximum likelihood
estimation problems for mixture distributions. The estimation problems arise from various fields
such as pattern recognition and machine learning. These problems are expressed as nonlinear
SDP if mixture distributions are Gaussian mixtures. Recently, some researchers have considered
the maximum likelihood estimation of a single Gaussian distribution with the L; regularization
and/or some constraints on parameters. We present a general class of maximum likelihood
estimation problems for mixture distributions that includes such regularized/constrained maxi-
mum likelihood estimation problems as a special case. Moreover, we propose a block coordinate
descent (BCD) method for the general class. The BCD method sequentially solves small sub-
problems such that the objective function is minimized with respect to a few variables while
all the other variables are fixed. In fact, this method is efficient if the subproblems are solved
quickly. Thus, we propose some efficient methods for the subproblems when the problem has
special structures.

The author hopes that the results of this thesis make some contributions to further studies

on optimization methods for nonlinear semidefinite programming problems.

Yuya Yamakawa
January 2015
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Notations

R the set of real numbers

R" the set of n-dimensional real vectors
R the set of m x n real matrices

SP the set of p x p real symmetric matrices
T the transposition of vectors or matrices
1 the identity matrix

V; the i-th element of a vector v

M;; the (i,7)-th element of a matrix M

rank(M) the rank of a matrix M

tr(M) the trace of a square matrix M

det(M)  the determinant of a square matrix M

Il -] the Euclidean norm

|- I|F the Frobenius norm

M>0 M is real symmetric positive semidefinite

M >0 M is real symmetric positive definite

A= B A — B is real symmetric positive semidefinite
A-B A — B is real symmetric positive definite

Ai(M) the eigenvalues of a real symmetric matrix M
Amin(M)  the minimum eigenvalue of a symmetric matrix M
Amax(M)  the maximum eigenvalue of a symmetric matrix M
Vf(z) the gradient of a function f at z

V2f(x)  the Hessian of a function f at x

log(x) the natural logarithm of a positive real number x

exp(x) e (Napier’s constant) raised to the power of a real number






Chapter 1

Introduction

1.1 Nonlinear semidefinite programming problems and its ap-

plications
In this thesis, we consider the following nonlinear semidefinite programming (SDP) problem:

minimize  f(x),
+€R” (1.1.1)
subject to ¢g(zx) =0, X(z) > 0,

where f : R - R, g : R®” - R™ and X : R® — SP are twice continuously differentiable
functions. Since nonlinear SDP (1.1.1) can be reduced to linear SDP if the functions f, g and
X are all affine, we can say that nonlinear SDP (1.1.1) is a natural extension of linear SDP.

Nonlinear SDP is a comparatively new problem which began to be studied from the 2000s
[4, 13,19, 22, 29, 31, 32, 33, 34, 36, 49, 55, 56, 57, 58, 59, 65, 68, 69, 71, 72]. Moreover, it includes
a wide class of mathematical programming problems, and has many applications. For example,
linear programming [15], second-order cone programming [1], linear SDP [64] and nonlinear
programming [6] can all be recast as nonlinear SDP.

Linear SDP has been studied extensively by many researchers [2, 17, 28, 60, 61, 64] because
it arises from several fields such as statistics, finance, combinatorial optimization and control
theory. Especially, primal-dual interior point methods are known as effective solution methods
for linear SDP, and their theoretical and numerical analyses have been frequently done since
the 1990s. However, there exist important formulations and applications that are expressed as
nonlinear SDP, but cannot be reduced to linear SDP. In the following, we give some of such

applications.

Problems with bilinear matrix inequality constraints

There exist optimization problems with bilinear (or biaffine) matrix inequality (BMI) constraints
in many fields such as filtering problems [14] and structural optimization problems [27]. Opti-
mization problems with BMI constraints are called BMI problems [21, 23, 50, 59, 63], which are
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generally defined as

minimize  F(z,y),

_ (1.1.2)
subject to M (z,y) <0,

where € R™ and y € R™ are decision variables, F' : R"™™ — R is an objective function, and
M : R"™™ — SP is a quadratic function defined by

n m n m
M(xz,y) == Ao+ > xiBi+ Y y;Ci+ > Y wiy;Dyj
i=1 j=1 i=1 j=1

with constant matrices Ag, B;, Cj, D;j; € SP (i=1,...,n, j =1,...,m). Problem (1.1.2) is
clearly nonlinear SDP (1.1.1).

Nearest correlation matrix problem

We present the following nearest correlation matrix problem with a rank constraint:

minimize || X — A%,

subject to X > 0,
Xii:]-7 1= 17"'7p7
rank(X) <,

(1.1.3)

where X € SP is a decision variable, A € SP is a constant matrix, and r» € R is a positive integer
constant. The input matrix A is often a known correlation matrix but with rank larger than
r. It is known that this problem has important applications in finance, etc. For further details,
see [25, 74]. If r = p, problem (1.1.3) is equivalent to a standard nearest correlation matrix

problem, that is,

minimize || X — A|/%,
subject to X >0, (1.1.4)
Xiizl,izl,...,p.

Note that problem (1.1.4) is convex, but problem (1.1.3) is nonconvex due to the constraint
rank(X) < r. In general, it is difficult to handle the constraint rank(X) < r directly. Thus,
Li and Qi [37] showed that X* € SP solves problem (1.1.3) if and only if there exists a matrix
U* € SP such that (X*,U*) € SP x SP solves the following nonlinear SDP problem:

minimize (| X — A|/%,

subject to X >0,
Xu=1i=1,...,p,
tr(XU) = p,
tr(U) =,
I1>U*>0,

where X, U € SP are decision variables.
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Maximum likelihood estimation problem

We provide applications that arise from the maximum likelihood estimation. In particular, we

focus on the maximum likelihood estimation of parameters o; € R, p; € RY, A; € 8¢ (i =

1,...,m) in Gaussian mixtures [8]:
m
plalon i, A) ==Y N (s, A,
i=1

where o := [, ..., ), = [p1,.. s pm), A:=[A1,..., Ay and

vV det AZ [ 1

N(z|pi, AY) == CLE exp |—=(x — ) " Az — uz)] , t=1,...,m.

2
In the maximum likelihood estimation, a log-likelihood function is maximized with respect to

parameters, that is,

n m
maximize Zlog <Z aiN (zk|pi, Ai1)> , 15
k=1 i=1 (1.1.5)
subject to a€Q, A; =0, i=1,...,m,

where a; € R, p; € R%, A; € 8% (i = 1,...,m) are decision variables, Q is a certain set, and
rr € R? (k=1,...,n) are observational data.

In addition, some researchers [38, 73] have recently investigated the maximum likelihood
estimation of a single Gaussian distribution with the L; regularization and/or some constraints.
In Chapter 5, we consider the following more general maximum likelihood estimation problem

for Gaussian mixtures:

maximize Zlog (Z OZiN(%kWi,AZ-_l)) — fola) — Z [f1 (i) + flA(AZ)} ,
k=1 i=1 i=1
subject to a €, A; =0, i=1,...,m,

(1.1.6)

where fo, f!' and fiA are proper lower semicontinuous quasiconvex functions, such as indicator
functions of sets which express constraints on «, p; and A;. If we choose appropriate functions
fo, fI and fiA according to additional constraints that we want to impose, we can obtain a
maximum likelihood estimator that satisfies such constraints by solving problem (1.1.6). Note
that problems (1.1.5) and (1.1.6) are nonlinear SDP.

Minimization of the maximal eigenvalue problem

The following minimization of the maximal eigenvalue problem arises mainly from the Ho

controller design problem [10]:

minimize  Apax(M(v)),

: (1.1.7)
subject to v € Q,

where v € R™ is a decision variable, M is a function from ) into SP, and () C R" is a constraint

set. Note that M is not necessarily an affine function. Note also that Apax(M(v)) < n if and



4 1 Introduction

only if Apax(M(v) —nl) <0, i.e., Amin(nf — M (v)) > 0. Thus, problem (1.1.7) is equivalent to
the following nonlinear SDP:

minimize 7,
subject to nI — M(v) = 0,
veQ,

where n € R and v € R" are decision variables.

Static output feedback control problem
In the static output feedback control, there exists the following SOF-H., type problem:

minimize 7y,
subject to @ = 0,
v 20,
A(F)TQ +QA(F) QB(F) C(F)T
B(F)TQ I D(F)T | <0,
C(F) D(F) —I

(1.1.8)

where v € R, F' € R™*™ and () € S™ are decision variables, and the functions A4, B, C and
D are defined by

A(F) := A+ BFC,

B(F) := By + BF Ds1,
C(F):=Cy+ Dy FC,
D(F) := D11 + D12F Do,

with given constant matrices A € R"™*" B € R"™*™ B; € R™*™ (C ¢ RWw*" (] €
R"=*"z Dy € R Dio € R %™ and Dg; € R™ ™, Furthermore, there also exists the
following SOF-Hy type problem:

minimize  tr(X),
subject to @ = 0,

A(F)Q + QA(F)" + BiB =0, (1.1.9)
x ol
QC(F)T  Q T

where X € S", F € R™*™ and @ € S"* are decision variables. Note that problems (1.1.8)
and (1.1.9) have BMI constraints.

1.2 Solution methods for nonlinear semidefinite programming

problems

The main goal of solution methods for nonlinear SDP (1.1.1) is to find a point that satisfies

the first-order necessary optimality conditions for (1.1.1). The first-order necessary optimality
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conditions are called the Karush-Kuhn-Tucker (KKT) conditions given by

VieLl(z,y, Z) 0
g(x) =10]|, X(x)=0, Z=x0, (1.2.1)
X(2)Z 0

where L : R" x R™ x SP — R is the Lagrangian function defined by L(z,y,Z) = f(z) —
g(x)Ty —tr(X(x)Z), and y € R™ and Z € SP are Lagrange multipliers for g(z) = 0 and
X(x) = 0, respectively. Note that (z,y,Z) is called a KKT point of nonlinear SDP (1.1.1) if
(z,y,Z) satisfies the KKT conditions (1.2.1). Note also that x is called a stationary point of
nonlinear SDP (1.1.1) if there exist Lagrange multipliers y and Z such that (x,y, Z) is a KKT
point. When a problem is convex, a stationary point is a global optimal solution. When a
problem is nonconvex, it is difficult to find a global optimal solution, and hence we consider a
method that finds a KKT point in general.

1.2.1 Overview of solution methods

Until now, some researchers have studied solution methods for nonlinear SDP since the 2000s.

Basically, these methods are extensions of the existing methods for nonlinear programming.

Correa and Ramirez [13] proposed a sequential semidefinite programming method for nonlin-
ear SDP. This method is an extension of a sequential quadratic programming method. It solves

the following subproblem at the k-th iteration to get a search direction:

1
minimize Vf(mk)Td + §dTMkd,

deRn
subject to  g(zk) + Jg(xx)d =0, (1.2.2)
X(wk) + Y didi(zi) = 0,
=1

where xj, is the k-th iteration point, My, is a certain symmetric positive definite matrix containing
the second-order information of (1.1.1), Jy(x) is a Jacobian of g at xj, and A;(zy) is a partial
derivative of X at xj with respect to its i-th component. Since My, is symmetric positive definite,
subproblem (1.2.2) has a unique global minimizer dj. Using dy, we get the next iteration point
ZTr11. We often exploit the line search strategy in order to guarantee the global convergence,
that is, we set xp11 := xx + txdy, where ty is a step size. In fact, Correa and Ramirez [13] used
the line search strategy, and gave some conditions under which the proposed method is globally
convergent. One of the conditions is the boundedness of the sequence {zy}. However, they did

not provide concrete sufficient conditions under which the sequence {z} is bounded.

Kanzow, Nagel, Kato and Fukushima [33] presented a successive linearization method for
nonlinear SDP. Although this method is essentially the same as the above sequential semidefi-

nite programming method, it solves subproblem (1.2.2) with My = ¢ I, where ¢ is a positive
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parameter. Such a subproblem is equivalent to the following linear SDP:
minimize ¢,
(d,t)eER"XR.
subject to  g(xx) + Jg(xr)d = 0,

n

X(xk) =+ Z dzAz($k) - 0,
i=1

S e
VeaedT =V f(ap)Td | T

Moreover, this method has no line search strategy. Instead, it adjusts the length of the search
direction di by selecting the parameter c; appropriately. However, they showed the global
convergence of the proposed method under rather strong assumptions on generated sequences.
Meanwhile, it is generally known that such a method has a slow convergence rate because
subproblem (1.2.2) with My = ¢;I does not contain the second-order information of (1.1.1).

Luo, Wu and Chen [41] presented augmented Lagrangian methods for nonlinear SDP. First,
these methods obtain a new primal variable zj by solving the following unconstrained minimiza-
tion subproblem at each iteration:

minimize L., (z, Yk, Zi),
zeR"™

where cj is a positive parameter, and £, : R” x R™ x S — R is an augmented Lagrangian

function defined by
1 c
Lo,y Z) = f(@) + o (([Z + X (@)2) = 2(27)) + 9(2) "y + Sllg (@)1,
where | - |4+ : SP — SP is a operator defined by

max{0, A\1(A)} 0
[Aly =P PT,
0 max{0, \,(A)}

and P is an orthogonal matrix in an orthogonal decomposition of A. Secondly, the methods
update the positive parameter c¢; and the Lagrange multipliers y, and Z; appropriately. The
augmented Lagrangian methods get a solution by repeating such two procedures.

Luo, Wu and Chen [41] gave various types of updating methods associated with the positive
parameter ¢ and the Lagrange multipliers y, and Z;, for the global convergence of the augmented
Lagrangian methods. Furthermore, they proved the global convergence of the proposed methods
under some assumptions which include that the sequence {z}} is bounded and the sequence {cx}
diverges to co. However, we are anxious about becoming numerically unstable by the second
assumption. On the other hand, it is generally known that augmented Lagrangian methods have
a slow convergence rate.

Recently, several researchers have proposed primal-dual interior point methods for nonlinear
SDP [34, 71, 72]. We give details of these methods in the next subsection.

In nonlinear programming, block coordinate descent (BCD) methods are often used for

solving large-scale problems. They sequentially solve small subproblems such that the objective
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function is minimized with respect to a few variables while all the other variables are fixed.
Thus, BCD methods are efficient for large-scale problems if the subproblems are solved quickly.
Although several types of BCD methods [3, 66] have recently been proposed for linear SDP,
such methods have not yet been studied for nonlinear SDP. We will propose a BCD method for

nonlinear SDP derived from maximum likelihood estimation problems for mixture distributions.

1.2.2 Primal-dual interior point methods

Although there exist several solution methods described above, we mainly focus on primal-dual
interior point methods. In particular, there exist roughly two primal-dual interior point methods.

One is a method based on the following barrier KK'T conditions:

Vol(z,y,7Z) 0
ro(z,y, Z, p) := g(x) =|0|, X(@>=0 Z=0, (1.2.3)
X(x)Z — pl 0

where p > 0 is called a barrier parameter. The primal-dual interior point methods proposed by
Yamashita and Yabe [71] and Yamashita, Yabe and Harada [72] are based on the barrier KKT
conditions (1.2.3). Another is a method based on the following shifted barrier KKT conditions:

Vol(z,y,2) 0
ri(z,y, Z,p) = g(x) + py =0, X&) =0, Z>0. (1.2.4)
X(x)Z — pl 0

The primal-dual interior point method proposed by Kato, Yabe and Yamashita [34] is based on
the shifted barrier KKT conditions (1.2.4). Note that a point (z,y, Z) satisfying X (z) = 0 and
Z = 0 is called an interior point. Note also that a point (z,y, Z) satisfying (1.2.3) or (1.2.4) is
an interior point.

When g — 0 in (1.2.3) and (1.2.4), a point which satisfies the (shifted) barrier KKT con-
ditions comes close to a KKT point which satisfies the KKT conditions (1.2.1). Therefore, the
primal-dual interior point methods described above generate an interior point which satisfies the
(shifted) barrier KKT conditions approximately for a given barrier parameter uy, and update
the barrier parameter so as to satisfy 0 < uxi1 < pg at each iteration. Summing up the above
discussion, we give a framework of a primal-dual interior point method. To this end, we use the

following notations:

2
V:cL(fIij,Z)
g(x)
[ VoL(,y.2) ]|
+L(z,y,
po(x,y, Z, ji) == + |1 X(2)Z — pI ||,
| 9(@) |
[ VoL(z,y.2) ]|
+L(z,y,
9(x) + py
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Primal-dual interior point method

Step 0. Choose positive constants ¢ and o. Select a positive sequence {ux} converging to 0.
Set k := 0.

Step 1. Find an interior point (xg41,Yx+1, Zk+1) which satisfies the (shifted) barrier KKT

conditions approximately for ug, i.e.,
X(xk+1) = 0, Zig1 >0, po(@htt1, Ykt1s Zit1, ) < opue (01 (Tht1s Y1, Ziot1s i) < O i)

Step 2. If p(zp41, Yk+1, Zx+1) < € is satisfied, then stop.

Step 3. Set k:=k + 1 and go to Step 1. U

In the above method, we have to find an interior point which satisfies the (shifted) barrier KKT
conditions approximately for px. In order to find such a point, a Newton-type method is used
in [34, 71, 72].

Newton equations in the Newton-type method are generated from rg(z,y,Z,u) = 0 or
ri(x,y,Z,u) = 0. Before we present the concrete Newton equations, we introduce scaling.
Scaling is frequently exploited in order to solve Newton equations efficiently as seen later. In-
stead of X (z) and Z, we deal with matrices X () := TX ()T and Z := T~ ZT~!, where a

nonsingular scaling matrix 7T satisfies that
TX()T' T~ " 2T =TT 2T 'TX (2)T". (1.2.5)

Then, X (2)Z = ZX () from (1.2.5). Moreover, we replace the matrices X (z) and Z in (1.2.3)
and (1.2.4) with X () and Z, respectively. Then, we define the scaled barrier KKT conditions

as

ViL(z,y,Z) 0
ro(z,y, Z, p) :== g(x) =10, X(@>=0, Z=0.
X(x)Z — pul 0

Similarly, we define the scaled shifted barrier KKT conditions as

V.L(x,y,Z) 0
Fl(xvyvzvu) = g(CC)+My = 0 5 X($)>‘0, Z = 0.
X(x)Z — pl 0

Note that the scaled (shifted) barrier KKT conditions are equivalent to the (shifted) barrier
KKT conditions.
Next, we present Newton equations. Newton equations are generated by 7o(x,y, Z,u) = 0

or ri(x,y,Z,u) = 0. When we generate Newton equations from 7y(x,y, Z, u) = 0, they are

expressed as
G+H —Jyx ] [ ] —V @)+ Jo(z) Ty + pA* (2) X ()
Jo() —g(x) ’

(TToTH(X(x YWZo (T o)A@ Az +AZ = pX(x)™! - Z, (1.2.7)

(1.2.6)
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where

(Az, Ay, AZ) € R" x R™ x S? is the Newton direction,

G € S"is V2, L(x,y, Z) or its approximation,

Jg(xz) € R™*™ is a Jacobian of g at z,

A(z) : R™ — SP is an operator such that v — Y | v;A;(x), where A;(z) := a%iX(J:),

A*(z) : SP — R™ is an adjoint operator of A(z) such that U + [tr(A1(z)U),. .., tr(A,(x)U)]T,
(P® Q) :SP — SPis an operator such that U — (PUQT + QUPT), where P, Q € RP*P,

and H € R™ " is a matrix whose (7, j)-th element is given by
Hij o= tr [Ai(x)(TT OTHX (@) o) MZeI)T 6 T)Aj(x)} . (1.2.8)

Note that these Newton equations are used in [71] and [72]. Similarly, when we generate Newton

equations from 7 (z,y, Z, u) = 0, they are expressed as
G+H —Jy( | V@) + Jg() Ty + p A (@) X (2)
Jg(x) 7

—g(z) — py
(TToTT) (X YWZoI)(ToT)A@@) Az +AZ = pX(z) — Z.

Note that these Newton equations are exploited in [34].

The operator (X (z) ® I)~! in the Newton equations are usually difficult to handle. This
is because when we calculate (X (z) ® I)"'U = V, we have to solve a Lyapunov equation
X (2)V +V X (z) = 2U with respect to V. However, note that the operator (X (z)®I)~! appears
as (X(z) © I)"*(Z ® I). Thus, when X (z) = I, it is clear that (X(z) ® I)"Y(Z o 1) = (Z o 1)
and X (z)Z = ZX (z). On the other hand, when X () = Z, we sce that (X (z) 0 I)"Y(Z® 1) is
the identity mapping, and X (:L’)Z =7X (z). Therefore, if we choose the scaling matrix 7" such
that X(z) = I or X(z) = Z, we do not have to solve the Lyapunov equation. If we do not use
scaling, that is, T" = I, then we have to solve the Lyapunov equation. This is one of reasons
why we exploit scaling.

Yamashita, Yabe and Harada [72] presented a nondifferentiable L; merit function, and
showed the global convergence of the proposed method with their merit function under some
unclear assumptions regarding a generated sequence. Kato, Yabe and Yamashita [34] proposed
a differentiable merit function, and proved the global convergence of the proposed method with
their merit function under some weaker assumptions compared with those of [72]. However, since
the proposed merit function is rather complicated, the convergence analysis is also complicated.
Furthermore, it might not be easy to implement the proposed method with their merit function.
Note that [34] and [72] do not investigate the rate of convergence of their methods.

Yamashita and Yabe [71] investigated the superlinear convergence of the primal-dual interior
point method. They presented two methods. One is a method with scaling. Another is a method
without scaling. In general, since scaling is frequently exploited in order to solve the Newton
equation effectively as mentioned above, the method with scaling is more important than the
method without scaling.

However, although the method without scaling may only solve one Newton equation in a

single iteration, the method with scaling has to solve two different Newton equations in a single
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iteration. Thus, the method with scaling is called a two-step primal-dual interior point method.
At the first part of the k-th iteration in the two-step primal-dual interior point method, we
obtain the Newton direction (Axg,Ayk, AZy) from the Newton equations (1.2.6) and (1.2.7)
as (z,y,72) = (vk, Yk, Zx), and update (xk+%,yk+%,Zk+%) = (z + Az, yx + Ayg, Z + AZy),
where (zr, yx, Z) denotes the k-th iteration point. Furthermore, at the second part of the k-th
iteration, we obtain the Newton direction (AZL’,H_%, Ayk+%,AZk+%) from the Newton equations
(1.2.6) and (1.2.7) as (z,y,2) = (xk+%,yk+%, ZkJr%), update (Tgi1,Yr+1, Zkt1) = (:UkJr% +
Axk+%,yk+% +Ayk+%, Zk+% +AZ,€+%), and go to the next iteration. Then, the main calculation
is to obtain the Newton directions (Azy, Ayg, AZy) and (Axk+%, Ayk_% , AZ,H%). In particular,
it is known that a construction of the matrix H is the biggest burden, and its calculation time
is O(np® + n?p?) from (1.2.8). In summary, the two-step primal-dual interior point method has

to construct the matrix H twice in a single iteration.

1.3 Motivations and contributions

As mentioned in Section 1.1, there exist many applications of nonlinear SDP. Moreover, although
some researchers have studied primal-dual interior point methods for nonlinear SDP, there still
exist a lot of issues which should be studied. On the other hand, since primal-dual interior
point methods are based on Newton-type methods, they may not be suitable to some large-scale
nonlinear SDP.

Therefore, such many applications and issues motivate us to study solution methods for

nonlinear SDP. In the following, we describe concrete aims and contributions of this study.

(1) To propose a primal-dual interior point method that is convergent globally under

milder conditions

One of aims on this study is to propose a primal-dual interior point method for nonlinear SDP
(1.1.1) that is convergent globally under milder conditions compared with the existing methods
described in Section 1.2. In particular, there exist some unclear assumptions on a generated
sequence in [34] and [72]. We specify conditions for the global convergence related to the problem
data, i.e., f, g and X of (1.1.1).

Moreover, we also present a differentiable merit function F' which has some nice properties
compared with those of [34]. This function is an extension of a merit function proposed by
Forsgren and Gill [18] developed for nonlinear programming, and it consists of simple functions,
such as log-determinant and trace. Thus, it is easy to implement the proposed method with the

merit function F'. We show the following important properties of the merit function F:
(i) The merit function F is differentiable;
(ii) Any stationary point of the merit function F' is a shifted barrier KKT point;

(iii) The level set of the merit function F' is bounded under some reasonable assumptions.
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Kato, Yabe and Yamashita [34] also showed that their merit function satisfies the properties (i)
and (ii), but they did not show the property (iii). These properties mean that we can find a

point that satisfies the shifted barrier KK'T conditions by minimizing the merit function F.

(2) To propose a superlinear convergent two-step primal-dual interior point method
that exploits scaling but its computational cost at each iteration is almost same as

that of a one-step primal-dual interior point method

Next, we present a primal-dual interior point method for nonlinear SDP (1.1.1) which has the
local and superlinear convergence property. As already mentioned in Section 1.2, Yamashita and
Yabe [71] proposed a two-step primal-dual interior point method with scaling, which has to solve
two different Newton equations in a single iteration. In this thesis, we also present a two-step
primal-dual interior point method with scaling. However, in order to reduce calculations, we
replace the coefficient matrix in the second equation with that in the first one. Thus, we can
solve the second equation more rapidly using some computational results obtained by solving the
first equation. Recall that the great portion of the computational time is to construct the matrix
H defined by (1.2.8), and its computational time is O(np® + n?p?) as described in Section 1.2.
Although the method proposed by [71] has to construct the matrix H twice in a single iteration,
the method proposed by this thesis calculates the matrix H only once in a single iteration. In
other words, its computational cost at each iteration is almost same as that of a one-step primal-
dual interior point method. As the result, we can expect to reduce the computational cost to
about half compared with that of Yamashita and Yabe’s two-step method [71]. In addition, we

show the superlinear convergence under the same assumptions as [71] despite this change.

(3) To model a general maximum likelihood estimation problem, and give a block

coordinate descent method for the problem

Finally, we consider an efficient solution method for a concrete application of nonlinear SDP.
Then, we focus on maximum likelihood estimation problems for mixture distributions. Re-
cently, some researchers have studied the maximum likelihood estimation of a single Gaussian
distribution with the L; regularization and/or some constraints. We present a general class of
maximum likelihood estimation problems for mixture distributions that includes such regular-
ized /constrained maximum likelihood estimation problems as a special case. Such a general class
is reduced to nonlinear SDP when the mixture distribution is the Gaussian mixtures. However,
it may not be suitable to solve the problem by the primal-dual interior point method when the
problem is large-scale. As described in Subsection 1.2.1, BCD methods are efficient for large-
scale problems, and hence we propose a BCD method for the general class of maximum likelihood
estimation problems for mixture distributions. Since the proposed BCD method has to solve
simple subproblems at each iteration, we also propose efficient methods for such subproblems

by exploiting their special structure.
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1.4 Outline of the thesis

This thesis is organized as follows.

In Chapter 2, we first introduce some notations and definitions. Secondly, we provide several
basic properties of mathematics. Moreover, we present some optimality conditions and barrier
KKT conditions for nonlinear SDP (1.1.1). Finally, we give some concepts related to BCD
methods for general nonlinear programming.

In Chapter 3, we first give a framework of a primal-dual interior point method based on
the shifted barrier KKT conditions. Next, we propose a differentiable merit function F' for
the shifted barrier KKT conditions, and prove some nice properties of the merit function F'.
Moreover, we construct a Newton-type method for minimizing the merit function F', and show
its global convergence under milder conditions. Finally, we report some numerical experiments
for the proposed method.

In Chapter 4, we present a two-step primal-dual interior point method with scaling which
solves two different Newton equations in a single iteration. Then, we argue that the proposed
method is expected to find the next point faster than Yamashita and Yabe’s two-step method
[71] at each iteration because the two equations have the same coefficient matrices. Moreover, we
prove the superlinear convergence of the proposed method under the same assumptions as those
of Yamashita and Yabe [71]. Finally, we report some numerical experiments for the proposed
method.

In Chapter 5, we consider maximum likelihood estimation problems for mixture distributions.
Then, we mention that maximum likelihood estimation problems are written as nonlinear SDP
when the mixture distribution is Gaussian mixtures. Moreover, we propose a general class
of maximum likelihood estimation problems for mixture distributions that includes maximum
likelihood estimation problems with the L; regularization and/or some constraints as a special
case, and we present a BCD method for the general class. Then, since we must solve some
subproblems generated in the proposed BCD method, we give efficient solution methods for such
subproblems. Finally, we report some numerical experiments related to maximum likelihood
estimation problems for Gaussian mixtures.

In Chapter 6, we give some concluding remarks, and state future works.



Chapter 2

Preliminaries

In this chapter, we introduce some mathematical notations, definitions and concepts. Note that

propositions and theorems with proof are new results of this thesis.

2.1 Notations and definitions
We introduce some sets in the following. Let m, n, p be positive integers.

R the set of real numbers
R"” the set of n-dimensional real vectors
R™* "™  the set of m x n real matrices

SP the set of p x p real symmetric matrices

We use the following notations.

T the transposition of vectors or matrices
1 the identity matrix

I, the n x n identity matrix

V; the i-th element of a vector v

M;; the (7, 7)-th element of a matrix M

rank(M) the rank of a matrix M
tr(M) the trace of a square matrix M
det(M)  the determinant of a square matrix M

Moreover, we define some subsets of R"” and R™*",

Pe={veR"|[v;>20,i=1,...,n},
R, ={veR"|v;>0,i=1,...,n},
R " :={MecR™" | Mj; >0,i=1,....m, j=1,...,n },
R " ={MecR™" | My;>0,i=1,....m, j=1,...,n }.

We introduce some definitions in basic mathematics. Vectors vy, ..., v, are called linearly

independent if there exists no set of scalars t1,...,t,, at least one of which is nonzero, such that
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tivy + - -+ + tpu, = 0. Matrices My, ..., M, are called linearly independent if there exists no
set of scalars t1,...,t,, at least one of which is nonzero, such that t;My +--- +t,M,, = 0. A
square matrix M is called singular if det(M) = 0. A square matrix M is called nonsingular or
invertible if det(M) # 0. A square matrix M is called the inverse of a nonsingular matrix N,
and it is denoted by N~ if MN = NM = I. A square matrix U is called an orthogonal matrix
fU'U=0U"=1I.

We define an inner product (-, -) and a norm ||- || on R™ as follows: For any vectors a, b € R",

(a,b) := a'b, llal| := +/(a, a),

respectively, where the norm is called the Euclidean norm. We define an inner product (-, -) and

norms || - ||, || - |1 and || - [[2 on R™*™ as follows: For any matrices A, B € R"™*",
i [ Av]

(A,B) = t(ATB), [Alr = VA A), A =33 14yl 4l = suwp 1A 1)
P e verm\{0} [V

respectively, where the first norm is called the Frobenius norm, the second norm is called the
L; norm, and the last norm is called the operator norm. We define an inner product (-,-) and
norms || - ||7, || - |l1 and || - ]2 on SP as (2.1.1). In the following, we call a set with an inner
product (-,-), such as R™, R"*™ and SP, an inner product space. Unless otherwise noted, we
define a norm || - || on an inner product space as || - || := v/ (-, ).

Let S1,...,5, be sets. We define the Cartesian product of St,...,.5, as

SlX"'XSn ::{ [81,...,871}‘Slesl,n-ysnesn }

For any element s € S; x --- x S, we use the following notations by using certain elements
$1 € 51,...,8, € Sp:
S1
s=1| |, s=][s1,...,8n]
Sn

Moreover, let [s1,...,8n], [t1,...,tn] € S1 X -+- x S,. We say that [s1,...,s,] and [t1,...,t,]

are equal if s1 =t1,...,8, = ty.
Let V1, ..., V), be inner product spaces. We define an inner product (-,-) on V; X --- x V), as
follows: For any elements v = [v1,...,v,], w = [w1,...,wy] € Vi X -+ X Vp,

(v,w) = (v1,w1) + -+ + (Vn, Wy).

We define the positive semidefiniteness and definiteness of real symmetric matrices. A real

symmetric matrix M € SP is called positive semidefinite if
(Mv,v) >0 forallveR".
A real symmetric matrix M € SP is called positive definite if

(Mwv,v) >0 for all v € R"\{0}.
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Then, we define the following notations related to the positive semidefiniteness and definiteness

of real symmetric matrices.

Sﬁ_ the set of p x p real symmetric positive semidefinite matrices
Sﬂ n the set of p x p real symmetric positive definite matrices

M >0 M is real symmetric positive semidefinite

M =0 M is real symmetric positive definite

A > B A — B is real symmetric positive semidefinite

A= B A — B is real symmetric positive definite
Moreover, we define the following notations related to eigenvalues of real symmetric matrices.

Ai(M) the eigenvalue of a real symmetric matrix M
Amin(M)  the minimum eigenvalue of a real symmetric matrix M

Amax(M)  the maximum eigenvalue of a real symmetric matrix M
For di,...,d, € R, we define

d; )
diag(di, ..., dp) :=
) dp

For a matrix V e S% (? S}’|r ) V2 denotes a real symmetric positive semidefinite (definite)
matrix such that V = V2V 2, that is,

Vi —UAUT, A:=diag [(Al(v»%,...,(xp(v»% ,

where U is a certain orthogonal matrix such that V = UA2UT.
Let V, W and X be inner product spaces, such as R", R™*™ and SP. For x € V and r > 0,

we define
B(z,r):={veV||lv—z|<r}cV.
We say that a set S C V is bounded if
dx eV, Ire(0,00) suchthat S C B(z,r);
a set S C V is open if
Yvoe S, Jr>0 suchthat B(v,r)CS;

a set S C Vis closed if V\S is open; a set S C V is compact if S is bounded and closed. Let
@ : S — W be a function, where S C V is a set. We say that the function ¢ is continuous at
x e Sif

Ve >0, 36 >0 suchthat |p(z)—e(y)| <e, VYye B(z,0)NS,;
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the function ¢ is continuous on S if ¢ is continuous at all x € S. When S =V, we say that the
function ¢ is continuous if ¢ is continuous at all z € V. When W = R, we say that the function

© is lower semicontinuous at z € S if
Ve >0, 30 >0 suchthat o(z)<e(y)+e, Vye B(z,d)NS;

the function ¢ is lower semicontinuous on S if ¢ is lower semicontinuous at all x € S. When S =
Y and W = R, we say that the function ¢ is lower semicontinuous if ¢ is lower semicontinuous
at all z € V.

Let ¢ : B(v,r) = W and ¢ : B(v,r) — X be functions, where r > 0 and v € V. If the
functions ¢ and 1 satisfy that

e
w5 [9()]

=0, (2.1.2)

we express (2.1.2) as ¢(h) = o(1p(h)) (h — v). If the functions ¢ and 1 satisfy that there exists

a positive constant ¢ € R such that

_le(h)|l
lim =c, (2.1.3)
h=w || (h) ]|

we express (2.1.3) as ¢(h) = O(¢p(h)) (h — v).

For sets S and T, we denote a set of linear bounded operators from S into T by L(S,T).

Let ® : D — W be a function, where D C V is an open set. The function ® is called Fréchet

differentiable at = € D if there exists A, € L(V, W) such that, for any Az € V with x+ Az € D,

O(z + Az) = ®(z) + Az(Az) + o(||Ax]|) (|Az| — 0).

The function @ is called Fréchet differentiable on D if & is Fréchet differentiable at all x € D.
When D =V, the function ® is called Fréchet differentiable if ® is Fréchet differentiable at all
x € V. Note that if ® is Fréchet differentiable on D, the linear operator A, is unique for each
x € D. Thus, let D® : D — L(V, W) be a function such that D®(x) = A,. The function ¢
is called continuously Fréchet differentiable on D if ® is Fréchet differentiable on D and D®
is continuous on D. When D = V), the function ® is called continuously Fréchet differentiable
if ® is continuously Fréchet differentiable on V. If ® : D C V — R is Fréchet differentiable
at x € D, then D®(z) is a bounded linear operator such that D®(z) : Az — (VO(z), Azx),
where V®(z) € V. Then, we call V®(x) a gradient of ® at x. In particular, when V = R,
V&(x) = ®'(x), where ®'(x) denotes a derivative of ® at z; when V = R"™,

Vo(z) = : ,

where %@(:ﬂ) denotes a partial derivative of ® at x with respect to its i-th component. In

addition, if ® : D € R® — R™ is a function such that ®(x) := [®1(z),..., P, (2)]" and it is
Fréchet differentiable at @ € D, then D®(z) is a bounded linear operator such that D®(z) :
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Az — Jp(x)Az, where

821<I>1(m) MQ(I)l(m) % 1(z)
Jo(e) — | PP ) o )
() Do) Do (z)

Then, we call Jp(x) a Jacobian of ® at z. If & : D C R™ — R is twice Fréchet differentiable at
x € D, V2®(x) denotes a Jacobian of V& at x, that is,

o2 92 P _
570@) e ®@) e (@)
o? 9?2 92
V20 (z) = o ()o@ g 2()
2 2 2
| o @) gl ®(2) o g ®(z)

Then, we call V2®(z) a Hessian of ® at 2. Let ¥ : D x E — X be a function, where D C V and
E C Waresets,and let y € E. If ¥ = R and ¥(-,y) : D — R is Fréchet differentiable at = € D,
V¥ (z,y) denotes a gradient of ¥ at (x,y) with respect to z. If ¥ = R™ and ¥(-,y) : D — R™
is Fréchet differentiable at € D, 9,V (x,y) denotes a Jacobian of ¥ at (z,y) with respect to
. If X =R and ¥(-,y) : D — R is twice Fréchet differentiable at z € D, V2,¥(z,y) denotes
a Hessian of U at (x,y) with respect to x. Unless otherwise noted, differentiable means Fréchet
differentiable.

Finally, in what follows, we list other notations that appear in the thesis.

e (): the empty set

e clS: the closure of a set S (the smallest closed set containing S)

e intS: the interior of a set S (the largest open set contained in S)

e log(z): the natural logarithm of a positive real number x

e cxp(x): e (Napier’s constant) raised to the power of a real number z

e argmin{h(z)|x € D}: the set of minimizers of a function h over a nonempty set D

e argmax{h(z)|x € D}: the set of maximizers of a function h over a nonempty set D

2.2 Fundamental mathematics

2.2.1 Linear algebra and analysis

We present some well-known facts which are exploited in the thesis. First, we give some results

related to linear algebra.
Proposition 2.2.1. [5, 24, 30, 5}] The following statements hold.

(a) Let A € R™ ™. Then, ||All2 < ||Allr < /1| All2.
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(b) Let A, B € S™ be matrices such that 0 < B < A. Then, det B < det A.
(c) Let A,B € S™. Then, Amin(A)tr(B) < tr(AB).

(d) Let A € S™ be a matrixz such that ||Allp < 1. Then, I — A is nonsingular. Moreover,
(T = 4 <

(e) Let Aq,... A, € S™ be matrices such that they commute mutually. Then, there exists
an orthogonal matriv U € R™™ such that UT A,U = diag[\1(4;),. .., \(4;)] for all
i=1,...,m. O

Secondly, we give some results associated with analysis.
Proposition 2.2.2. [46] The following statements hold.

(a) Let ® : D C R™ — R™ be continuously differentiable on a convex set Dy C D. Suppose
that there exists L > 0 such that

|Jo(u) — Jo(v)||Fr < Llju —v| for all u, v € Dy.

Then, we have

L
19(y) = @(z) = Jo(2)(y = 2)l| < Fllw —y|* for all z, y € Dy.

(b) Let ¥ : D C R — R be twice continuously differentiable on a bounded convex set Dy C D.

Then, we have
|U(u) — U(v) — V' (v)(u—v)| < Clu—wv|? forall u, ve Dy,
where C :=sup{ |¥'(z)| | x € Dy }. O
Finally, we give the mean value theorem and the implicit function theorem.

Theorem 2.2.1. [46] Let ® : D C R™ — R be differentiable on a convex set Dy C D. Then,
for any z,y € Dy, there exists t € (0,1) such that ®(y) — ®(x) = (VO(tx + (1 —t)y),y —x). O

Theorem 2.2.2. [/6] Suppose that ® : D C R™ x R™ — R" is continuous on an open neigh-
borhood Dy C D of a point (xo,yo) such that ®(xo,y0) = 0. Suppose also that 0, P exists in
a neighborhood of (xo,yo) and is continuous at (xo,yo) and Oy P(xg,yo) is nonsingular. Then,
there exist open neighborhoods P C R™ and Q C R™ of x¢ and yo, respectively, such that, for
any y € clQ, the equation ®(x,y) = 0 has a unique solution x = ¥(y) € clP, and the function
U @Q — R" is continuous on Q. Moreover, if 0y®(zo,y0) exists, then U is differentiable at yo
and Jy(yo) = — [02® (0, y0)] " 9,®(z0,%0)- O
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2.2.2 Convex analysis

In this section, we provide some properties related to convex analysis. To begin with, we define
the convexity of sets and functions. Let V be an inner product space, such as R™, R™*™ and
SP. A set C' C V is called convex if

A+ (1—-ANyeC foral Ae|0,1] and z, y € C.

Let C' C V be a convex set, and let f : C'— R be a function. The function f is called convex
on C if

fOz+ (1 —=Ny) <Af(z)+ (1 —-N)f(y) forall e [0,1] and z, y € C.
The function f is called strictly convex on C' if
fOz+ (1 —=Ny) <Af(z)+(1—=X)f(y) forall A€ (0,1) and z, y € C such that x # y.

When C' = V, the function f is called (strictly) convex if f is (strictly) convex on V. The
function f is called (strictly) concave on C' if —f is (strictly) convex on C. When C' = V), the
function f is called (strictly) concave if —f is (strictly) convex on V.

The following proposition gives a necessary and sufficient condition for a differentiable func-

tion to be convex.

Proposition 2.2.3. [7, 52/ Let C C V be a nonempty open convex set and let f : C' — (—o0, 0]

be a differentiable function on C. Then, the function f is convex on C' if and only if

(Vf(x),y—z) < f(y) — f(x) forallz, y e C.

Moreover, the function f is strictly convexr on C if and only if the above inequality is strict

whenever x # . O

Next, we define the effective domain, the properness and the directional differentiability of
functions. Let S C V be a set, and let f : S — R be a function. We define the effective domain

of f by

domf:={zeV| f(z) < oo }.
We say that the function f is proper if domf # ). For any x € domf and d € V, we define the
(lower) directional derivative of f at x in the direction d by

oo s d (@A) — f(x)
fi(z;d) = h)\rgirnof 3 :

The next proposition provides several properties of the directional derivative for convex

functions.

Proposition 2.2.4. [7, 52] Let f : V — (—o0, 0] be a proper convex function. Moreover, let
x € domf and d € V with d # 0. Then, the difference quotient in the definition of f'(x;d) is a
nondecreasing function of A > 0, so that

oo o fletAd) = flx) . flz+Ad) - f2)
fayd) = lim ) = ot ) ‘

Furthermore, if there exists € > 0 such that x + td € domf for all t € (0,¢|, then f'(z;d) is
finite. O
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We consider the following optimization problem:

minimize  f(x),

) (2.2.1)
subject to x € S,

where f:V — (—o00,00] is a proper function and S C V is a nonempty closed set. By using the

directional derivative of f, we provide a necessary condition for optimality in problem (2.2.1).

Proposition 2.2.5. Let f and S be the function and the set in problem (2.2.1), respectively.
Suppose that S is a convex set. Then, if T € S is a local minimum of problem (2.2.1),

f'(@x—7)>0 forallzesS. (2.2.2)

Proof. Let x € S be arbitrary. It follows from the convexity of S that T + A(z — %) € S for any
A € [0,1]. Then, since T € S is a local minimum of problem (2.2.1), there exists ¢ € (0, 1] such
that f(z +t(x —)) — f(z) > 0 for all ¢t € (0,¢]. Dividing both sides by ¢ € (0,&], we obtain

f@+t(z=7)) - f(@)
t

Therefore, we have from t — +0 that f/(z;2 —Z) > 0 for all x € S. O

>0 forallte(0,e].

From Proposition 2.2.5, we see that (2.2.2) is a necessary condition for optimality in problem
(2.2.1). In the remainder of this thesis, we say that T € S is a stationary point of problem (2.2.1)
if T satisfies the condition (2.2.2). Note that if f is differentiable at T and S =V, (2.2.2) is
equivalent to V f(Z) = 0. Moreover, if problem (2.2.1) is convex, then (2.2.2) is a necessary and

sufficient condition for optimality in problem (2.2.1). We show this fact in the next proposition.

Proposition 2.2.6. Let f and S be the function and the set in problem (2.2.1), respectively.
Suppose that S is a convex set, and f is a proper convez function on S. Suppose also that (2.2.1)
has a nonempty optimal solution set. Then, a stationary of (2.2.1) is also a global minimum
of (2.2.1). In addition, if the function f is strictly conver on S, then the global minimum of
(2.2.1) is unique.

Proof. We show the first part of this proposition. By Proposition 2.2.5, it suffices to show that
(2.2.2) is a sufficient condition for optimality in problem (2.2.1). Suppose that T is a stationary
point of (2.2.1), that is, T satisfies (2.2.2). Let € S be arbitrary. It follows from Proposition
2.2.4 that

for all A > 0.

D e o LA =) = @) _ @+ Mo =) = f(@)
A>0 A A
Then, we have from A = 1 that f(Z) < f(z) for any € S. Therefore, 7 is a global minimum of
problem (2.2.1).
We show the second part of this proposition by contradiction. Suppose that f is strictly
convex on S. Suppose also that Z and Z are two distinct global minima of problem (2.2.1). Let
a be an optimal value of (2.2.1), and let A € (0,1). Since the function f is strictly convex on S,

we have

FAZ+ A =N2) < @)+ (1 -Nf(Z)=a. (2.2.3)
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It follows from the convexity of S that AT + (1 — A)z € S, and hence we have by (2.2.3) that

AT + (1 — A\)Z is a global minimum of (2.2.1). Therefore, we obtain a contradiction. O

Finally, we consider the following unconstrained optimization problem by using f and S in
problem (2.2.1):

minimize  f(z) 4 dg(z),

_ (2.2.4)
subject to x €V,

where the function dg : V — (—o00, 00| is an indicator function of S, that is,

0 ifxels,
ds(x) = {

+00 otherwise.
We give a property associated with a stationary point of problems (2.2.1) and (2.2.4).

Proposition 2.2.7. Let f and S be the function and the set in problem (2.2.1), respectively.
Suppose that S is a convex set. If T € S is a stationary point of problem (2.2.4), then T is that
of problem (2.2.1).

Proof. Since T € S is a stationary point of problem (2.2.4),

timint L& T Az~ 7)) — f(@) + 95(T + Mz — 7)) — I5(@)
A—+0 A

>0 forallxzeV.

It then follows from S C V that

liming L& T AE = 7)) - f(Z) + 05(T + Mz — 7)) — 95(T)
A—+0 b\

>0 forallzeS. (2.2.5)

On the other hand, we obtain dg(y+t(z —y)) = 0 for all y, z € S and t € [0, 1] by the convexity
of S. Thus, we have from (2.2.5) that

o @A =) - @)

>0 forall zeb.
A—=40 A

Therefore, T is a stationary point of problem (2.2.1). O

2.2.3 Symmetrized Kronecker product and its properties

In this section, we define the following notations.

(i) We define a partial derivative of the function X : R™ — SP at x with respect to its i-th

component as A;(z) 1= 7-X(z).
(ii) Let x € R™. We define an operator A(x) : R” — SP as
A(x)w == w1 Ai(x) + ... + wyAp(z) for all w € R™.
(iii) Let x € R"™. We define an adjoint operator of A(z) : R" — SP as A*(z) : S» — R", i.e.,

A*(2)U = [(Ay(2),U), ..., (Ay(2),U)]" for all U e SP.
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(iv) Let P, @ € RP*P. We define an operator P ® @ : SP — SP as
1
(PoQ)U := 5(PUQT +QUPT) forall U e SP.

p(p+1)
(v) We define an operator svec : SP - R~ 2 as

SVQC(U) = [UH, \/§U21, Ceey \/§Up1, Uss, \/§U32, ey \/iUpg, Uss, ..., Upp]T for all U € SP.

. . p(p+1)
(vi) Let P, Q € RP*P. We denote the symmetrized Kronecker product as P ®g @ : R"2 &
p(p+1)

R 2 which satisfies that

(P ®g Q)svec(U) =svec((PoQ)U) for all U € SP.

p(p;rl) xn

(vii) We define an operator A : R" - R as

A(z) = [svec(Aj(x)),...,svec(An(z))] for all z € R".
(viii) We define

UoV:i=—— foral U, V €SP,

In the following, we give some propositions related to the above definitions.
Proposition 2.2.8. [61, 72] The following statements hold.
(a) For any matrices U, V € SP,

(U, Vy=tr(UV) = svec(U)Tsvec(V), WU||F = ||svec(U)]|.

(b) For any matrices U, V € S and p € R, UoV = ul is equivalent to UV = pl. O

Proposition 2.2.9. [61, 72] Let P and Q be arbitrary nonsingular matrices in RP*P. Then the

following statements hold.
(a) The operator P ® @ is invertible.

(b) For all U, V € SP,
U,PoQV)=(PTo"HU,V), (UEPeQ)™'V)=(P o) 'UV).
() (POP)'=(PloP). O

Proposition 2.2.10. Let P and Q be arbitrary matrices in RP*P and let C := @. Then,
1P 25 Qllr < C1l|P|FIQIF-
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Proof. 1t follows from Proposition 2.2.1 (a) that
1P &5 Qllr < Cil[P s Qla. (2.2.6)

Let U € SP. The definition of the symmetrized Kronecker product and Proposition 2.2.8 (a)
yield that

(P os Qsvee(U)]| = [isvec((P & QU
= IPoQUIr

SIPUQT +QUPT s

IPIFIQUAIUF,

IN

and hence

PosOlae sup 1P EsQsvec)] __IPIFIQIeIUr
s P e (73] R A T

= IPlrlQlF. (2:2.7)

We have by (2.2.6) and (2.2.7) that ||P ®s Q||r < C1||P|r||Q| F- O

Several interior point methods for SDP employ scaling of X (x) and Z, where Z € SP corre-
sponds to a Lagrange multiplier matrix for X (z) > 0 in (1.1.1). The details of Z are given in
Section 2.3. Let T be a nonsingular matrix in R?*?. We consider the scaled matrices X (x) and
Z defined by

X(z):=ToT)X(x) and Z:=(T""oT "Z

The details of scaling are given in Section 2.4. In the following, we show some useful properties
of X(z) and Z.

Proposition 2.2.11. The following statements hold.

(a) Suppose that X (x) and Z are symmetric positive definite. Suppose also that )N((x) and Z

commute. Then we have
<(Z o N(X(z)® U, U> >0 forall U e SP.
Furthermore, the strict inequality holds in the above if and only if U #£ 0.

(b) Suppose that X (z) and Z commute. Then we have

(X))o I)(Zol) =(ZoI)(X(z)oI).

Proof. (a) Since the matrices X (z) and Z are symmetric positive definite, X () and Z are
also symmetric positive definite. It then follows from the commutativity of X (z) and Z that
X(2)Z is symmetric positive definite. Thus, there exists ()Z'(:c)g)% e S| such that X(2)Z =
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(X(2)Z)2(X(z)Z)%. Let U € SP. Then we have
(ZonEX@oenuu) = iu((i}?(m)U + X@)UZ + ZUX (2) + UX (2)2)U)
= (X@UZV) + J(ZUX (V)

+itr(U)Z(x)ZU) + itr(U ZX (2)U)

_ %tr(f((x)%UZ%Z%Uf((x)%) + (ZIUX (@)} R @)U Z%)
1 e a1

1~ o1~ o~
= 5tr(X(:c)%UZ%Z%UX(ac)

1l 5, 1. =1 1 =, (=1
= §HX($)2UZQH%+§||(X($)Z)2U||2F
> 0,

N|=

)+ (U (X (2)2)5 (R (2)2)40)

where the third equality follows from the commutativity of X () and Z. Note that, since X (x)%,
7% and (X(2)Z )% are positive definite, the strict inequality holds in the above if and only if
U #0.

(b) For any U € SP, we have

~ ~ 1 ~ ~ -~ ~ ~ ~
X@)o)(Zzol)U = Z(X(a:)ZU +2UX(z)+ X(2)UZ+UZX(x))
1 ~~ ~ ~ o~ - ~ o~
= Z(ZX(J:)U +X()UZ+2UX(x)+UX(z)Z)
= (ZoD(X(=z) e U,
where the second equality follows from the commutativity of X (z) and Z. Hence, we obtain

(X(@)oD(Zol) =(Zo)(X () ol). 0

2.2.4 Properties of a log-determinant function

Let © be a set defined by Q := { € R" | X(z) > 0 }. Furthermore, let ¢ : S, — R and
¢ : 2 = R be functions defined by ¢(M) := —logdet M and ¢(x) := ¢(X(x)), respectively. We
first give the differentiability and convexity of ¢ and ¢.

Proposition 2.2.12. [60] The following statements hold.
(a) The function ¢ is differentiable on St , and V(M) = —M~* for all M € S

(b) The function ¢ is strictly convex on S% . O

Proposition 2.2.13. The following statements hold.

(a) The function ¢ is differentiable on 2, and V(x) = —A*(2) X ()"t for all x € Q.
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(b) Suppose that X is nondifferentiable on Q, and satisfies that
XAu+(1=XNv) = AX(u) — (1 —=MN)X(v) =0 forall Ae[0,1] and u, v € Q. (2.2.8)
Then ¢ is convex on §2. Moreover, if X is injective on ), then ¢ is strictly convex.

(c) Suppose that X is differentiable on ), and satisfies (2.2.8). Suppose also that Ai(x), ..., An(z)

are linearly independent for all x € Q. Then ¢ is strictly convex.

Proof. We have from Proposition 2.2.12 (a) and the chain rule that

Vo(r) = —A*(2) X (z) 1, (2.2.9)
(b) It follows from AX (u) + (1 — X)X (v) > 0, (2.2.8) and Proposition 2.2.1 (b) that

det[AX (u) + (1 — M) X (v)] < det[X(Au+ (1 — X)v)].

Since — log is a decreasing function on (0,00) and ¢ is strictly convex from Proposition 2.2.12
(b), we have

e(Au+ (1= A)v)

—logdet[X (Au + (1 — A)v)]
—log det[AX (u) + (1 — X)X (v)]
BOX () + (1 - X (2))

AS(X () + (1 = (X (v))
Ap(u) + (1 = Ap(v),

IN

IN

and hence ¢ is convex on ).

Suppose that u # v. Then, since X is injective on 2, X (u) # X (v). Moreover, since ¢ is
strictly convex,

e(Au+ (1= X)v)

IN

PAX (u) + (1 = A)X(v))
< AG(X(u) + (1= A)p(X(v))
= Ap(u) + (1 = Nep(v)

for A € (0,1). Thus, ¢ is strictly convex.

(c) Since X is differentiable, X (v + A(u —v)) — X(v) = AA(v)(

A € (0,1). Then (2.2.8) can be written as AA(v)(u —v) — A(X (u
=

. o(A
both sides by A, we have A(v)(u —v) — X (u) + X (v) + ()\)

—v) 4+ o(A) for u,v € Q and
— X(v)) + o(\) = 0. Dividing
0. Letting A — 0 yields

A)(u—v) — X(u) + X(v) = 0.

Let M := A(v)(u —v) — X(u) + X (v). Since M € S and X (v)~! € SE | there exist M3 and
X(v)_%. Then we have

(X(0)™H M) = tr(X (v) M) = tr(X (0) 2 M2 M3 X (0)"2) = [ M3 X(0) 73|}
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It then follows from the definition of ¢, Proposition 2.2.12 (a) and (b) that

p(u) — p(v) = G(X(u)) - (X (v))
> (=X(v)"!, X (u) — X(v))
= (X)L, M)+ (X() ", —A)(u—10))
IM2X (0) 72 [} + (— A" (@) X () u — )
> (Ve(v),u—v), (2.2.10)

where the last inequality follows from (2.2.9).

Since ¢ is convex by (b), it suffices to show that ¢(u) — p(v) = (Ve(v),u — v) if and only
if u=wv. If u=w,itis clear that p(u) — p(v) = (Ve(v),u —v). Conversely, suppose that
o(u) — p(v) = (Ve(v),u — v). Since the equality holds in (2.2.10), we see that

(X () — S(X(v) = (~X ()L, X(w) - X(0)), [MIX(0) 2[p=0.  (2211)

We have from Proposition 2.2.12 (b) and the first equality of (2.2.11) that X (u) = X (v), that is,
M = A(v)(u—v) by the definition of M. Then, the regularity of X (U)_% and the second equality
of (2.2.11) yield that 0 = M = A(v)(u —v). Since Ay(z),..., Ap(z) are linearly independent for

all z € 2, we have u = v. O

Note that Proposition 2.2.13 (b) does not assume the differentiability of X.

We next show that matrices in a level set of ¢ are uniformly positive definite.

Proposition 2.2.14. For a giveny € R, let L4(v) ={U € S%  |¢(U) < ~}. Let T be a bounded
subset of SP. Then, there exists A > 0 such that Aynin(U) > X for all U € Ly(y) NT.

Proof. Suppose the contrary, that is, there exists a sequence {U;} C Ly(y) NT such that
Amin(U;) = 0 as j — oo. Then

—log Amin(Uj) = 00 (j — 00). (2.2.12)

Since U; € L4(7), we have v > ¢(U;) = —logdetU; = — Y7, log A;(U;). It then follows from
(2.2.12) that there exist an index k and an infinite subset J such that lim;_, je 7 — log At (U;) =
—o0, that is, lim;_,o jes Ax(U;) = co. However, this is contrary to the boundedness of {U;}.
Therefore, there exists A > 0 such that A\yuin(U) > A for all U € Ly(y) N T O

2.3 Some optimality conditions for nonlinear SDP

We first introduce the first-order optimality conditions for nonlinear SDP (1.1.1). The La-
grangian function L of (1.1.1) is given by

L(z,y,Z) := f(z) — g(2) "y — (X (), Z)

where y € R™ and Z € SP are the Lagrange multiplier vector and matrix for g(z) = 0 and

X (x) = 0, respectively. A gradient of the Lagrangian function L with respect to z is given by

VoL(e,y. 2) = V(@) - Jy(0) y - A" (@) Z.
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The Karush-Kuhn-Tucker (KKT) conditions of (1.1.1) are written as

ViLl(z,y,Z) 0
g(x) =10, X(x) =0, Z = 0. (2.3.1)
X(z)Z 0

Next, we introduce definitions of the stationary point, the Mangasarian-Fromovitz constraint
qualification condition, the second-order sufficient condition, the strict complementarity condi-
tion and the nondegeneracy condition.

We say that a point * € R" is a stationary point of (1.1.1) if there exist Lagrange multipliers
y* € R™ and Z* € SP such that (z*,y*, Z*) satisfies the KKT conditions (2.3.1). We say that
the Mangasarian-Fromovitz constraint qualification condition holds at x* if rank(Jy(z*)) = m

and there exists a vector v € R"™ such that

Then, we present a theorem associated with the Mangasarian-Fromovitz constraint qualification

condition.

Theorem 2.3.1. [13] Let x* be a local optimal solution of nonlinear SDP (1.1.1). If the
Mangasarian-Fromouvitz constraint qualification condition holds at x*, there exist Lagrange mul-
tipliers y* € R™ and Z* € SP such that (z*,y*, Z*) satisfies the KKT conditions (2.3.1). O

Let z* be a stationary point of nonlinear SDP (1.1.1), and let A(z*) be a set defined by
Ax*)={ (y,Z2) e R™ x S? | (z*,y, Z) satisfies (2.3.1) }.

First, we describe the second-order sufficient condition for nonlinear SDP (1.1.1). Let C'(z*)
be the critical cone of (1.1.1) at z*, that is,

C(a*) == { heR"

Jo(a")h =0, > hidi(z") € Tsr (X (2")), Vf(@*)Th=0 } :
=1

where

Ter (X (27)) = { DesS”|dist(X(z*)+tD,S%) =o(t), t >0},
dist (P, S7) :==inf{ |[P-Q|lr | Q€S }.

Then, we say that the second-order sufficient condition holds at x* if

sup A" (VgIL(x*,y, Z) + H(z*, Z)) h >0 forall h € C(z*)\{0},
(y,2)eA(z*)
where the (i,7)-th element of H(z*,Z) is 2tr(A;(2*) X (2%)TAj(2%)Z), and X (2*)T denotes the
Moore-Penrose generalized inverse of X (z*). In the following, we propose a theorem related to

the second-order sufficient condition.
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Theorem 2.3.2. [71] Suppose that the Mangasarian-Fromovitz constraint qualification condition
holds at x*. Then, the second-order sufficient condition holds at x* if and only if x* is a strict
local optimal solution of nonlinear SDP (1.1.1). O

Next, we describe the strict complementarity condition and the nondegeneracy condition.
We say that the strict complementarity condition holds at x* if there exists (y*, Z*) € A(x*)
such that rank(X (z*)) + rank(Z*) = p. Then, without loss of generality, we may assume that
X (x*) and Z* are written as

v [X 0],

0 0
0 z*

I

where X € S'_IFJr and Z* € 8", and ¢ and r are positive integers such that ¢ + r = p. Then,
for each i € {1,...,n}, let A;(z) € S” be a submatrix of A;(z) such that

AZ(CC) =

Y

Ai(z)  Ay(w)
Ai(@)T Ayw)

where A;(z) and A;(z) are appropriate submatrices of A4;(z). We define

B(z) = [svec(A, (@), .. svec(A, (z))] € R™T" K(x) = [ ‘g((gf)) ] e RO+ )xn,

We say that the nondegeneracy condition holds at * if rank(K (xz*)) = m + w Finally, we

give a theorem related to the Lagrange multipliers corresponding to a stationary point * € R™.

Theorem 2.3.3. [71] Let x* € R™ be a stationary point of nonlinear SDP (1.1.1). If the strict
complementarity condition holds at x*, then A(z*) is a singleton if and only if the nondegeneracy

condition is satisfied at x*. O

2.4 Barrier KKT conditions for nonlinear SDP

Most of solution methods for nonlinear SDP are developed to find a point w := (x,y, Z) that
satisfies the KKT conditions. However, it is difficult to get such a point directly due to the
complementarity condition X (x)Z = 0 with X (z) > 0 and Z > 0. To overcome this difficulty,
the primal-dual interior point methods proposed by a few researchers exploited the following

two conditions with a barrier parameter p > 0:

Barrier KKT conditions

Vo L(w) 0
g(x) =10, X(@>=0 Z=0, (2.4.1)
X(z)Z — pl

Shifted barrier KKT conditions
V. L(w) 0
g(x) + pny =101, X&) =0 Z>0. (2.4.2)
X(x)Z — pl
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The conditions (2.4.1) are called the barrier KKT conditions, and they were proposed by Ya-
mashita, Yabe and Harada [72]. Moreover, the barrier KKT conditions come from Yamashita
[70] for nonlinear programming. On the other hand, the conditions (2.4.2) are called the shifted
barrier KKT conditions, and they were proposed by Kato, Yabe and Yamashita [34]. Moreover,
the shifted barrier KKT conditions are derived from Forsgren and Gill [18] for nonlinear pro-
gramming. In what follows, we call a point w satisfying the (shifted) barrier KKT conditions a
(shifted) barrier KKT point.

Furthermore, we define the following generalized shifted barrier KKT conditions which are

a new concept proposed in this thesis:

Generalized shifted barrier KKT conditions

V.L(w)
re(w, p) = g9(x) + kuy =101, X&) =0, Z=x0, (2.4.3)
svec(X (x) o Z — ul) 0

where k € [0,00) and g > 0. In the conditions (2.4.3), we generalize g(z) = 0 and g(x) + uy =0
in (2.4.1) and (2.4.2) as g(x) + kuy = 0 by using k € [0,00). Moreover, we also replace
X(2)Z — pI = 0 with svec(X (z) o Z — pI) = 0. Note that since X (z),Z € S%, it follows from
Proposition 2.2.8 (b) that X (z)Z — I = 0 is equivalent to X (x) o Z — uI = 0. In the remaining
thesis, we call (2.4.3) the generalized shifted barrier KKT conditions. If y = 0, the generalized
shifted barrier KKT conditions (2.4.3) are reduced to the KKT conditions (2.3.1). Note that
when g > 0, the conditions X (x) = 0 and Z > 0 in (2.4.3) are equivalent to X (z) > 0 and Z > 0.
Moreover, if K = 0 and p > 0, then (2.4.3) are reduced to the barrier KKT conditions (2.4.1).
Similarly, if k = 1 and g > 0, then (2.4.3) are equal to the shifted barrier KKT conditions
(2.4.2). For a given ¢ > 0, a point w € R such that ||r.(w,0)|| < & X(z) = 0and Z = 0
is called an approzimate KKT point. Similarly, if w € R! satisfies that ||r.(w,p)| < € with
uw>0, X(x) = 0and Z = 0, we call w an approximate generalized shifted barrier KKT point. In
particular, when Kk = 0 (k = 1), we call w an approzimate (shifted) barrier KKT point. Finally,
we define a set W by

W:i={w|X(x)>=0, Z>0}

We call a point w € W an interior point.
As described in Subsection 1.2.2, scaling is frequently exploited in the existing primal-dual

interior point methods. Scaling means that we generate matrices
X(2):=TX(2)T" and Z:=T 2T
by using a nonsingular matrix T such that X(2)Z = ZX(z). We call T a scaling matrix.
Moreover, we also use the following scaled generalized shifted barrier KK'T conditions:
Scaled generalized shifted barrier KKT conditions

VL(w) 0
Tr(w, 1) = gﬁm) +Rpy =|0|, X(@)=0 Z*=O0. (2.4.4)
svec(X (z) o Z — pul) 0
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Since X (z),Z € S" , it follows from Proposition 2.2.8 (b) that X(z)o Z — pl = 0 is equivalent
to X(x)Z — pl = 0. It is clear that X (z)Z — ul = 0 is equivalent to X(z)Z — pul = 0.
Therefore, since X (x)Z — ul = 0 is equivalent to X (z) o Z — uI = 0 by Proposition 2.2.8 (b),
X(z) o Z — ul =0 is equivalent to X(z) o Z — ul = 0, i.e., (2.4.3) and (2.4.4) are equivalent.
Note that we call (2.4.4) the scaled barrier KKT conditions when x = 0 and g > 0. Similarly,
we call (2.4.4) the scaled shifted barrier KKT conditions when x =1 and p > 0.

Finally, we present the well-known scaling matrix 7.

Choice of scaling matrix

(i) If we consider T' = X(x)_%, then X(z) = I and Z = X2ZX2. This choice corresponds to
the HRVW /KSH/M direction for linear SDP [28, 35, 42]. Clearly, the matrices X () and
7 satisfy X (z)Z = ZX ().

1

(ii) If we consider T = W™z with W := X2(X2ZX2) 2X2, then X(z) = W 2 XW 2 =
W2ZW: = Z. This choice corresponds to the NT direction for linear SDP [44, 45].
Clearly, the matrices X (z) and Z satisfy X (z)Z = ZX (z).

2.5 Block coordinate descent method for nondifferentiable min-
imization

In this section, we introduce a block coordinate descent (BCD) method for nondifferentiable
minimization, and we present some results related to the nondifferentiable minimization and
the BCD method. Note that these results are derived from Tseng [62]. First, we consider the

following unconstrained optimization problem:

N

minimize f(x) := fo(z) + Y _ fr(zr), (2.5.1)

zeR?
k=1

where f : RMT ™"~ — R U {cc} is proper, that is, there exists z € R™* "N guch that
f(z) < o0, and fo : R™T TN — RU{oo} and f; : R — RU{oo} for k = 1,..., N. Note that
N,nq,...,ny are positive integers, and z1, ..., zxy denote coordinate blocks of x = [z1,...,zN].

In the following, we introduce some concepts. We say that x is a coordinatewise minimum point
of f if x € domf and

fx+(0,...,dg,...,0)) > f(x) foralld, e R"™ and k=1,..., N,

where we denote by (0,...,dg,...,0) the vector in R™* "~ whose k-th coordinate block is

d, and whose other coordinates are zero. We say that f is quasiconvex on a convex set C' if
fOz+ (1= ANy) <max{f(z), f(y)} forall A\e€[0,1] and z, y € C.

We say that f is hemivariate on a set D C domf if f is not constant on any line segment of D,

that is, if there exist no distinct points x,y € domf such that

tr+(1—-t)ye D, f(tx+(1—1t)y)=f(z) foralltel0,1].
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In what follows, we present a proposition related to a stationary point and a coordinate minimum

point.

Proposition 2.5.1. [62] Let f be the function in (2.5.1). Suppose that x is a coordinatewise
minimum point of f. If fo is differentiable at x, then x is a stationary point of (2.5.1). ([

Next, we present a BCD method based on the cyclic rule.
Block coordinate descent method

Step 0. Choose any z° := [29,...,2%/] € domf. Set r := 0.

Step 1. Calculate "+ := [27T1, ... 27! by solving the following problems:
p 1 Y » YN Y g gp
r—+1 : r r
] € argmin f(z,x5,...,2Y),
rzeR™1
a:5+1 € argmin f(xi“,x,ac@ ce ),
reR™2
r—+1 : r—+1 r—+1
i €argmin f(x]7, .. 2y, 1),
zeR"™N

Step 2. If a termination criterion is satisfied, then stop.

Step 3. Set r:=r 4+ 1, and go to Step 1. ([l

Finally, we provide a proposition associated with a convergence analysis for the BCD method.

Proposition 2.5.2. [62] Let {z"} be a sequence generated by the BCD method. Suppose that
I, fo, f1, ..., fn satisfy the following assumptions:

(i) fo is continuous on domfy;

(i) For each k € {1,...,N} and z; € R" (j = 1,...,N, j # k), the function zj, —

flx1,...,xN) is quasiconvex and hemivariate;
(iii) fo, f1,..., [N are lower semicontinuous;
(iv) There exist Y, C R™ (k=1,...,N) such that domfy =Y7 X --- x Yy.

Then, either {f(x")} 4 —oo or else every accumulation point * is a coordinatewise minimum

point of f. ([






Chapter 3

A differentiable merit function for
shifted barrier Karush-Kuhn-Tucker
conditions of nonlinear semidefinite

programming problems

3.1 Introduction
In this chapter, we consider the following nonlinear semidefinite programming (SDP) problem:

winigie 12 o
subject to g(z) =0, X(x) =0,
where f : R - R, g : R® - R™ and X : R" — SP are twice continuously differentiable
functions.

For nonlinear SDP, there exist several solution methods which have the global convergence
such as the methods described in Chapter 1. However, as mentioned in Chapter 1, there exist
some issues associated with assumptions for the global convergence. The aim of this chapter
is to propose a primal-dual interior point method for (3.1.1) that is convergent globally under
milder conditions compared with the existing methods. In particular, we specify the conditions
related to the problem data, i.e., f, g and X. We also show that these conditions hold for linear
SDP.

In this chapter, we propose a new merit function F' whose stationary points satisfy the shifted
barrier KKT conditions. This function is an extension of a merit function proposed by Forsgren
and Gill [18] developed for nonlinear programming, and it consists of simple functions, such as
log-determinant and trace. Thus, it is easy to implement the proposed method with the merit

function F'. We show the following important properties of the merit function F":
(1) The merit function F is differentiable;

(ii) Any stationary point of the merit function F is a shifted barrier KKT point;
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(iii) The level set of the merit function F' is bounded under some reasonable assumptions.

These properties mean that we can find a shifted barrier KKT point by minimizing the merit
function F'. To minimize F', we also propose a Newton-type method based on nonlinear equations
in the shifted barrier KKT conditions. We show that the Newton direction is sufficiently descent
for the merit function F. As a result, we prove the global convergence of the proposed Newton-
type method. These details are provided in Section 3.3.

This chapter is organized as follows. In Section 3.2, we introduce some important concepts,
which are used in the subsequent section, and we present a primal-dual interior point method
based on the shifted barrier KKT conditions. In Section 3.3, we first propose a merit function F
for a shifted barrier KK'T point and present its properties. Secondly, we propose a Newton-type
method that minimizes the merit function F. Moreover, we prove the global convergence of
the proposed Newton-type method. In Section 3.4, we report some numerical results for the

proposed method. Finally, we make some concluding remarks in Section 3.5.

3.2 Primal-dual interior point method based on shifted barrier
KKT conditions

As described in Chapter 1, the main goal of solution methods for nonlinear SDP (3.1.1) is to
find a KKT point which satisfies the following KKT conditions:

VL (v) 0
g(x) =101, X(x)=0 Z=>=0, (3.2.1)
svec(X (z) o Z) 0

where v := (z,y,Z) € R" x R"™ x SP and L is the Lagrangian function, that is, L(v) =
f(z) = g(z) Ty — (X(z),Z). In what follows, we introduce a prototype of a primal-dual interior
point method based on the shifted barrier KKT conditions (2.4.2). To this end, we use the
generalized shifted barrier KKT conditions (2.4.3) with x = 1, that is,

V.L(v) 0
ri(v, p) = g(z) + py =]10]|, X(@=0 Z=0, (3.2.2)
svec(X(x) o Z — pul) 0

where 1 > 0. Note that if 4 = 0, the conditions (3.2.2) are equivalent to the KKT conditions
(3.2.1). Note also that if > 0, the conditions (3.2.2) hold if and only if 71 (v, ) = 0 and v € W,
that is, the shifted barrier KKT conditions hold. Note that W = {(z,y, Z)| X (x) > 0, Z > 0}.

Now, we give a framework of a primal-dual interior point method.
Algorithm 3.2.1.

Step 0. Let {ui} be a positive sequence such that pi — 0 as k — oo. Choose positive constants
o and €. Set k :=0.

Step 1. Find an approzimate shifted barrier KKT point vgyq such that ||r1(vgs1, pe)l| < opg
and vgy1 € W.
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Step 2. If ||ri(vigs1,0)|| <€, then stop.
Step 3. Set k:=k+ 1 and go to Step 1. O

The following theorem gives conditions for the global convergence of Algorithm 3.2.1. It can

be proven in a way similar to [72, Theorem 1]. Thus, we omit the proof.

Theorem 3.2.1. Suppose that an approximate shifted barrier KKT point v is found in
Step 1 at every iteration. Moreover, suppose that the sequence {xy} is bounded and that the
Mangasarian-Fromovitz constraint qualification condition holds at any accumulation point of
{zk}, i.e., for any accumulation point x* of {xi}, the matriz Jy(x*) is of full rank and there

exists a nonzero vector w € R™ such that

Then, the sequences {yx} and {Zy} are bounded, and any accumulation point of {v} satisfies
the KKT conditions (3.2.1). O

The theorem guarantees the global convergence if an approximate shifted barrier KKT point
V11 is found at each iteration. Thus it is important to present a method that finds such a point.
In the next section, we will propose a merit function for the shifted barrier KKT point and a

Newton-type method for solving an unconstrained minimization problem of the merit function.

3.3 Finding a shifted barrier KKT point

In order to find the approximate shifted barrier KKT point vi41 in Step 1 of Algorithm 3.2.1,
we may solve the following unconstrained minimization problem:

minimize  ||ry(w, u)||?,
subject to w := (z,y,Z) € R" x R™ x SP,

Unfortunately, a stationary point of the problem is not necessarily a shifted barrier KKT point
unless a Jacobian of r; with respect to w at (w,u) is invertible. In this section, we first con-
struct a differentiable merit function F' whose stationary point is always a shifted barrier KKT
point. Moreover, we show that a Newton direction for the nonlinear equations ri(w, ) =0 is a
descent direction of the merit function F. Next, we propose a Newton-type method for solving
an unconstrained minimization of the merit function F. Finally, we show that the proposed

algorithm finds a shifted barrier KKT point under some mild assumptions.

3.3.1 Merit function and its properties

We propose the following merit function F' : W — R for the shifted barrier KKT point:

F(.Z‘,y,Z) = FBP(.Z') +VFPD(x7y7Z)7
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where v is a positive constant, and the functions Fgp : 2 — R and Fpp : W — R are defined
by

1
Fpp(r) := f(z) + ZHQ(UC)HZ — plogdet X (z),
and
1
Fpp(r,y,Z) = ﬂllg(fﬁ) + py|* + (X (2), Z) — plogdet X (z) det Z,

respectively. Note that @ = { x € R" | X(z) > 0 }. The functions Fpp and Fpp are called the
primal barrier penalty function and the primal-dual barrier penalty function, respectively. Note
that F' is convex with respect to x when f is convex and g, X are affine. The merit function F

is an extension of the one proposed by Forsgren and Gill [18] for nonlinear programming.

Remark 3.3.1. For the shifted barrier KKT conditions, Kato, Yabe and Yamashita [34] also
proposed the merit function F:W >R as

ﬁ(aj,y,Z) = FBP(x) +VﬁPD(:E7y7Z)7

where ﬁp[) : W — R is defined by

~ X (2),2) + 122X (2) 275 — ul|?
Fpp(x,y,2) = ;Hg(w)+uy\2+logp< @2~ ( ); . ”F-
(det(X (2)Z))7

They showed that F has nice properties like the merit function F'. However, F is more compli-
cated than F', and hence it might not be easy to implement the Newton-type method based on F
in [34]. Furthermore, even if f is convex and g, X are affine, F is not necessarily convex with

respect to x.

In the rest of this subsection, we present some useful properties of the merit function F' such
as the differentiability, the equivalence between a stationary point of F' and a shifted barrier
KKT point, and the level boundedness.

First of all, we present a concrete formula of the derivatives of the merit function F'.

Theorem 3.3.1. The merit function F is differentiable on W. Moreover, its derivative is given
by
VFBP(x) + I/VprD(’w)
VF(U)) = I/vapD(w) 5
VVZFPD (w)

where VFpp(z) = Vf(x) + I%Jg(:c)—rg(x) — pA*(2) X (2) 7Y, V. Fpp(w) = %Jg(m)T(g(x) + py) +
A*@)(Z — pX (2)~1), VyFpp(w) = g(x) + py and VzFpp(w) = X (x) — pZ~". O

Next, we show the equivalence between a stationary point of the merit function F' and a
shifted barrier KKT point.

Theorem 3.3.2. A point w* € W is a stationary point of the merit function F if and only if
w* is a shifted barrier KKT point.
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Proof. First, let w* = (z*,y*, Z*) € W be a stationary point of the merit function F'. Then,
Theorem 3.3.1 yields that

V(z*) + ;Jg(x*)T (14 0)g(e®) + vuy*} + A (@) (2" — p(1 + )X (@)1} =0, (3.3.1)
g(z*) + py* =0, X(a*)—pu(Z) =0 (3.3.2)
Thus we have
VoL(w*) = Vf(a*) = Jy(a*) y* — A*(2*)Z
= Vf@@")+ *Jg(x*) g9(a*) — pA*(2*) X (z*) 7!
= —%J (@) " {g(z™) + py*} = vA* (") X (2*) " { X (&) — (2*) "} Z*
= 0’

where the second and third equalities follow from (3.3.2) and (3.3.1), respectively. Therefore,
w* is a shifted barrier KK'T point.
Conversely, let w* = (z*,y*, Z*) be a shifted barrier KKT point. Then, we obtain that

VoL(w*) =0, g(z*)+py* =0, X(2*)Z*—pul=0.

From Theorem 3.3.1, it is clear that V, F'(w*) = v{g(z*)+py*} = 0 and V7 F(w*) = v{X (z*) —
w(Z*) 1 = v{X (2*)Z* — uI}(Z*)~! = 0. Moreover,

V.F(w) = Vi(')+ ;Jg(x*)T (1 + )g(@®) + vay*} + A*@") w2 — (1 + )X (%))
= Vf(@")+ iJg(fﬂ*)TQ(Jﬂ*) — p A (2F) X (2%) 7!
Jr%Jg(ﬂf")T {g(a") + py*} + vA* (@) {Z" — uX (z*) 7"}
= VL) )T (o) + ) A @)X ) (X2~ )
= 0.
Therefore, w* is a stationary point of F. 0

This theorem is an extension of [18, Lemma 3.1] for nonlinear programming.
From this theorem, we can find an approximate shifted barrier KKT point by solving the

following unconstrained minimization problem:

minimize F(w),

. (3.3.3)
subject to w € W.

One of the sufficient conditions under which descent methods find a stationary point is that a
level set of the objective function is bounded. Thus, it is worth providing sufficient conditions
for the level boundedness of the merit function F'. For a given a € R, we define a level set £(«)
of F' by

L(a)={weW | F(w)<a}.

We first give two lemmas. The following lemma follows directly from [72, Lemma 1].
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Lemma 3.3.1. Let w = (x,y,Z) € W and u > 0. Then the following properties hold.
(a) (X(z),Z) — plogdet X(2)Z > pu(1 — log ).
(b) Fpp(w) > pu(1—log ). The equality holds if and only if g(x)+py = 0 and X (x)Z—ul = 0.

(¢) lim Fpp(w)=o00 and lim  Fpp(w) = oco. O
(X(2),2)10 (X(z),Z)1o0

Lemma 3.3.2. Suppose that an infinite sequence {w; = (x;j,y;, Z;)} is included in L(a). Sup-

pose also that the sequence {x;} is bounded. Then, the sequences {y;} and {Z;} are also bounded.

In addition, the sequences {X (x;)} and {Z;} are uniformly positive definite.

Proof. Since {x;} is bounded, {—logdet X (x;)} is bounded below. Thus, there exists a real
number M; such that My < Fpp(x;) for all j. Then, the definition of F' and w; € L(«) imply
that Fpp(w;) < L(a — M) for all j, which can be rewritten as

a— My o — My

1
ZHQ(%‘) + py; | < — (X(x5), Zj) + plogdet X (x5)Z; < — pu(1 —log p),

where the last inequality follows from Lemma 3.3.1 (a). Hence, {y;} is bounded.

Next, we show that {X(z;)} is uniformly positive definite. From Lemma 3.3.1 (b), we have
M, < Fpp(zj) = F(wj) — vFpp(w;) < a —vFpp(w;) < a—vpu(l —log ) for all j,

and hence, {Fpp(z;)} is bounded. It then follows from the boundedness of {z;} and the defini-
tion of Fpp that {—logdet X (z;)} is also bounded. From Proposition 2.2.14, the boundedness
of {—logdet X(z;)} and {X(x;)} implies that {X(z;)} is uniformly positive definite, that is,
there exists A such that Amin (X (2;)) > A > 0 for all j.

Next we show that {Z;} is bounded. From Lemma 3.3.1 (b), we have

1
pp(l —log ) < Fpp(wj) < ;(a — M) for all j,

and hence { Fpp(w;)} is bounded. Then, Lemma 3.3.1 (c) yields that {(X (z;), Z;)} is bounded.

Thus, there exists a real number Ms such that for all 7,
P
My > tr(X (25)Z5) 2 Amin(X (27))t0(Z5) > Mer(Z;) = Ay Me(Z;) (3.3.4)
k=1

where the second inequality follows from Proposition 2.2.1 (c). Since {Z;} is positive definite,
Mi(Zj) > 0 for k =1,...,p. Then, (3.3.4) implies that {\;(Z;)} is bounded for k = 1,...,p,
and hence {Z;} is bounded.

Finally, we show that {Z;} is uniformly positive definite. Recall that

Fpp(w;) = () + nyjl* + (X (25), Z;) — plog det X (z;) — plog det Z;,

o

21 g
and that {x;}, {y;}, {(X(z;), Z;)},{—logdet X(x;)} and {Fpp(w;)} are bounded. Therefore,
{—logdet Z;} is also bounded. It then follows from Proposition 2.2.14 and the boundedness of

Z;} that {Z;} is uniformly positive definite. O
{Z;} J y

We now give sufficient conditions under which any level set of the merit function F' is
bounded.
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Theorem 3.3.3. Suppose that the following five assumptions hold.
(i) The function f is convex.
(ii) The functions g1,...,gm are affine.

(iii) The function X satisfies X (Au+ (1 — N)v) — AX(u) — (1 — N) X (v) = 0 for all X € [0,1]
and u,v € §Q.

(iv) The matrices Ay(x), ..., Ap(x) are linearly independent for all x € Q;
(v) There exists a shifted barrier KK'T point w*.
Then, the level set L(«) of F is bounded for all o € R.

Proof. Let {(zk, Yk, Zx)} be an infinite sequence in L(«). We first show that {z)} is bounded.
In order to prove this by contradiction, we suppose that there exists a subset Z C {0, 1, ...} such
that limy_,o0 kez ||k|| = 00. Since F(wy) < o and Fpp(wy) > pu(1 —log i) from Lemma 3.3.1
(b), Fpp(wx) = F(wy) — vFpp(wi) < a — vpu(l —log ).

On the other hand, since w* is a shifted barrier KKT point, Theorem 3.3.1 implies that

0=V, L(w")=Vf(z")+ iJg(:c*)Tg(x*) — pA* ()X (z*)"! = VFgp(z*). (3.3.5)

Note that Fpp is strictly convex from Proposition 2.2.13 (c¢) and the assumptions (i)—(iv).
Thus, (3.3.5) implies that z* is a unique global minimizer of min{Fpp(z) | z € Q}. Note that
e Q={xeR"| X(z) >0 }. Then, there exists € > 0 such that {z* +cu | [ul| =1} C Q
and min{Fpp(z* + eu) | |lul| = 1} > Fpp(z*). Let dj, := 1(z), — z*) (k € I) and Fgp =
min{ Fpp(xz*+eu) | ||ul]| = 1}. Note that ||dg|| — oo (k — oo,k € Z). Without loss of generality,
we suppose that [|dg|| > 1 for all £ € Z. From the convexity of Fpp, we have

MFBP(x*) + LFBP(I'* +edy) > Fpp (33* + €dk> > Fgp,
| | |

and hence Fpp(xy) = Fpp(z* +edy) > ||dk||(Fgp — Fp(z*)) + Fpp(z*). Thus, since F§p —

Fpp(z*) > 0, we have Fpp(zy) — oo (k — oo,k € Z). However, this result contradicts

Fpp(xg) < a —pu(l —log ). Hence, for arbitrary {zx,yk, Zx} C L(a), {zx} is bounded. It

then follows from Lemma 3.3.2 and the boundedness of {F(w;)} that {y} and {Z;} are also

bounded. O

Remark 3.3.2. The level boundedness of the merit function for nonlinear programming is not
given in [18]. Applying Theorem 3.3.3, it is easy to show that the merit function M in [18] is
level bounded if the objective function f is conver, the constraint functions ¢; (i € £) are affine,
and rank(J;) = n.

Remark 3.3.3. Kato, Yabe and Yamashita [34] showed that their merit function Fis differen-
tiable and its stationary point is a shifted barrier KKT point. However, they did not discuss the

level boundedness of their merit function.
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Remark 3.3.4. Theorem 3.3.3 assumes that f is convex and g is affine. These assumptions are
rather restrictive for some applications. We can replace these assumptions with the following
coerciveness condition:
in o (#6045 la@)1?) = .
el o0,z ||| 2p
Due to Theorems 3.3.1-3.3.3, we can solve unconstrained minimization problem (3.3.3) by
any descent method, such as quasi-Newton methods and steepest descent methods, and hence

we can get an approximate shifted barrier KKT point vk in Step 1 of Algorithm 3.2.1.

3.3.2 Newton-type method for minimization of the merit function

In this subsection, we propose a Newton-type method for unconstrained minimization problem
(3.3.3) of the merit function F.

We exploit scaling which enables us to calculate a Newton direction easily. Note that scaling
have already been described in Section 2.4. Let T' € RP*P be a nonsingular scaling matrix such
that

TX()T' T~ " 2T =TT 2T ' TX (2)T". (3.3.6)
As described in Section 2.4, X () and Z denote the following matrices:
X(@)=TX@)T"'=ToTXx), Z=T""21"'=T""ToT "2

Note that X (z)Z = ZX(z) by (3.3.6). In the subsequent discussions, for simplicity, we denote
X(z) and X (z) by X and X, respectively.

Next, we give a Newton direction and show that it is a descent direction for the merit
function F. The Newton direction is derived from the nonlinear equations 7 (w,px) = 0 in
(3.2.2). However, as seen later, a pure Newton direction (Az, Ay, AZ) for r(w,p) = 0 is not
necessarily a descent direction for the merit function F'. Thus, we consider the following scaled
shifted barrier KKT conditions:

V. L(w) 0
1 (w, p) == g(z:) + Yy =|0|, X>0, Z>0. (3.3.7)
svec(X o Z — pul) 0

Note that the conditions (3.3.7) are equivalent to the scaled generalized shifted barrier KKT
conditions with x = 1 and p > 0 as mentioned in Section 2.4. We apply the Newton method to
the equation 71 (w, 1) = 0 in (3.3.7). Then, the Newton equations derived from 71 (w, u) = 0 are

written as
GAz — Jy(x) T Ay — A*(2)AZ = —V,L(w), (3.3.8)
Jo(x)Az + pAy = —g(x) — py, (3.3.9)
ZAX + AXZ + XAZ+AZX = 2ul — X7 — ZX, (3.3.10)

where G denotes a Hessian of the Lagrangian function L with respect to = or its approximation.
In what follows, we call a solution Aw := (Ax, Ay, AZ) of the Newton equations (3.3.8)—(3.3.10)

a Newton direction.
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Next, we give an explicit form of the Newton direction Aw. From (3.3.9), we have
1
Ay = —;(g(x) + py + Jy(z)Ax). (3.3.11)

Moreover, since (X @ [)AZ = %()?AZ—I—AE)?), (XohpX1-2)= 2(2ul — ZX —XZ) and
(ZOD)AX = %(ZA)Z' + AXZ), the equation (3.3.10) can be rewritten as

(XONDAZ+(ZODAX = (X o )(uX"' - 2). (3.3.12)

Since X and T are nonsingular, X =TXT" is also nonsingular. Thus, the operator ()Z' ©I)is
invertible from Proposition 2.2.9 (a). Moreover, X' = T-T X171 = (T-T o T-T)X~1 It
then follows from (3.3.12) that
T ToT NHAZ = pX'-Z-(Xol) Y (Zeol)AX

= TToT X' -2) - (XoD) ™ HZo ) (T oT)Ax)Az, (3.3.13)
where the last equality follows from the definitions of Z and AX. Since (T~ @ T~ T)~!

(TT @ T") from Proposition 2.2.9 (c), multiplying both sides of (3.3.13) by (T~" © T~ T)~!
yields that

AZ=pX'—Z - T T oTHXoD) ™ HZoI)(ToT)A) Az (3.3.14)

Finally, we give a concrete form of Az. Substituting (3.3.11) and (3.3.14) into (3.3.8), we obtain

<G +H + ;Jg(:c)TJg(x)> Azr = —V,L(w)— iJg(x)T(g(x) + py) + A*(z)(u X - 2)
= — (Vf(x) + iJg(x)Tg(x) - u.A*(x)X_1> , (3.3.15)

where
H:=A@@)(T"oTHX o) (ZoI)(ToT)A).
Note that H : R™ — R" is a linear operator such that
Hu=A"@) (T oTHX o)™ (Zo (T oT)A)u forall ue R,

From the definitions of A(x) and A*(x), the linear operator H is regarded as a matrix whose

(i,7)-th element is written as
Hyj = <Ai(x), TTeoTHXeoh) ™ (Zon)(Te T)Aj(:c)> . (3.3.16)

Since J,(x) " Jy(z) is positive semidefinite, we can solve the linear equation (3.3.15) with respect

to Az if G + H is positive definite. Fortunately, H is positive semidefinite as shown below.

Lemma 3.3.3. Suppose that X and Z are symmetric positive definite. Then, H is symmetric
positive semidefinite. Furthermore, if Aj(x),..., Ap(x) are linearly independent for all x € R",

then H is symmetric positive definite.
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Proof. Since X is positive definite, the operator X ® I is invertible from Proposition 2.2.9 (a).
Let u € R® and V := (X © I)"Y(T ® T)A(z)u. Then, we have

(Hu,u) A@)TToTHX o) YZeI)(T6eT)Al)uy, u>

WT & T)A(x)u, (X © 1) HT o T).A(:v)u>

(Z o I)( X@I)V,V>

= (

= (e

< ZoNXo)Xol) T oT)A)u, (X o) (T e T)A(a;)u>

= {(

0, (3.3.17)

>

where the second equality follows trom Proposition 2.2. and the last inequality follows from
here th d equality follows from Proposition 2.2.9 (b) and the last inequality follows f:
Proposition 2.2.11 (a). Therefore, H is positive semidefinite.
Next we show that H is symmetric. From (3.3.16), we have
Hy = (4e),@ToTH(X oD (Zo )T 6T)4x)
= (MTerHXeon T (ZonEX o N o DN 0 T)4;(), A(x)
<(TT oTHXo) ' XehZohXe ) (Te T)Aj(x),Ai(x)>
<(TT oTH)Zo)(X e I)*l(T@T)Aj(x),Ai(x»
= {Aj@),@ToTH(X o) Y Zol)(Te T)Ai(x)>
= sza

where the third equality follows from Proposition 2.2.11 (b) and the fifth equality follows from
Proposition 2.2.9 (b).

Furthermore, suppose that A;(x),..., A,(x) are linearly independent for all x € R™ and
u # 0. Then, we have V = (X ® I)"Y(T ® T)A(x)u # 0. It follows from Proposition 2.2.11 (a)
and (3.3.17) that (Hu,u) > 0, i.e., H is positive definite. O

Remark 3.3.5. In the case of linear SDP, A(x),...,An(x) are usually supposed to be linearly
independent for x € R™. Then, H is positive definite from Lemma 3.3.3.

To summarize the discussion above, we give concrete formulae of the Newton direction Aw

in the following theorem.

Theorem 3.3.4. Let p > 0 and w = (x,y,Z) € W. Suppose that G + H is positive definite.
Then, the Newton equations (3.8.8)-(3.3.10) have a unique solution Aw = (Ax, Ay, AZ) such
that

-1
Ax = — <G+ H+ iJg(x)TJg(x)) (Vf(x) + ijg(x)Tg(x) _ uA*(x)X—1> ’

Ay = —;<g<w>+uy+Jg<m>Ax>,

AZ = puX'—Z-T"oTH(XoD) ™ (ZoI)(ToT)A)A.
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Proof. 1t is clear that %Jg(m)TJg(x) is positive semidefinite. Thus, the positive definiteness of
G + H and (3.3.15) yield that
1 - 1
Ax = — (G +H + MJg(a:)TJg(a:)> <Vf(x) + ;Jg(ac)Tg(x) - ,uA*(:r)X1> .
Furthermore, Ay and AZ directly follow from (3.3.11) and (3.3.14), respectively. O

Next, we show that the Newton direction Aw is a descent direction for the merit function

F'. For this purpose, we first show the following two lemmas.

Lemma 3.3.4. Let u >0 and w = (z,y,Z) € W. Suppose that G + H is positive definite. Let

Ax be given in Theorem 3.5.4. Then we have
1
VFpp(z) Az = —Azx' <G+ H+ MJg(l')TJg(l')) Az <0.

Furthermore, V Fgp(x)" Az = 0 if and only if Ax = 0.

Proof. We easily see that G+ H + iJg(a;)TJg(a;) is positive definite from the positive definiteness
of G+ H. Since VFpp(z) = Vf(x)+ iJg(ac)Tg(:U) — pA*(2)X 1 from Theorem 3.3.1, it then
follows from (3.3.15) that

VFgp(z) Az = Az’ <Vf(x) + ;Jg(w)Tg(:U) — MA*(x)X_1>

1
= —Az' <G +H+ ng(x)TJg(az)> Az
< 0.

Furthermore, since G + H + %Jg(x)TJg(x) is positive definite, VFgp(z)" Az = 0 if and only if
Az = 0. g

Lemma 3.3.5. Let p > 0 and w = (x,y,Z) € W. Let Aw = (Ax, Ay, AZ) be given in Theorem
3.8.4. Then we have

(VFpp(w). Aw) = = lgla) + ol = |(X2) 3w = X2)]| <0
Furthermore, (VFpp(w), Aw) =0 if and only if g(x) + py =0 and XZ — pl = 0.
Proof. From Theorem 3.3.1, we obtain
(VFpp(w), Aw)y = (VyFpp(w),Azx)+ (VyFpp(w),Ay) + (VzFpp(w), AZ)
— AT I0) (gle) + ) + AT A @)(Z - X
+(g(z) + py) ' Ay + (X —pZ ', AZ). (3.3.18)
On the other hand, we have from the definitions of A*(x) and AX that

ArT A" (2)(Z —pX ™) = f:mi (Ai(2),Z — pX 1)
=1

- <zn: Ax;Ai(x), Z — MX_1>
i=1
= (A(@)Az,Z — pXt)
= (AX,Z—puX71). (3.3.19)
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From Proposition 2.2.9 (b) and (c), we have
(AX,Z—pX7') = (ToT) (TOT)AX,Z —pX ")
= (T'oT HTeT)AX,Z —pX )
- <(T OT)AX, (T T 0T T)(Z - MX_1)> :

Moreover, since X ' = (T T)X) = (TXT)y =T TX T = (T T 0T X! we

obtain

(AX,Z-px7Y) = (AX,Z-pX ')

_ <A)~(,(I—p,)?_12‘1)2>
— tr [AX(I pX-17-1 Z]
— [(I—u)?—lz ZAX]

- <I _uXzL ZAX> . (3.3.20)

Since X and Z commute, X1 and Z7! also commute. Then we also get
(AX,Z - px7Y) = (Z-pX 7 AX)

= tr(Z [I — ,ug_l)?_l)A)?]

— tw(Z [I - MX*Z*)AX]

= tr [(I — u)z_lé_l)A)A(/Z]

- <I _uXizL AX’Z> . (3.3.21)
From (3.3.20) and (3.3.21), we obtain

(AX,Z —pX~) = % (AX,Z —pX 1)+ % (AX,Z —pX~1)

% (1- X7 Z0%) + % (1-uX"'27".AXZ). (33.22)
In a way similar to prove (3.3.22), we also have

(X —pz =Y, AZ) = <I uX—17-1 XAZ> % <I X1z AZ}?> . (3.3.23)
From (3.3.18), (3.3.19), (3.3.22) and (3.3.23), we obtain

(VFpp(w), Aw) = )+ 1y) T (Jy(z) Az + pAy)

1
—(9(x

7

% <I pX 17V ZAX + AXZ + XAZ + AZX> (3.3.24)

Then, by substituting (3.3.9) and (3.3.10) into (3.3.24), we have

(VEpp(w), Aw) = —=||g(x) + py||> + <I —puX 77 I — )?2> (3.3.25)

1
o
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Note that since X and Z are symmetric positive definite and commute, XZis symmetric positive
definite, and hence there exists ()?Z)_% Let Y := XZ. We get

<I—uf424¢d—ﬁf> = —tr [Vl = Y)(ul - V)]
- —u{y—iuf—ijj—}qy—ﬂ
e

- H(XZ)*%(MJ - XE)H? . (3.3.26)

Thus, we have from (3.3.25) and (3.3.26) that

<VEmwxmw=—;mwwuwP—Wﬁér%w—ifwisa

Furthermore, we can easily see that (VFpp(w), Aw) = 0 if and only if g(x) + py = 0 and
XZ —ul =0. O

Now, we show that the Newton direction Aw is a descent direction for the merit function F.

Theorem 3.3.5. Let p > 0 and w = (x,y,Z) € W. Assume that G + H is positive definite.
Then, Aw = (Az, Ay, AZ) given in Theorem 3.3.4 is a descent direction for the merit function
F, ie.,

(VEw), Aw) = —AzT <G LH ;Jg(x)TJg(:n)> Az

14 ~~ 1 ~~ |2
= llgte) + pyl? v [(X2)73(ur - X2,
< 0

Furthermore, (VF(w), Aw) = 0 if and only if w is a shifted barrier KKT point.

Proof. Note that
(VF(w), Aw) = VEgp(z)" Az + v (VFpp(w), Aw) . (3.3.27)
Then, we have from Lemmas 3.3.4 and 3.3.5 that
1
(VF(w), Aw) = —Az' <G +H+ MJg(:c)TJg(:U)> Az

~ o)+l v [(X2)73 (ur - X2,

< 0.

Now, we show the second part of this theorem. Suppose that w is a shifted barrier KKT point,
ie., Vf(x)—Jy(z) Ty — A*(2)Z = 0,g(x) + py = 0 and XZ — pul = 0. Then we have

Vi(x)+ ;Jg(x)Tg(:r) — pA* ()X L =Vf(z) - Jg(x)Ty —A*(x)Z = 0.
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It then follows from (3.3.15) and the regularity of G+ H + %Jg(a:)TJg(a:) that Az = 0, and hence
we have from Lemma 3.3.4 that VFgp(z)" Az = 0. Moreover, g(z) + py = 0,XZ — ul = 0 and
Lemma 3.3.5 imply that (VFpp(w), Aw) = 0. Therefore, (VF(w), Aw) = 0 from (3.3.27).

Conversely, suppose that (VF(w),Aw) = 0. Since it follows from Lemmas 3.3.4 and
3.3.5 that VFgp(z)'Az < 0 and (VFpp(w), Aw) < 0, the equation (3.3.27) implies that
VFpp(x)"Az = 0 and (VFpp(w), Aw) = 0. It further follows from Lemmas 3.3.4 and 3.3.5
that Az = 0,¢g(x) + py =0 and XZ — ul = 0. Then we have

* 1 * —
Vol(w) = V() = Jy(@) 'y = A(@)Z = V(@) + _Jo(@) ' 9(w) = p A" (@)X =0,
where the last equality follows from (3.3.15). Thus, w is a shifted barrier KKT point. O

Theorem 3.3.5 guarantees that F'(w + aAw) < F(w) for sufficiently small o > 0 if w is not
a shifted barrier KK'T point.

Now, we discuss how to choose an appropriate step size « such that F(w + aAw) < F(w).
The merit function F' and the Newton equations (3.3.8)-(3.3.10) are well-defined only on W.
Therefore, the new point w + aAw is required to be an interior point. Thus, we must choose a
step size a € (0, 1] such that X (z + aAz) = 0 and Z + aAZ > 0. To this end, we first calculate

- L — if )\min(X_%AXX_%) < 0 and X is affine,

a$ = )‘min(Xi%AXxif)
1 otherwise,
and
- 7 — if Amn(Z72AZZ72) <0,
Q= Amin(ZifAzzif)
z
1 otherwise,

where 7 € (0,1) is a given constant. Set
a = min{1, &y, a,}. (3.3.28)

Then Z + aAZ = 0 for any a € (0,a]. Moreover, X (x + aAz) > 0 for any o € (0,a] if X
is affine. Note that if X is nonlinear, X (x + aAx) is not necessarily positive definite for any
a € (0,al.

Next, we choose a step size a € (0, @] such that F(w+ aAw) < F(w) and X (z + aAz) > 0.
For this purpose, we adopt Armijo’s line search rule which finds the smallest nonnegative integer
[ such that

F(w+ af'Aw) < F(w) + e0af (VF(w), Aw), X (z+ af'Az) =0,

where f3,e9 € (0,1) are given constants. Then, set o := @3'. Note that the second condition is
not necessary when X is affine.

Now, we describe a concrete Newton-type method for Step 1 of Algorithm 3.2.1. Recall that
the script k& denotes the k-th iteration of Algorithm 3.2.1.
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Algorithm 3.3.1. (for Step 2 of Algorithm 3.2.1)
Step 0. Choose B,e9,7 € (0,1) and set j := 0 and wp := vg.
Step 1. If ||ri(wj, )| < opk, then set vg1 = w; and return.

Step 2. Obtain the Newton direction Aw; = (Axj, Ay;, AZ;) by solving the Newton equations
(3.3.8)-(5.3.10).

Step 3. Set o := o_zjﬁlj, where & is given by (3.3.28) and l; is the smallest nonnegative integer
such that

F(wj + ;85 Awj) < F(wy) + 20d; 89 (VF(wy), Aws), X (xj + a;8% Azj) > 0.
Step 4. Set wjy1 = wj + ajAw; and j = j+ 1, and go to Step 1. O

3.3.3 Global convergence of Algorithm 3.3.1

In this subsection, we prove the global convergence of Algorithm 3.3.1. For this purpose, we

make the following assumptions.

Assumption 3.3.1.

(A1) The functions f,q1,...,9m and X are twice continuously differentiable.

(A2) The sequence {x;} generated by Algorithm 3.3.1 remains in some compact set § of R".

(A3) The sequence {G; + H;+ iJg(xj)TJg(xj)} is uniformly positive definite and the sequence
{G;} is bounded.

(A4) The sequences {T;} and {Tj_l} are bounded.

Note that Assumption 3.3.1 (A2) holds under the assumptions of Theorem 3.3.3. Assumption
3.3.1 (A3) guarantees that the Newton equations (3.3.8)—(3.3.10) have a unique solution.

Remark 3.3.6. Assumption 3.3.1 (A1)-(A8) hold for linear SDP such that Aq(z;),. .., An(z;)
are linearly independent. In fact, it is clear that Assumption 3.3.1 (A1) holds. Theorem 3.3.3
guarantees that Assumption 3.8.1 (A2) holds. Moreover, H; is positive definite from Remark
3.3.5 and Gj = 0. Thus, Assumption 3.3.1 (A3) holds.

Remark 3.3.7. Yamashita, Yabe and Harada [72] showed that their Newton-type method is
convergent globally to a barrier KKT point satisfying (2.4.1) under the boundedness of the se-
quence {y;}, in addition to Assumption 3.3.1 (A1)-(A4). However, they did not give sufficient
conditions for the boundedness of {y;}.

Remark 3.3.8. Kato, Yabe and Yamashita [3}] also showed that a Newton-type method with
the merit function F can find a shifted barrier KKT point under Assumption 3.3.1 (A1)-(A4).

However, concrete sufficient conditions were not stated for Assumption 3.3.1 (A2).
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First of all, we show that the sequence {w;} generated by Algorithm 3.3.1 is bounded. Note
that X (z;) and A(z;)Ax; are denoted by X; and AXj, respectively, for simplicity.

Lemma 3.3.6. Suppose that Assumption 3.3.1 (A2) is satisfied. Then, the sequence {w; =
(xj,95,2Z5)} generated by Algorithm 3.3.1 is bounded. Furthermore, the sequences {X;} and
{Z;} are uniformly positive definite.

Proof. Since the sequence {F'(w;)} is monotonically decreasing, we have F(w;) < F(wy) for all
j. Then, we obtain the desired results from Assumption 3.3.1 (A2) and Lemma 3.3.2. O

Note that Lemma 3.3.6 guarantees that Assumption 3.3.1 (A4) holds if Tj is given by
_1 _1
HRVW/KSH/M choice, that is, Tj = X; * or NT choice, that is, Tj = W, *, where W; :=
X%(X%ZX%)_%X%. See Section 2.4 for details of the scaling matrix Tj.

Lemma 3.3.7. Suppose that Assumption 3.3.1 (A2)-(A4) are satisfied. Then, the sequence
{Aw;} generated by Algorithm 3.3.1 is bounded.

Proof. 1t follows from Assumption 3.3.1 (A2)—(A4), Lemma 3.3.6 and Theorem 3.3.4 that the
sequence {Aw;} generated by Algorithm 3.3.1 is bounded. O

We now show the global convergence of Algorithm 3.3.1. We assume that Algorithm 3.3.1

generates an infinite sequence and w; is not a shifted barrier KKT point for all j.

Theorem 3.3.6. Suppose that Assumption 3.3.1 (A1)-(A4) are satisfied. Then, the sequence
{w;j = (zj,y;,Z;)} generated by Algorithm 3.3.1 has an accumulation point. Moreover, any

accumulation point w* = (x*,y*, Z*) is a shifted barrier KKT point.

Proof. Since the sequence {wj;} is bounded from Lemma 3.3.6, it has at least one accumulation
point.

Next, we prove that any accumulation point of the sequence {w;} is a shifted barrier KKT
point. To this end, we first show that the sequence {&;} generated in Step 3 is away from zero,
that is, there exists a real number & such that 0 < & < @; for all j. Note that from Lemmas 3.3.6
and 3.3.7, the sequences {X;}, {Z;}, {AX;} and {AZ;} are bounded. Moreover, the sequences
{X;} and 1{Zj} areluniformly positive definite. Thus, the sequences {Apin (X J_ %AX X ]_ %)} and
{Amin(Z g 2AZij )} are also bounded. It then follows from the definition of @&; that there
exists a real number & such that 0 < a < &; for all j.

Next, we show (VF(w;), Aw;) — 0 as j — oo. From Armijo’s line search strategy in Step

3, we have
F(ijrl) — F(wj) < Eoc_kjﬁlj (VF(wj), ij> .

Summing up the above inequality from j =1 to j = }, we have

F(ws,,) — F(w) <oy a;8; (VF(w;), Awy).

J=1
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Since (VF(w;), Aw;) < 0 by Theorem 3.3.5, it follows from & < &; that

j
F(ws,,) — F(w) <) 89 (VF(w;), Aw).
j=1

The boundedness of the sequence {w;} implies that the sequence {F(w;)} is bounded, and hence

—00 < Y BY(VF(w;), Aw;) < 0.
j=1

Then, we have

lim B4 (VF(w;), Aw;) = 0.

Jj—00
Now, we consider two cases: liminf;_,, Bl >0 and lim inf; o0 gl = 0.

Case 1: liminf; . B4 > 0. Then, we have

lim (VF(wj), Aw;) = 0.

Jj—00

Case 2: liminf; o, 8% = 0. In this case, there exists a subsequence {/;} that diverges to
oo, where J C {0,1,---}. Since the sequence {X(z;)} is uniformly positive definite by
Lemma 3.3.6, there exists [ > 0 such that X(xj+54jﬁlij) > 0 for all I > [. Then, without
loss of generality, we suppose that I; > [ for all j € J, that is, X (x; + &jﬁlj_lA:cj) >0
for all j € J. Since [; — 1 does not satisfy Armijo’s line search rule in Step 3,

eot; (VF(wy), Aw;) < F(w; + tjAw;) — F(wy),
where t; := a;3%71. Let h(t) := F(wj + tAw;). Tt then follows from Theorem 2.2.1 that
there exists §; € (0,1) such that
Eotj <VF(wj), ij> < F(wj + tjij) — F(wj)
= h(t;) — h(0)
= ;1 (0;t))
= t; (VF(w; + 05t;Awj), Awy) ,
and hence

0< (60 - 1) <VF(wj), ij'> <VF(’LUJ' + Gjtjij) — VF(wj), ij>

<
< VP, +0;t;8u;) — VE(w)) [ Awyl,  (3.3.29)
where the last inequality follows from the Cauchy-Schwarz inequality. Since the subse-

quence {tj} 7 converges to 0, we have from Assumption 3.3.1 (A1) and the boundedness
of the sequences {w;} and {Aw;} that

li VF(wj+60tjAw;) — VF(w;)| = 0.
j%ggejll (wj + 0t Aw;) (w;)]l
It then follows from (3.3.29) that

lim (VF(wj), Aw;) = 0.

j—o0,5€T
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From the both cases, we can conclude that

lim (VF(w;), Awj) = 0. (3.3.30)

Jj—o0
By the boundedness of the sequence {w;} and Assumption 3.3.1 (A3) and (A4), there exist
subsequences {w; }x, {G;}x and {7}k such that

lim  wj; =:w", lim G =:G", lim T; =T,
j—00,j€K j—00,jEK Jj—ro0,jEK
where £ C {0,1,...}, w* € R" x R™ x S, G* € S" and T* € RP*P. Moreover, by the
definitions of the operators 7 ©® T} and Tj—r @T]T, the subsequences {7 © T} }x and {TJT @Tj—r 5%
converge to T* ® T* and (T*)" ® (T*)7, respectively. Therefore, we have from (3.3.16) that
there exists H* € S" such that
lim H; = H".

j—oo,jeR

Note that G* + H* + iJg(:L‘*)TJg(x*) is positive definite from Assumption 3.3.1 (A3). It then
follows from Theorem 3.3.4 that the subsequence {Az;}x converges to Az* € R", where

* * * l .’E* T IB* - 1_* 1 .’B* T J,'* . * J,'* JJ* —1
aatim = (@ 1 L ) (VI + L) o) — e )X ).

Similarly, {Ay;}x and {AZ;}x converge to Ay* € R™ and AZ* € SP, where

Ay = —gla®) Ty (a)AT),
AZ* = pX@) ' =2 — (T o (THN(X(z*) @ I)"HZ" o I)(T* © T*) Alz*) A*,

and Z* := (T*)"T ® (T*)~T)Z*. It then follows from (3.3.30) that
(VF(w"), Aw*) =0,
where Aw* := (Azx*, Ay*, AZ*). Then, Theorem 3.3.5 yields that
VoL(w*) =0, g@*)+py* =0 and X(z*)Z* —pul =0.

Therefore, w* is a shifted barrier KKT point. O

3.4 Numerical experiments

In this section, we report some numerical experiments for Algorithm 3.2.1 with Algorithm 3.3.1.
We compare the proposed algorithm with the interior point method [72] based on the barrier
KKT conditions (2.4.1). We present the number of iterations and the CPU time of both algo-
rithms. The program is written in MATLAB R2010a and run on a machine with an Intel Core
i7 920 2.67GHz CPU and 3.00GB RAM. The barrier parameter py, is updated by ppi+1 = pg/10
with po = 0.1. The approximate Hessian G}, is updated by the method described in [72, Re-
mark 3]. We employ the HRVW/KSH/M choice as the scaling matrix 7}, that is T; = X ]_ %

Moreover, we select the following parameters:

e=10"% o0=50, v=10, 7=095 S=0.95 ¢c=0.50.



3.4 Numerical experiments 51

We solve the following three test problems described in [72] by using the initial points indicated
in [72].

Gaussian channel capacity problem:

S
maximize 7 Z; log(1+t;),
=

1 n
subject to — ZX” < P, Xii > O, t; > 07
n =1

Loati Vg

— ) A 7n7
Vi aiXi
where decision variables are X;; and ¢; for i = 1,...,n. In the experiment, the constants r; and
a; for i = 1,...,n are selected randomly from the interval [0, 1], and P is set to 1. Note that

the objective function of the problem is concave and the constraint functions are affine.

Minimization of the minimal eigenvalue problem:

minimize  tr(IIM(q)),

subject to tr(Il) =1,
I > 0,
q€Q,

where Q C RP, and M is a function from RP to S™, and decision variables are ¢ € R? and
IT € S™. In the experiment, p is set to 2 and M is given by M(q) := qig2M1 + q1 M2 + g2 M3,
where M7, My, M3 € S™ are constant matrices whose elements are selected randomly from the
interval [—1,1]. Moreover, @ is set to [—1,1] x [-1,1]. Note that the objective function is

nonconvex and the constraint functions are affine.

Nearest correlation matrix problem:

1
minimize 5 | X — AH%W
subject to X = nl,

Xiizl, izl,...,n,

where decision variable is X € S™, and A € S" is a constant matrix and n € R is a positive
constant. In the experiment, the elements of the matrix A are selected randomly from the
interval [—1,1] with A; = 1 for i = 1,...,n. Moreover, we set = 1073. Note that the
objective function is quadratic and convex, and the constraint functions are affine. Therefore,
the problem is convex.

The numerical results are presented in Tables 3.1-3.3. In these tables, SDPIP denotes the
primal-dual interior point method of [72]. From Tables 3.1-3.3, we see that the results obtained
by using Algorithm 3.2.1 are comparable to those produced with SDPIP.
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Table 3.1: Gaussian channel capacity problem

SDPIP Algorithm 3.2.1
n  iteration time(s) iteration  time(s)
) 4 0.26 4 0.24
10 4 0.56 4 0.54
15 4 1.51 4 1.45
20 4 4.25 4 4.16
25 ) 10.80 5 10.12
30 ) 19.60 5 19.54
35 ) 34.41 ) 33.53
40 ) 61.17 5 60.29

Table 3.2: Minimization of the minimal eigenvalue problem

SDPIP Algorithm 3.2.1
n iteration time(s) iteration  time(s)
5 4 0.29 4 0.33
10 4 6.76 4 6.87
15 4 30.85 4 31.56
20 4 67.13 5 84.10
25 4 308.13 5 417.32
30 4 781.34 ) 1000.53
35 4 2804.10 5 3601.28
40 4 4339.71 5 5395.89

Table 3.3: Nearest correlation matrix problem

SDPIP Algorithm 3.2.1
n iteration time(s) iteration  time(s)
) 4 0.07 4 0.07
10 4 0.47 4 0.50
15 4 2.72 4 2.77
20 4 9.16 4 9.56
25 4 35.25 ) 40.57
30 4 75.07 5 91.66
35 4 165.63 5 213.12
40 4 291.10 5 396.64
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3.5 Concluding remarks

In this chapter, we proposed a new merit function F' for the shifted barrier KK'T conditions. We
also showed the properties of the merit function F. In particular, we gave the level boundedness
of the merit function F', which is not given in other related papers for nonlinear SDP. Moreover,
we proposed Algorithm 3.3.1 to find an approximate shifted barrier KK'T point, and proved its
global convergence under weaker assumptions than those in [72]. In the numerical experiments,
we showed that the performance of Algorithm 3.2.1 was comparable to that of the primal-dual
interior point method [72] based on the barrier KKT conditions.

In this chapter, there is no discussion related to an update rule of the barrier parameter piy.

Thus, a future work is to give its reasonable update rule.






Chapter 4

A two-step primal-dual interior
point method for nonlinear
semidefinite programming problems

and its superlinear convergence

4.1 Introduction

In this chapter, we consider the following nonlinear semidefinite programming (SDP) problem:

minimize  f(x),
+€R” (4.1.1)
subject to g(z) =0, X(z) >0,

where f: R" = R,¢g: R" — R™, X : R" — SP are twice continuously differentiable functions.

In this chapter, we propose a two-step primal-dual interior point method and show its local
and superlinear convergence. The proposed method is based on the generalized shifted barrier
KKT conditions. It solves two Newton equations derived from the generalized shifted barrier
KKT conditions in each iteration. However, in order to reduce calculations, we replace the
coefficient matrix in the second equation with that in the first one. Thus, we can solve the second
equation more rapidly using some computational results obtained by solving the first equation.
Despite this change, we show the superlinear convergence under the same assumptions as those
in Yamashita and Yabe [71].

The present chapter is organized as follows. In Section 4.2, we first present some optimality
conditions for (4.1.1) and a general framework of a primal-dual interior point method. Secondly,
we propose a two-step primal-dual interior point method that uses two Newton equations having
the same coefficient matrices. In Section 4.3, we prove the superlinear convergence of the
proposed method. In Section 4.4, we report some numerical experiments for the proposed

method. Finally, we provide some concluding remarks in Section 4.5.
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4.2 Two-step primal-dual interior point method

In this section, we first present a primal-dual interior point method for finding the KKT point

which satisfies the following KKT conditions:

VoL(w)
g9(z) =10, X(x=0, Z>0,
svec(X (x) 0 Z) 0

where w := (z,y,svec(Z)) € R, l:==n+m+ p(p72+1) and L is the Lagrangian function given by
L(w) = f(x) — g(x)Ty — (X(x),Z). Then, we exploit the following generalized shifted barrier
KKT conditions introduced in Section 2.4 in order to construct a primal-dual interior point
method:

Vi L(w) 0
re(w, p) = g(x) + Kuy =10|, X(@=0 Zx=0, (4.2.1)
svec(X (z) o Z — pul) 0

where k € [0,00) and p > 0. Note that if 4 > 0, the conditions (4.2.1) are equivalent to
re(w,p) = 0 and w € W. Note also that W = { w | X(x) >~ 0, Z = 0 }. By using (4.2.1),
we present a framework of a primal-dual interior point method based on the generalized shifted

barrier KKT conditions.
Algorithm 4.2.1.

Step 0. (Initialize) Choose parameters k > 0 and € € (0,1), and give a sequence {py} such that
limg oo b = 0 and ux > 0. Set k := 0.

Step 1. (Termination) If ||r.(wk,0)|| <€, then stop.

Step 2. (Newton step) Find an approximate generalized shifted barrier KKT point w41 such
that |7 (Wet1, pe) || < e and wipq1 € W.

Step 3. (Update) Set k:=k + 1, and go to Step 1.

The global convergence in the case where kK = 0 or k = 1 has already shown in the previous
chapter and [34, 72]. Since the global convergence for any x € [0, 00) can be also shown similarly,
we omit its proof.

In this chapter, we investigate the rate of local convergence. In the following, we propose
a two-step primal-dual interior point method that can find wyy1 in Step 2. We also show that
the proposed method can find w1 in a single iteration if wy is sufficiently close to the KKT
point. To this end, we first develop a Newton equation with scaling in Subsection 4.2.1. We

then provide an actual algorithm in Subsection 4.2.2.

4.2.1 Newton equation with scaling

We adopt a Newton method to find an approximate generalized shifted barrier KKT point wgy1

in Step 2 of Algorithm 4.2.1. As mentioned in Section 2.4, we exploit a nonsingular scaling
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matrix T, that is,
X(z)=TX(@)T"'=(ToD)Xx), Z=T""271'=T"ToT "Z

In the following, X (z) and X (x) are denoted by X and X , respectively, for simplicity.
Then, we consider the following scaled generalized shifted barrier KK'T conditions described
in Section 2.4:
VL(w)
Te(w, p) = g9(x) + kuy , X>=0, Z=0.
svec(X o Z — pul)
Next, we apply the Newton method to the nonlinear equations 7 (w, u) = 0. Then, the Newton

equations are given by
V2, L(w)Az — J,(2) " Ay — A(z) Tsvec(AZ) = —V,.L(w), (4.2.2)
Jo(x) Az + kpAy = —g(x) — Kkpy, (4.2.3)
(Z @5 I)(T @5 T)A(z)Az + (X @5 (T~ " @5 T~ Nsvec(AZ) = svee(ul — X o Z). (4.2.4)

Yamashita and Yabe [71] proposed the following two-step primal-dual interior point method
based on the Newton equations (4.2.2)—(4.2.4) in the case where x = 0.

Algorithm 4.2.2. [71, scaled SDPIP]

Step 0. (Initialize) Choose parameters € > 0 and 7 € (0, %), and give an initial interior point
wo = [xo, Yo, svec(Zp)] € W. Set k := 0.

Step 1. (Termination) If ||ro(wg,0)|| < €, then stop.
Step 2. (Newton steps)

Step 2.1 Set py, = ||ro(wy, 0)]|*.

Step 2.2 Calculate the Newton direction Awy, by solving the Newton equations (4.2.2)-
(4.2.4) at wg, and set Wy := wy + Awy.

Step 2.3 Calculate the Newton direction Awy by solving the Newton equations (4.2.2)-
(4.2.4) at Wy, and set wiyq = Wy, + Aw.

Step 3. (Update) Set k:=k + 1, and go to Step 1.

Yamashita and Yabe [71] showed the superlinear convergence of Algorithm 4.2.2 under some
appropriate assumptions (see Assumption 4.3.1 of Section 4.3). Note that Step 2 in this method
has to solve two linear equations with different coefficient matrices.

1

Yamashita and Yabe [71] also showed that if T is a special matrix such as T = X2 and
T=W~2 (W=X2(X2ZX2)"2X2), the Newton equation (4.2.4) is written as

(Z®sI)A(z) + P(w))Az + (X ®g I)svec(AZ) = svec(ul — X o Z), (4.2.5)

p(p+1)

where the matrix P(w) € R™ 2~ *" depends on T. For further details, see [71] or Appendix
A. Note that for the general matrix T, there is no matrix P(w) that satisfies (4.2.5). Thus, we

make the following assumption on 7" in the rest of this chapter.
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Assumption 4.2.1. The scaling matriz T satisfies the following (S1):

p(p+1)

(S1) There exists a matriz P(w) € R~ 2 *™ such that the equation (4.2.4) is equivalent to the
equation (4.2.5).

See Appendix A for scaling matrices that satisfy assumption (S1).

4.2.2 Two-step primal-dual interior point method with the same coefficient

matrix

We now propose a new algorithm. The proposed algorithm has a similar procedure to Algorithm
4.2.2, i.e., there exist two Newton steps in a single iteration.

First, we calculate Wy := wy + Awy, by solving the Newton equations (4.2.2)—(4.2.4) at wy
as Step 2.2 of Algorithm 4.2.2. From Assumption 4.2.1, the Newton equations are written as

V?mL(wk) —Jg(xk)T —A(mk)T Aack
Jg(w) kprd 0 Ayp,
(Zk ®s I)A(zg) + P(wg) 0 (Xk @5 1) svec(AZy)
= —9(zk) — KpwYk , (4.2.6)

svec(url — Xy 0 Zy)

where we define X := X (z) for simplicity.

Recall that the next step of Algorithm 4.2.2 i.e., Step 2.3, solves the Newton equations
(4.2.2)—(4.2.4) at Wy in order to obtain Awy. The coefficient matrix of these equations differs
from the coefficient matrix of (4.2.6). Thus, computational costs for Step 2.3 are almost the
same as those for Step 2.2.

To reduce computational costs of the second step, we generate a direction Awyg by solving

the following equation, which has the same coefficient matrix as that in (4.2.6).

V2, L(wy) —Jy(zk) T —A(zg)" Ay,
Jg(wr) kgt 0 AQkA
(Zr @s I)A(x) + P(wy) 0 (X ®s 1) svec(AZy)
—VaL(t)
= —9(@g) — mprgr |- (42.7)

svec(upl — X, 0 Zk)

Note that Wy appears only in the right-hand side of (4.2.7). Summing up the above ideas,

we give a new two-step primal-dual interior point method.
Algorithm 4.2.3.

Step 0. (Initialize) Choose parameters k > 0, € > 0 and T € (0, %), and give an initial interior
point wo = [To, yo,svec(Zp)] € W. Set k := 0.

Step 1. (Termination) If ||r.(wk,0)|| < €, then stop.
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Step 2. (Newton steps)

Step 2.1 Set g = ||rx(wy, 0)]|*+7.

Step 2.2 Calculate the Newton direction Awy by solving the Newton equation (4.2.6),
and set Wy := wi + Awy,.

Step 2.3 Calculate the Newton direction Ay by solving the Newton equation (4.2.7),
and set w11 = Wi + Awy.

Step 3. (Update) Set k:=k + 1, and go to Step 1.

In the following, we discuss the computational costs of Step 2, i.e., the calculations of Awy

and Awy. First, note that the equation (4.2.6) can be reduced to

V2, L(wp) + Hy —Jg(ai)" | | Az | | =V (@r) + Jg(@r) Ty + oA (2) X5
= ,(4.2.8)
Jg(xr) Kl Ayy, —9(xk) — Ky
AZy =Xt = 2, — (T 0 T (X @ )Y (Z), © 1)(Ty © Ti,) A(zy,) Ay,
where the (i, j)-th element of Hy € R™*" is given by
(Hr)ig = (Ai(w), (T 0 TN(Xe © D712k © I)(Ti © Ti) Aj (1)),
and Ty, is the scaling matrix at the k-th iteration. Similarly, we can rewrite (4.2.7) as
V?ML(U}]{) + Hy, —Jg(.%'k)T ATy
Jg (k) koL Ag,
_ | AR (X = (X © DXk 0 Zk)) — Vo L(ay) (4.2.9)
—9(&k) — Kk ’

AZy = uX; ' = (T @ T)) (X 0 1) (2 © I)(Tk © Ti) Alap) Ay, — (X © 1) (Xy 0 Z).

From these equations, we see that the main calculations of Step 2 are a construction of the
matrix H in (4.2.8) and (4.2.9). In Algorithm 4.2.2, it is necessary to calculate the matrix H
twice during Steps 2.2 and 2.3. By contrast, in Algorithm 4.2.3, we use the same matrix H in
Steps 2.2 and 2.3. Thus, we can expect that Algorithm 4.2.3 can find the next point w1 faster
than Algorithm 4.2.2.

4.3 Local and superlinear convergence of Algorithm 4.2.3

In this section, we show the local and superlinear convergence of Algorithm 4.2.3. First, we
give some assumptions for the convergence and we define some neighborhoods of the generalized
shifted barrier KKT point. Next, under these assumptions, we show that a sequence generated
by Algorithm 4.2.3 is included in the neighborhoods of the generalized shifted barrier KKT

point. Finally, we show the superlinear convergence of Algorithm 4.2.3.
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4.3.1 Assumptions and some resulting properties

In this subsection, we first give assumptions required for the proof of the superlinear convergence.
To this end, let M (w, 1) € R*! be a Jacobian of the linear equations (4.2.2)(4.2.4) with T = I,

where we define [ :=n +m + W. Then, the Jacobian M (w, ) is expressed as
M(w, p) := My(w) + kM, (4.3.1)
where
V2, L(w)  —Jy(x)T —A(x)T 0 0
My(w) = Jg(x) 0 0 , My:=10 I, O
(Z®sI)A(x) 0 (X ®s 1) 0 0 0

We will show the superlinear convergence of Algorithm 4.2.3 under the following assumptions,

which are the same as [71].
Assumption 4.3.1. Let w* = [2*, y*, svec(Z*)] be a KKT point of nonlinear SDP (4.1.1).

(A1) There exists a positive constant vy, such that My is Lipschitz continuous on Vy = {w €
R | flw — ]| < v}

(A2) The second-order sufficient condition holds at x*.
(A3) The strict complementarity condition holds at x*.

(A4) The nondegeneracy condition holds at x*.

Note that it follows from Theorem 2.3.3 that if (A3) holds, then (A4) holds if and only if
the Lagrange multipliers y* € R™ and Z* € SP corresponding to * € R™ are unique.
Assumption 4.3.1 (A1) implies that there exists a positive constant Lj; such that

HM()(wl) — M()(U]Q)HF < LMle — wQH for all wy, W € V5. (4.3.2)
It follows from the definition of M, that

H(Zl Xg I)A(xl) — (Z2 XRg I)A(J}Q)”F < HM()(wl) — M()(wg)HF for all wy, wy € Vi, (433)
HX(a:l) ®Rg I — X(CEQ) Xg [”F HM()(wl) — M()(’U)Q)HF for all wq,ws € Vy,. (4.3.4)

A

Moreover, we have from (4.3.2) and Proposition 2.2.2 (a) that
|7 (w1,0) — r(wa, 0) — Mo(ws) (w1 — wa)|| < Las||wy —ws||*  for all wy,ws € Vr.

Since 7 (w1, 0) — 1y (w2, 0) — Mo(w2) (w1 — we) = ry(wi, p) — re(we, ) — M(we, 1) (wy — ws) for
all wy,we € Vi, and p > 0, it then follows that

7wy, ) = 7 (wa, 1) — M (wa, 1) (wy — wa)|| < Lagflwr — wel? (4.3.5)
for all wi,ws € Vy, and p > 0. Furthermore, by the definition of M, we obtain

lsvec(X (x1) 0 Z1 — X (22) 0 Z2) — (Z2 ®gs I)A(z2)(z1 — x2) — (X (22) ®5 I)svec(Z1 — Zs)|
< Lyr||lwi — wal* (4.3.6)
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for all wi,ws € Vr.
Yamashita and Yabe [71] showed that My(w*) is nonsingular under Assumption 4.3.1 (A2)-
(A4).

Theorem 4.3.1. [71, Theorem 1] Suppose that Assumption 4.3.1 (A2)-(A4) hold. Then, the

matriz Mo(w*) is invertible. O

Then, Theorems 2.2.2 and 4.3.1 guarantee that there exist a positive constant ( and a unique
continuously differentiable function @ : (—(,¢) — R! such that r.(w(u), u) = 0. Furthermore,

the following lemma holds.

Lemma 4.3.1. [71, Lemma 1] Suppose that Assumption 4.3.1 (A1)—(A4) hold. Then, there
exist a positive constant vy and a unique continuously differentiable function w : [0,7] — R! such
that

w(0) = w*, W(p) := [T(p), G(p),svec(Z(w))], ru(w(p), p) =0 for any u € [0,7].
Furthermore, X (Z(u)) = 0 and Z(p) = 0 for any p € (0,7]. O

We call {w(p)|p € [0,7]} the central path of (4.1.1).
Since Mo(w*) is invertible, there exists & € (0,1) such that any matrix G € R"*! that satisfies

|G — My(w™)||p < € (4.3.7)

is nonsingular. From the continuity of My at w*, there exists a positive constant vy; such that
1

|| Mo(w) — My(w™)||p < 1€ for any w such that ||w — w*|| < vp. (4.3.8)

Thus, it follows from (4.3.7) that Mp(w) is nonsingular if [jw — w*|| < v;.

Let v := min{vys, v }. Then, we define a subset of V.
V={weR'||w—w*|<v}cV..

Note that My is Lipschitz continuous on V.

Next, we give a condition on g under which M (w, i) is invertible for any w € V. Now, let
w € V. By the definition of M and the triangle inequality, we have ||M (w,u) — Mo(w*)||r =
| Mo(w) + kM — Mo(w*)||r < ||Mo(w) — Mo(w*)||r + ||kpM;||r. It then follows from (4.3.8)
and ||Mil|F = || In||r = /m that || Mo(w) — Mo(w*)||p + [|suMillF < e + rpy/m. I p < s :=

m, then we have

1 1 1 1
| M (w, ) — Mo(w*)||r < =t Kiy/m = <4 + 4> e=3¢ for all w € V. (4.3.9)

Thus, it follows from (4.3.7) that M (w, u) is invertible for all w € V and p € [0, s]. Moreover,

we may define

Unr = sup{ [|M(w, ;)" |p [weV, pel0,s]} Uy:=sup{ |ylI*|weV}.
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Note that Uy < oo from (4.3.7) and (4.3.9). Note also that U, < oo from the boundedness of
V. Since

0 0
7w, O)| = ||, ) — o Ky o rs(ws )l = || r(w, 0) + Ky :
svec(—1I) svec(—1I)

we have

/D = [l (w, || < [lre(w, 0)|| < [|re(w, p)|| + Uy for all w € V, € [0,s],  (4.3.10)
p/p — |lre(w, 0)|| < ||re(w, w)|| < ||re(w,0)|| + pU;  for all w € V, u € [0, s], (4.3.11)

where Uy := /kUy + p.

The differentiability of 7, and X, and the boundedness of Vy, and [0, s] imply that there exist
positive constants L, and Lxz such that

lre(wi, p) — re(we, p)|| < Lp|lwy —ws| for all wi,ws € Vp,u€[0,s], (4.3.12)
HX((L'l)Zl — X(IEQ)ZQHF < szle — 'l,UQH for all wi, Wy € VL,,U, S [0,8]. (4.3.13)

Next, we define a neighborhood of the central path. Let

3 1 T
VN :=min<{ v, , . 4.3.14
N { S8LyUns |:5L714+TUM(1 + Ul):| } ( )
Then, we define a subset of V.
Vvi={weR'||w—-w*<vy}cCV. (4.3.15)

Note that 7 € (0, %) is the constant given in Algorithm 4.2.3. Secondly, we define two subsets
of VN.

Ni(p) ={w eV | [Ire(w, wl < p'*7, X(z) =0, Z=0},
NQ(M) = { we VN ’ ”TK(UJ,M)H < :U’H_p? X(l') =0, 220 }7
where o and p are positive constants such that

p—T
1+71

(i)
max <p<l, o<

- 4.3.16
1—-7'2 ( )

Since 0 < o < 77 < 145 < p, we have Na(u) C Ni(p) for p € [0, 1].

Lemma 4.3.1 shows that the generalized shifted barrier KKT point w(u) is unique for p €
[0,7]. Then, we may regard Ni(u) and N3 (u) as neighborhoods of the generalized shifted barrier
KKT point w(x). Thus, we define the following neighborhoods of the central path by using N7 (1)

and Na(p).
©1(0) := Uuepo,oN1 (1),  ©2(0) := UyepgNa(p) for any 6 € [0, min{y, s}].
Note that since 0 < s < 1, we have 0 < 6 < 1. Then,

©3(0) C ©1(0) C Vy for all 6 € [0, min{~, s}]. (4.3.17)
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We can consider ©1(f) and ©2(6) as neighborhoods of the central path. Moreover, we define

Uw(0) = sup |lw—w(w)|| for any 0 € [0, min{~y, s}],
weB1(0),uel0,0]
which expresses the supremum of a distance between a point in ©(f) and the central path.
Now, we briefly show that there exists 61 > 0 such that 1 — LyUpUy,(0) > § for all 8 € [0, 61]
and w(p) € Vy for all p € [0,6,]. Since w is continuous on [0,~] by Lemma 4.3.1, there exists
6y > 0 such that

|w(pu) —w(0)|| <wvn for all p € 0, 6. (4.3.18)
Using w(0) = w*, (4.3.17) and (4.3.18),

Un(0) = sup [jw —w" +w" —w(p)|
weB1(0),uel0,0]

< sup flw—w'[|+ sup [w(p)—w(0)]
weBO1(0) p€l0,6]

< 2wy (4.3.19)

for all # € [0,min{y,s,00}]. Then (4.3.14) and (4.3.19) imply that Ly UpUy(6) < 3 for all
6 € [0, min{~, s,00}]. Thus,

1
1 —LyUnUy(0) > 1 for all § € [0, min{~, s, 6p}]. (4.3.20)
Moreover, from (4.3.18) and w(0) = w*,
w(p) € Vy  for all p € [0, min{~, s, p}]. (4.3.21)

Hence, letting 6, := min{~, s, 0y}, we have the desired results. Then, we give a condition under

which r.(w, p) provides an error bound of the generalized shifted barrier KKT point.

Lemma 4.3.2. Suppose that Assumption 4.3.1 holds, and that 6 € [0, 61]. Then,
lw—=w(p)| < Upllre(w,w)ll,  [1XZ = pll|p < Urlre(w, p)||
for all w € ©1(0) and p € [0,0], where U, := 4Up; and Ug := 4LxzUyy.

Proof. Let w € ©1(0) and pu € [0,0]. From (4.3.21), w(u) € Vy for all p € [0,6]. Note that
©1(0) C Vv CV C Vr. Substituting w; = w € Vi, and wy = w(p) € Vy, into (4.3.5),

Lygllw = w(p)|? = | M(w(p), p) (w = w(p)) = ri(w, w)| > [|M (@ (), ) (w — @ ()| = [lre(w, @)
from 7, (W(p), 1) = 0. Since ||M(@(u), p)(w = D)l = prptairsi

PRI it then follows from
Uw(0) > [lw —w(p)|| and Unr > || M (w(p), p) =" ||F that

|w —w(w)||
Um

= lIrs(w, w)| = = llrs(w, -

LaUa()w ()] 2 | lw wg;)“

M(w(p), 1)~ Hlr
As the result, we have

| — LosUniUn(6)
Um

lw — ()l < llrs(w, pll
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Then, since 1 — LyUp Uy (6) > i from 0 < 6§ < 0; = min{~, 5,6y} and (4.3.20), we obtain
|w = ()| < 4Un|re(w, p)]- (4.3.22)

By U, = 4U)s, we have the first inequality.

Next, we show the second inequality. We have X (Z(u)) o Z(u) = pl by ro(W(p), p) =
Since X (Z(n)) = 0 and Z(u) = 0, it follows from Proposition 2.2.8 (b) that X (Z(u))o Z(u) =
is equivalent to X (Z(n))Z(n) = pl. Then, (4.3.13) yields that

Lxzllw - w(w)| > ||svec [XZ - X@(u)Z(W)]|| = |XZ — pI|r.

Combining this inequality and (4.3.22), we have | XZ — pl||lr < 4LxzUns||7(w, p)||. Since
Ur = 4L xzUys, we obtain the desired inequality. Il

From Lemma 4.3.2, we can show that w* is an isolated KKT point.
Theorem 4.3.2. Suppose that Assumption 4.3.1 holds. If w € N5(0), then w = w*.

Proof. Note that w € N3(0) = N1(0) = ©1(0). It then follows from the definition of N5(0)
that r.(w,0) = 0. Furthermore, we have from Lemma 4.3.2 that |w — w*|| = ||lw — w(0)|| <
Ur||rx(w,0)|| = 0, that is, w = w*. O

4.3.2 Proof of superlinear convergence

We show the superlinear convergence of Algorithm 4.2.3 by using the properties given in Sub-
section 4.3.1.

First, we give an assumption related to the matrix P(w), which is included in (4.2.6) and
(4.2.7). To this end, we define #5 := min{6;, (4U ) } and

@) :={ (w,n) e RExR | weNa(n) COx0), weW, ne(0,6]} forde/(0,6)].
Then, we make the following assumption on the matrix P(w).

Assumption 4.3.2. The scaling matriz T satisfies Assumption 4.2.1 (S1), that is, there exists
P(w) such that (4.2.4) is equivalent to (4.2.5). The matriz P(w) satisfies the following (S2):

(S2) If 0 € (0,02], then there exists Up > 0 such that ||P(w)||r < Upn? for any (w,n) € T'(9).

When T}, = I, Assumption 4.3.2 (S2) holds since P(wy,) := 0. Furthermore, when T}, = X

_1 11 1 1
or Tp, = W, » (W = X2(X¢ Zkaz)*%ka), which are well-known scaling matrices of linear
SDP, there exists the matrix P(wy) such that Assumption 4.3.2 (S2) holds. These proofs are

given in Appendix A.

N

Assumption 4.2.1 (S1) means that the Newton equations of Steps 2.2 and 2.3 in Algorithm
4.2.3 are reduced to

Mp(wy, pr) Awg = =74 (Wi, pr), Mp (W, pug) Ay, = =14 (Wi, i), (4.3.23)
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respectively, where

0 0 0
Mp(wk, Nk) = M(wk, uk) + N(wk), N(wk) = 0 0 0 (4.3.24)
P(wy) 0 0
It also follows that
| Mp(wg, px) — M (wi, ) |7 = ([N (wie) || 7 = || P(wi) [ - (4.3.25)

To establish the superlinear convergence of Algorithm 4.2.3, we first show that Mp(wg, k)
is nonsingular if wy € O2(0) and wr € W (Lemma 4.3.4). Then, we show that W € N7(6)
and Wy € W if wy € ©2(0) and wy € W (Lemmas 4.3.5 and 4.3.7). Finally, we prove that
wi+1 € Na(0) and w1 € W if wy, € ©2(0) and wy, € W (Lemmas 4.3.8 and 4.3.9). From these
results, we can easily obtain the desired theorem (Theorem 4.3.3).

In the following two lemmas, we assume that

1 147
) 3 T Je(yp—1)P]
0 <6 03 := 0 _— —_— . 4.3.2
0< >~ VU3, 3 mln{ 2, |:4(1 _I_U1)1+T:| ) |: 4UP ( 3 6)
Lemma 4.3.3. Suppose that Assumptions 4.2.1, 4.3.1 and 4.3.2 hold, and that 6 satisfies
(4.3.26). If wy, € ©2(0) and wi, € W, then there exists ny € (0,0] such that (wg,n;) € T'(0) and
1

N < U,,MF, where Uy := (\/p — 1)L, Moreover, 0 < p, < 0.

Proof. Note that wyp # w* because wy € W. Then, Theorem 4.3.2 implies that wy & N2(0).

Since wy, € O2(0) and wy, & N2(0), there exists n € (0, 6] such that wy € Na(ng) C O2(6), i.e.,

(wi, m) € T'(0). It follows from wy, € ©2(0) CO1(0) CYNCV, 0<n <0 <0< <s<1

and (4.3.11) that ng/p — ||rx(wk, 0)|| < ||re(wp, mi)|| < 7],1” < nk. Thus, we have n(\/p — 1) <
1 1

147

Ik, 0) = g 1
Next, we prove that 0 <y, < 6. Since 1 € (0,6] and ny, < Uy, ", we get 0 < (Z—’;)HT < k.

, and hence we obtain 7, < Unué?.

Moreover, we have from the first part of this proof that |7 (wg, nr)|| < 17,1+p . Tt then follows from
1

(4.3.10) that [[r«(wg, 0)]| < 7w (wr, m)[+mU1 < (nf+Ur)m < (1+U1)0. Since 0 < [gyre] ™
by (4.3.26), we get ux = ||re(wg, 0)||*T™ < (14 Up)'+76070 < 30. Therefore, 0 < py, < 0. O

We have from Lemma 4.3.3 that if 6 € (0, 03], wy € ©2(0) and wy, € W, then

1

i, € (0,0] such that (wg,ng) € D(O), M < Uppp' ™, (4.3.27)
and
0 < pp < 9. (4.3.28)

Then, Assumption 4.3.2 (52) and (4.3.27) imply that

P

|1P(wi)l|lF < Upnj <Uppy*™, (4.3.29)

where Up = UﬁUp.
By using (4.3.28) and (4.3.29), we prove that the Jacobian matrix Mp(wy, p) of (4.3.23) is

nonsingular.
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Lemma 4.3.4. Suppose that Assumptions 4.2.1, 4.3.1 and 4.3.2 hold, and that 6 satisfies
(4.3.26). If wy, € ©2(0) and wy, € W, then Mp(wy, ) is nonsingular.

Proof. We have from (4.3.24) that ||[Mp(wg, pr) — Mo(w*)||p < | M (wy, px) — Mo(w*)||F +
IN(wg)||r. Then (4.3.25) yields that

[ Mp(wg, ) — Mo(w*) || F < [[M (wp, i) — Mo(w®) || F + || P(wy) | . (4.3.30)

We can easily see that w, € V and py € [0, s] from wy € ©2(6), (4.3.26) and (4.3.28). Thus,
(4.3.9) yields that

N 1
||M(wk,,uk) - Mo(w )HF < 56. (4.3.31)

On the other hand, it follows from (4.3.26), (4.3.28), U, = (/p — 1)~ and Up = UJUp that

1+7 P

pp <0 <65 < (ﬁ) Y , that is, Upp, ™ < %5. Then, we have from (4.3.29) that
1
1P(wi)lr < e (4.3.32)

By (4.3.30), (4.3.31) and (4.3.32), || Mp(wg, i) — Mo(w*)||r < 3e. Therefore, Mp(wy, pui,) is
nonsingular from (4.3.7). O

We define
Unpm = sup{ HMp(w,u)*lHF ! wE Ox(63), weW, p:= HTH(WO)”HT } :
It then follows from Lemma 4.3.4 that if 6 € (0, 03], wi € ©2(0) and wy, € W, then
[Mp(wr, i) "l 7 < Upg < 00 (4.3.33)

Now, we show that if wg € ©2(0) and wy € W for sufficiently small 6 > 0, then {wy} C ©2(0)
and {wr} C W. To this end, we first show that 1wy generated by Step 2.2 of Algorithm 4.2.3
satisfies W € N1(ur) C ©1(0) and Wy € W if wi € O2(0) and wy € W. In what follows, we

assume that

0 0 04 := 0 N o 71 hll 4 4
< = mi 0.
0< 4, 4 min 3 |:U7" U2:| ’ <U3) ’ ( 3.3 )

where

_pP—T
147

hy: —o, Uy:= UM(1+U1>, Us .= UQ(LMUQ —i—UP).

Note that h; > 0 from (4.3.16).

In order to prove wy € Nq(ux) and W € W, we have to show that wy € Vi, |74 (W, k)| <
1,77, X (2x) = 0 and Zy, > 0. Thus, we first show that @y € Vi and ||r (g, )| < 1,
Note that g = |7 (wg, 0)||'™™ and by = [&g, Gk, svec(Zy)] are generated by Steps 2.1 and 2.2 of
Algorithm 4.2.3, respectively.
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Lemma 4.3.5. Suppose that Assumptions 4.2.1, 4.3.1 and 4.3.2 hold, and that 6 satisfies
(4.3.34). If wy, € ©2(0) and wy, € W, then

eI " A L+i7 A 1+o

[Awg|| < Usp),™, g — w*|| < vny (I7w(@r, p) | < Uspy, 75 (@, p) | < g, ™7

1

Proof. First, we show that ||Awy| < Usp, ™ and |[wy — w*|| < vy. It is clear that w, € V and
pr € [0, 8] by wy € O2(0), (4.3.28) and (4.3.34). Thus, it follows from (4.3.11) that

_1 _1
7 (W, o) || < N7 (wie, 0)[] + peUr = ™™ + el < (14 Ul (4.3.35)

Meanwhile, we have from (4.3.23) and Lemma 4.3.4 that Awy = —Mp(wp, pr) " re (Wi, px)-
Furthermore, (4.3.33) and (4.3.35) yield that

1
[Awg ]| < |Mp(wr, )~ Pl (w, o) | < Uzp (4.3.36)
By Lemma 4.3.2 and (4.3.36),
1 1
[, — w*|| < [lwp — w*|| + [|Awg]| < Upl|rs(wg, )| + Uz, = (Up + Ua) " -

1

Then (4.3.28) and (4.3.34) imply that [[iy, — w*|| < (U + Us) 17 < (U + Us) 077 < wy.

1427
Secondly, we show that ||r. (g, )| < Uspy, 7 and ||ry (g, pe)|| < ppt7. We easily see

that wg, W, € Vr. It then follows from (4.3.5) that

Lyl Awg|> > |7 (g, pr) — 7 (wis i) — M (wpe, pur) Awg |

v

|70 (W, ) || — (17 (wies i) + M (Wi, poge) Awg ||

Moreover, (4.3.23), (4.3.25) and (4.3.29) yield that

Lyl Awg|® > |rw(in, )| — |(M (wy, ) — Mp(wy, pur)) Awy |
>l (g, pe) || = 1P (wie) || 7 || Awge|
P
> 7w (g, ) || = Uppy, ™ | Awg |- (4.3.37)

pP—T p—T
14877

14 1i=7 14 L=T
Thus, we get [|rg (g, pur)|| < LMU§Mk+1+T +UPU2/,Lk+1+T < Usp,, 7 by using (4.3.36), (4.3.37)
and pr € (0,1). Using (4.3.28), we have ||r,(wg, ug)| < Uguzlu}f” < U3f™ i t7. Note that
hy = =2 — 0 > 0 by (4.3.16). Since Usf™ < 1 from (4.3.34), we get |[rx(dp, ) || < p ™. O

Next, we show that w, € W if we choose 6 such that

. 3\r (3 \r-
0 <:0 5;057 05 = 1min 047 <;1> y (41[3> . (4£&38)

For this purpose, we present the following lemma.
Lemma 4.3.6. The following three properties hold.

(a) Let p, a and K1 be positive numbers. Furthermore, let A be a matriz included in SP. If
w e (0, (%)é] and ||A — pl||p < Kp't®, then A = 0.
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(b) Let p, 8 and Ko be positive numbers. Furthermore, let ® : [0,1] — SP be a function. If
1
0 e (0,(532)5], B(0) = 0 and [l [B(t) — (1—H)B(0)] - ul | < Kop for any t € (0,1],
then ®(t) = 0 for all t € (0,1].

(c) Let w € W, dy, € R" and Dz € SP. Furthermore, let ® : [0,1] — SP be defined by
O(t) == X(z +tdy) o (Z+1tDg). If &(t) = 0 for all t € (0,1], then X(x + dy) = 0 and
Z+ Dy = 0.

Proof. We first prove (a). Since p € (0, (%)é] and ||A—pl||p < Kyputte, we have ||A— ul|2 <
A —pl||p < Kiptt® = Kjp®u < % 1, where the extreme left-hand side inequality follows from
Proposition 2.2.1 (a). Thus, we have v Av = v (A — pl)v + pl|v||?> > (p — ||A — puI|]2)||v|*> >
1ul[v]|? > 0 for all v(# 0) € RP, where the first inequality follows from the Cauchy-Schwarz
inequality and the definition of || - ||2. Therefore, this inequality implies that A > 0.

Secondly, we show (b). It follows from (a) that ¢~ 1[®(¢) — (1 — ¢)®(0)] = 0 for all t € (0, 1].
If t = 1, then ®(1) > 0. On the other hand, if ¢ € (0,1), then ®(¢) > (1 — ¢)®(0) > 0 for all

€ (0,1). Therefore, ®(t) > 0 for all ¢ € (0, 1].

Finally, we give the proof of (c), that is, we show that X (z + td,) > 0 for any ¢ € (0, 1].
To this end, suppose the opposite, i.e., there exists ¢ € (0,1] such that X (z + td;) is not
positive definite. Note that w € W implies that X (z) > 0. It follows from the continuity
of eigenvalues of X () that there exists ¢ € (0,%] such that Ay (X (z + td;)) = 0. Thus,
X(z + td,) is singular, that is, there exists vo # 0 such that X(z + tdy)vg = 0. Then, we
obtain v] ®(t)vy = 3 [vg X(z + td.)(Z +tDz)vg + vy (Z +tDz) X (x + %de)vo] = 0. However,
this contradicts ®(¢) > 0 for any ¢ € (0,1]. Similarly, Z 4+ tDy > 0 for any t € (0, 1]. Therefore,
t = 1 implies that X (z +d;) > 0 and Z + Dz > 0. O

Lemma 4.3.7. Suppose that Assumptions 4.2.1, 4.3.1 and 4.3.2 hold, and that 6 satisfies
(4.3.38). If wy € ©2(0) and wy, € W, then wy € W.

Proof. Let ® : [0,1] — SP be defined by ®(t) := X (xp +tAx) o (Zk +tAZy). From w, € W and
Lemma 4.3.6 (c), it suffices to show that ®(¢) = 0 for all ¢ € (0,1]. Now, we see that wy € Vi,
by wy € ©2(0). Moreover, since Lemma 4.3.5 yield that wy € Vy,, we have wy, + tAwy € Vy, for
all t € (0,1]. Thus, substituting wy = wy + tAwg, wy = wy into (4.3.6),

Ly Awg||*> > |lsvec[X (z + tAxy) o (Z + tAZ) — X (21) 0 Zy]
—t[(Zy @5 I)A(zg) Azy + (X (z1) @5 I)svec(AZy)]||
— Jlsvec[®(t) — (1 — )D(0) — tpsT] + tP(wg) Az
18(t) — (1~ 1)B(0) — tps ] — 1] P ]| A, (43.39)

v

where the equality follows from (Z; ®g I)A(xk)Axy + (X (xk) ®@s I)svec(AZy) = svec(purl —
X(x) o Zx) — P(wy)Axy in the Newton equation (4.2.6). It follows from ||Axg| < [|Awg]l,
(4.3.29) and (4.3.39) that

_P
2 Lag || Awg||* > | @(t) — (1 = )@(0) — typ]|| 7 — tUppy ™ || Awg]).
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1

Since ||Awy|| < Uz, ™™ by Lemma 4.3.5, we have from ¢, 13, € (0,1] that

1+p =T

2 2Ep 1
|®(t) — (1 — )®(0) — tpg || p < tLayUSp. ™™ + tUpUspu ™™ < tUsp,, 7.

Dividing both sides by ¢ € (0, 1], we obtain

p—T
T (4.3.40)

1
< Uspy,
F

— ped

H o(t) — (1t— £)(0)

Meanwhile, we have from (4.3.27) and the definition of I'(#) that there exists n; € (0, 0] such
that wg € Na(ng). In addition, 7 € (0, (%)%] by (4.3.38). Then, the definitions of 7 (wy, n;)
and Na(ng) imply that ||®(0) — nel||lp < ||7e(wg, ng)|| < 77]?”). Thus, ®(0) > 0 by Lemma 4.3.6
(a). Moreover, (4.3.28) and (4.3.38) yield that py € (0, (ﬁ)%] It then follows from (4.3.40)
and Lemma 4.3.6 (b) that ®(¢) > 0 for all ¢ € (0,1]. O

We summarize the results of Lemmas 4.3.5 and 4.3.7. Suppose that 6 € (0,05], wy € ©2(0)
and wi € W. Lemmas 4.3.5 and 4.3.7 imply that

1 p—T

- - T - 1+ T
W € Ni(pr), wr €W, |Awg|l < Uapp™™, |7 (r, pe)|| < Uspry, 77 (4.3.41)

Note that wy, Wy € Vi,. We have from (4.3.2) and (4.3.41) that
1
|| Mo (dg) — Mo(wy)|| F = || Mo(wy + Awy) — Mo(wp)||p < Lag||Awg|| < Ungp "™, (4.3.42)

where Ups := L Us.
Next, we show that the sequence {wy} generated by Algorithm 4.2.3 is included in ©2(0)
and W. In what follows, suppose that 6 satisfies

. UN 1\ k2
0 <86 Og := 05, — — 4.3.4
0< >~ Vg, 6 mln{ 5 U57 <U6) }7 ( 3 3)

where

20 —
hg = P=T
1+7

—p, Uy =UpmUs, Us:= UT(U1+U3)+U4, Us := U4(LMU4 + Uy —I-Up).

Note that hy > 0 from (4.3.16). First of all, we show w11 € Vy and ||rg(wgi1, pr)] < ,u,?p.

Lemma 4.3.8. Suppose that Assumptions 4.2.1, 4.3.1 and 4.3.2 hold, and that 6 satisfies
(4.3.43). If wy € ©2(0) and wy, € W, then

Wy, € Ni(pk) C ©1(0),  Na(uy) C ©2(0),
- +ir *
el < U 57 s =l < o, g, )] <
Proof. Note that wy1 = W + Ay. First, we show that w, € N (ur) C ©1(0) and Nao(ug) C
©2(f). Since 0 < py < 6 by (4.3.28), the definitions of ©1(f) and ©2(f) imply that Nq(ux) C
Upnep,aN1 (1) = ©1(0) and Nao(ux) C Uy gNa(p) = O2(0), respectively. Furthermore, using
Wg € N1(ug) in (4.3.41), we have the desired result.
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14T
Next, we prove that [[Ady|| < Usp, 7 and [Jwyy1 —w*|| < vy. We have from (4.3.23) and

Lemma 4.3.4 that Aty = —Mp(wy, pg) " 7, (Wk, px). Moreover, (4.3.33) and (4.3.41) yield that

pP—T

. N . . 14627
[ A < [|Mp(wiy i) ™2l (@, )] < Una|r (g, p) | < Uspry, 77 (4.3.44)

On the other hand, it is clear that @y € V and py € [0, s] from wy, € ©2(0), (4.3.28) and (4.3.43).
Thus, substituting w = Wy, and p = ug into (4.3.10), and using (4.3.41) and g € (0,1), we get

P—T

R . 1+
||Tli(wk70)|| < Ul#k + HTH(wkak)H < Ule + USMk 1+ < (U1 + Ug)/Lk. (4.3.45)

It follows from Lemma 4.3.2 that ||wg+1 —w*|| < ||wg — w*|| + || A || < Uy |7 (g, 0)]| + || Addg |-
Using (4.3.44), (4.3.45) and py € (0,1), we obtain w1 —w*|| < [U, (U + Us) + Us) g, = Us pug.
Moreover, since Usuy, < Usf < vy by (4.3.28) and (4.3.43), we have ||wg+1 — w*|| < vy.

Finally, we prove that |rg(wgi1, pr)] < ,ulljp. It follows from (4.3.23) and (4.3.24) that
T (W, pi) = —Mp(wg, pg) Ay, = —(M (wg, p) + N (wg))Ag. Then, since Wy, wi+1 € Vi and
ur > 0, we substitute w; = wyy1,wy = Wy, and p = pg into (4.3.5), that is,

L] Awg|? > ||r(whss, ) — m(Wr, i) — M (g, ) A |
> (W, )l — [[M (g, pr) — M (Wi, ptx) — N (wi) || 7|| At ||
> |re(wrst, )l — [[M (g, pr) — M (Wi, piz) || || Atg]| — [N (wi) || 7 || At |
( )

= re(wrsr, ) || = [Mo(dr) — Mo(wi) || pl| Ao ]| = ([P (wp) || 7| Al

where the last equality follows from (4.3.1) and (4.3.25). Using (4.3.29) and (4.3.42), we get
1 p
7 (wresrs i) | < Lna |80 |2 + Ungpry, ™ || A || + Up g™ || Adbg |, and hence 7y (wirr, i) || <
2+ 2(p—7) +1+/J*7' 1+ 2p—7 1+2P;T
LyUZp,, 7 +UmUspy, 7 +UpUspy, 7 < Uy, ' from (4.3.44) and gy, € (0,1).

2p—T

Since (4.3.43) implies Ugf2 < 1, we have from (4.3.28) that U6M11€+ o U6/,L22,u,1€+p

<
U69h2,u,1€+p < u,ljp. Note that hy = 21’);: — p>0Dby (4.3.16). Thus, ||7s(wgs1, pr)|| < ,u,lfp- U

Finally, we prove that the sequence {wy} generated by Algorithm 4.2.3 is included in W.

Let 0 be defined by
3 1 3 21-9—7
~ = P

where U7 := Uyg(LpUy 42Uy + Up).

Lemma 4.3.9. Suppose that Assumptions 4.2.1, 4.3.1 and 4.3.2 hold. If wi € ©2(0) and
wg € W, then wii1 € W.

Proof. Let @ : [0,1] — S? be defined by ®(t) := X (i + tAZy) o (Z + tAZ). We see that
wy € W by (4.3.41). Then, from Lemma 4.3.6 (c), it suffices to prove that ®(¢) > 0 for all
t € (0,1]. We easily see that wy, Wy + Awy € Vi, by Lemmas 4.3.5 and 4.3.8. It then follows that
Wy, + tAwy, € Vp, for all t € (0, 1]. Thus, substituting wy = Wy, + tAwyg, we = Wy into (4.3.6), we
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have

Ly ||Awg|®> > ||lsvec[X (2 + tAdy) o ( +tAZ) — (1 —t) 4+ t) X (&) 0 Zy,
—t[(Zr @5 D) A(#x) Ady + (X (21) ®s T)svec(AZ),)]
= |lsvec[®(t) — (1 — £)®(0)] — tsvec[X (&) o Zi]
—t[(Z), @5 1) A(@r) AZy, + (X (i) @5 Isvec(AZ)] ||

> [[@(t) = (1 =1)@(0) — tupl[|p — t]| P(wy) || p || Ay
—t|[(Zk @5 1) A(r) — (Z @5 I) Ala)|| pl| Adg |
—t)| X (2k) ®s 1 — X(zx) ®s I||p| Al
> [|@(t) — (1 = 1)@(0) — tpwl||p — t]| P(w)|| p[| Aty

—2t|| Mo(wy.) — Mo(wy) || r|| A,

where the second inequality follows from svec[X (i) o Zi] = svec(upl) — (Zi @5 I) A(xy) Ady, —
(X (x) ®g I)svec(AZy) — P(wy)AZy, in the Newton equation (4.2.7), and the last inequality
follows from (4.3. 3) and (4.3.4). Then, we exploit (4 3.29), (4.3.42) and Lemma 4.3.8, i.e.,

|1 P(wg)||r < Z/{pM1+T || Mo () — Mo(wg)||p < L{M,u“” and || Ay < U4,uk+1+7 As the result,
we get
[@(t) — (1= )®(0) — tyil|p < * Ly || Aty ||” + t]| P(wy) || pl| A |
+2t]| Mo(wr) — Mo(wy)||7|| Ay |

9 9 2+2(p77) 1+1+p—7’ 1 2p—T1

< t"LyUlpy, T + 2tUpn Uy, e + tUpUspy, T
1+21p77'
< tU7,uk o ’

where the last inequality follows from ¢, uy € (0, 1]. Dividing both sides by t € (0, 1], we obtain

H@(t) — (1 - t)®(0)

1
- Nk[ < U7/Lk Hr (4.3.47)

t

F

On the other hand, we have from (4.3.28) and (4.3.46) that 0 < py < min{(%)i, (%);rff }.

In addition, Lemma 4.3.8 yields that @y € Nij(ug). Then, the definitions of r (g, 1) and
Ni(pg) imply that [|®(0) — I || p < |7 (g, p)|| < g7, Thus, ®(0) = 0 by Lemma 4.3.6 (a).
It then follows from (4.3.47) and Lemma 4.3.6 (b) that ®(¢) > 0 for all ¢ € (0, 1]. O

Using Lemmas 4.3.8 and 4.3.9, we prove that {wy} converges to w* superlinearly.

Theorem 4.3.3. Suppose that Assumptions 4.2.1, 4.5.1 and 4.3.2 hold. If wy € @2(5) and
wo € W, the sequence {wy} generated by Algorithm 4.2.3 converges to w* superlinearly.

Proof. Note that 0 < 0; (i =1,...,6) from the definitions of 6y,...,0 and 0. First, we show

the following relations by the mathematical induction: For all positive integer &,
wy € No(pp—1) C O2(0), wy € W. (4.3.48)

Since wy € O2(A) and wy € W, we have from Lemmas 4.3.8 and 4.3.9 that w; € Na(uo) C ©2(6)
and w; € W. Next, let k > 2. Suppose that wj, € Na(pup—1) C O2(0) and wy, € W. Then, it



72 4 Two-step primal-dual interior point method for nonlinear SDP

follows from Lemmas 4.3.8 and 4.3.9 that wgi1 € Na(ug) C O2(0) and wi1 € W. Therefore,
the proof of (4.3.48) is complete.

Secondly, we prove that {wy} converges to w* superlinearly. Let k be an arbitrary positive
integer. Note that 0 < pp < 6 < 6; = min{y,s,6p} < 1 from (4.3.28). Then, note also that
Wig1 € Na(pg) C ©2(0) € ©1(F) C Vy C V by (4.3.15), (4.3.17) and (4.3.48). Lemma 4.3.2
and (4.3.10) yield that |wyt1 — w*|| < Up||re(wit1,0)|| < Ur(||re (i1, )| + Urper) < Uy (1) +
Unpe < Up(1 4 Uy)pg. Thus, we obtain [|wyy1 — w*|| < Up(1 4 Uy)||7s(wy, 0) — r(w*, 0)[|1F7
by px = ||rs(wp, 0)||*F7 and r,(w*,0) = 0. It then follows from wy,, w* € Vy, and (4.3.12) that

[wis1 = w*|| < Up(1 4 U1)|[rs(wy, 0) = 7 (w*, 0) |7 < LiFTUL(1+ Uy)[Jwg — w47 (4.3.49)
Using (4.3.14), wy, € Vy and U, = 4U) that

. 4
LU 4 U ||wy, — w*||” < LU (1 + Uy)vk < 55 = (4.3.50)

It follows from (4.3.49) and (4.3.50) that ||wgy; — w*|| < %Hwk — w*||, and hence {||wy —w*|}
converges to 0. Since limy_ o LET7U,(1 + Uy)||wy — w*||” = 0, we have from (4.3.49) that

_ *
e
k—oo ||wk — w*||
Therefore, {wy} converges to w* superlinearly. U

4.4 Numerical experiments

In this section, we report several numerical experiments for Algorithm 4.2.3. We compare the
proposed method with Yamashita and Yabe’s two-step method [71], that is, Algorithm 4.2.2. We
provide the number of iterations and the CPU time of Algorithms 4.2.2 and 4.2.3. The program
is written in MATLAB R2010a and tun on a machine with an Intel Core i7 920 2.67GHz CPU
and 3.00GB RAM. We adopt the HRVW/KSH/M choice as the scaling matrix T}, that is,

_1
T, = X, . Moreover, we select the following parameters:

Algorithm 4.2.2: =106 7 =0.33,
Algorithm 4.2.3: e=10"% k=1, 7 =0.49.

The test problems used in the experiments are the Gaussian channel capacity problem and the
nearest correlation problem. These problems are exactly the same ones given in Section 3.4. Note
that these problems satisfy Assumption 4.2.1 because they are convex programming. For these
details, see Section 3.4. We choose an initial point of Algorithms 4.2.2 and 4.2.3 as follows. First,
we solve the test problem by using Algorithm 3.2.1, and obtain a point w = [z, y, svec(Z)] € R!
such that [|ry(w,0)|| < 1073 and w € W. Next, we set w as an initial point.

Tables 4.1 and 4.2 show the numerical results. From Tables 4.1 and 4.2, all the iteration
counts of Algorithm 4.2.3 were less than those of Algorithm 4.2.2. Therefore, we can guess that
the computational cost of Algorithm 4.2.3 was less than half of Algorithm 4.2.2. Indeed, in most
experiments, Algorithm 4.2.3 was able to find a solution in less than half the time of Algorithm
4.2.2.
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Table 4.1: Gaussian channel capacity problem

Algorithm 4.2.2

Algorithm 4.2.3

n iteration time(s) iteration  time(s)
) 4 0.07 3 0.08
10 6 0.24 3 0.09
15 8 1.16 4 0.32
20 12 4.49 4 0.89
25 ) 4.39 2 0.93
30 5 8.65 2 1.89
35 6 19.40 3 5.22
40 6 34.61 3 8.99

Table 4.2: Nearest correlation matrix problem

Algorithm 4.2.2

Algorithm 4.2.3

n iteration time(s) iteration  time(s)
) 3 0.05 2 0.03
10 4 0.48 2 0.12
15 4 2.01 3 0.88
20 5 7.71 3 2.41
25 3 19.13 2 6.05
30 3 47.38 2 14.11
35 4 121.27 3 45.77
40 4 215.30 3 80.02
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4.5 Concluding remarks

In this chapter, we proposed a two-step primal-dual interior point method (Algorithm 4.2.3)
based on the generalized shifted barrier KKT conditions (4.2.1) for the nonlinear SDP and
proved the superlinear convergence of the proposed method. In particular, in order to reduce
calculations, we replaced the coefficient matrix in the second equation with that in the first one.
Therefore, we can expect that the proposed method can find the next point faster than the
existing methods [40, 48, 71]. In the numerical experiments, we actually showed that Algorithm
4.2.3 can find a solution faster than Algorithm 4.2.2.

As a future work, it is desired to prove the superlinear convergence of a one-step method

with scaling.
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Appendix A

In this Appendix, we show that there exists P(w) such that Assumption 4.2.1 holds for 7' = X -3
and T' = W_%, and Assumption 4.3.2 also holds.

In what follows, we define E(n) := XZ —nl (n € R). First, we give two inequalities which
evaluate E(n) and X ! over ©5(f). Secondly, we also give an inequality which evaluates A®g B

for any A, B € RP*P. These inequalities play important roles in evaluation of P(w).

Lemma A.l. Suppose that Assumption 4.3.1 holds, and that 6 € (0,602]. Then, we obtain
IEMr < Urn*™ and | X~ Yr < Uxn~! for any (w,n) € T'(0), where Ux := 4pUyz and
Uz :=sup{||Z||r|lw € ©2(62),w € W}.

Proof. For any (w,n) € T'(f), we have from the definition of T'(f) that w € Na(n) C ©2(0), w €

W and € (0,6]. Thus, we also have from the definition of N3(n) that ||r.(w,n)|| < n'*r.

Moreover, w € O2(0) C ©1(6), n € (0,6] C [0,60;] and Lemma 4.3.2 yield that |E(n)|r <
1

Ugllrs(w,n)|| < Ugn'™. It then follows from n < 6 < 65 < (ﬁ)? that || —n X Z||F =

— x-1 “1v— _ _
T HEMr < Upn? < 3. Thus, nlizle < plz=1x e = (1 - (I = 57X 2) 7 <

< 4p, where the second inequality follows from Proposition 2.2.1 (d). Since

p
1=[[I-n~'XZ|lr
w € ©3(0) C Oa(fy) and w € W, we obtain 0 < ||Z||r < Uyz. Hence, we get || X Y| r < 4pUzn~L.

Letting Ux = 4pUz, we obtain the desired inequality. [l

(i) HRVW/KSH/M (T = X %)
First, we discuss the case where T' = X ~3. We define

F(w.n) = § [Bn) @5 X~ ~ Tos (X B(m)] A).

Then, letting P(w) := F(w,n), we see that Assumption 4.2.1 (S1) holds. Note that we can
choose n arbitrarily.

Next, we show that Assumption 4.3.2 (S2) holds. Suppose that Assumption 4.3.1 holds, and
that 6 € (0, 62]. For any (w,n) € I'(), it follows from Proposition 2.2.10 that

1E(w,n)llr < %UA 1B @s X~ Hr+ T ®s (X Em)|r] < CoU|lEM)IFIX " F, (A1)

where Uy := sup{||A(z)||r|w € ©2(02),w € W} and Cy := # %' We get ||P(w)||lr =
| E(w,n)||r < CoUsaUrUxn? from Lemma A.1 and (A.1). Therefore, letting Up := CoUUrUx,
we see that Assumption 4.3.2 (S2) holds.

(i) NT (T =W 2)

In this part, we discuss the case where we choose T' = W_%, where W = X%(X%ZX%)_%X%.
We define
1 _ _1 _1 1
G(w,n) == -5 (I ®s (E(m) X)) A(x) +n(I ®s (X 2H(w,n) X" 2))A(z) + %(E(n) ®s Z)A(x)
1 _ 1 _1 1
—%(E(n) ®s (E(m)"X 1) A(z) + 5 (E() ®s (X72H(w,n)X"2))A(z)
1
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1
where H(w,n) := (I + %X_%E(U)X%)§ e %X_%E(n)X%. Then, letting P(w) := G(w,n),
we see that Assumption 4.2.1 (S1) holds. Note that we can choose n arbitrarily.
Next, we prove that Assumption 4.3.2 (S2) holds. Suppose that Assumption 4.3.1 holds,
and that 6 € (0, 6;]. For any (w,n) € I'(0), it follows from Proposition 2.2.10 that there exists
C3 > 0 such that

1G(w, )|
< CUA(NFIEDIFIX e+l eI X2 EIH (w,0) |7 + 0~ B FIZ ] -
i YEMIFIX e+ 1X 2RI H ) I Em)|F + 12wl X 2 || H (w,m) |2 X2 | -
HIXZ |1 H (w, ) I X2 FIEMIIX e+l X2 Hw,n) 31X 2 F). (A2)

In what follows, we evaluate HX_% |lF and | H (w,n)||r. First, it follows from Lemma A.1 that

IX 3 e = Vo D) = VX L1 < VITTFIX e < y/piUxn 3. (A.3)

Next, we evaluate ||H(w,n)||r. For this purpose, we first evaluate nle_%E(n)X% which
constitutes H(w,n). Since E(n) = XZ — nl implies X_%E(n)X% = X:ZX: — nl € SP, we
. _1 1 _1 1,1 1
obtain | X 2E(n)Xz|r = \/tr(X 2E(mX2X2E(n)X2) = tr(E(n)?2) = V(E(n)T,E(n)).
Then, the Cauchy-Schwarz inequality yields that

I X EEm)XE | r <\ IEO T B0 =0 IE@)] . (A.4)

Since n~1X 3 E (mX 3 is symmetric, all eigenvalues A1, ..., A\, are real numbers. Moreover, there
exists an orthogonal matrix V' such that n_lX_%E(n)X% = VDV, where D = diag[\1, ..., \p|.

From Lemma A.1, 0 <n <0 <6, < (431?)% and (A.4),

3 _ 11 1
1> 5> Unif 21 NEMF > |In' X 2EMm)X2|r =

p
D A=l
=1

fori =1,...,p. As the result, the matrix I + D is symmetric positive definite, i.e., the existence

of (I + D)% is guaranteed. Considering the diagonalization of 771X 7%E(77)X 2

1
3 1
[H(w,n)|lpr = H (vvT + VDVT) N 4 Vg 5VDVT
F
1
= HV(I +D):VT vV - SVovT
F
1
< VIR |+ D)2 —1-35D
2 F
p 1 2
= p Z<N/1+/\i—1—2/\i) . (A.5)
=1

Let ¢ : (—1,1) = R be defined by ¢(u) := +/1 4+ u. Since ¢ is a twice continuously differentiable

function defined on the bounded convex set, it follows from Proposition 2.2.2 (b) that there
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exists a positive constant L, such that Lyou? > |o(u) — ¢(0) — ¢'(O)u| = [VI+u—1- %u‘
Then, Lemma A.1, (A.4) and (A.5) yield that

1H (w,n)|| 7

IN

ININ A

pLy

p
2N
i=1

(' x 3Bt

2

pLga

F

1 —1 1
pLy Hn XT2E(n)X>
pLy || E(n)|[7n >
pLsaU12%772p-

F

This inequality, Lemma A.1, (A.2), (A.3), the boundedness of | Z||z and | X2 ||z imply that
there exists Cy > 0 such that |G(w,n)||r < C4(77p+772p+773p+772”_% +773p_% +774"_%) < 6Cym?,
where the second inequality follows from p < 2p — % in (4.3.16) and 0 < n < 6y <6 <s < 1.
Letting Up := 6C4, we prove that Assumption 4.3.2 (S2) holds.

These results show that T = X2 and T = W ™32 satisfy Assumptions 4.2.1 and 4.3.2.






Chapter 5

A block coordinate descent method
for a maximum likelihood estimation

problem of mixture distributions

5.1 Introduction

When some observational data are supposed to obey a certain distribution with parameters,
it is important to estimate valid parameters from the data. A maximum likelihood estimation
is one of estimation procedures of the parameters. In this chapter, we focus on the maximum
likelihood estimation in mixture distributions, which is frequently used in statistics, pattern
recognition and machine learning [8, 43].

The EM algorithm is known to be one of the most powerful methods for the estimation
[16, 26, 51, 67], and has been studied actively even in recent years. It is an iterative method
which consists of the Expectation Step (E-Step) and the Maximization Step (M-Step). The
E-Step calculates an expectation of the likelihood and the M-Step maximizes the expectation
with respect to parameters.

Recently, many researchers have actively studied the maximum likelihood estimation with
regularization methods. For example, when we add the L; regularization to the likelihood
function, we may choose important parameters in the model. The L regularization is used for a
sparse precision matrix selection in a Gaussian distribution [38, 73]. Since the (7, j)-th element
of a precision matrix expresses a relation between the i-th and j-th elements of probability
variables, a sparse precision matrix plays a critical role in the graphical modeling [20]. Ruan,
Yuan and Zou [53] proposed the EM algorithm for Gaussian mixtures with the L; regularization,

and succeeded in estimating parameters with sparse precision matrices.

In this chapter, we first define a maximum likelihood estimation problem, whose objective
function consists of not only a log-likelihood function but also some proper lower semicontinu-
ous quasiconvex functions. If we exploit the L; regularization term and/or indicator functions
of constraint sets as the additional proper lower semicontinuous quasiconvex functions, we can

estimate parameters with the regularization and/or the constraint. Especially, parameter esti-
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mations with lower constraints on mixture coefficients are one of contributions in this thesis.
Thanks to such constraints, we can obtain some theoretically and practically nice properties.
Meanwhile, an estimation problem considered in this chapter is more general than that in the
existing papers, such as [53, 67].

The estimation problem in this chapter might not be solved by the usual EM algorithm.
Then, we consider a block coordinate descent (BCD) method. At each iteration of the BCD
method, the objective function is minimized among a few parameters while all the other param-
eters are fixed.

Since the log-likelihood function is not separable for each parameter in mixture distributions,
we first construct a separable problem related to the original one. Then, we apply a BCD method
to the separable problem, where the block corresponds to a set of parameters in a single distri-
bution. As seen in Section 2.5, Tseng [62] showed that a BCD method for a nondifferentiable
minimization problem has the global convergence property under some reasonable conditions.
Using the results in Section 2.5, we prove the global convergence of the proposed BCD method
when we add certain lower bound constraints on mixture coefficients. In addition, we discuss ef-
ficient implementations for some concrete problems, such as the maximum likelihood estimation
with box constraints on mixture coefficients.

The present chapter is organized as follows. In Section 5.2, we introduce maximum likelihood
estimation problems for mixture distributions. In particular, we present a general class of maxi-
mum likelihood estimation problems for mixture distributions that has a log-likelihood function
and/or some proper lower semicontinuous quasiconvex functions, such as the L; regularization
and/or indicator functions of constraint sets. In Section 5.3, we present a BCD method for
the proposed maximum likelihood estimation problem, and discuss its global convergence. In
Section 5.4, we discuss how to solve subproblems in the proposed BCD method for some special
cases. In Section 5.5, we report some numerical results for the maximum likelihood estimation

with some additional constraints. Finally, we make some concluding remarks in Section 5.6.

5.2 Maximum likelihood estimation for mixture distributions

In this section, we introduce maximum likelihood estimation problems for mixture distributions.
Assume that probability variables z € R? obey a probability distribution p(x). If p(x) is

expressed as a weighted linear combination of distributions p;(z|6;) (i =1,...,m):
m
pla) = aipi(x|6:),
i=1

then p(z) is called a mixture distribution which has parameters «;,0; (i = 1,...,m), where
pi(x]0;) (i = 1,...,m) are called mizture components, a; (i = 1,...,m) are called mizture

coefficients satisfying

m
Y ai=1, 0<q;, i=1,...,m,
i=1
and 6; (i = 1,...,m) are parameters of the distributions p;(z|6;) (i = 1,...,m), respectively.

Let ©; (i = 1,...,m) be sets of the parameters 6; (i = 1,...,m), respectively. Throughout



5.2 Maximum likelihood estimation for mixture distributions 81

this chapter, we suppose that the sets ©; (i = 1,...,m) are closed convex. Moreover, let
V; (i = 1,...,m) be inner product spaces such that ©; C V; (i = 1,...,m), respectively. Note
that 6; € ©;, CV; (i=1,...,m). Then, we define © and V as follows:

©: =01 X X0O,, V=V XXV,

Note that since ©; (i = 1,...,m) are closed convex sets, so is ©. Note also that since V; (i =
1,...,m) are inner product spaces, so is V.
Suppose that we have observational data X := [z1,...,z,] € R9™. Then, we wish to model

the data X using the mixture distribution p(z) with the parameters «;,0; (i = 1,...,m). To
this end, we consider an estimation of the parameters a;,0; (i = 1,...,m). In the remainder of
this chapter, we exploit the following notation in order to specify that the parameters of p(x)

are a;, 0; (i =1,...,m):

p(z|a, 0) Zozzpz x|60;), (5.2.1)

where a := [a1,..., ] € R™ and 0 := [01,...,0,] € O.
A joint probability for the observational data X is given by

n

P(X|a,0) := Hp(xk\a,e).
k=1
We call P(X|a,0) a likelihood. Moreover, a maximizer (a*,6*) of the likelihood P(X|a,0) is
called a maximum likelihood estimator. In what follows, an estimation of parameters means that
we obtain the maximum likelihood estimator (a*,0*). Since a maximization of a likelihood is

difficult in general, we usually maximize the following log-likelihood function:

L(a,0) :==1log P(X|a, 0) Zlog <Z a;pi(xk|6; )

We sometimes want to maximize the log-likelihood function L with regularizations and/or

constraints on some parameters in (a, #). Thus, we consider the following maximization problem:

maximize L(a,0) — f(«,0),

‘ , (5.2.2)
subject to a €y, 0, €0;, i=1,...,m,

where the function f : R™ x V — R is proper lower semicontinuous quasiconvex, and the set ()
is defined by

m
Ql::{aGRm Z%’:L I < a, izL...,m}.
i=1
where | = [l1,...,ln]" € R™ is a constant vector such that I; € [0,1] (i = 1,...,m) and

Yo, i < 1. In what follows, we call problem (5.2.2) a maximum likelihood estimation problem.
Note that the function f is regarded as a generalization of the L regularization and indicator
functions of constraint sets. Note also that [ = 0 in [26, 51, 53, 67]. To the author’s best
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knowledge, this is the first time to consider the lower bounds I; < «; (i = 1,...,m) in the
maximum likelihood estimation for mixture distributions. As seen in Sections 5.3 and 5.5, the
lower bounds with positive constants [; (¢ = 1,...,m) bring in both theoretically and practically
nice effects.

We now give two concrete cases of problem (5.2.2).

Example 1. The maximum likelihood estimation with constraints on mixture coef-

ficients

We discuss the maximum likelihood estimation with constraints on mixture coefficients. We
assume that the mixture coefficients satisfy «; € [l;,u;] (1 = 1,...,m), where l;,u; € (0,1] (i =
L...om), > l;<land >/ u; > 1. Let Uy, :={ a € R™ | a; <y, i =1,...,m }. Then,
we may define the function f of problem (5.2.2) as

0 if €U, Ny,

+o00 otherwise.

fla,0) := {

As described above, the constraints I; < «; (i = 1,...,m) play a critical role in the theoretical
and practical aspects. In the theoretical aspect, these constraints enable us to show the global
convergence of a BCD method proposed in Section 5.3. In the practical aspect, these constraints

bring in some valid parameter estimations when the amount of the observational data is small.

Example 2. The maximum likelihood estimation with the L, regularization for

Gaussian mixtures

Suppose that the mixture components p;(z|6;) (i =1,...,m) in (5.2.1) are Gaussian:

Vdet A; 1 .
Wexp _§($—Mi)TAi($—,ui) , i=1,...,m,

N (@lpi, A7) =
where p; € R and A; € S¢ denote a mean vector and a precision matrix. Note that a preci-
sion matrix is the inverse of a covariance matrix. Then, 6; = [u;, A;] (¢ = 1,...,m). Several
researchers, such as Friedman, Hastie and Tibshirani [20] and Lu [39], proposed maximum like-
lihood estimation problems with the L; regularization. We apply such ideas to the maximum

likelihood estimation for mixture distributions. Then, we may consider the following problem:

maximize Y _log (Z az‘N(xk‘,U«iaAi_l)> = pill Ay, 5
k=1 =1 =1 (5 3)

subject to o € o, NI XA NI i=1,...,m,

€ [0700)7 Xl € (0,00], A;

=1

where p;, \;, Ai (i = 1...,m) are constants such that p; € [0, 00), A <
Ai (i=1,...,m). Note that we allow \; (i = 1,...,m) to be +00. Note also that \; =0, \; =
oo (i=1,...,m) in [20, 39].

Thanks to the L; regularization term Y ;" p;||As]|1, we can obtain a maximum likelihood

estimator with sparse precision matrices. The sparse precision matrix plays an important role
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in the graphical modeling. For details, see [20, 38, 39, 53]. Let S; := { S € 8% |\, ] < S < N1 }.
Then, problem (5.2.3) is written as (5.2.2) with

Flo0) =" fi(Ai),  fi(A) = 0, =R4xS;, i=1,...,m.

=1 400 otherwise,

m _{ pillAlly if As € S,

5.3 Block coordinate descent method and its global convergence

In this section, we present a BCD method solving maximum likelihood estimation problem
(5.2.2). To this end, we first construct a separable problem suitable to the proposed BCD
method. Next, we give conditions under which the proposed BCD method has the global con-
vergence property.

If a BCD method is directly applied to problem (5.2.2), then it may solve the following

subproblems at each step:

+le argmax { L(c, 67,...,6%) — f(a,01,...,0,)},

OCEQZ

i € argmax {L(a/t, 01,05, ...,0%) — f(a',04,05,...,00) ),
0,€01

05T € argmax {L(a/™, 04 05,05, ... 0%) — f(a T 00 00,05, ..., 08 )},
02€02

oLt € argmax {L(a/T1, 07T L 05 0,,) — fafT 00 L0 0 )

" Ym—17 Y Ym—17
0m€EOm

where the superscript ¢ denotes the t-th iteration. We see that the subproblems cannot be
solved in parallel because the log-likelihood function L has a weighted linear combination of the
mixture components p;(zk|0;) (i = 1,...,m) in the antilogarithm part. Thus, we construct a

separable problem associated with (5.2.2) in order to solve subproblems in parallel.

We assume that the function f is separable with respect to a, 01, ..., 60,,, that is,
m
Fle,0) = fole) + > fi(6:), (5.3.1)
i=1

where fy is a proper lower semicontinuous quasiconvex function for adding some constraints on
mixture coefficients o; (i = 1,...,m), and f; (i = 1,...,m) are also proper lower semicontinuous
quasiconvex functions for adding some constraints on parameters 0; (i=1,...,m), respectively.

Then, we consider the following minimization problem instead of problem (5.2.2):

minimize D(W,«,0) + fo(a) + Z fi(0 (5.3.2)

subject to W € M, a €y, 01691, =1,...,m,

where decision variables of problem (5.3.2) are a, # and W, the function D : RT”"xR'x© — R
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and the set M are defined by

D(W,a,0) :=> > Wy {log W — log a; — log pi(16;)}, (5.3.3)
i=1 k=1
:{WERTX” ka:Lk:L...,n}, (5.3.4)
=1

respectively. If we apply a BCD method to problem (5.3.2), then the objective function of (5.3.2)
is separable for aw and 6; (i = 1,...,m) when W is fixed. The details are discussed later.

Now we mention that a BCD method can find a solution of (5.2.2) if it solves problem (5.3.2).
For each (o, ) € R} x ©, we consider the following problem:

minimize D(W, «,6),

. (5.3.5)
subject to W € M.

Then, we define a function g : R x © — R as

9(e,6) = min D(W, a,6).

For each (a, ) € R x ©, the function D(-, «, ) is strictly convex on the compact set M defined
by (5.3.4), and hence Proposition 2.2.6 implies that problem (5.3.5) has a unique optimum. In
what follows, we denote the unique optimum by W(a, #). Note that g(a,8) = D(W(a, ), a, 0)
for any («,0) € R x ©. The next lemma shows that g(a,0) = —L(«,0), i.e., problem (5.2.2)

is equivalent to

minimize a,0) + )+ i
gl fola Zf (5.3.6)
subject to a €y, 6, €0, i=1,...,m.

Although the equivalence is implicitly given in [26], we provide its proof for the completeness of
this thesis.

Lemma 5.3.1. For each (a,0) € R x ©,

a;pi(xx|0;)

g(a7 9) = —L(Oc,e), Wzk(ave) = p(xk’a 0) )

where Wik (a, 0) denotes the (i, k)-th element of W(«,0).

Proof. Let (a,0) € R x ©. We denote W(a, ¢) by W* for simplicity. The KKT conditions for
problem (5.3.5) with («, #) are written as

m
ZW{%:L logW;, +1—log aipi(x|0;) —up, =0, i=1,...,m, k=1,...,n,

where u} (k=1,...,n) are Lagrange multipliers for > /" W3 =1 (k =1,...,n), respectively.

Then, we obtain

W = aipi(xgl0;) exp(uy, — 1), i=1,...,m, k=1,...,n. (5.3.7)
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It further follows from )", Wi =1 (k=1,...,n) that

1= Z W;;v = eXP(UZ - ]‘) Zalpl(kaZ) = exp(u;; - 1)p(:nk|oz, ‘9)7 k=1,...,n,
1=1

i=1
and hence
1
exp(uf —1)= ——— k=1,....,n. 5.3.8
Then, (5.3.7) and (5.3.8) yield that
ipi(Tk|0; .
*—M i=1,....m, k=1,...,n.

ik p($k|a,0) ’

Moreover, we have
g(a,0) = D(W* a,0)
. * ;i\ T QZ
= ZZ ik {10gp(k‘) —log a; — logpi(l‘sz‘)}

i1 k=1 p($k|av 9)
m n
= > > Wi {log aipi(wx|0;) — log pla|a, 0) — log cipi (x| 6:)}
i=1 k=1
n m
= - (Z Wk> log p(ak|ax, 6)
k=1 \i=1
= —L(a,0),
where the last equality follows from ) ", Wi =1 (k=1,...,n). O

From Lemma 5.3.1, problem (5.2.2) is equivalent to problem (5.3.6). On the other hand, if
(W, @, ) is a global optimum of problem (5.3.2), then (@, ) is that of problem (5.3.6). Therefore,
we can obtain a global optimum of problem (5.2.2) by solving problem (5.3.2). Moreover, under
some assumptions, we can show that if (W, @, @) is a stationary point of (5.3.2), then (@, ) is
that of problem (5.2.2). In order to prove it, we first provide gradients of g with respect to «

and 6, respectively.
Lemma 5.3.2. Suppose that the following statements hold:
(i) The function D is differentiable at W (a,0),@,0);

(ii) For each i € {1,...,m} and xy, € {x1,...,xp}, the function p;(xg|-) is continuously differ-
entiable on int®; and 0 < p;(x|0;) for all 6; € ©;.

Then the function g is differentiable at (@, ), and its gradients with respect to o and 6 are
vag(av 5) - VQD(W(aa 9)7 a, 5)7 VHQ(av 5) = VQD(W(av 5)7 Q, 5)

Proof. Let u := (@,0) and U := R x ©. Moreover, let W := W(u). Assumption (i) implies
that (W, ) € RT" x intU, that is,

W e R, ueintU. (5.3.9)
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Let i € {1,...,m} and k € {1,...,n}. Lemma 5.3.1, assumption (ii) and (5.3.9) imply that
Wi : U — R is continuous at @ € intU, that is,

Ve >0, dry >0 suchthat |[Wi(u+d) — Wip(u)| <e, Vde B(0,7).  (5.3.10)

Now, we obtain that 0 < W, = Wix(w) from (5.3.9), and hence if we choose € in (5.3.10) as
0 < e < Wik(u), then

0< Wlk(ﬂ) —e< Wlk(ﬂ-l- d), Vd € B(O,Tik). (5.3.11)

Meanwhile, we have from (5.3.9) that there exists 19 > 0 such that B(u,r9) C intU, that is,

u+deintU, VYde B(0,rp). (5.3.12)
Then, let r be a positive number such that r < rg and r < ry (i = 1,...,m, k= 1,...,n).
Moreover, let d € B(0,7) be arbitrary, where d # 0. Now, it is clear that d € B(0,r) C

B(0,r) (i=1,...,m, k=1,...,n) and d € B(0,r) C B(0,79). Thus, it follows from (5.3.11)
and (5.3.12) that

W(u+d) e RTE", u+d e intU. (5.3.13)

Note that g(u) = D(W,u) because W is a global optimum of problem (5.3.5) with (@, ). Then,
we have from the definition of g and (5.3.13) that

g9(u+d) —g(@) < D(W,u+d) — DW,u) = (Vy D(W, ), d) + ||d]|¢(d),
where ¢ : U — R is a certain function such that ¢(d) — 0 if d — 0. Furthermore, it follows
from d # 0 that

g(ﬂ—i— d) — g(ﬁ) — <qu(W7ﬂ>vd>
el

< ¢(d),
and hence, by ||d|| — 0,

lim sup Y2+ @) = 9(@) = (VuDOWV, @), d) _ (5.3.14)
d—0 d]l

Let ug :=u +d, and let Wy := W(ugq). Then, the definition of g and (5.3.13) yield that
D(Wy,ug) — D(Wg, @) < D(Wa,uq) — D(W, @) = g(u + d) — g(w). (5.3.15)

On the other hand, we have by the definition of D, assumption (ii) and (5.3.9) that there exists
V.D(W, @) for all (W,7) € RT™ x intU, and

VuD(W,U) = Vo D(W,7) (W — W, & — u). (5.3.16)

Thus, there exists V,D(Wgy, @+ Ad) for all A € [0, 1] because Wy € RT'S™ and @ + Ad € intU
for all A € [0, 1] by (5.3.9) and (5.3.13). Then, Theorem 2.2.1 implies that there exists t € (0,1)
such that

D(Wy,ug) — D(Wy, ) = (Vo D(Wy,u + td), d). (5.3.17)
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We have by the Cauchy-Schwarz inequality, (5.3.15) and (5.3.17) that

—lldlllIVuD(Wy, 5 + td) = VuD(W,0)|| < g(u+d) — g(u) — (VuD(W, ), d).
It then follows from d # 0 that

(u + d) — g(ﬂ) — <VuD(W7 ﬂ)? d>
1]

—IVuD(Wy, @ + td) — V,D(W,7)| < (5.3.18)

Meanwhile, it is clear that ug — @ and u + td — w when d — 0. Moreover, (5.3.10) means that
W : U — R™ " is continuous at u € intU, that is Wy = W(ug) — W(u) = W when d — 0.
Then, (5.3.16) yields that V,D(Wy, @ + td) — V,D(W,u) when d — 0. It then follows from
(5.3.18) that

0 < limjns 90+ Y = 9@ — VDWW, @), d) (5.3.19)
d—0 lld|l
Combining (5.3.14) and (5.3.19),
lim g(ﬂ—}— d) — g(ﬂ) — <VUD(WaH)ad> — 0’
d—0 |l
that is, Vg(u) = V,D(W,u). Now, we see that
Vag(a,o — VoD(W,a,0
Vol = | VI v, pw ) = et
VOQ(OGQ) VQD(W7Q70)
Therefore, Vog(@,0) = Vo D(W,@,0) and Vyg(a,0) = VoD(W, @, 0). O

Next, under some assumptions, we show that if (
of problem (5.3.2), then (W, @, #) is that of problem

Ag\

,@,0) € M x € x O is a stationary point
5.2.2).

Theorem 5.3.1. Let (W, @,0) be a stationary point of problem (5.3.2). Suppose that the fol-

lowing statements hold:
(i) The function D is differentiable at (W, @, 0);

(ii) For eachi € {1,...,m} and x € {z1,..., 2z}, the function p;(zk|-) is continuously differ-
entiable on int®; and 0 < p;(x|0;) for all 6; € ©;.

Then (W, @, 0) is a stationary point of problem (5.2.2).

Proof. Let (W, a,0) € M x € x © be arbitrary. Now, (W,@,0) € M x Q; x O is a stationary
point of problem (5.3.2), and hence

0< (ViwD(W,a,0),W — W) + (Vo D(W,a,0),a —a) + (Vo D(W,

Q,
+f0 Z 27 z_iz' . (5320)

Note that (a, ) € £; x © is arbitrary. Substituting («, ) = (@, 6) into (5.3.20), for all W € M,

0 < (Vi D(W,a,0), W — W).
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Thus, W is a stationary point of problem (5.3.5). Moreover, we have from Proposition 2.2.6
that W = W(a, 0). It then follows from Lemma 5.3.2 and assumptions (i) and (ii) that

Vag(@,8) = VoD(W,a,0), Vog(@,0) = VoD(W,@,0). (5.3.21)

On the other hand, we substitute W = W into (5.3.20) because W € M is arbitrary. As the
result, for all («,0) € ; x O,

0 < (VoD(W,@,0),a —a)+ (VoD(W,a @0—@+ﬁ@m—®+§:m%m—mywaw)

=1

By (5.3.21) and (5.3.22), for all (a,6) € Q; x ©,

0 < (Vag(@,0), 0 — @) + (Vog(@,0),0 — 0) + fi(@;a — @) +Zfl i0; — 0;).

Thus, (@, ) is a stationary point of problem (5.3.6). It then follows from Lemma 5.3.1 that
(@,0) is a stationary point of problem (5.2.2). O

We now apply a BCD method to problem (5.3.2). Let (af,8') be given. The BCD method
first solves problem (5.3.5) with (at,6%), that is, W := W(a!,6!). From Lemma 5.3.1, the
solution W' is given by

alpi(xk)6;)

Wit = il
© 7 plaglat,60t)’

(2

i=1,...,m, k=1,...,n. (5.3.23)

Next, it solves the following subproblems with respect to o and 6; (i = 1,...,m) independently:

minimize — Z Z wlog a; + fo(a),

2ol (5.3.24)
subject to « € €y,
minimize Z i log pi(k|0:) + £i(0:), (5.3.25)

subject to 6; 6 @Z.

Note that the functions fo and f; (i = 1,...,m) are given by (5.3.1). Summing up the above

discussion, the BCD method is described as follows.

Algorithm 5.3.1.

Step 0. Choose an initial point (a°,0°) € R™ x O, and set t := 0.

Step 1. Calculate W by (5.3.23).

Step 2. Obtain a solution o't to problem (5.5.24).

Step 3. For each i € {1,...,m}, obtain a solution Hfﬂ to problem (5.8.25).

Step 4. If an appropriate termination criterion is satisfied, then stop. Otherwise, sett :=t+1
and go to Step 1.
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Next, we discuss the global convergence of Algorithm 5.3.1. First, we give some assumptions
for problem (5.3.2). These assumptions are sufficient conditions under which Algorithm 5.3.1

has the global convergence property.
Assumption 5.3.1.

(A1) The constant vector | € R™ satisfies that | = a, where a € R™ is a certain vector such
that 0 < a; (i=1,...,m) and Y ;" o; < 1.

(A2) The functions fo and f; (i = 1,...,m) are proper lower semicontinuous quasiconvexr on

R™ and V; (i =1,...,m), respectively.

(A3) Foreachie {l,...,m} and xy, € {x1,...,x,}, the function —logp;(xk|-) is quasiconvex
and hemivariate on ©;. Moreover, the function p;(xg|-) is continuously differentiable on

int®; and 0 < p;(zk|0;) for all 6; € B;.
Next, we provide a theorem that guarantees the global convergence of Algorithm 5.3.1.

Theorem 5.3.2. Suppose that Assumption 5.3.1 (A1)—(A3) hold. Suppose also that Algorithm
5.5.1 generates an infinite sequence {(W*, o™t 07 1)} that has an accumulation point (W, @, ).
If the function D is differentiable at (W, @, 0), then (W,@,0) is a stationary point of problem
(5.3.2).

Proof. By using a € R™ in Assumption 5.3.1 (A1), we consider the following problem:
minimize F(W,a,0), (5.3.26)
where
F(W,a,0) := D(W,a,0) + dp (W) + Fole +Zfz

D, 010) {Dwae ifWERTX”,aeR++,9iE®Z-,izl,...,m,
a,

otherwise,

+

0 if WeM,
o (W

400 otherwise,
- ) fola) if a €9y,
fola):= { 400  otherwise.

Note that M x €; x © is a closed convex set. Thus, by Proposition 2.2.7 and problem (5.3.26),
it suffices to show that (W, @, @) is a stationary point of problem (5.3.26). First, we have from
Assumption 5.3.1 (A2) and (A3) that assumptions (i)—(iii) of Proposition 2.5.2 are satisfied.
Next, we obtain domD = R7*" xR/, x O X...x Oy, by the definition of D, that is, assumption
(iv) of Proposition 2.5.2 holds. Then, Proposmon 2.5.2 implies that (W, @, 0) is a coordinatewise
minimum point of F. On the other hand, we have (W,@,f) € R7T" x R7", X int© because
D is differentiable at (W, @, ). It then follows from the definition of D that D is differentiable
at (W, @, ). Therefore, these results and Proposition 2.5.1 imply that (W, @, ) is a stationary
point of problem (5.3.26). O
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From Theorems 5.3.1 and 5.3.2, Algorithm 5.3.1 can get a stationary point of (5.2.2) if it
solves (5.3.2).

Remark 5.3.1. For the global convergence of Algorithm 5.3.1, we should get exact solutions of
subproblems (5.8.24) and (5.3.25). As shown in Section 5.4, we can obtain them in some special

cases.
We now discuss when Assumption 5.3.1 (A1)—(A3) hold.

(1) Assumption 5.3.1 (A1) guarantees that 0 < ; < @; (i =1,...,m). However, when we have
a large amount of the observational data, the vector @ satisfies such conditions in many

cases even if we do not suppose the existence of the vector «.

(2) Some distributions, such as logistic distributions, satisfy Assumption 5.3.1 (A2). For these
details, see [11, Chapter 7].

3 en we employ the L regularization and/or indicator functions of closed convex sets as
Wh 1 he L larizati d indi f i f closed
foand f; (i =1,...,m), Assumption 5.3.1 (A3) holds.

Unfortunately, a Gaussian distribution N (z|u;, A; ) does not satisfy the quasiconvexity
condition in Assumption 5.3.1 (A2). However, under some reasonable assumptions, we can
construct a global convergent BCD method for Gaussian mixtures. Note that 0; = [u;, A;], ©; =

d % S‘_jH_ and V; = R? x 8% for each i € {1,...,m} when mixture components are Gaussian.
In addition, we use notations g := [u1,..., tm] and A :=[Aq,..., Ay]. Foreach i € {1,...,m},

we assume that the function f; is separable with respect to u; and A;, that is,

Fi(0:) = (i) + FA (A, (5.3.27)

where f! and fZA are proper lower semicontinuous quasiconvex on R™ and S¢, respectively.

Then, we execute the following two steps instead of Step 3 in Algorithm 5.3.1.

Step 3-1. For each i € {1,...,m}, obtain a solution y*! of the following problem:

minimize Z 10g/\/ 1Uk|#u( z) 1) + ff(#i)a

(5.3.28)
subject to 6 Rd.
Step 3-2. For each i € {1,...,m}, obtain a solution Ag‘H of the following problem:
minimize L log N (|t T ATY) + AN,
Z g N (|t DRSS (5.3.20)

subject to A i ().

Note that the modified method is also a BCD method. We call it Algorithm 5.3.2 in the
remainder of this chapter.
The next assumptions are sufficient conditions under which Algorithm 5.3.2 has the global

convergence property.
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Assumption 5.3.2.
(A1) The mizture components satisfy that p;(x|6;) = N (x|pi, A7), 0; = (i, As] (i =1,...,m).

(A2) The constant vector | € R™ satisfies that | = a, where o € R™ is a certain vector such

that 0 < o (i=1,...,m) and >"  a; < 1.
(A3) Problem (5.5.2) has constraints 0 < ;] < A; (i =1,...,m), where 0 < )\, (i =1,...,m).

(A4) The function fy is proper lower semicontinuous quasiconvez, and the functions f; (i =
1,...,m) are written as (5.53.27) with proper lower semicontinuous quasiconver functions

A (;
o =1,...,m).
Then, we give a theorem that guarantees the global convergence of Algorithm 5.3.2.

Theorem 5.3.3. Suppose that Assumption 5.3.2 (A1)-(A4) hold. Suppose also that Algorithm
5.3.2 generates an infinite sequence {(W?, ot pt*1 A1) that has an accumulation point
(W,a,m,N). Then, (W,a, i, A) is a stationary point of problem (5.5.2).

Proof. First, we show that D is differentiable at (W, @, z, A). By (5.3.23) and Assumption 5.3.2
(A1) and (A2), we obtain that 0 <a; (i=1,...,m)and 0 < Wy, (i=1,...,m, k=1,...,n).
Meanwhile, it follows from Assumption 5.3.2 (A3) that A; € S¢, (i =1,...,m). These results
imply that D is differentiable at (W, @, i, A).

Secondly, we consider the following problem by using € R™ and A\, e R (i=1,...,m) in
Assumption 5.3.2 (A2) and (A3):

minimize F(W,a, pu, A), (5.3.30)
where
. - m m 7A
F(anvuvA) = D(anvu’A) +5M(W) =+ fO(a) =+ Zfzu(lu’i) + Zfz (AZ)’
i=1 i=1

D(W,a,pu, A) if W e RI*", ae R, ui € RY, AiGSle_, 1=1,...,m,

400 otherwise,

D(W,a, i, A) == {

0 itWeM,

om(W) = { :
400 otherwise,

- fola) if a € Q,,

) = =

fola) { 400 otherwise,

- 0 if A1 <A; .

f?(Ai)::{ b = i=1,...,m.
400 otherwise,

From the differentiability of D at (W, @, #, A) and problem (5.3.30), this theorem can be shown
in a way similar to the proof of Theorem 5.3.2. (]
5.4 Implementation issue for special cases

In this section, we describe efficient solution methods solving subproblems (5.3.24), (5.3.28) and
(5.3.29) for special cases such as Examples 1 and 2 of Section 5.2.
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5.4.1 Maximum likelihood estimation with constraints on mixture coeffi-

cients

We discuss the maximum likelihood estimation with box constraints on mixture coefficients as
described in Example 1 of Section 5.2. Since the update of the mixture coefficients appears only
in subproblem (5.3.24) of Step 2, we only discuss how to solve subproblem (5.3.24).

Subproblem (5.3.24) has simple constraints > ;* oy =1, I; <a; <w; (i =1,...,m). There
exist efficient methods that solve special convex problems with the constraints in O(m) [12, 47].
Although the objective function in (5.3.24) is different from those in [12, 47|, we can construct
an O(m) method for (5.3.24) by using the ideas of [12, 47]. For the completeness of this thesis,
we provide a concrete O(m) method for (5.3.24).

For simplicity, we consider only the lower constraints I; < «; (i = 1,...,m), and let Wy, :=
W, . Note that we can construct a method for the problem with /; < o; < w; (i =1,...,m) as
n [12]. We assume that [; € (0,1] (¢ =1,...,m) and > ;" ; < 1.

For solving subproblem (5.3.24), we may find its KKT point. Let (o, A*,7*) € R xR xR™
be a KKT point satisfying

Y ar=1, (5.4.1)
N;

%
[

N4 =0, of —1; >0, v >0, (g —1;)=0, i=1,...,m, (5.4.2)

where N; := >} | Wix. Note that \* and ~f (i = 1,...,m) are Lagrange multipliers for
Yoiriar=1and of —1; >0 (i =1,...,m), respectively.

As shown below, a partition of the set {N;/l;} plays an important role to find (a*, \*,~v*).
Thus, we define the following partitions I(t) and J(t), and the related functions.

I(t):{l|tZNZ/ll}, J(t):{l|t<Nl/ll},
male if I(t) # 0, min {N;/l;} if J(t) # 0,
:U’min(t) = el { / } ( ) Hmax(t) = € { / } ( )
—00 if I(t) =0, +00 it J(t) =0,
. L l; ifiEI(t), . L t—Nl‘/lZ’ ifiEI(t),
ai(t) = { N;/t ifie J(t), () = { 0 if i e J(t),

ZN/ 1—Zz : S(t)::Zai(t)

e J(t) iel(t

For the partitions and functions, the following properties hold.

Lemma 5.4.1. Let (a*,\*,~v*) be a KKT point satisfying (5.4.1) and (5.4.2). Then, the fol-
lowing (1)—(v) hold.

() Let I*:=={i|af=0l }and J* :={i |~ =0, of #1; }. Then,

L if i e I*
af = =SSN (1S, o =1 00 =07,
: {Ni//\* if i€ J* 2 /( 2 ) (A%

ieJ* el*
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that is, af = o;(N*), X* = p(X*). Moreover, p(X*) € [fmin(A*), fmax(A*)).

(i) 1F (t%) € [pmnin(8), s (), then (@(u(t*)), (%), A(u(t*))) is a KKT point of (5.5.24).
(iii) The function S is strictly monotonically decreasing. In addition, S(\*) = 1.
(iv) If £ € [pmin(?), Hmax(t)), then p(k) = p(t), pmin(K) = pmin(t) and pmax(K) = pmax(t)-

(V) If p(t) & [ftmin(t), max(t)), then we have either S(pimin(t)) < 1 or S(pmax(t)) > 1.

Proof. (i) Since v/ (af — ;) = 0 from (5.4.2), we have v/ = 0 or o = [;. It then follows from
Ni/af — X+~ = 0in (5.4.2) that of = N;/\* whenever v/ = 0. From the definitions of I*

and J*, we have

. li if i € I'*,
o =
’ N/ \* ifie J*

Since 1 =" af =3 cp li + 2 ey« Ni/A* from (5.4.1),

)\*:ZNi/<1—Zli> .
ieJ* iel*

Next, we show that I(A\*) = I* and J(A*) = J*. Since 7/ > 0 and N;/af — X"+~ =0
by (5.4.2), we have a > N;/A*. Then, for each i € I*, we obtain l; = of > N;/\*, and hence
A* > N;/l;. As the result, we obtain ¢ € I(\*). Conversely, if i € I(\*), then \* > N;/l;, and
hence [; > N;/A\*. Now, we assume that ¢ € J*, that is, 7 = 0 and o # [;. It then follows from
Nijaf — X+~ =0and o > [; in (5.4.2) that N;/A\* = o] > [;. Thus, N;/\* > I; > N;/\*,

which is contradictory. Therefore, i ¢ J*, that is, ¢ € I* because
ruJ ={1,...,m} and I"NnJ*=0. (5.4.3)

Consequently, we have I(A*) = I*. The relation J(\*) = J* is obtained from (5.4.3). Moreover,
we get of = (") and A* = p(X*) from the definitions of o;(t) and p(t).

The definitions of fimin(t) and pmax(t) imply that ¢ € [fmin(t), tmax(t)) for all ¢ € R. There-
fore, j(A*) = A* € [jmin(A*), fmax(X)).
(ii) We show that (a(u(t*)), u(t*),v(u(t*))) satisfies the KKT conditions (5.4.1) and (5.4.2).
From the definitions of «;(t) and ~;(t), we obtain

L e L(u(t), ) { () = Nofli if i € I(u(t*)),
Ni/u(t) if i e J(u(t*)), 0 if i € J(u(t*)).

Moreover, t* € [fmin(t"), fimax(t*)) by the definitions of pimin(t) and pmax(t). It then follows
from the assumption p(t*) € [ftmin(t*), max(t*)) that I(t*) = I(u(t*)) and J(t*) = J(u(t*)).
Thus, (5.4.1) follows from the definitions of a;(u(¢t*)) and p(t*). Next, we show (5.4.2). Suppose
that i € I(t*). It then follows from I(t*) = I(u(t*)), (5.4.4) and the definition of pimin(¢*) that

oy ) (e =

ai(u(t)) = { (5.4.4)
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Similarly, if 7 € J(¢*), then

Oéi(i\?t*)) = u(t") + (")) = p(t*) — p(t*) +0 =10,
Yi(u(t*)) =0,
Oéz(,u(t )) - lz - M(t*) Z’L Z Mnlax(t*) l@ Z 0

Therefore, the KKT conditions (5.4.1) and (5.4.2) hold.
(111) Let t1 < to. Since I(tl) - I(tg), J(tg) - J(tl) and I(tl) U J(tl) = I(tg) U J(tg), we have
I(ty) = I(t1) U (J(t1)\J(t2)). Thus,

Stth)= > L+ >, %-ﬁ- > ]t\f> i+ D> L+ Y ¥:S(t2),

€l(t1) 1€J(t1)\J (t2) 1 1€J(t2) 1€I(t1) 1€J(t1)\J (t2) i€J(t2)

where the inequality follows from t; < t3. Moreover, since of = a;(A*) by (i), S(A\*) =
i oi(A) =30 af = 1.

(iv) We have the desired results from the definitions of 1(t), fimin(t) and pmax ().

(v) In order to prove by contradiction, we suppose that S(pmin(t)) > 1 and S(pmax(t)) < 1.
We obtain A\* € [tmin(t), ftmax(t)) by (iii). It then follows from (iv) that p(t) = p(A*). Since
p(A*) = X* from (i), we get pu(t) = A* € [fmin(t), max(t)). However, this result contradicts
,U(t) ¢ [erlin(t>vﬂrrla)c<t))- U

From Lemma 5.4.1 (i), there exists t* € R such that
fmin () < p(t") < pmax(t*)- (5.4.5)

Conversely, if we find t* satisfying (5.4.5), then we can obtain the solution o* of problem (5.3.24)
by Lemma 5.4.1 (ii). Thus, we consider how to find ¢* satisfying (5.4.5).

Now, suppose that ¢ satisfies (5.4.5). Since fimin(t) € [fmin(t), imax(t)), we have p(pmin(t)) =
(1), pomin (Pmin (£)) = fmin () and prmax (fmin (7)) = timax (£) from Lemma 5.4.1 (iv). It then follows
from (5.4.5) that p(pmin(?)) € [fmin(Pmin(f)), max (min(f))), 1-€., fmin(t) also satisfies (5.4.5).
Note that pimin(t) is included in the set {N;/l;}. Therefore we can find t* only in the set {N;/I;}.

Then, we choose a median! ¢ of the set {N;/I;} as a candidate of t*. If u(¢) € [fimin(C), fimax(€)),
then we may regard c as t* satisfying (5.4.5). In what follows, we discuss the case where

p(e) & [pmin(€), fimax(c)). By Lemma 5.4.1 (v), we may consider the following two cases:

Case 1: S(pmin(c)) < 1.
It then follows from Lemma 5.4.1 (iii) that \* < pmin(c), and hence t* € { N;/l; | i € I(c) }.

Case 2: S(fimax(c)) > 1.
It then follows from Lemma 5.4.1 (iii) that \* > pumax(c), and hence t* € { N;/l; | i € J(c) }.

Thus, the set {NV;/l;} of the candidates of t* is reduced to { N;/l; |i € I(c) } or { N;/l; | i € J(c) },
that is, the number of candidates becomes half. When Case 1 occurs, we choose a median of

'A scalar ¢ in {Nl &} is called the median of {%,,]l\fl} if [{i|Nifli<c}] < [%-‘ <
1 m

T,..., lm
I{i | Ni/li <c}]
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{ Ni/li | i € I(c) } as the next candidate of ¢t*, and we again carry out the same procedure.
After the procedure, we obtain a KKT point or reduce the number of candidates of t* to half
further. Similarly, we apply the same procedure to { N;/l; | i € J(c) } when Case 2 occurs.
Repeating the procedure, we can find a KKT point.

Now, we discuss the computational complexity of the above method. Note that a me-
dian of {Ni/ly,..., Ny /ln} can be found in O(m) time [9]. Moreover, the function values
(1), prmin(€1), tmax(c1) and S(c1) are evaluated in O(m) time. Thus, the first iteration of the
method is executed in O(m) time. Next, we perform the second iteration for m/2 elements,
that is, { N;/li | i € I(c) } or { N;/l; | i € J(c¢) }. Then, the median ¢z of the set is found in
O(m/2) time. On the other hand, since p(c2), fmin(€2), imax(c2) and S(c2) are defined with m
elements, the direct evaluations of these function values take O(m) time. Fortunately, we can
reduce the time by using products of the previous iteration. To see this, consider the case where
S(pmin(c1)) < 1. Then, ¢z is a median of { N;/l; | i € I(c1) } and p(c2) is given by

pe)= > N 1= > L= > N+ ) N //1—221
i€J(c1)UJ(c2) i€l(c2) i€J(c1) 1€J(c2) i€l(c2)

Note that ;¢ ;)

its calculation, and hence we have to calculate only >, J(ez)N, and Y ic J(co) li to evaluate p(ea).

y Ni has been calculated for w(cy) in the first iteration. Therefore, we can omit

These calculations take O(m/2) time. Similarly, fimin(c2), tmax(c2) and S(c2) are evaluated in
O(m/2) time. Consequently, the second iteration is done in O(m/2) time. Repeating these
calculations, the worst computational time is O(m + m/2 + m/4 + ...) = O(m). Note that,
when [; = 0 (i = 1,...,m), the solution o* € R™ is calculated by o) = N;/n, which takes
O(m) time. The computational complexity for [; > 0 (i = 1,...,m) is the same as that for
L=0(@G=1,,...,m).

5.4.2 Maximum likelihood estimation for Gaussian mixtures

Now, we consider the case where mixture components are Gaussian, i.e., p;(x|6;) = N (z|u;, A; 1),
Hi = [HiyAi] (Z = 1,... ,m).

The maximum likelihood estimation for Gaussian mixtures is equivalent to problem (5.3.2)
with

fola) ::{ O e iy im0, ) ;:{ 0 HA=0 o (5.46)

400 otherwise, 400 otherwise,

Then, ozf“, pittand AE"'I in Steps 2, 3-1 and 3-2 of Algorithm 5.3.2 are given by

1
Nt " -
a2 M LS, Af“z( S W ) ww) (5.47)
Zkl 1k=

where N} :=>")_; W}. We see that (5.4.7) is equivalent to the EM algorithm. Note that the

equivalence has already been pointed out in [67].
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5.4.3 Maximum likelihood estimation for Gaussian mixtures with constraints

on precision matrices

In this subsection, we consider the maximum likelihood estimation for Gaussian mixtures that
has additional constraints on the precision matrices such that \,J < A; < NI (i = 1,...,m),
where )\;, \; € R (i = 1,...,m) are constants such that 0 < )\; < \;.

In this case, we should replace f in (5.4.6) with

] 1=1,...,m.
oo otherwise,

{ 0 if AT <A <N,

Note that af“ and ,uﬁ“ are also given by (5.4.7) because subproblems with respect to «; and
; are same as those in Subsection 5.4.2. On the other hand, subproblem (5.3.29) with respect
to A; is different, and it is expressed as

minimize tr (AfAi) — logdet A;,

Aiesd o (548)
subject to N1 = A; <X\,

where

1 n
A} = o D Wikl — ™) (on — ™) T (5.4.9)
k=1

and N/ is given in Subsection 5.4.2.

Thanks to the constraints \;] < A; (i = 1,...,m), Assumption 5.3.2 (A3) holds. Moreover, if
we also add the constraints on mixture coefficients as described in Subsection 5.4.1, Assumption
5.3.2 (A2) also holds. Therefore, such constraints guarantee the global convergence of Algorithm
5.3.2.

Now, we discuss how to solve (5.4.8). As shown below, we can provide a solution of (5.4.8)
analytically. For simplicity, let A := Af, A := A;; A := )\; and X := ); in the rest of this
subsection.

Since problem (5.4.8) is convex, A} € S¢ satisfying the following KKT conditions is an

optimal solution:

A— AT+ U —V*=0, M —AU*=0, (M —-A*)V*=0,

_ (5.4.10)
A < A* < X, 0= U 0=V,

where U* € 8¢ and V* € 8% are Lagrange multipliers for A\I < A* and A* < A, respectively. We
have from (5.4.10) that A*, U*,V* and A commute mutually. Then, Proposition 2.2.1 (e) yields
that A*, U*,V* and A are simultaneously diagonalizable, that is, there exists an orthogonal
matrix P € 8% such that

PTA*P = diag(\;,...,\s), PTU*P = diag(ui,...,u}),

PTV*P = diag(v},...,v;), PTAP = diag(ai,...,aq),

where A7, u7, v} and a; (j =1,...,d) are eigenvalues of matrices A*, U*, V* and A, respectively.

Pre- and post-multiplying (5.4.10) by PT and P, respectively,

a; — ()\;f)*l +uf—v; =0, (A=A)u;=0, N — Xt =0,

_ (5.4.11)
PEPHEDY 0<uj, 0<
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for j =1,...,d. Therefore, we have from (5.4.11) that

X ifl/XZaj,
A =P diag(A},....,AD) P, N={ 1/a; if 1/x<a; <1/, j=1,...,d (5.4.12)

In order to obtain A*, we may conduct the following procedure. We first get the eigenvalues
aj (j = 1,...,d) and the orthogonal matrix P by diagonalizing A. Next, we calculate A* by
(5.4.12).

5.4.4 Maximum likelihood estimation for Gaussian mixtures with sparse pre-

cision matrices

We also discuss the maximum likelihood estimation for Gaussian mixtures in Subsection 5.4.3.
However, we add the L; regularization in order to obtain precision matrices being sparse. In
this case, we should replace fzA in (5.4.6) with

i 1=1,...,m,

FAA,) = pil Ailln i AT < A =N
Z +00 otherwise,

where p1, ..., p,, are positive constants.
Note that aﬁ“ and M;H are also given by (5.4.7) as mentioned in Subsection 5.4.3. On the
other hand, subproblem (5.3.29) with respect to A; is different, and it is written as

minimize  tr (A/A;) — logdet A; + 77 || A1,

. I (5.4.13)
subject to NI = Ay NI,

where A! is given by (5.4.9). We can obtain the solution A" of problem (5.4.13) by the existing
methods such as [38, 39, 73].

5.5 Numerical experiments

In this section, we report two numerical experiments for the models discussed in Subsections
5.4.1 and 5.4.3. The program was coded in MATLAB R2010a and run on a machine with an
Intel Core i7 920 2.67GHz CPU and 3.00GB RAM.

Experiment 1 for the model discussed in Subsection 5.4.1

In the Experiment 1, we investigate the validity of the model discussed in Subsection 5.4.1.

Throughout the Experiment 1, we used the observational data X = [x1,...,z,] € R?™ and
the test data X := [Z1,...,T10000] € R*10000 generated by the following Gaussian mixture with
d=1and m=5:

p(r) = SN (| ~10,5) + TN (2] —8,5) + SN (l0,5) + TN (a]8,5) + N (2[10,5). (5.5.1)
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For the given observational data X, we estimated parameters of the Gaussian mixture with

d =1 and m = 5, that is, we solved the following problem by Algorithm 5.3.2:

n 5
maximize Zlog <Z O(iN(xk|Mi’Ai1)> :
k=1 i=1

subject to Zaizl, liSOéi, OSAZ, izl,...,5.
i=1

(5.5.2)

In the Experiment 1, we estimated parameters by exploiting three models with I; = 0 (i =
1,...,5), ;=01(G=1,...,5) and [; = 0.15 (i = 1,...,5) in (5.5.2).

An initial point of Algorithm 5.3.2 was chosen as follows. We set 04? =1, A? =1(i=1,...,5).
A mean ;¥ was set to the computational result of K-means algorithm (kmeans) in MATLAB.
Algorithm 5.3.2 was stopped when |[D(W L ot ut, AY) —D(W?, ot~ pt=1, AP=1)| < 1075, where
the function D is defined by (5.3.3).

Tables 5.1 and 5.2 show the results when the number of the observational data is 30 and
100, respectively. In each case, we carried out the maximum likelihood estimation 15 times for
15 different observational data. In two tables, we report the log-likelihoods for the observational
data and the test data. Note that we used the same test data X € R1X10000 jp a]] experiments.
Since the amount of the test data is sufficiently large, we may consider that the estimation with
bigger log-likelihood for the test data is better than that with small one. For each experiment in
Table 5.1, numbers with boldface type indicate the highest log-likelihood among the various ;.

2

Furthermore, ” %7 in Tables indicates that Algorithm 5.3.2 was stopped by numerical difficulty.
The reason for the difficulty is that the mixture coefficient a; became too small.

From Table 5.1, we see that the model with I; = 0 is better than the models with /; = 0.1 and
l; = 0.15 from the viewpoint of the log-likelihood for the observational data. The results are
quite natural because the feasible set with [; = 0 is larger than those with I; = 0.1 or [; = 0.15.
On the other hand, from the viewpoint of the log-likelihood for the test data, the models
with [; = 0.1 and [; = 0.15 are better than the model with I; = 0 for many trials. In particular,
the model with /; = 0.15 tends to be the best. This is because the true mixture coeflicient
is 0.2 as in (5.5.1). Moreover, the estimation of the model with {; = 0 is overfitting for the
small observational data. This can be seen in Figures 5.1, 5.2 and Table 5.3 that present the
details of the numerical result for No. 3 in Table 5.1. Figures 5.1 and 5.2 are probability density
functions obtained by the models with I; = 0 and [; = 0.15, respectively. In the both figures, the
black dash line indicates the probability density function of the true mixture distribution (5.5.1),
and the black line indicates the estimated probability density function. Table 5.3 presents the
estimated parameters. From Table 5.3, we see that as and A5_1 of the model with /; = 0 are
very small. Thus, the probability density function value in Figure 5.1 becomes very large around
s = 4.9377. This phenomenon sometimes occurred when the amount of the observational data
is small. See [8, Section 9.2.1] for its details. On the other hand, such a singular phenomenon
did not happen on the model with /; = 0.15 (Figure 5.2).

From Table 5.2, we do not see big differences in the log-likelihoods for the test data among
the models. The reason for these results is that we were able to estimate parameters correctly

regardless of the value of [; because we had sufficient amount of the observational data.
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From these results, even if the amount of the observational data is small, the model with [;

close to the true value is expected to avoid the overfitting and find an appropriate estimation.

Experiment 2 for the model discussed in Subsection 5.4.3

In the Experiment 2, we use the model discussed in Subsection 5.4.3, and study its effectivity.

In this experiment, we used the observational data X = [z1,...,2,] € R4 and the test
data X = [Z1,...,Z10000] € R10000  These data are generated by the following Gaussian
mixture:

10
pa) = 3 N Gl A,
i=1
where the elements of [i; were selected randomly from the interval [-1, 1], and A;l (i=1,...,10)
are selected as follows. First, we generated a matrix A; € R? (i = 1,...,10) whose elements are

normally distributed with mean 0 and variance 1. Then we set A;l = (AZTAZ)% (i=1,...,10).
For the observational data X, we solved the following model by Algorithm 5.3.2 in order to

estimate parameters «;, ; and Ai_1 (1=1,...,10):

500 10
maximize Zlog ( al’N(l’k|Mi’Ai—l)> 7

ST (5.5.3)
subject to > a; =1, 107% <oy, AT 2 A <N, i=1,...,10.

=1

In the experiments, we estimated parameters by using two models with ();, \;) = (0,00) and
(A, Ai) = (1073,10%) in (5.5.3). In the following, the models (A) and (B) indicate the model
with (A;, \i) = (0,00) and ();, ;) = (1073, 103), respectively.

An initial point of Algorithm 5.3.2 was selected as follows. We chose oz? = l,A? =1 (i=
1,...,10), and set u° as the computational result of K-means algorithm (kmeans) in MATLAB.
Moreover, we used the same termination criterion as the Experiment 1.

Tables 5.4 and 5.5 show the results when the dimension d of the observational data X is 10
and 30, respectively. In each case, we conducted the maximum likelihood estimation 10 times
by using observational data. In No. 1 of Tables 5.4 and 5.5, we exploited the observational
data X such that n = 100. In the subsequent estimations, we added 100 observational data
into the previous ones, and used those data as the observational data. Note that we exploited
the same test data in each dimension d. In Tables 5.4 and 5.5, we report the log-likelihoods for
both the observational and test data divided by the numbers of data, respectively. As with the

”

Experiment 1, ” x” indicates that Algorithm 5.3.2 was stopped by numerical difficulty.

As seen in Table 5.4 when d = 10, we do not see big differences between the both models. On
the other hand, as seen in Table 5.5, the differences appeared between the models (A) and (B).
Although the model (A) could not estimate parameters when the amount of the observational
data is small, the model (B) could estimate parameters owing to the constraints A,/ =< A; <

NI (i=1,...,m).
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Table 5.1: Comparison of log-likelihoods (The amount of data is 30.)

L=0(=1,...,5) ,=01(3G=1,...,5) ;=015 (i=1,...,5)
No. Observation Test Observation Test Observation Test
1 -92.6920 -3.8819¢+-004 -93.9322 -3.8646e+004 -94.0707 -3.8355e+004
2 -85.1689 -4.2377e+004 -85.3814 -4.2056e+004 -86.7102 -4.2398¢e+-004
3 -89.0016 -3.5282e+004 -94.2949 -3.4429¢+-004 -94.2979 -3.4427e+004
4 -83.7478 -4.8337e+004 -83.9552 -4.8651e+004 -90.0500 -3.6657e+004
5 -90.9218 -3.5632e+-004 -91.1861 -3.6142e+-004 -94.1681 -3.5011e+004
6 -87.3364 -3.6083e+-004 -89.0853 -3.5634e+004 -93.4515 -3.3895e+004
7 -94.0355 -3.4853e+004 -94.1238 -3.4554e+004 -94.3455 -3.4372e+004
8 -85.6939 -3.8715e+004 -85.8422 -3.8203e+-004 -86.2903 -3.7063e+004
9 -93.2788 -3.6004e+-004 -97.6769 -3.3735e+004 -97.7062 -3.3868e+-004
10 -86.7174 -3.8413e+004 -86.9268 -3.8697e+004 -90.2407 -3.6068e+004
11 -89.2880 -3.5906e+004 -89.4100 -3.6042e+004 -90.0250 -3.6390e+-004
12 * * -88.0714 -3.8834e+003 -90.1522 -3.5275e+003
13 -87.4854 -3.9886e+-004 -91.6894 -3.9187e+-004 -94.7792 -3.6992e+004
14 * * -100.3292 -3.3846e+004 -101.2753  -3.3538e+004
15 -94.9501 -3.4860e+004 -94.9503 -3.4865e+004 -95.2875 -3.4847e+004
Table 5.2: Comparison of log-likelihoods (The amount of data is 100.)
li=0G{=1,...,5) l;=01G=1,...,5) l;=015(i=1,...,5)
No. Observation Test Observation Test Observation Test
1 -333.3528  -3.3148e+-004 -333.3910  -3.3173e+004 -333.3504  -3.3173e+004
2 -320.6859  -3.3347e+004 -322.3568  -3.2981e+004 -323.1440  -3.3170e+004
3 -321.1681 -3.3312e+004 -321.1681 -3.3312e4-004 -321.1942 -3.3346e+004
4 -321.6798  -3.3584e+-004 -325.7542  -3.3380e+004 -327.4315  -3.3076e+004
5 -317.9389  -3.3457e+004 -318.2513  -3.3593e+004 -319.8712  -3.3566e+004
6 -321.1656  -3.3005e+004 -321.8685  -3.2909e+004 -321.5855  -3.3038e+004
7 -316.4248  -3.3408e+004 -321.0262  -3.3135e+004 -321.8640  -3.3118e+004
8 -315.8101  -3.4256e+004 -317.1999  -3.3815e+004 -317.8504  -3.4037e+004
9 * * -326.2708  -3.3251e+004 -325.2491  -3.3916e+004
10 -316.0259  -3.3110e+004 -316.9840  -3.3029e+004 -316.9493  -3.3088e+004
11 -305.3455  -3.3814e+4-004 -307.2223  -3.3443e+004 -308.8353  -3.3541e+004
12 -334.4943  -3.3415e+4-004 -334.9925  -3.3392e+004 -338.3864  -3.3058e+004
13 -307.9100  -3.4562e+4-004 -307.9106  -3.4554e+004 -308.6720  -3.4483e+004
14 -312.5304  -3.3674e+004 -312.5304  -3.3674e+004 -312.5319  -3.3678e+004
15 -306.6108  -3.4756e+004 -307.6602  -3.4569e+004 -315.3187  -3.3014e+004
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Table 5.3: Results of No. 3 in Table 5.1

L=0(@G=1,...,5) =015 (i =1,...,5)

a; i At Q; i A
0.2233 1.3976 1.1864 0.1500 0.0175  7.8016
0.1869 -4.8498 8.7129 0.1526  -7.3207 2.6494
0.2232 -9.9129 1.4691 0.1764 -10.3462 0.8697
0.3003 9.3869 2.4501 0.3074  9.2639  2.9449
0.0663 4.9377 0.0018 0.2136  2.0166  3.9377

T = W N =

Table 5.4: Comparison of log-likelihoods (The dimension is 10.)

(A) (A M) = (0,00) (B) (A \i) = (1072,10%)

No. # of data Observation Test Observation Test
1 100 * * * *
2 200 * * -16.2364 -24.5632
3 300 -17.4153 -22.0561 -17.4153 -22.0561
4 400 -17.7676 -21.1256 -17.7676 -21.1256
5 500 -17.9586 -20.7800 -17.9586 -20.7800
6 600 -18.0046 -20.5797 -18.0046 -20.5797
7 700 -18.1480 -20.2934 -18.1480 -20.2934
8 800 -18.2535 -20.0519 -18.2535 -20.0519
9 900 -18.2848 -19.9797 -18.2848 -19.9797
10 1000 -18.2381 -19.6845 -18.2381 -19.6845

Table 5.5: Comparison of log-likelihoods (The dimension is 30.)

(A) (szxl) = (07 OO) (B) (AZ,XZ) — (10737 103)

No. # of data Observation Test Observation Test

1 100 * * * *

2 200 * * * *

3 300 * * -45.2811 -151.2185
4 400 * * -55.0462 -85.0240
5 500 -58.2170 -76.7472 -58.2170 -76.7472
6 600 -59.6852 -73.3414 -59.6852 -73.3414
7 700 -60.3356 -71.5572 -60.3356 -71.5572
8 800 -60.6195 -70.5857 -60.6195 -70.5857
9 900 -61.0230 -70.0405 -61.0230 -70.0405

—_
]

1000 -61.5174 -69.2069 -61.5174 -69.2069
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5.6 Concluding remarks

In this chapter, we presented a BCD method for a general class of maximum likelihood es-
timation problems for mixture distributions. The general class includes maximum likelihood
estimation problems with L; regularizations and/or some constraints on parameters. Moreover,
we presented efficient implementations of the BCD method for some special problems. In par-
ticular, we gave an O(m) solution method for subproblem (5.3.24) when the lower constraints
l; <a; (1 =1,...,m) exist. In addition, we provided an analytical solution for subproblem
(5.3.29) with the constraint \,] < A; < M\;I. Finally, we conducted the numerical experiments
for the models discussed in Subsections 5.4.1 and 5.4.3. From the experiments, we see that the
models with reasonable constraints yield the valid parameter estimations even if the amount of
the observational data is small.

As a future work, we are interested in an inexact version of the proposed BCD method.
The proposed method requires that subproblems (5.3.24) and (5.3.25) are solved exactly for
the globel convergence. It is worth constructing a global convergent BCD method that allows
inexact solutions of subproblems (5.3.24) and (5.3.25).






Chapter 6

Conclusion

In this thesis, we studied solution methods for nonlinear SDP. We summarize the results obtained

in this thesis.

e In Chapter 3, we proposed a primal-dual interior point method based on the shifted barrier
KKT conditions. Since we have to find an approximate shifted barrier KK'T point at each
iteration of this method, we presented a differentiable merit function F' for the shifted

barrier KKT point, and proved its three nice properties:

(i) The merit function F is differentiable;
(ii) Any stationary point of the merit function F' is a shifted barrier KKT point;

(iii) The level set of the merit function F' is bounded under some reasonable assumptions.

These properties imply that an approximate shifted barrier KKT point can be obtained
by minimizing the merit function F. Thus, we also proposed a Newton-type method for
minimizing the merit function F', and showed the global convergence of the Newton-type
method under some milder assumptions compared with Yamashita, Yabe and Harada [72].
Moreover, we gave some results of numerical experiments for the proposed method, and

observed its efficiency.

e In Chapter 4, we presented a two-step primal-dual interior point method based on the gen-
eralized shifted barrier KKT conditions. This method has to solve two different Newton
equations derived from the generalized shifted barrier KK'T conditions at each iteration.
However, in order to reduce calculations, we replaced the coefficient matrix in the sec-
ond equation with that in the first one. Thus, we can solve the second equation more
rapidly using some computational results obtained by solving the first equation. Despite
this change, we proved the superlinear convergence of the two-step primal-dual interior
point method under the same assumptions as Yamashita and Yabe [71]. In addition, we
conducted some numerical experiments, and showed that the proposed method can find a

solution faster than Yamashita and Yabe’s two step method [71].

e In Chapter 5, we studied a maximum likelihood estimation for mixture distributions.

In particular, we mainly considered the case where mixture distributions are Gaussian
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mixtures. In this case, maximum likelihood estimation problems are expressed as nonlinear
SDP. Moreover, we presented a general class of maximum likelihood estimation problems
for mixture distributions. It includes maximum likelihood estimation problems with the L
regularization and/or some constraints on parameters. We proposed a BCD method for the
general class. Since we have to deal with some subproblems generated in the proposed BCD
method, we also proposed some efficient solution methods for such subproblems. Finally,
we gave some results of numerical experiments for the maximum likelihood estimation
problems with some additional constraints on parameters. Then, we observed that such

problems yield valid results even if the amount of the observational data is small.

Finally, we discuss some future works.

e We mentioned that the barrier parameter pj; must satisfy that up — 0 (k — oo) and

i > 0, when we proposed Algorithm 3.2.1 in Chapter 3. However, we did not discuss
a concrete choice of the barrier parameter ug. If we choose u, which converges to zero
so quickly, it will take a good amount of time to obtain an approximate shifted barrier
KKT point by Algorithm 3.3.1, although there are few iteration counts of Algorithm 3.2.1.
Conversely, if we choose p, which converges to zero so slowly, there will be many iteration
counts of Algorithm 3.2.1, although it will not be long before Algorithm 3.3.1 finds an
approximate shifted barrier KKT point. Therefore, a future work is to give a reasonable

update rule of the barrier parameter pg.

In Chapter 4, we proved the superlinear convergence of Algorithm 4.2.3 which uses scaling
and is based on two-step method. However, in the present moment, there is still no proof

for a one-step method with scaling. This should be a topic of future research.

We have some room to improve the BCD method proposed in Chapter 5. The proposed
method requires that their subproblems are solved exactly for the global convergence. It
is worth constructing a global convergent BCD method that allows inexact solutions of

the subproblems.
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