A NEW GENERALIZATION OF THE TAKAGI FUNCTION
KAZUKI OKAMURA

ABSTRACT. We consider a one-parameter family of functions {F'(¢,z)}: on [0, 1] and partial
derivatives 0F F(t, ) with respect to the parameter ¢t. Each function of the class is defined
by a certain pair of two square matrices of order two. The class includes the Lebesgue
singular functions and other singular functions. Our approach to the Takagi function is
similar to Hata and Yamaguti. The class of partial derivatives OF F (t, z) includes the original
Takagi function and some generalizations. We consider real-analytic properties of 9 F (t,z)
as a function of z, specifically, differentiability, the Hausdorff dimension of the graph, the
asymptotic around dyadic rationals, variation, a question of local monotonicity and a modulus
of continuity. Our results are extensions of some results for the original Takagi function and
some generalizations.

1. INTRODUCTION

The Takagi function [I4], which is denoted by T throughout the paper, is an example of
continuous nowhere differentiable functions and has been considered from various points of
view. Since T is a fractal function, it is interesting to investigate real-analytic properties of T'.
For example, differentiability, the Hausdorff dimension of the graph, the asymptotic around
dyadic rationals and a modulus of continuity of 7" have been considered.

Hata and Yamaguti [6] showed the following relation between the Takagi function T'(z) and
the Lebesgue singulai function Ly (z) with singularity parameter a :

0

o a:1/2La(:n) = T(x). (1.1)

Now give a precise definition of L,. Let p, be the probability measure on {0, 1} with u({0}) =
a and pN be the product measure of i, on {0,1}N. Let ¢ : {0,1} — [0,1] be a function
defined by ¢((@n)n) = Y ney @n/2". Let L, be the distribution function of the image measure
of u&N by . L, is identical with @y, /o in Paradis, Viader and Bibiloni [1T].

Recently, de Amo, Diaz Carrillo and Ferndndez-Sanchez [3] considered 0}y L,(x) at a # 1/2.
(Here and henceforth 07 denotes the n-th partial derivatives with respect to the variable z.
If n = 1 write simply 0,.) They showed for any a # 1/2 and for n > 1, 9J'L,(x) has zero
derivative at almost every x. They claimed if n is odd, 9 L, is of monotonic type on no open
interval (MTNI®). That is, on any open interval J in [0, 1],

—o0= inf 9y La(z) — 05 La(y) < sup 9a La(x) — 05 La(y) — 4o,
zyeJxty r—=Yy z,yedx#y r—=y

In this paper we consider a further generalization of T' by replacing L, in (1) with more
general functions and parametrizations. The author’s paper [10] considers a probability mea-
sure fua,,4, on [0,1] defined by a certain pair of two 2 x 2 real matrices (Ao, A1). f1ay,4, is
singular or absolutely continuous with respect to the Lebesgue measure. The class of proba-
bility measures in [10] contains not only the Bernoulli measures but also many non-product
measuresd, Parametrize (Ag, A1) by a parameter ¢ around 0. Assume each component of Ag(t)

2000 Mathematics Subject Classification. Primary : 26A27; secondary : 39B22; 60G42; 60G30.
Un this paper a singular function is a continuous increasing function on [0, 1] whose derivatives are zero
Lebesgue-a.e.
2We follow Brown, Darji and Larsen [5] for this terminology.
3We identify [0,1) with the Cantor space {0,1}" in the natural way. We consider non-atomic measures on
[0,1] only and we do not need to distinguish [0, 1] from [0, 1).
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and A;(t) is smooth® with respect to ¢ and (Ag(0), A;(0)) = (Ag, A1). Denote the distribution
function of y; by F(t,-). That is, F/(t,x) = pay@),a, ) ([0,2]),z € [0,1].

The main subject of this paper is investigating real analytic properties for the k-th partial
derivative fi(z) := OFF(0,z). Our framework gives a generalization of T. F(t,z) = Lay¢(z)
for a specific choice of (Ag(t),Ai(t)). Thus our framework contains the one of [3]. Our
generalization is different from the ones by [6] and Kéno [7]. The graphs of these curves can
be quite different, from Takagi’s classical, T', to very asymmetrical ones as shown in figures
[0 and 2 below. In Section 2 we will give the framework and show fj is well-defined and
continuous on [0, 1] for each k > 1.

In Section 3 we will show the Hausdorff dimension of the graph of f; is 1. This extends
Allaart and Kawamura [I, Corollary 4.2] and is applicable to the framework in [3| Section
5]. Our proof is different from Mauldin and Williams [9] and [I] and seems simpler than
them because we do not need to investigate strength of continuity of fx. In Section 4 we will
show the derivative of fi is 0 almost everywhere. This extends [3, Theorems 12 and 13]. We
will examine the asymptotic of fi around dyadic rationals in Section 5. The asymptotic of
fr around dyadic rationals and around Lebesgue-a.e. points can be similar on the one hand
but can be considerably different on the other hand. As shown in Figure [I] there is a fractal
function whose derivatives are zero at all dyadic rationals. To our knowledge such a fractal
function is unusual.

If we consider the case £ = 1 and the “linear” case, each of which contains the original
Takagi function 7T, we have more sophisticated results. In Theorem we will consider
differentiability and variation of fi. [3l Theorem 14] states if we consider the “linear” case
and k is odd, fi is MTNI. Theorem will extend [3| Theorem 14| to all k > 1. If ug is
singular, the asymptotic of f; around pg-a.s. points and around Lebesgue-a.e. points can be
considerably different. In Section 7 we will consider a modulus of continuity of f;. Theorem
L3 will extend Allaart and Kawamura [2], Theorem 5.4], which gives a necessary and sufficient
condition for the existence of

- T(x+h) —T(x)
h—0 hlogy(1/|h|)

at non-dyadic .

Theorem [7.7] will investigate a modulus of continuity of f1 at pg-a.s. points. It is similar to
[7]. We have the original Takagi function caséd of [7] by our approach. Our proofs are different
from [2] and [7]. We do not use [7, Lemma 3] which plays an important role in [2] and [7].

2. FRAMEWORK

2.1. Definition of 4, 4,. Let A; = <CCL’ ZZ
(3 (2
the following hold :
. ao + bg by a1 + by
0=10by < = — =1.
) S tdy di a+d
(11) a;d; — b;d; >0,1=0,1.
(iii) (aidi — bidi)l/z < min{ci, c; + di}, 1 =0,1.
Consider a functional equation for f:[0,1] — R :

O (Ap, f(2)) 0<z<1/2 _az+b _fa b
f<$):{<1>(A?,f(2x—1)) 12<r<l, where ®(A, z) := cz—l—dforA_(C d)' (2.1)

>, 1 = 0,1, be two real 2 x 2 matrices such that

Conditions (i) - (iii) assure the existence of a unique continuous solution for (21I)). 2I]) is a
special case of de Rham’s functional equations [12]. Let pa, 4, be the measure such that the
unique continuous solution f of (2.1)) is the distribution function of 4, 4,. By conditions (i)
- (iii) we can represent all components of Ay, A1 by b1, ¢y and ¢;. We can assume dy = dy = 1.

“In this paper a smooth function is a function differentiable infinitely many times.
5[7j considers this in a general setting different from ours.
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Conditions (i) - (iil) imply ap = b1(co+ 1), bo =0, a; =1 — by + ¢; and

1 b
b € (0, 1),00 elbi—1,——-1),c1 €| -b,— ! (2.2)
b1 1—-0

If by = a and ¢g = ¢; = 0 the Lebesgue singular function L, is the distribution function
of p1ag.4,- co = ¢1 = 0 if and only if both ®(Ag;-) and ®(A;;-) are linear functions. By
[10, Theorem 1.2], f14,.4, is absolutely continuous if ¢y = (2b1)"' —1 and ¢; = 1 — 2by, and
singular otherwise. Let

€0

‘ 1 Co C1
_ & «a dg:.= v
a mln{o’l—b1(00+1)’b1} and max{O,l_bl(CO+1)7bl}

a = 3 = 0if and only if cg = ¢; = 0. Roughly speaking o and 3 measure how 14, 4, is
“far” from the Bernoulli measures.
Now define a “dual” (Ag, A1) associated with (Ap, A1) in order to shorten some proofs.

Definition 2.1 (Dual matrices). Let

~ C1 Co
b = (1—b1,— — 2.3
( 1500761) ( 1 1+Cl’ 1+CO>7 ( )

Define A;,i = 0,1, & and ﬂ by substituting (bl, ¢p, ¢1) for (b1, co,c1) in the definition of A;, «
and 3. (Z2) holds for (Ag, A1) if and only if it holds for (Ag, A;). We have

M A, Al([o z]) = HAO,Al([l —z,1]), z € [0,1]. (2.4)

A=A, i=0,1. (2.5)
2. Parametrization. (1) In addition to (2.2) we assume either the Lipschitz constant of

0] (tAl; y) on y € [a, 3] or the Lipschitz constant of ® (tgl; y) ony € [&, E} is strictly less
than 1. That is

(1 + Cl) (1 — b1(1 + C(]))2 <1—b;or (b1 + 01)2 < bl(l + Co)(l + Cl). (2.6)
Assume this condition by a difficulty arising in computation in Lemma [2Z5] below. However
if g = ¢1 = 0, (2.6) holds. The Lipschitz constant of ® (‘Ag;y) on y € [a, 8] and the Lipschitz

constant of ® (ﬁo; y) ony € [&, B} are strictly less than 1.

(2) Conditions (2:2)) and (2.6]) define an open set E in R? in which we will consider different
curves.

E = {(m,y,z) eR3

N {(ac,y,z)‘(l +2)(1 — (1 +y))2 <l—=zor (x+z)2 <z(1+4+y)(1 +z)}

1—
0<x<1,x—1<y<7x,—x<z< a }
T 11—z

(3) Fix a point (bg, co,c1) € E. We consider a smooth curve (b1(t),co(t),c1(t)) in E on an
open interval containing 0 such that (b1(0), co(0), c1(0)) = (bo, co, c1)-

Define Ay(t), A1(t), a(t), 5(t) by substituting (b1 (t), co(t), c1(t)) for (b1, co,c1) in the defini-
tion of Ag, A1, a, 8. Let

[t 3= fag(t),Ar (1) and F(t,x) == ([0, 2]), = € [0,1].
This class of smooth curves includes the frameworks of [I], [2], [3] and [6]. We have
{(2,0,0):0<x <1} C E.
If (b1(¢),co(t),c1(t)) = (t +a,0,0), F'(0,2) = Ly(x).
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2.3. Notation and lemma. Let X;(z) := z; if x = }_, -, 27", is the dyadic expansion of

a8

Definition 2.2. (i)
Gj(t,y) =@ (*4;(t);y) . y € [a(t), B(t)],j = 0,1. (2.7)
(i)
y+1
y+b(t)~
(%ii) Let pmin(t) and pmax(t) be the minimum and maximum of {po(t, a(t)), p1(t, 5(¢))}.

(iv)

pO(tvy) = and pl(ta y) =1 _pO(ta y)v Y€ [Oé(t),ﬁ(t)].

go(t,z) :=0 and g;(t,z) := GXl(ac) (t,9i-1(t,2)), =€ [Oa 1),i>1.

v)
H,(t,z) = PXpir(2) (t,gi(t,x)), Pn(t,x):=po(t,gn(t,x)), x€][0,1).
(vi)
n—1
My(t,z) == [[ Hi(t,z), =€ 0,1).
i=0

Example 2.3. If ¢y(t) = ¢1(t) = 0 then for z € [0,1)
Go(t,x) =bi(t)z, Gi(t,x) = (1—0b1(t))z.
a(t) =gn(t,z) =6() =0, n>0.
po(t,0) = Py(t,x) = bi1(t) =1 —pi(t,0), n>0.
Pmin(t) = min{by (t),1 — b1(¢)} and P (t) = max{bi(¢),1 — b1 (t)}.
Hy(t,z) = b1(t)1(x, 1 (2)=0}(x) + (1 = b1(1) 1 x, 41 (2)=1} (2)-
My (t,x) = b1 (t)*°(1 — by (t))"*° where anp := [{1 <i<n:X;(z)=0}.

In this case we do not need to introduce G, g,p, P, H and M. However we would like to
consider the case that cy(t) = c1(t) = 0 fails. Gy, gn,pi, Hn, and M, are defined in order to
give a useful expression for F'(¢,z) in (211]) below.

The following are easy to see so the details are left to readers.

Lemma 2.4. Forn >0 and x € [0,1)

(i)
Oé(t) < gn(t,%‘) < ﬁ(t)a (2'8)
(i)
0 < pmin(t) < Hy(t, ) < pmas(t) < 1. (2.9)
(iif)
pit ([@n, zn +277)) = My(t, ). (2.10)
(iv)
+oo
F(t,z) =Y Xpy1(x) (My(t, ) — Mpya(t, ). (2.11)
n=0

By (i) gn(t,x), Hy(t, x), Py(t,z) and M, (t,z) are well-defined for any n and z.

Define (by(t),(t),1(t)) and (Ag(t), A1 (t)) by substituting (b1 (t), co(t), c1(t)) in Definition
21 By @3) (b1(t), 0 (t), & (t)) is also a smooth curve in E. Define Ji;, F, éj, Gn> Djs P, Hy, My, Prin
and Pmax in the same manner by substituting (30,50,51) for (bg, co,c1). Lemma 2.4 hold also
for g;, ﬁna My, [it, Pmin and Prax.

6As usual we assume the number of n with zn = 1 is finite.
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2.4. Well-definedness and continuity of fx. (2.0) has been introduced in order to estab-
lish a uniform boundedness for 9f H,,(t,z) as follows.

Lemma 2.5. For any k > 0 there is a continuous function Cy 1 (t) on a neighborhood of t =0
such that for each t in the neighborhood :

sup ‘Ban(t, a:)’ < Ch (1)
n>0,z€(0,1)

Proof. The case k = 0 follows from (2.9). Assume k > 1. Then |6§Hn(t,x)’ = |6£“Pn(t,$)}.
Recall (2.6). Assume (14 ¢1) (1 —b1(1+4cg)) <1 —by. Then
(1 +er(®) (1= b1(t)(1 + co(t))) <1 —bi(t) (2.12)

holds if ¢ is close to 0.
Since 9 P, (t,z) is a multivariate polynomial consisting of

8ggn(t,a:) and 8,{/85/]3”(@:0), 0<4,7,5"<i
as variables, it suffices to show that for each £ > 1 there is a continuous function Cs ;(t) such

that

sup lafgn(t,x)‘ < Cyp(t) < +o00. (2.13)
n>0,2€(0,1)

We now show (2.13) by induction on k. The case k = 0 follows from (2.8)). Assume ([2.13)
holds for £ =0,1,...7— 1. Then
atign(t7 l’) = ayGYXn(:E) (ta gnfl(ta $))a§gn,1 (t7 .’L') + POIY(ia n)

Here Poly(i,n) is a multivariate polynomial consisting of
O gu-1(t,2) and ] 8] G x, (2 (t, g1 (t:2)), 0 < G j' j" < i = 1

as variables.
By the hypothesis of induction and (2.8]), for each i, there is a continuous function Cf ; (%)
such that

|8§gn(t, )| < ( ma

X 8Gt’ ain* t,l‘ +Clt
1€{0,1} y€la(t),8(t)] i y)>|  gn—1( )’ 3,i(t)

By 2.12)

max d,Gi(t,y) < 1.
(01} X 0 5y 1Y)

Therefore

. Cgi(t)
su Oign(t,x)| < :
nzo,acep(o,l)| bon(t:) 1 — maxje 0,1} yela(r),8(t)] Oy Gi(t,y)

Hence (213) holds.
Second assume (b1 +¢1)? < by(1+¢o)(1+¢1). By ([23) and continuity of (b1(t), co(t), c1(t))

L+ @) (1-bi( +a(t) < 1-hi(1)

holds if ¢ is close to 0. The rest of the proof goes in the same manner as above. O

Let

[L‘n::Z (:E), ]}E[O,l) and D:U{inlngZ"—l}

2
=1 n>1

Theorem 2.6. (i) For any k > 0 there is C, > 0 such that

OFF(0, 2, +27") — OFF(0,x,)
F(0,z, +277) — F(0, )

< Cpn*, 2z €0,1),n> 1. (2.14)
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(i) OFF(0,2) is well-defined for any x € [0,1]\ D.
(iii) Let C} be the constant above. Then
OFF(0,2) — Oy F(0,y)
F(0,2) = F(0,y)

‘ < Ch(—logy |z — y)*, & £ . (2.15)

Now we can define

afF(OﬂE) — 8fF(07y>
F(0,z) — F(0,y)

By (2I5), f is continuous and if y is absolutely continuous

[Fx(@) = fi(®)] = O (|2 =yl (~logy |z — y)*) . (2.16)

Whether (2.I5) is best or not will be discussed after Theorem 5.4l The key of the proof of
(i) is giving an upper bound for lﬁéHj(t, x)| uniform with respect to x by Lemma For
(ii), roughly speaking, the key is showing the exchangeability of the differential d; with the
infinite sum in (ZI1]), by using (2.9). (iii) follows from (i) and (ii) easily.

Proof. By ([2.10)

fi(z) :== OFF(0, ) and ApF(z,y) == , x#y, k>0.

OFF (t,xn +27") — OFF (t,x,)  OF M, (t, )

F(t,an+27) = F(t,zn) — My(t,z)
There exist positive integers {r(k, (kj)j) 22 ki =kokj > O} such that
Z r(k, (k;);) =nF  and (2.17)

ki >0,3°7 0 kj=Fk

n—1

k;

Of My (t, ) = > C(k, (ky)y) | 1T 0 Hy(t, )
kj>0,320 70 kj=k 3=0

We now compare 8? Hj(t,z) with H;(t,x). Since the number of j such that k; > 0 is less
than or equal to k,

n— . . k
Hlafjﬂj(t,x) T OF Hy(t, @) | _ (maxosicrjzoacloto.ow) 00H; (1, 2)|
oo i (t,z) 05k, <k Hj(t,z) |~ ming>o zefa(r),6(t)) 25 (L, )

Lemma [2.5] implies for each [ > 0
max aZH t,x‘SC t) < 4o0.
§>0,z€[a(t),B(t)] ‘ 11 (t,x) 1,0(t)
By @&1I7)
O Ma(t, )
M, (t,z) |~

> r(k, (k;);)Cax(t) = Car(t)n®, (2.18)
k20, Y0 b=k
where Cy ;(t) := maxo<;<x C1,(t). This is continuous with respect to ¢t. Thus we have (i).
By (2I8) and (2.9]) there is an open interval (a,b) containing 0 such that

max Cy(t) < +00, max pmax(t) <1 and
t€[a,b] tela,b]

OFF(t, xny1) — OFF(t,2,)| < Cyp(t) - F max(t) | - (219
s [P as0) 0P| < e Cuat) o (o) (219

Recall (2I0]). Thus we have (ii).

(2.19) implies |fx(x) — fi(y)| = limn—oo [f&(#n) = fi(yn)|- This and (Z.14) imply (Z.I5).
The continuity of 9F F(0, x) with respect to z follows from (2.I5) and the continuity of F(x).
Thus we have (iii). O

Hereafter, if ¢ = 0 we often omit ¢ and write F(z) = F(0,z) and F(z) = F(0, z).
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3. HAUSDORFF DIMENSION

Theorem 3.1. For any k > 1, the Hausdorff dimension of the graph of fir is 1.

This extends [I, Corollary 4.2] and is applicable to the framework in [3, Section 5]. If
f1 = T, this follows from [9]. For proof we will choose a “good” family of coverings of the
graph of f and then show dimgy{(z, fx(z)) : * € [0,1]} < s for any s > 1. The key point
is using the simple fact that F' is the distribution function of pg. Our proof is different from
[9] and [I] and seems simpler than them because we do not need to investigate strength of
continuity of fx such as (2.I6]) and the Holder exponent. As we will see in Theorem [B.7] (ii)
later fr may not be n-Holder continuous if n < 1 is sufficiently close to 1.

Proof. Hereafter, “dimg” denotes the Hausdorff dimension and “diam” denotes the diameter.
It is easy to see dimpy{(x, fr(z)) : x € [0,1]} > 1. We now show dimgy{(z, fp(z)) : = €

[0,1]} < s for any s > 1. Let
-1
et B gy | RO I ( 2 )

Rin )= |t g % |2 (5t ) — 0t £ (5 ) + 0 mn)].

Then U2 R(k;n, 1) covers the graph of fi and
diam (R(k;n, 1)) = (47" + 40 (fr, n, 1)*)"/2.

and

O (fk,n,l) =

Ifs>1,

(4—" 40 (fi, 1, z)2>8/2 < (27" +20 (fi,m 1)) < 271 (27 4+ 2°0 (frym, 1)°) .

Therefore it suffices to show that

27l
lim Y O (f,n,1)° =0. (3.1)
=1
By @.15)
O (fx,n, 1) <C ma —lo x—l_l ' F(x)—-F (-1
ko T8 =Bk =) T g 2m) &2 on on ’

Using this and

Er(4)-r(5)

2”
O (fr,n,1)* <C; max —log, |z — y|)*|F(z) — F(y)|* .
SOUn S G max | (logsle ) [F() ~ Fo)

Let z < w and n = n., be the smallest number n such that z < (k —1)/2" < k/2" < w
for some k. Then z > min{0, (k — 3)/2"} and w < max{1, (k+2)/2"}. By [29)), pmax(0) < 1
and max,e(g,1) #0([Vn, Vn +27")) < Pmax(0)". Hence

Fly) — F(x) < F (max{1, (k +2)/2"}) = F (min{0, (k — 3)/2"}) < 5prax(0)".
Hence
|F(z) — F(w)] < 5|z —wl| z,wel0,1], forc= —logypmax(0) > 0.
Using this and s > 1,

li 1 —y)*FIF(2) — F(y)|*~ ' =0.
nLIEOx,yE[O,llggﬁiy\ﬂ—"( ogz [z = y|)" |F(z) )l

Thus we have (B.]). O
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4. LocAL HOLDER CONTINUITY AT ALMOST EVERY POINTS

Theorem 4.1. There is ¢ > 1 such that for any k > 0 there is C}, < 400 such that

Jim sup |fi(z +h) — fi(2)]
h—0 |he

If po is singular, ¢ > 1 and Cj, = 0 for any k. If o is absolutely continuous, ¢ = 1.

< Cj. Lebesgue-a.e.x.

This is more general than [3, Theorems 12 and 13] which investigates the case (b (), co(t), c1(t)) =
(t+a,0,0), a # 1/2 only. Our approach is partly similar to the proof of [3, Theorem 12] but
seems more general and clearer than it. The key point is showing the following : (1) Giving
a nice upper bound for |F(x) — F(y)| in terms of M,,(0,x) by (2I1) and (29). (2) M,,(0,x)
decays rapidly by (£.2)) below. (3) Giving a nice lower bound for |z — y| by assuming x is a
normal number as the proof of [3| Theorem 12].

Let

{mi(z) <ma(z) <---}:={i>1:X;(z) =1}, z€]0,1). (4.1)
n(z,y) :=min{n : mg(z) = mg(y) for any k <n}, z,y € (0,1)\ D with x # .
In a manner similar to the proof of [10, Theorem 1.2]m, there is a constant ¢ > 1 such that

lim inf — log, M (0, 2)

n— oo n

> ¢ Lebesgue-a.e.x. (4.2)

If pg is singular, ¢ > 1. If ug is absolutely continuous, ¢ = 1.

Proof. This assertion is trivial if ug is absolutely continuous. Assume pg is singular and z is
a normal number. Using (2I5), it suffices to show

Pt h) ~ F(z)
h—0 |h|¢
Let y € (0,1) \ (DU {z}) and Let m = my (). Then Xi(r) = X(y) and M (0,7) =

M;.(0,y) for any k < my,,(z). By @II) and 23,
[F(2) = Fy)| < > 1Mi(0,2) = Mi(0,y)] < CMin(0, 7). (4.4)

>m

=0 Lebesgue-a.e.x for some c > 1. (4.3)

Here C denotes a constant independent from x, y.
We now give a lower bound of |z — y| in terms of n(z,y). If = > y, myu)4i(z) <
Mo (2,)+1(y) and hence

rT—y > 9~ M (z,y)+2(2)
If 2 <y, My(z)41(T) > My(ey)4+1(y) and hence
y— x> 2 My (@) _ Z o—m;(x)
jzn(z,y)+2

Since z is normal,
|z —y| > 2_m"(z»y)+2(x)'(1+0(1)), Yy — . (4.5)

By (£2) and lim M +2(2)

=1, there is ¢ > 1 such that
k—+o00 mk(z)

lim 2¢™k+2(® AL (0,2) = 0 (4.6)

k—o0

holds for Lebesgue-a.e. normal number x. We also have lim,_, n(z,y) = +oo. Now (43

follows from (Z.4]), (A3]) and (Z.6]). O

7(IM) is a statement for the Lebesgue measure. Hence we need to alter the arguments in the proofs of [10,
Lemma 2.3 (2) and Lemma 3.3] slightly. Since the alteration is easy we omit the details.
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5. ASYMPTOTICS OF fk AROUND DYADIC RATIONALS
5.1. Lemmas. Recall the definition of g;, P; and H; in Definition Then
_ Vi) (gt x) +1) + 01 (1) (1 — 01(2)) Drgi(t, @)

O Pi(t, x) . (5.1)
(b1 (t)gi(t, x) + 1)
Let
Dn::{;:lgkgﬂ—l}, n>1 and Dg:=0.
Lemma 5.1. (i)
lim  sup [Higk(0,y) — bi(1+ o) = 0. (5.2)
PO yeDE\Dy—1,k>1
This also holds if we substitute ﬁi+k,51 and ¢o for Hiix, b1, and co.
(i) Ifz € D,
H / /
lim O H, (0, x) _ b1 (0) n e (0) (5.3)

n—00 Hn(O, ac) by 14+ ¢
Convergences ([{5.2) and (5.3) are exponentially fast.

Proof. Recall the definition of G; in (Z7)). Let Go; be the i-th composition of G¢(0,-). Since
the Lipschitz constant of Go(0, ) on [«, §] is strictly smaller than 1,

lim sup |Go,(z) “

- =0 5.4
=% el = bi(1+ co) (54)

This convergence is exponentially-fast. If y € Dy \ Di—1, Hi+£(0,v) = po (0, Go,i(gx(0,y))).
Hence (5.2) holds and the convergence is exponentially fast. Since the Lipschitz constant of

60(0, -) on [a,ﬂ strictly smaller than 1, (5.2]) holds for ﬁi+k,gl and ¢y. Thus we have (i).
‘We have

Ogi(t, ) = 0Gx () (t, gi-1(t, @) + OyG x,(2) (£, gi-1(t, 7)) Orgi-1(t, ). (5.5)
Note X, (x) = 0 for large n. By (5.4) and (5.5
nh_)rrolo gn(0,2) = ﬁ exponentially fast and
2o (0. 157w

lim 0;g,(0,2) = exponentially fast.
n—oo

1 = 8,Go (0’ 1*b1??30+1)>
Using these convergences, (0.1]) and (5.2)), we have (ii). O

5.2. Non-degenerate condition. If all of b;(t),co(t) and ¢;(¢) are constant, fi(x) = 0 for
any x € [0,1] and k£ > 1. In this case the estimate in (2I5) is not best. We now introduce a
“non-degenerate” condition for the curves and consider the estimate in (ZI5]) is best or not
under the condition.

Definition 5.2 (A non-degenerate condition). We say (ND) holds if

b, (0)(a + 1) + by (1 — by) min{0, 6p, 61} > 0 or (5.6)
(b1)'(0)(& + 1) + b1 (1 — by) max{0, &y, 01} < 0, (5.7)
where §; := min 0G0, ) ; := max L{O,y) i=0,1.

y€la,f] m7 vel@ 8] 1 — 6@;61‘(07 y)

Recall ([2.7)) for the definitions of G; and G,. Both &y and & are well-defined. On the other
hand either 1 or ;7 is well-defined.
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By this condition the derivative of F'(t,x, +2~") — F(t,x,) with respect to ¢ is positive at
t = 0. In particular f is not a constant. See Lemma (5.3 for details. If v(¢) is a smooth curve
with v(0) = 0 and +/(0) > 0, (ND) holds for (b1(t), co(t),c1(t)) if and only if it also holds for

(b1(7(1)), co(v(2)), e1(7(2)))-

This condition is somewhat complex. However (ND) holds for 7" and its generalizations in
[, 2], [3] etc. If c1(t) = ca(t) = 0 for any ¢, do(t) = d1(t) = do(t) = 61(t) = 0 and hence (ND)
holds if and only if ¥} (0) > 0. Hereafter we will not use (ND) explicitly. Instead the following
will be used.

Lemma 5.3. If (ND) holds,

inf  9,P,(0,z) > 0. 5.8
nzo}arcle[o,l} :Pa (0, 2) (5-8)

Proof. First assume (5.6). Recall (B3). If n < min{dp,d1} and 9;g;—1(0,x) > n then
atgi(oa x) > n.
Since 0¢go(0,z) = 0,
0¢gi(0,z) > min {0, dp, 61} ,7 > 0.

Using (2.8)), (5.1) and (5.6]), we have (5.8).
Second assume (5.7). Recall (2.4]). Then

Pk(t,x) =1- Pk(t, 1-— x), HAS (0, 1) \ Dy, k> 1.
sup 9, P,(0,z) < 0.
n>0,z€[0,1)
(E8) follows from these claims. O

5.3. Comparing A F(x,x + h) with (logy(1/|h|))* at dyadic rationals.

Theorem 5.4. For any k > 0 and any x € D,

by ARFeth) (HO) o)\
h—0h>0 (logy(1/[ANF — by " co+1)

Mlectl) (40 _ 40 )’“. (5.10)

li = —
h—0h<o (logy(L/[R[))F by o+l

If (ND) holds, ;(0)/b1 + ¢;(0)/(¢; + 1), i = 0,1, above are positive and hence we can not
replace (— log, |z — y|)* with smaller functions in (ZI5)). This extends Kriippel [8, Proposition
3.2]. [, Theorem 4.1] follows from this and (2.15]).

For proof first consider the asymptotic of A F(z,x+27") as n — oo as in (5.14]) below. We
will show this by induction on k& and Lemma [5.] (ii). Then replace “27"" in ApF(z,x +27")
with h > 0.

(5.9)

Definition 5.5. Let
Zin(x) := ApF(xn, 2, +27"), 2 €[0,1),n > 1,k > 0. (5.11)
Define an by substituting Ffor F.

Proposition 5.6. For any k> 0 and any x € D,

—n / c k
AkF(:U,:z—i—Q ) _ <blb(10) n 000:(-))1> . (5.12)

lim
n— o0 n

i SeFz =271 ( bi(0) _ «(0) )k (5.13)

by c1+1

n—oo nk’
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Proof. Let x € D. Then x = x,, and P,(t,z) = Hy(t,x) hold for any ¢ and sufficiently large

n. We now show
01(0) | (0)

5.14
bl + 1 + Co ( )
by induction on k. The case k = 0 follows immediately. Assume (5.14) holds for any k =
0,1,...,1 — 1. Differentiating

F(tv Tp+1 + 2—n—1) - F(tv $n+1) = (F(t> Tp + 2—n) - F(tv l’n)) Hn(ta 33‘)

Zin
lim k, (z)

e = qf where ¢ :=
n—oo n

[ times with respect to ¢t at t = 0,

B 8, P (0, z) L1\ 9P, (0, z)
Zl,n+1(33> = Zl,n(x) + lmzlfl,n@:) + zz:; (z) Wzlfi,n(m)' (5.15)

By [ZI5) and (BI0), Zy.(z) = O(n*). By (Z9) and Lemma 23]

1 i .
> () s it = 0 (2.

i=2
Using this, (5.3) and the hypothesis of induction,
— Zip1 (@) = Zip(x) L 0P (0,2) Zjy ()
lim =1 lim
n—oo ni—1 n—oo P,(0,z) nil

Hence (5.14) holds for k = [. Thus we have (5.12)).

In the same manner as above

= lqi.

LT Tk e S el wheem= R o
Thus we have (B.13]). O

We will show Theorem [5.4] using Proposition crucially. Roughly, what we need to show
is substituting h for 27" in Proposition Recall (4] for the definition of {my(2)}x.

Proof of Theorem [5.4 Let x € D and ng := min{n : x € D, }. If my(h) > no,
ApE(z, (2 + M)y (n) = Zkmy (n)(2)

and hence
ApF(z, 0+ h) = Zj 1) ()

L F((x 4 M)muny) = F(@ + 1)y (1)
- Z; Fla+h) - F(z)

By (m) and ((‘7} + h)mi71(h))m1(h)*1 =,

F((z 4+ h)myn)) — F(& + h)m_ (1)) < Moy (0, (& + P)ny_y ()
F(.T + h) — F(ac) - Mml(h)_l(o, l’)

Using (5.15), Lemma and (ZI4), there is a constant C}/ < +oo such that

| Zse sy (& + By (0) = Zhny (-1 ()| < CRma(R)*™1 (my(h) — my(h))" .
Therefore

< pmax(o)mi(h)—m(h).

‘AkF(x, T+ h) = Zi i (h) ($)| 1
> < C” nk max (0 "
ma(h)F = Fma(h) 2 pmast0)

n>1

The right hand side goes to 0 as h — 0,h > 0. By this and (5.12) we have (5.9]). We can
show (5.10) in the same manner by using (5.13]). O

The asymptotic of fi(z) around x € D are quite different depending on (by, ¢, c1).
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Theorem 5.7. Let x € D. Then
(i) Ifeo < (1 —2b1)/2by and c; > 1 — 2by, there is ¢ > 1 such that

o e+ 1) = fy(@)

h—0 ‘h‘c

= 0. (5.16)

(ii) Assume (ND) holds. If co > (1 —2b1)/2by or ¢; <1 —2by, there is ¢ < 1 such that

lim sup |fe(r +h) — fir(2)]
h—o  |h|¢(logy(1/|R[))k

If pg s singular, ¢ < 1. If po is absolutely continuous, ¢ = 1.

(i) is similar to Theorem (1] and consistent with (Z2]) and (2.6). An example of a graph of
f1 satisfying co < (1 —2b1)/2b; and ¢; > 1 — 2b; is given in Figure [Il below. We will show (i)
in a manner similar to the proof of Theorem [£Il The key point is showing M,, (0, z) decays
rapidly. We will show it by Lemma [5.1] (i), which plays the same role as (4.2)) in the proof of
Theorem .11 If g is absolutely continuous or ¢y = ¢; =0, cg > (1 —2b1)/2by or ¢; < 1—2by.
For the proof of (ii), by Theorem [5.4], it suffices to show |F(z + h) — F(z)| > c|h|¢. We will
show it by Lemma [5.1] (i).

Proof. Let x € D. By Lemma [5.1] (i) and by(co + 1) < 1/2,

lim 2°™m"*M,,(0,z) = 0 for some ¢ > 1.

m—00

Using this, (2.14) and (4.4,
[fe(z +h) — fr(2)]

h—0,h>0 |h|¢

= 0. (5.18)

Since ¢; > 1 — 2by, b1 (¢o + 1) < 1/2 and (5.I8) holds also for OFF(0,2). By 24)
OFF(t,x) = —0FF(t,1 —z), z€(0,1), k> 1.

Therefore
oy @) = fulz — h)]
h—0,h>0 |h|¢
(EI8) and (E.19) imply (B.16).
We now show (ii). Assume ¢o > (1 — 2b1)/2b;. It is equivalent to bi(co + 1) > 1/2. By
Lemma [5.1] (i), for some ¢ < 1 which does not depend on z,

= 0. (5.19)

lim inf 2°" (F(z +27") — F(z)) > 0. (5.20)

n—oo

Assume ¢; < 1 —2b;. Then ¢ > (1 — 2b1)/2by. Therefore (5.20) holds for F. Hence for
some ¢ < 1 which does not depend on x,

liminf 2°"(F(x) — F(x —27")) = iminf 2°"(F(1 —2+27") - F(1—z)) > 0.  (5.21)

n—00 n—00
Since either (5.20) or (521)) holds,
F h)—F
lim sup [Pz +7) (@) > 0.
h—0 |hle

If po is singular, ¢ < 1. If it is absolutely continuous, ¢ = 1. Using this, Lemma [5.3] and

Theorem 5.4, we have (5.17). O
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FIGURE 1. Graph of fy for (by(), co(t), c1(£)) = (H;, %, ;)

6. RESULTS FOR TWO SPECIAL CASES

We say (L) holds if (bi(t),co(t),c1(t)) = (t + a,0,0) for some a € (0,1). In this section we
always assume (ND) holds and either k = 1 or (L) holds. Recall Definition and Lemma
for (ND).

Let
OH;1(0,7) .
Yi(z) = SEEU ) sy and Yo(x) = 0.
() Hi1(0.2) i and Yp(z) :=0
Yi(z) > 0 if and only if X;(x) = 0. If (L) holds,

1 1
Yi(z) = al{Xi(x):o}(x) + fal{xl(x):l}(m)'

Lemmas [Z5] and [.3] imply

0< inf |Yi(x)]< sup |Yi(z)] < 4o0. (6.1)
i>1,2€(0,1) i>1,2€(0,1)

Recall the definition of Zj ,, in (B.I1). Then

n

Zyn(z) = Yi(x). (6.2)
i=1
If (L) holds, using (5.15)),
Zk,m_l(m) — ka(a:) = k’Yn_,_l(aZ)Zk_Ln(aZ), S [0, 1), k> 2. (63)

Let po(:]A) be the conditional probability of 1o given a Borel measurable set A. Denote
the expectation with respect to pio(-|A) by E4’. Let

kok+1
Ao ()

Then {Z; ;}i>n is a {F;}i-martingald® with respect to po(-|A) for A € F,,. By induction on k

0§k§2”—1}), n > 0.

k
Trm =k > Y, | =0@n").
1<iy<--<ip<n \j=1
Lemma 6.1 (Fluctuation of {Z ,}). For each k >1

limsup Zj, . (x) > liminf Z, . (z), « € (0,1). (6.4)
m—-+00 m—+00

limsup EL° (| Zk )] = 400, A€ Fpon>1. (6.5)

m—0o0

8See Williams’ book [I5] for definition.
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Proof. The case k = 1 of (6.4]) follows from (6.I). Assume (L) holds. We now show this by
induction on k. Assume that this assertion holds for k =1,...,[ and

limsup Zj41 5 (x) = liminf Z;44 ,,(x) for some x.
notoo T n—+00

Then (6.3]) and (E1)) imply lim,, .o Z; ,(2) = 0. This contradicts the assumption of induction.
Hence

limsup Zj 41 n(x) > liminf Z;4 4 ,,(2)
n—-+o00 n—+00

for any x. Thus we have (6.4]). Using this, (6.4]) and the martingale convergence theorem ([15},
Chapter 11]), we have (6.0]). O

6.1. Differentiablity and variation. For g: [0,1] D Rand 0 <a <b <1, let
n
V(g; [a,b]) := sup {Z lg(ti) —g(tic1)| | a=to <ty <---<tp,= b} .
i=1

Theorem 6.2. (i) (Non-differentiablity for the absolutely continuous case) For any z € (0, 1),
AgF(x,z+h) does not converge to any real number as h — 0. In particular, if po is absolutely
continuous, fx is not differentiable at any point in (0,1).

(ii) (Variation) V(fx;[a,b]) = +oo holds for any [a,b] C [0,1], a < b.

(i) is an extension of [I, Theorem 5.1]. A problem of this kind was also considered by
[14]. Our proof of (i) is somewhat similar to Billingsley [4] and [I, Theorem 5.1]. The key
is a fluctuation of {Zj ,}, in ([6.4). It seems natural to consider whether fj is of bounded
variation. To our knowledge variations of f; have not been considered. The key of proof of
(ii) is showing, by using (6.5), the expectation of |Zj | under o on an interval diverges to
infinity.

Proof. If © € D, the assertion follows from Theorem [5.4] and the condition (ND). Assume
x ¢ D. Tt is easy to see that for any k,n > 1

min {AkF(x, Tn), AR F(x, )y + 2_”)} < Zkn(x)
< max {AkF(ZL‘, Tn), A F(x, zy + an)} (6.6)
By (64) Zin(x) does not converge to any real number. Therefore if (Z ,(x)), diverges as

n — +00o,

limsup |ApF(z,z + h)| = +o0.
h—0

If (Zyn(x))pn fluctuates as n — +o0,
limsup ApF(z,x + h) — liin i(I)lf ApF(x,z 4+ h) > limsup Zy, ,,(x) — liminf Z, ,,(x)

h—0 00 n—+00

>c
for some ¢ = ¢(x) > 0. These imply (i). By (&.11),

=’ z =1\ | _ o g
T\ gm ) =5\ )| = BlG-szmipn 1 Zeml]m >

IQM%—U-H
(ii) follows from this and (6.0]). O
6.2. MTNI.
Theorem 6.3 (MTNI). For some c € [0,1] the following hold :

(i)
Jim sup [fe(x +h) = fr(e)]
h—0 ]
(ii) For any open interval J

fi(@) — fi(y) fe(z) = fr(y)

sup " = 400 and inf A2 = 0
z,yeJ,x>y (.%' - y)c z,y€J x>y (.%' — y)c

=400 pp-a.s.x. (6.7)
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If po is singular, ¢ < 1. If pg is absolutely continuous, ¢ = 1. If (L) holds, ¢ does not depend
on k.

(i) corresponds to Theorem ATl but here the limit diverges. If g is singular, the asymptotic
of fx around Lebesgue-a.e. points are quite different from the ones around pg-a.s. points. (ii)
extends [3, Theorem 14]. The proof of [3, Theorem 14]2 is omitted in [3]. However the reason
that the proof of [3| Proposition 6] is not applied to even k is not described in [3]. We will
give a proof applied to all k together.

For the proofs we first compare A F with Zj ,, by (6.6) and then estimate F'(z, +27") —
F(zy,) by (68) below. For (i) we will give a lower bound for |fi(z, +27") — fx(xy)| in terms
of |Zyn|. Remark that |Zj, | is positive by ([@.4). For (ii), by probabilistic techniques we will
choose x such that fi(z, +27") — fi(xy,) is “larger” than the positive part of Zj ,,, roughly
speaking.

For k = 2 we will give an example of graph of fo in Figure [2] below.

Proof. By [10, Lemma 2.3 (2) and Lemma 3.3], there is a constant ¢ < 1 such that
- 10g2 Mn(07 .73‘)

n—00 n

< ¢ po-a.s.7. (6.8)

If pg is singular, ¢ < 1. If ug is absolutely continuous, ¢ = 1.

By (G6) and (6)

S XCEY CHRITCRS e 1)
(x —wp)e 7 (xp+27"—2x)°

for large n and po-a.s.z € (0,1) \ D. (6.4) implies
limsup | Zy, ,,(z)| > 0

n—oo

holds for any x. Thus we have (i).
Fix [ and n. Denote Efélo—1)/2n 1/2m) by E. Z,jm and 7, denotes the positive and negative
parts of Zy . Z; = Z = Zgm and Z + 7 = | Zy . Using (635) and that {|Zy,ml},,

is a submartingale,

lim E[Z,]+E[Z,,] = lim B[|Zm| = sup E[| Zym|] = +oo.

m—00

Since {Zgm tm>n is a martingale, E[Z;" | — E[Z, | = E|[Z},,) for any m > n. Therefore

lim F[Z] ]= lim E[Z ]=+oo. (6.9)

Let
A, = {:): : Hp,(0,2) < 2_1_01’"} .
By Azuma’s inequality ([I5, Chapter E.14]) there are constants ¢; € [0,1],c2,c3 € (0, +00)
such that for any m, uo(Ap) < coexp(—csm). This and (2.14]) imply
1o (Am)
po ([(1=1)/27,1/27))

If {Z,:’m >FE {Z,jm} /2} C A, for large m,

kom — 0, m — oo.

E [Z+ Am] < CpmF

limsup F {Z,jm] < 2limsup F [Z+

k,m>
m—o0 m—oo

This contradicts (6.9). Hence
E(Z{,,) I—1 1
+ k,m
{Zk,m z }ﬂAfn“ |:2112n> ol

9As far as the author sees, the proof of [3] Theorem 14] seems more complex than the one of [3} Proposition
6].

Am} —0.
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holds for infinitely many m. Using this, (6.6]) and (6.8]), for ¢ in (6.8)
Ji(@) = fu(y)

sup = +oo. (6.10)
syeli=1)/271/2m] a5y (T —Y)
Since limy, . E[Z) ] = 400, there is ¢ € [0,1] such that
inf Julx) = ely) (6.11)
zyel(-1)/2n 12>y (T —Y)°
(610) and (11 imply (ii). ]
7/“\/“»\

1
FIGURE 2. Graph of f5 for (b1(t),co(t),c1(t)) = (t + 3,0,0).

7. MODULUS OF CONTINUITY

In this section we always assume (ND) holds and k = 1. First we will give some notation
and lemmas. Second we will compare Ay F(z,z + h) with logy(1/|h|) for ¢ D. Finally we
will consider a modulus of continuity for A; F(x,x + h) at po-a.s.z.

Let

l(y,z) :=min{i > 1: X;(y) # Xi(2)}, y# 2.
Recall (1)) for the definition of m;(z).

Lemma 7.1 (|7, Lemma 2]). Let x ¢ D and h > 0. Then

i) lim h) = .
(0 h—0.h>0 (@2 +h) = +o0

(i) l(z,x + h) < mq(h).

(iii) X;(z) = Xi(x + h) for 1 <i <l(z,x+h)—1.

(iv) Xl(x o) (@) = 0 and Xj(z pqny(z +h) =1

(v) Xi(z) =1 and X;(x + h) =0 for l(z,x + h) <i <my(h) — 1.

Define

ly =min{j > l(xz,z 4+ h) : X;(z) =0} and lp4p, :=min{j > l(z,x + h) : Xj(x +h) =1} .
We have
(@ 4 W)1yipm1 = (@ Wiy = 1,—1 + 2770, (7.1)
Lemma 7.2 (Key lemma). Let © ¢ D and h > 0. Then
ety

F(z+h) = F((x+ h)iyzz+n)
F(z+h)— F(zx)

A F(z,x+h) =

Zy gy (@ +h) +O(1). (7.2)
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Proof. By (211
Si(@ni1) = fi(zn) = Xnpa(2) (F(xn +27"7h) - F(xn)) (Zl,n(x) +?n(x)) )
o Hn n 277171
where Y, (z) :=— ((}’{j(o—;n) )Yn+1(:vn 42777,
{Y,,}», are bounded by (Z.8) and (6.1). Summing up over n,

fi(x) = filay) = (F(z) = Fzx)) Z1k(2) + (2, k)

where J(z,k) 1= Xni1(z) (Fzn +27"7") = Flan)) ( > Yi(a)+ Yn(a:)> :
n=k

i=k+1
238) and (6.1) imply J(z,k) = O (F(z), +27%) — F(zy)). Therefore

filw+h) = fil@+ W 1) = (Pl + ) = F((@+ W), -1) (Zi (@ +5) + O(1)) and
filw) = filwr—1) = (F(2) = Fla, 1)) Z1,-1(@) + O (Flan, 1 +2707) = Fay, 1))
(1)) implies
Sl +h),, 1) — fil@—1) = (F((z + Ry, —1) — F,-1)) Z1,-1().
Therefore
file +h) = fi(@) = (F(@+ W), 1) = F(@) Zia, ()
+ (F(z+h) = F((@ + M1,y -1)) (Zri (@ +h) +O(1))

+0 (Flag, 1 +270) = Flay, ).

Since F(x, 1 +2 %) — F(x;,_1) = O (F(z + h) — F(z)) we have (T2). O
7.1. Modulus of continuity at non-dyadic rationals. Recall (€I for the definition of
Theorem 7.3. Assume x ¢ D. Then
AF(x,z+ h)
im ————
h—0,h>0  logy(1/h)

exists as a real number

if and only if
Z1n()

Mmp41(1 — )

lim —1 and lim 22 exists.
n—o00 mn(l — x) n—00
If they hold,
i AF(z,z+ h) o Zin(x)
h—0,h>0 IOgQ(I/h) n—00 n ’

Considering also the limit from left we have Corollary [0 which extends |2, Theorem 5.4].
[2] uses Kono’s expression [7, Lemma 3]. If (L) holds then we may expect a counterpart of
[7, Lemma 3]. However if (L) fails then it seems impossible to obtain a counterpart of [7,
Lemma 3]. The key point is Lemma [Z.2] above, which states Ay F(z, 2+ h) is between Z; ;, (z)
and Zy, , (z + h), roughly speaking. In Propositions [7.4] and below we will investigate
the asymptotic of AyF (2,2 + h) — Z) j(gotn) (). These results are different depending on
Mn+1 (1 - .le)

mp(l — )
210, (2) =21 y(w,otn) () and Z1 ), (2+h) = Z) j(3 245) (7). Finally consider quantities expressed
by F, z and h only as in (Z.3]) and (7.4)) below.

1
Proposition 7.4. If ¢ D and lim w
n—o00 mn(l — x)

lim AP (2,2 4+ h) = Z) |10g,(1/m)| ()
h—0,h>0 logy(1/h)

the asymptotic for . Eliminate parts consisting of the differentials by estimating

=1,

=0.

Here |x| denotes the mazximal integer less than or equal to x.
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l h
Proof. First we remark lim M
h—0,k>0 my(h)

= 1 by the assumptions. By (6.1]), (6.2) and (7.2))

it suffices to show
F((x + h)l:v+h_1) - F(fL‘) ly — ml(h)

hi%)rﬁw F(z +h)— F(x) T (h) =0 and (7.3)
. Fla+h) —F((x+h),,,1) lwn—lz,2+h)+mi(h) —l(z,z+h)
il F(z+h) — F(z) - i (h) =0. (7.4)

n 1-
Using Lemma [Z.Jl and lim M1l — ) = 1 we have (T3)).

n—oo Mmyu(l —x
We now show (7.4]). We will give an upper bound for

_ Flx+h)—F((xz+h),,,-1) loyn
(%) := Flx+h) - F(z) % <l(m,x+h) 1)'
Ifln <(14e)l(z,xz+h), (x) <e
Using (2.9) and

Ml(xvx+h)71 (0’ (x + h)laﬂrh*l) = Ml(a:,erh)fl (07 z, + 2_lz> )
there are constants 0 < ¢ < 1 < C' < +o00 such that
F(x+h) = F((x+h),,,-1) < M, 1 (0, (x4 h),, 1)

Fath —F@) = My (0, +270)
_ Clzfl(a:,z+h)clz+h7l(:v,x+h)

For any € > 0 there is §(¢) > 0 with ¢¢/2 < C%(9), Therefore if I, > (1 + €)l(x,z 4+ h) and
h is sufficiently small, I, < (1 4+ 6(€))l(z,x + h) and

_ lotn M e < (losn — U,z + h))cletn=l@ath))/2
l(x,z+h) COlz/l(za+h)—1 hS oz + 1) )
Hence (*) < e. Thus we have (7.4). .

n 1-
Proposition 7.5. If x ¢ D and limsup w
n—o00 mn(l - 1')
AF(xz,z+ h)
logy(1/h)
Proof. Let 6 > 0 and (n(j)); be an increasing sequence satisfying
My (1 —2) > myy—1 (1 — 2)(1 + ).
Assume b1(1+¢p)(14+¢1) > 1 —by. Let
m(1,7) := My (1 — ) — 2 and m(2, ) := my;(1 — 2).

> 1,

fluctuates if h — 0,h > 0.

Then
F(z +27m09)) - F(2) < Myy1,4)(0, 21 ) + Min(1) (0, Tm(1,) T 2_m(1’j)> , o (7.5)

F(z+27mMa)y ((m n 2—m(1’j>)m(1,j)) > M) (0, Ty + 2—m<17j>) and  (7.6)

iy gy (1—a)-1
M1,y (0,21 5y + 2709 v

Mm(l,j) (07 xm(l,j))

_ H H; (0, Tin(1,5) + 27m(1,j)) (7 7)
H;(0,z,,1. ’ :
i=my,jy—1(1-x) 0,z (17]))

By Lemma 5.2 (i) and my,(j)(1 — x) — my,j—1(1 — ) > (1 + )],

M () (1=2)—1 H; (07$m(1’j) + Q*m(l»j))

lim 1T e T 1) =1. (7.8)

Jj—00
i=my,(jy-1(1-2)
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my i (1—x)—1
(J)H Hl(O, xm(l,j))(l + C())

1-25;

lim
Jj—o0

_ 1 (7.9)
1=y (j)—1(1—)

Using (Z.3), (Z4), D), (), (Z9) and by (1 + co)(1 + 1) = 1 - by,

F(z+2 ™m0y - F o-m(Li)y
tim i ) F(@+ Jmip) o L (7.10)
j—00 F(x +2-m19) — F(x) 2
Since A
m(1, ) = e,z +27"09)) = my gy (1= ) = mpgy (1 - ) =2,
1) — —m(l,j)
lim inf m(1,J) l(a:,a:'%— 2 ) > 0.
j—oo m(1,7)
Using this, (C.I0) and (T2,
AV F(z, x4 270D — 72
lim inf 2170 ) = Zm1p)@) (7.11)

j—00 m(1,j)
Recall m(2,5) = l(z,z + 2729 and (ZZ). Considering the cases X2, ) () = 0 and
Xm(2,)(x) = 1 respectively,
. AVF(z,x4+27m2)) — Z) o 0 ()
lim sup -
j—00 m(27])

<0. (7.12)

By .10,
lim Zl,m(l,j)'(x) B Zl,m(Z,j).(x)
j=oe m(1,j) m(2, j)
Using (7.11)), (7I12) and (7I3]), we have the assertion.
If b1 (14 ¢o)(1 4 ¢1) < 1 —by, by Lemma 51 (ii) there are ¢/, ¢’ > 0 and 01,02 € (0,6) such
that for large j

= 0. (7.13)

A F (x, x+ 2_(1+51)"(j_1)) > Zyn(j—1)(x) + ¢01n(j — 1) and

AF (:m: + 2—<1+52>"<j—1>) < Zy -y (@) = "an(j = 1).

For large j,
ALF (z, 2 + 2~ (A+0)nG-1) AF 9—n(i—1) /
(1+d)n(j —1) n(j—1) 2 ’
A F 9—(1+d2)n(j—1) AF 9—n(j—1) "
(1+02)n(j —1) n(j—1) 2 ’
Thus we have the assertion. O

Theorem follows from Propositions [(.4] and
Note

AF(z,x4+h)=AF(1—z,1 —x—h) and Z1,(1 — ) = Zyn(x), = ¢ D.
We can consider lim w
h—0,h<0 logs(1/|h|)
Corollary 7.6. Assume x ¢ D. Then
. AF(x,z+h)
lim ——————
h—0 logy(1/]h|)

in the same manner. We have

exists

if and only if

Z1 ()

1
lim 7mn+1( 7) = lim Lnﬂ(x) —1 and lim 227/
n

am mn(l —x) . mn(x) am exists.
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7.2. Modulus of continuity at pp-a.s. points.

Theorem 7.7. There are two constants 0 < ¢ < C' < 400 such that the following hold for
10-0.8. T :

. AF(z, 2+ h)

¢ < lim sup <C 7.14
PSP (log (1/]1]) log log logy (1 1A])) 72 (7.14)

— C < liminf AF(@,z+h) —c. (7.15)

<
h—0 " (logy(1/|h|) logloglogy(1/|A|))*/2 ~
By this we can improve (6.7) for k = 1 as follows1® :

lim sup file +h) = fi(2) = 400 = — liminf filz +h) — fi(x)
h—0 |h|e hes0 E

As we will see in Corollaries [7.9] and [7.I0] for some special choices of (b1(t), co(t),c1(t)), we
can improve (T.I4)) and (7.I5).

The key tools of the lower bound for (7.I4]) and the upper bound for (Z.I5) are (6.6 and
Stout’s law of the iterated logarithm (LIL) below. Recall (€2). Apply Stout’s law of the
iterated logarithm (LIL) below to {Y;};. The key tool of the upper bound for (ZI4]) and the
lower bound for (Z.I5)) is Lemmal[l.2labove, which states A F'(z, x+h) is between Z; ;, (x) and
Z10,,,(+h), roughly. Estimate parts consisting of the differentials by estimating Zy, (z) —
21 )@ty () and Z1y, (2 + h) = 23 (o o4n) (¥). Now apply Stout’s LIL to Zy j(; 444 (7) and
these differences.

[0-2.8.2.

Lemma 7.8 (Stout’s LIL for martingales [13]). Let (2, F,P) be a probability space and
{Sn, Fn}n>0 be a martingale on it. Let I, := > | E[(S; — Si—1)?|Fi_1] where we denote the
expectation with respect to P by E. Assume there are constants 0 < ¢ < C < 400 such that
¢ <|S; — Si—1| < C pp-a.s. for anyi > 1. Then

. Shn - Sn,
17rln_>sol<1)p (I, loglog I,,)1/2 v e (I loglog I,,)'/2

Proof of Theorem [7.7]. First we show the lower bound for (7.I4)) and the upper bound for
([TI5). Recall (6.0). Applying Lemma [ 8 to {Y;};, there is ¢ > 0 such that the following hold
HO-2.8.T

P-a.s.

max {A1 F(x,x,), A F(x,z, +27)}

li > c. 7.16

notoo (nloglogn)t/2 =¢ (7.16)
] -n

L {AVF(z,2p), A F(x, 2, +277)} <_e (7.17)

n—+00 (nloglogn)l/2

By [10, Lemma 3.2] there are constants 0 < ¢ < ¢ < 1 such that
¢ < liminf H{ie{l,...,n}: X;(x) =0} < limsup H{ie{l,...,n}: X;(x) =0} <

n—+00 n n—-+00 n

holds pg-a.s. x.
Let o(h) :=log, (1/|h|) for h # 0. Using this and (G.1), there is C' < 400 such that
lim sup oz —zp)+o(xy, +27" —2x)
n—oo 0(2—11)
(CI6) and (7I8) imply the lower bound for (TI4)). (7ZI7) and (TIR) imply the upper
bound for (T.I5).

< C pp-a.s.x. (7.18)

10
If
lim sup Z,jn(x) >0 and limsup Zy ,(z) >0 po-as.z, (**)
lim sup M = 400 = — liminf M 10-2.5.T.
h—0 |he h—=0 |h|®

If we can apply Lemma [T8 to {Zkn}n for k > 2, FF) follows immediately and moreover Theorem [77 holds
for k > 2.
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Second we show the upper bound for (7.14) and the lower bound for (Z.I5]). Assume h > 0.
Applying Lemma [Z8 to {> ;" | X; — EHo0 [X;|Fia]}, and {Yi},

ly —Uz,z+h) 4+ lgyp, — Uz,2+h) =0 ((Z(:p,x + h)loglogl(z,z + h))l/Z) and
Z1 i(z,z+n)(T) = O ((l(:v, x + h)loglogl(x,x + h))1/2) yh—0,h >0, po-a.s.z.
Using (7.2)
A F(z,z+h)=0 ((U(h) log log 0(h))1/2> ,h—0,h >0, po-a.s.x. (7.19)
Now assume h < 0. Applying Lemma [7.§] to {}71}1,
A F(y,y+h) =0 ((U(h) log log 0(h))1/2> ,h—0,h >0, pp-a.s.y.

Let T(y) := 1 —y. By @4), fio = pooT~! and

ARF(z,y) = A F(1—2,1—y), z,ye(0,1), k>1. (7.20)
Therefore
AF(z,z+h)=AF(l—z,1—2—h)=0 ((a(h) loglog a(h))1/2> ,h—0,h <0, pe-as.x.
(7.21)
([CI19) and (21I]) complete the proof of the upper bound for (ZI4]) and the lower bound for
(15). O
Let

In(x) =Y E[Y?|Fi1] (z) and o(h,2) = Ijog,(1/n)) (2)-
=1

Corollary 7.9. If ug is absolutely continuous,
A F
lim inf 1@,z +h) s
h—=0 (g (h,x)loglogo(h,x)) /
Proof. Assume x ¢ D and h > 0. Using Lemma [T.2 and that
20y (@+h) = 2 gz prn) (@ + h) = Z1 g 0in)(2) + O(1),

AF(z, x4+ h) > min {Z1, (), 21z 0en)(x) } +O(1).
ly

= V2  pg-as. x. (7.22)

Since h-j){li:>0 l(x,z+ h) ’
M_ im I, () =1 -a.8.%
h—0,h>0 o(h,x) h—0,n>0 o (h, x) poas
Therefore ALF L
lim inf 1P,z 4 h) 73 = —V2  pg-as.z.
h=0,h>0 (g (h, x) loglog o(h,x)) /
By (Z.20)
AF h
lim inf 1F@ 2+ h) 7z 2 V2 pprasa
h—0,h<0 (g (h, x)loglogo(h,x))
in the same manner. Thus we have
A F h
lim inf 1Fl@,e +h) V2 po-as.z.

>
"0 (o(h, x) loglog o (h, )"/
If pg is absolutely continuous,
lim o(x — xn, ) _ lim o(xy,+27" —x,x)
n—oo  In(x) oo In(x)

Using this, Lemma [(.8 and (6.6]), we have the upper bound of (7.22)). O

=1 pp-a.s.z.
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o (t) =t+ % and co(t) = c1(t) = 0, by symmetry,
OF(0,2) =0 F (0,1 —x),F(z) =1—F(1 —x) and o(h,x) = |logy(1/|h])].

Hence

1
Corollary 7.10 (The original Takagi function case of |7, Theorem 5]). If by (t) =t + 3 and
co(t) = c1(t) = 0, the following hold po-a.s. x :
- ALF(z,z+ h) = VB = —limint ALF(z,x+ h) -
h—0" (logy(1/|h|)logloglogy(1/|hl)) =0 (logy(1/|h|)logloglogy(1/[h]))
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