LOCAL EXISTENCE OF POLYNOMIAL DECAY SOLUTIONS
TO THE BOLTZMANN EQUATION FOR SOFT POTENTIALS

YOSHINORI MORIMOTO AND TONG YANG

ABSTRACT. The existence of classical solutions to the Cauchy problem for the
Boltzmann equation without angular cutoff has been extensively studied in the
framework when the solution has Maxwellian decay in the velocity variable.
cf. [8, 6] and the references therein. In this paper, we prove local existence
of solutions with polynomial decay in the velocity variable for the Boltzmann
equation with soft potential. In the proof, the singular change of variables
between post- and pre-collision velocities plays an important role, as well as
the regular one introduced in the celebrated cancellation lemma by Alexandre-
Desvillettes-Villani-Wennberg [1].

1. INTRODUCTION

Consider the Cauchy problem for the Boltzmann equation,

(11) atf+vvzf:Q(fvf)v f(oaxav):f()(xvv)v

where f = f(t,z,v) is the density distribution function of particles with velocity
v € R? at time ¢ and position x. The right hand side of (1.1) is given by the
Boltzmann bilinear collision operator

Qo)) = [ [ B0 g0 ) ~ o) (0]} dodv..

which is well-defined for suitable functions f and g, specified later. Notice that the
collision operator Q(-, -) acts only on the velocity variable v € R3. In the following
discussion, we will use the o—representation, that is, for o € S?,

A P [ T ,_v+v*_|v—v*|a

2 2 o 2 2 ’
which follows from the conservation of the moment and energy in the elastic col-
lision. The non-negative cross section B(z,c) depends only on |z| and the scalar

product ﬁ - 0. From the consideration of physical models, it usually takes the
form
(1.2) B(|v — vs],co80) = ®(|v — vi])b(cos ), cosb = % -0, 0<6< g,

VU — Uy

where
®(|z|) = ©4(|2]) = |2|7, for some v > -3,
b(cos0)0*T?* — K when 6 — 0+, for0 < s < 1and K > 0.

In fact, if the inter-molecule potential satisfies the inverse power law with poten-
tial being U(p) = p~@=1D ¢ > 2, where p denotes the distance between the two
1
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interacting molecules, then s and y are given by
0<s=1/(¢g—1)<1, 1>~v=1—-4s=(¢—5)/(g—1)>-3.

As usual, the hard (v > 0) and soft (v < 0) potentials correspond to g > 5 and
2 < ¢ < 5, respectively, and the Maxwellian potential (v = 0) corresponds to ¢ = 5.

The angle 6 is the deviation angle, i.e., the angle between post- and pre-collisional
velocities. Though the range of 6 is originally the interval [0, 7], it should be noted
that the angle 0 in (1.2) is now restricted to [0,7/2], as in [1], by replacing b(cos 6)
by its “symmetrized” version

[b(cos 0) + b(cos(m — 0))]1o<g<r/2,

which is possible due to the invariance of the product f(v')f(v}) in the collision
operator Q(f, f) under the change of variables ¢ — —o. This enables us to use the
regular change of variables v — v’ between post- and pre-collisional velocities ( see
the proof of the cancellation lemma in [1] and (2.3) below).

The singular change of variables v, — v’ was firstly introduced in [9, 2] to show
the existence of solutions to the linearized Boltzmann equation, and was used in
[3, 4, 7] to show the uniqueness of solutions with polynomial decay in the velocity
variable to the nonlinear Boltzmann equation for Maxwellian and soft potentials.

The purpose of the present paper is to give a local existence result concerning
polynomial decay solutions in the velocity variable to the nonlinear Boltzmann
equation for certain soft potentials. Namely, because of the technical difficulties,
we confine ourselves to the case

1 3
(1.3) 0<s< -z, ——<v<L0,
2 2
though the uniqueness of solutions was discussed in [7] under a more general con-
dition that requires 0 < s < 1 and max{—3, —2s — 3/2} <~ < 0.
We introduce the function space for the solutions as follows. Set

05 = 030 a, B eN?,

T v

and

| (v) if0<s<1/4,
(1.4) W= { (0)2/(1=29) §f 1/4 <5< 1/2,

which ensures (v) < min{W%,W} for the later use. As in [5], we use a weight
function in both the space and velocity variables

1
(1.5) ¢(x,v) = W’

which possesses the commutator property |[v -V, ¢]| = 2|v - z|¢? < ¢. For k € N,
f € R with k£ < £, we define

k. m6y _ 2
(1'6) Hul (R ) - {g‘ HgHHEZ’[(D@)

S Sup/Rﬁ

2
oz — a,v)Wé_laJrﬂlagg(x,v) dzdv < +00}.
ot pl<k “€F

The function space ’HZ}Z(RG) is a variant of the uniformly local Sobolev space

HS;Z(RG) used in [6], which is defined by replacing W*=1o*+8l and ¢(z,v) by (v)*
and a usual smooth cutoff function ¢;(z) € C§°(R?), respectively. In [6], bounded
classical solution with Maxwellian decay in the velocity variable is constructed in
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the whole space without specifying any limit behavior at the spatial infinity and
without assuming the smallness condition on initial data, under the assumption
0<s<1/2,-3/2 <7, v+ 2s <1 on the cross section B.

Now for the local existence of polynomial decay solution in the velocity variable,
we have the following improvement of Theorem 1.1 of [6] for the soft potentials.

Theorem 1.1. Assume that the cross section B takes the form (1.2) and satisfies
(1.3). If the initial data fo is non-negative and belongs to Hiil(RG) for k> 6 and
> k47, then there exists a Ty > 0 such that the Cauchy problem (1.1) admits a
non-negative unique solution in the function space CO([O,T*];HIZEZ(RG)).

Throughout this paper, we will use the following notation: A < B means that
there exists a generic positive constant C' > 0 such that A < C'B. Furthermore,
A ~ B means that A < B and B < A.

The rest of the paper will be organized as follows. In the next section, we will
present some preliminary lemmas, in particular, including an estimate about how to
compensate the order of moment and the order of differentiation that is one of the
key observations in the analysis. The uniform estimate based on the estimations on
the commutators and the collision operator will be given in Section 3. In Section 4,
we study the cutoff approximations for the construction of local solutions. Finally,
the technical estimation on the gain part of the collision operator will be given in
the last section.

2. PRELIMINARY LEMMAS

First we prepare a lemma concerning the interpolation of moments and deriva-
tives.

Lemma 2.1. Let m >0 and 0 < § < 1. Then for any f € S(R™), we have

10) =™ (Do)’ FIL S AN+ 11 (0) =™ (Do) £
Proof. Take the Paley-Littlewood decomposition

D i) =1, o €CF, ¢;(v) =2 v) for j>1,
j=0

where ¢ € C§° with suppy C {1 < |v|] < 2}. Tt follows from the locally finite
covering property that

1{0) ™™ (Du)° £

hE

(o)™ > @i (D’ FI? S
j=0

<.
I
o

47" o (Dy) fI?

hE

S

<.
I
o

NE

< (47D o £ + 470 s, (D) L)

Ii+> R;.
§=0

<.
I
o

o

<
I
o
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Since [p;, (D,)°] is a L? bounded operator uniformly with respect to j, we have
ZRj SIARS 4730 < £

Noting ( 3 ) <1 —|— —— we get

T 4m]
i < @i fI? + 47 KDy s f1I?
= ¥y ¥j

5 e FI* + 47" g (Do) I + 47 (D), @51 £ 1,
from which we have Y~ I; < ||f|1* + [[(v) =™ (D) f||*> because

Zsoz <1, ill’"”'cp? < (v)7m.
7=0

Lemma 2.2. Let ¢(z,v) be the function defined in (1.5). Then we have

= @siz2e € D sup [l — a,0)(0)%05 fllz2ee)

|a]<2 acR3

~ sup [[(1 = Ag)d(x — a,0)()* fl| L2 s) -
a€R3

Proof. 1f we denote g(x,v;a) = (v)2f(x,v)/(1+ |v|?+ |z —a|?), then it follows from
the Sobolev embedding that

[f(a,0)]” < llg( o) [T S N1 = As)g(,vsa)|72

Z/’(éx—av Y202 f( mv‘dm

|| <2

Here the last inequality follows from |0%¢| < ¢. Integrating both sides with respect
to v, we obtain

2 < o 804
/Rv|f(av dv Z/ e a,v)(v)? xv|dxdv

|| <2

<3 sup [ [éle — !, 0)(0)202 f(x,0)|” dadv,
|a\§2a,6Ri RS

which gives the desired estimate because a € R? is arbitrary. O
For the estimation on |Q(9" f, paW* ™" f)|| L2 (rs), we need the following
Lemma 2.3. Denote ¢,(x,v) = ¢p(x — a,v). Then we have

[ 15 |0l gt ) g
’S/H%(I")f(“"f)\@(ms lg(a, M (zg)de

< llda(v)? f||L2 R6)||g||L°°(R3 ;L2(Ry))
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Proof. This is a direct consequence of
F@,v.)8a(2,0)g(2,v) = (v.)*Pa(@, v.) f (2, 04)da(2, v)g(2, V)
+ Ga(@,0.) f (2,0 (|2 — a2a(a,v))g(x, v).
O

For the weight Wy »(v) = ¢(x,v)(v)¥, we first recall Lemma 3.1 and Remark 3.2
of [7] summarized as follows.

Lemma 2.4. For ¢ > 4, we have

0(v)"(v.)? + 0 %(v,)*

2.1 1% 4 .
(2.1) | M(U) ¢7L’( )| ST 2 F v + |2

For the commutator of W ¢(v) and the collision operator, we have

Lemma 2.5. If —=3/2 <y <0,0<s<1/2 and | > max{Z + 25,4}, then we have
’((un QU 9) = QU W g)), h)

(2.2) S ||h||L2(Rg)(miﬂ {llofllz@s)llgllz@s)s 1flcz@s)llogllLees)}

+ min {||¢f] L2 rs) 191 3 R3) ||f||Lg(R:3)||¢9HL3(1R3)}),

by regarding x in ¢ as a parameter.

L2(R3)

Proof. Tt follows from (2.1) that

|(WesQ(F.9) = QU Warg), b) |
< / / [0 — 0" jo—. <] O1(0) £l | (0) gl |1 min{b.., $}dvdv. do
/// bO) (L) 11|10 | min{g,, &'} h|dvdv,do

+ [[[o 21y glg | mingol o Y nldodv. o
=B+ B>+ Bs,

where ¢, = ¢(x,v.), ¢ = ¢(x,v") and so on. By the Cauchy-Schwarz inequality,
we have

B < / / [0 — 0 Ly <1 b 6] (0203 ]| (0) G Pdvdo,do
X // [ = 0Ly, <2 b 00,2 fu| |1 |2 dvdu.do
= B1; X B2,

where (f, g) equals (f,¢g) or (¢f,g). Since it follows from 0 < s < 1/2 that
Jbbdo < oo, we have

B < o 2y d 37 2d 1/2 £~ 2d
1S [0 =0T Ly <advs [ [(00)” [l v ) [(v) g[ dv

< 7123113
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because v > —3/2. The estimation on Bjy is obtained with the help of the regular
change of variables
v+ Vy |U — ’U*|
o
2 2 ’
which was introduced in [1]. Note that for this change of variables, the Jacobian
satisfies

(2.3) v v =

o
o’

8 8 4

(2.4) :‘I_’_k@U‘:‘1+k~o|:cos2(9/2)

s
< —1.
<8, 96[0,2]

As in [1], note that after this change of variables, k = (v—uv.)/|v—wv,] is a function of
V4, ', 0 so that 6 no longer plays the role of polar angle because the “pole” k moves
with o so that the surface measure do is no longer given by sin 8dfd¢. Therefore,
we need a new pole which is independent of ¢ to carry out the integration in 0. A
possible (and indeed the best) choice is k' = (v/ — v,)/|v" — v.|, for which the polar
angle 1 defined by cos® = k' - o satisfies (cf. [1, Fig. 1]),

0

b=g.  do=sinydyds, we[o,%].

This implies that # works almost as polar angle and we can write
B [ ([ W = vl Lmvica 00 o Doen, o). I P
R3 \JR3 B
with

Do(vs,v") = [ (v, v, 0)b(cos O(vi, ', 0))do
52

/4
< / Yb(cos 2¢) sin Ydy < +oc0.
0

This deduces Bia < ||f||L§||h||2L2, and then

(2.5) 1Byl S £z gl ez (1] 22
Using the regular change of variables v — v’ again, we have
(2.6) |Ba| < [f1IcallgliczllRllz> < 1Az llgh ez Al 2,

by the almost same procedure. As for Bs, we firstly have
53 = ([[[v0 21w F a1 dvdo.do)
< [[[vor> Higlw F. Pldvdu.do
x ///b@"_“%\§||h’|2dvdv*da

:Bg,]_XB?,Q.
Then, if  —2— 3 —2s— 1 > —1, that is, £ > 2s + %, we have

Bsy < Ol|gllaIF117:-
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On the other hand, for B3y we need to apply the singular change of variables
v. — v'. The Jacobian of this transform is, with k = (v — v.)/|v — v],

O0v, 8 8 4

2.7 = - _
o ’I—k®a’ [1=k-o] sin(6/2)

<1602 0€[0,7/2].

Notice that this gives rise to an additional singularity in the angle 6 around 0.
Actually, the situation is even worse in the following sense. Recall that 6 is no longer
legitimate polar angle. In this case, the best choice of the pole is k" = (v —v) /|v' —v|
for which polar angle ¢ defined by cosy = k” - o satisfies (cf. [1, Fig. 1])

T—0 T T

¢ = D) 9 do = sin wdl/}d(bv 1/’ € [Za 5

]

This measure does not cancel the singularity of b(cos ), unlike the case in the usual
polar coordinates. Nevertheless, this singular change of variables yields

Bsy < // b16]°22|g| |1/ dvdv.do
S [[ Drto.vlal 0 Pavar
with
w/2 T

(= — ¢)72725+672+%—2d¢ < 0,

Dl(v,v’):/ 0Z72+%*2b(cosﬁ)d0§/
S2 /4 2

because of £ > % + 2s. Therefore,

By S lglce PNz < lalezlplZ-
which concludes
|Bsl S 11712l all bl
This together with (2.5) and (2.6) yield the desired estimate. O

Before ending this section, we recall the upper and lower bound estimates. It
follows from Proposition 2.9 of [5] that

Proposition 2.6. Let 0 < s <1 and v > max{—3, —2s — 3/2}. Then we have

(28)  [(@QUf.9), )@

S (s, + I ) gllaze oy liBll o).
Proposition 2.7. Let 0 < s <1 and —3/2 <~ < 0. Then we have
1
(2.9) (Q(f,h),h) < —5///Bf*(h — W) dvdv.do
+ C (I + 111z ) 11

The above proposition is a direct consequence of the cancellation lemma [1].
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3. UNIFORM ESTIMATE

In this section, we will obtain a uniform estimate for solutions in the given
function space. We will start with the commutator estimate. For simplicity of
notation, we denote ¢, = ¢(z —a, v). By using the fact that (v) < W, the following
lemma on the commutator follows from Lemma 2.5 and Lemma 2.2.

Lemma 3.1. If -3/2<vy<0,0<s<1/2 and £ > 5, then

31 (e QU 9) - QUL 6V 9)). B)

(e
< 1l [ i {0V 11 (s0p (11 = Ao W),
(sup 1L = 20w W7 11) 6ol }
+min {[[6 7 (sup (1 =~ &) Wal).
(sup 1L = Aa)ou W 211 ) 6.2}
where || | = |- llz2¢es).

Now by (v)2* < W12 the following upper bound estimate follows from Propo-
sition 2.6 and Lemma 2.2.

Lemma 3.2. Let 0<s<1/2 and 0>~ > max{—3,—2s —3/2}. Then

(32)  [(QU.0aW9) M) i) | £ (sup (1~ As)su W)

(Il 1 gll + leaV* gl ) 1],
and
(33) |(QU0W'9), ) 2o | S l6aW S|
(sup (1 = Ae)ow W Pgl| + sup (1 = A )ow W Vgl ) 1]

Proof. Since (v)2* < W'=25 it follows from Lemma 2.1 that we have
®3) S W2 (D0)**Gll2zs)
S IWG| L2 @s) + VoGl L2 (ms)-

1Gllaze

Let G = ¢, W'g, then the above estitmate together with Lemma 2.2 yield the first
estimate in the lemma. The second estimate is a direct consequence of Lemma
2.3. O

By Proposition 2.7 together with Lemma 2.2, we have

Lemma 3.3. If0<s <1, =3/2<~v <0 and f >0, then we have

34 (QU e 0'9) 5 (supll(L = A)oaW A 6aW gl

L2(RS)
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With the above preparation, we now perform the energy estimate for obtaining
the uniform estimate on the solution. By differentiating the equation by 9292 with
| 4+ B| < k, where k will be chosen later, and multiplying it by ¢,W*1*+8l we
have

(90 +v - Vi)Wl Plag f — g W 1tBlQ (1,85 f)
(3.5) = [0+ Vg, g W I0H09]

O[/!B/!O//!IB”! o o o
+ Z ngbawg ‘ +ﬁ|Q(8ﬁ/ f, 8,6// f)
o/ 5|0

Therefore, if f > 0 then it follows from (3.4) and (3.1) that
(G IOTPLQF, 05 £), paW 110G £) L2 (ro)
< (sup (1~ A)u W 1) 6 W13 1P

W10 £ min { oW1l (sup (1 - Ag)sWHa5 1)),

(sup 1 = Au)ga W P21 ) 0,205 1] |
=A+B.
If joo 4+ 8| > 4 then

B S W' 105 112 (sup (1 — Ay)gu W12

S oV 0 IP( D7 sup lloww =10 1] ).

la’|<2 ¢

On the other hand, when |a + 8| < 3 then
B 5 1|6V 1415 £ oaW £l (sup (1 = Au)éwr W05 )

S lgaW e Aag p oaW' £l (Y0 sup a2 lag g]))
o/ +8]<5 ¢

when ¢ > 9 is assumed, which is also enough to estimate A.
When |o/ + 3’| # 0, by means of (3.2), (3.3) and (3.1) we have

[(6aW=1+21Q(35! 1,051 £), 6V P10 £)

< laW'= 14195 £ (D1 + Dy + Ds).

where
Dy = min { (sup (1~ A)owW?05 1]
x (lpaw! o108 £ 4 lg W 1o Alw, 057 )
92?35/ 711 sup (1 = Aa)ior W1+ 4051 |

+sup||(1 - Am)qsa,wf*|a+5‘+2vvag,’,’f||)} :
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Dy = min { 6,705, 1| (sup (1~ &) W' =220 ).
(sup 11 = Ay w™ag. 11 floa~1=+410g 1}
and
Dy = min { 6.~ 195; 7 (sup | (1 — Ac)ou W5 1),
(sp 1L = Aaour WI2208 £ ) o, 2057 £}
If1<|o/+ 3| <k—2then |[&" + "] <|a+ 8| — 1, from which we have
Di+ Dy 5 (supll(1 = A6 V79511

% (llpaW! =" 057 £ + loa W=+ 0w, 057 1)

provided that ¢ > k+ 7. On the other hand, if |&' + /| > k—1 and k > 6, then we
have

C—Ja+843=0—(Ja"+8"|+2)+5— |/ + 5| <l— (" + 5" +2)
and therefore
D1+ Ds S 6aW?05, fI|(sup (1 = Ay)guW!~letA3057 1)
+sup||(1 - Am)szbafwf—'”ﬂ'“vvag,’,’f||)
SN we
It remains to estimate D3. If |&” + 8”| < k — 2, then
Dy 5 flowW' 410 1| (sup 0 = Aa)ou W95 1) £ 1S s
While, if |o” + 8”| > k — 1, then it follows from k > 6 that
(—Ja+Bl+2<l— (| +B+2) —(k—1)+2<l— (o' +5|+2),
from which we have
Dy 5 (sup (1 = Ae)gur W25, 1) 62008 11 S 1715 -
Notice that
v Ve, gaWIePlag) £
S D MW I HPIOETE Fl| 4 ([ g1 AOG SIS Nl gy

e;<B

In summary, let 7 > 0 and f(t) € C°([0, T]; H (RS)) with k > 6 and £ > k+7.
If we put

Et) = 1702
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then there exists a C' > 0 depending only on s,v,k,¢ and K > 0 in the hypothesis
of b such that

(3.6) E(t) < £(0) + C/t ()1 + E(r))dr, teo,T].
0

To make the argument rigorous, in fact, we can choose S(7) € C5°(R) satisfies
S(7) =1 for |7| <1 and put Sx(D,) = S(|D.|?/N) for N € N, then we have

(v Vo (Sn (Dy) W 148102 ) S (D) W10+ f)

)

12rS)
and

(F, SN(Dx)2G> (N = 00), F,G e L3(R").
Therefore, multiplying Sy (Dq)?¢a W' 1*T2195 f by (3.5) and integrating with re-
spect to ¢, x, by means of the limiting procedure N — oo, we have (3.6) in view of
above estimations.

It follows from (3.6) that we have

— (F, G) ,
L2(RS) L2(RS)

E(0)et
() <
()= 1— (et —1)E(0)°
by exactly the same calculation as the one after (4.3.11) of [3]. If we choose Ti > 0
small enough such that

1 3
T, = —log <1+ )
C 1+4Hf0||7-[1’?l‘(]]g6)

then we obtain a uniform estimate
(3~7) ”f(t)”q.[ﬁf(RG) < 2HfO||7.[1’i;“(R6) for t € [O,T*] .
4. CUTOFF APPROXIMATION

To complete the proof of local existence, we still need to construct a sequence of
approximate solutions.

As usual, we construct the approximate solutions by angular cutoff approxima-
tion. That is, for 0 < e < 1, we approximate (cutoff) the cross section by

| b(cosB) (6 > 2e),
be(cos ) = { 0 (6 < 2e).

Theorem 4.1 (Cutoff case). Assume that —3/2 <~ <0 and replace the angular
factor of the cross section b by b.. If the initial data fo is non-negative and belongs
to ’Hﬁf(RG) for k> 50> k417, then, there exists a T, > 0 such that the Cauchy
problem (1.1) admits a non-negative unique solution f€(t,x,v) in the function space
CO([0, T2 M (RY)).

Remark 4.2. In the cutoff case, the order of derivative k can be taken not less

than b instead of 6 for the non-cutoff case in our analysis.

To prove this theorem, define a sequence of successive approximate solutions
{f n}nGN by

= fo;
(4.1) O fm ™ +v- Vot =QF(f™, f™) —Qz (f", fm*),

" izo = fo-
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Here

Qf (g, h / / — vy, 0)g,hdv.do,
JR3 ><S2
Qe_( 7h) = hLE( )’

Le(g) = // B.(v — vy, 0)gsdvdo.
RS, x8Z
Notice that

95 L)t ,v)| = |L(@5 )t ,v)]
<€ [ (1o = o bt Ve ) (G602 o
1/2
@) <o{( [l o ncde) 1086w + 105 )y )
<Clogft,x, )z, ws), t€0,To],

3/2+¢’

for a constant C' > 0 depending on . Here we have used v > —3/2. Putting

t
VO, 5,a,0) :/ Lo(f)(ra — (t — 7)v, v)dr (20 if f, > 0),
in the following, we will consider the solution in the mild form

(4.3) P @ v) = e fo o — to, v)

t
N / e_vn(t’s’m’v)Q:(fna fn)(8,$ _ (t — 5)1}, ’U)dS-
0

Note that
(4.4) oV (t,s,z,v)

—_ 8" 1
> / = OP 1B o ) — (1~ 7o, v

g
BI+8"= BB
and
a'ﬁ' ’ 7
05QF (g, h)(,v) = > WQ?(ag,g, 95 1) (z,v).
ot BB
B'+8"=p

Furthermore, notice that

03QF (9. 1)(a — (¢~ 7)v.v)
NP
=y TR (e G (g ) (£ - o)

131

priprms PO

_ ¥ (r—p)l7IB!

N - Bngm
prigrs PP

alB! T
X ( Z WQ;(@;,Q, 65/,h)(xf(t—7'),v)>

o' +a' = o¢+ﬁ”

B'+B"=p
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Then, by applying Lemma 2.2 we have

V7G50 Mleee S (8= 9) sup [F7(T )l vz, o)

S(t=s) s (sup (1= AoV (1,2, | acas) ) -

s<7<t “a€R3
Furthermore
(4.5) logV"(t, s, )L

S(t—s) sup Z sup ( sup [|[(1 — A)pa0IW ™ (1, 2, ')HLQ(RG)).
s<t<t lql=|a+8] s<7<t “a€cR3

Here 07 = 82 9% with o, ' satisfying |o/ + /| = |q|.

In order to obtain a variant of (4.5) which includes the factor ¢,, we recall the
property ¢q(z,v) < (v4)2¢(z,v4) and prepare a simple lemma about the transla-
tion invariance of ¢, in finite time.

Lemma 4.3. For |t| < T, then we have
ba(x,v) < max{2,4T% ¢, (z — tv,v) = max{2,4T?*}pa 1oz, v) .
Proof. This follows from
(W) + |z —tv —al® < (0)? + 2|z — a|* + 2t*|v|* < max{2,4T*}¢p4(z,v) " .
(]

From now on, to be concrete, we take T' < % It follows from (4.4) and the above
lemma that

(4.6) ‘2

Ga(w,0)05V"(t,5,2,0)

< ¥ /\¢a+(t,7)v(a;,U)Lg(aqf")(f,x—(t—m,v)|2dr

S

lg|=la+8|

t
S Y [ (eawiorr) e - no ey
lgl=|a+8] "

where, in the second inequality, we have used a variant of (4.2), namely,

(0u (2, 0) Lo (@) (1,2, v)
S [ (10 0P b+ L) [l 00 (0 2@ 1, 0 e

< ( / (6o f”)(t,m*)ﬁdv*)l/ °

with z =z — (t — 7)v.
Moreover, observe that

lpaWie™" fo(a — tv,v)|| z2(rs) < 2sup |paW* foll L2 (Rs) -

Proposition 4.4. Assume that —3/2 < < 0. Let £ > 0 and Dy > 0. Then there
exists a T! > 0 such that for any fo(z,v) satisfying

fO 207 HfOH?Hk,le SDga
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with k> 5 and £ > k + 7, we have for any n > 0
(4.7) fr2 0, 1 0I5 < 6D for t € [0,Te].
Proof. In view of (4.3), for ¢ € ZS with |q| < k we consider
o1 (VR IQE(S, f) (5w — (= 5)v, v))
= 3 (e ) (QF (7 Y s (- s v))

1g’!
pra—q P4

The Faa di Bruno formula gives

) S S G (om0,

j<|p| p1t-+pi=p

Note that
v (V"m0 ot (QX (77, ) s,w— (= sy, )|
s>  om (V”) P (V”)a‘f (Qj(f”, FY s,z — (t — ), v))f

i<|p|pr1t+-+pij=p

because V™ > 0. First we consider the case [p| > k—1 and the term with |p;| > k—1.
Since [pa|,...,|pj| < k — 2, it follows from (4.5) and (4.6) that if we denote the
integration of its corresponding term with product of weight ¢, by J(p,q’), then
we have

J(p,q') < (2Do)¥ //RMR%
< 0 (QF (1", ) (s~ (t =)o, v)) | daa
S (Do) //Rgxmg <¢“aplw) (¢ s, ”)‘2
< Wit (QF (17, 1) (s — (¢ = )0, 0) | dedo

t
STCENE D SR A I [CATE Y GRS
s 3 XR3

|B1]=|p1]

bWl gPr (V") P (Vn)

X ‘Wff‘q‘af (Qj(f”, ")(s,z— (17— s)v, v)) ‘2dzdvd7'

t
SICUDEEED SN B W[OS CE IR

[p1]=p1l
x [|[wtldlga (Qj(fna f")) 17 o0 (B3, 22 (m2))
< (t—s)(2D)*,

where in the third inequality, we have used the translation z — (¢t — 7)v — x; and
the fifth inequality follows from (5.4), in view of |¢'| <1 (|p| > k—1).
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The other cases are now easy. For example, if |p| < k — 2, then it follows from
(4.5) that

meé@%wf@ms
< (2Dy)? Z //Rs xR3

q1+tq2=4q'
27+4
< C.DF,

d)awéfltﬂaq' (Q;r(fn7 ™) s,z — (t — s)v, v)) ‘zdxdv

Ga—(t—s) WZ “”(QJr(aqlf” 0% ™) (s, x, v))’ dxdv

by means of (5.3) and Lemma 4.3.
Finally, if g"*1(¢,2,v) denotes the second term of the right hand side of (4.3)
then

lg" (D113, we <C (DG + Dgt ).
It is not difficult to see
eV 8 0m0) fo (@ — tv, v) || k.0 < 4DF + Cet(D§ + D).
ul

Hence, it is straightforward to check that for any given k£ and Dy, there exists a time
" > 0 such that (4.7) holds. And this completes the proof of the proposition. O

Proposition 4.5. Assume that —3/2 < v < 0. Let € > 0 and Dy > 0. Assume
that

fo= 0. lfoll3ss < D,

with k > 5 and £ > k+ 7. Then for any § > 0, there exists another T!! > 0 such
that

sup [[F"HE) = f Ol < (1 =0) sup [LF(E) = TN gy

tef0,1/] te[0,77/]
Proof. If we put w" = ' — f7 then
ow"™ +v - Vaw™ + Le(f")w
—Le(w" ™) frQE (W f1) + QF(F 7w ) i= RE(t @, v),
so that we have

t
w™(t, x,v) = / eVt T RN (s 4 (t — s)v,v)ds.
0

Therefore, by the almost same argument used in the proof of Lemma 4.4, we have

lw™ (O)3,.0 < Cet(DF + D3F*2) sup [w" ()5 -
ul OSTSt ul
(]

If we put 7. = min{7T/,T”}. then Theorem 4.1 is a direct consequence of Propo-
sitions 4.4 and 4.5.

The proof of Theorem 1.1 can be completed in the almost same way as in the
proof of Theorem 4.11 of [3] and the subsequent paragraph there, taking into ac-
count the uniform estimate (3.7) and Theorem 4.1.
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5. ESTIMATE FOR Q7

In this last section, we will complete the estimate on @7 that has been used in
the previous section. We start with an almost obvious lemma.

Lemma 5.1. Let 0 > v > —3/2. Then there exists a C. > 0 such that

1Q (f, 9)ll2(rs) < Cell fll zrs)llgll L2 rs) -

Proof. Tt follows from the Cauchy-Schwarz inequality and the change of variables
(v,v6,0) = (v, 0, k), (k= (v—v,)/|v—vs|) that

2
Q h < B — Uy, 0)| fx 2d dv.do
’( € (fvg)v ) 2(R3) = (/// - %* Xs2 E(U Vs )|f Hg| v )

2
x (/// B.(v — vy, U)|f*||h’\2dvdv*da>
R3 xR3 xS2

:Al XAQ.

By means of the regular change of variables v — v/, we have

A2<C. //W A

S N N ey N T T
v/ —v,|<1 v/ —v,|>1

< Clllza (112 + 11 ).

Similarly, we get A% < C.||g]| 72 (||f|\L2 + ||fHL1> so that the proof of the lemma is
completed. ([l

Since it follows that
daW QE(f, 9) — QF(f, daW) = W Q:(f, 9) — Q=(f, PaV),
similar to Lemma 2.5, we have

Lemma 5.2. If —3/2 <y <0,0<s<1/2 and £ > 5, then there exists a C > 0
independent of € > 0 such that

(5.1 (W QE(S 9) = QE(fs 0V 9)) 12 (rs)
< C'min {||¢aw5f||L2(R%)”Weg”L?(R%)v ||W5f||L2(]R3)H(baWEgHL?'(]R%)}
+ min{ll(bawefHL?(]R%) ; HWQQHLz(Rg)||W€f||L2(R§;)H%WQQHB(Rg)} ,
by regarding x,a in ¢, as parameters.
Notice that
IW? fll 2a) | 0a W gl 2Ry < l@aW* Fll L2y IW gl L2rs)

because of ¢, (z,v) < (vi)2¢(x,v.). Therefore, it follows from Lemma 5.1 and
Lemma 5.2 to have
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Corollary 5.3. If -3/2 < v <0, 0 < s < 1/2 and £ > 5, then there exists a
C. > 0 such that
(52)  NleaW' QF(f, 9)llr2rs)
< Ce miﬂ{||¢aW5f||L2<Rg)||Wég||L2<Rg)a \|W5f||L2(R§,)||¢aW€9||L2(Rg)}

+ min { eV fllae) W20l ey » IV |2y loaV2gllages) |

by regarding x,a in ¢, as parameters.

It follows from this corollary and Lemma 2.2 that if |o/ +o”'|+|8"+8"| < |a+ 3],
then

W 1P QE (DG, £, 03 9) || L2(rey S B + Ba,
where

By = min {[|0.9°95 | (sup | (1 = Au)ga W' >+ 1H2057 1] ),

(supll(1 = A)oa W05 £1]) a0 1]},
and

By = min {[|gV 105 £ (sup (1~ Au)ga W05 f1]).

(sup 11 = A)gur Wt P 205" 1)) 2051 1}
Since F1, E5 are the same as Do, D3 in the section 3, respectively, we have
(5.3) W1 QE(G £ 05 Fllzeeey S 1 3
if [a + | + 8"+ B"| < |a+ B
Now we consider the following special case:
a+ﬂ:a/+61+a1/+ﬁ//+a/”+ﬂ”/, |a///+ﬂ/ll| Zk_:l,

and write 909,09 = ag,’, 8/3,/,/ Noting (5.2) with a = z, by applying Lemma 2.2 to
both factors, we have

(5.4)  WIHRIQR f, 05 llie@sire@y S D
lq1+q2|<1

(sup 112 = A0)6u W70 £ ) (sup (1 = A )ow Wt 2292 1))
< 2
<171
because £ — 3 > 7, and the fact that from |g;| + |a"’ + 8| < |a+ B| it holds that
C=la+pl+2< 0= (lgj| +2) +4 =" + 5% <= (lgj| +2) + (5 - k).
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