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Abstract

Birkhoff normal form is a power series expansion associated with the local behavior of the Hamil-
tonian systems near a critical point. It is known that around the critical point one can take a
convergent canonical transformation which puts the Hamiltonian into Birkhoff normal form for
integrable systems under some non-degeneracy conditions. By means of an expression of the
derivative for the inverse of Birkhoff normal form by a period integral, analytic continuation of
the Birkhoff normal forms is considered for the free rigid body dynamics on SO(3). It is shown
that the monodromy of the analytic continuation for the derivative of the inverse for the Birkhoff
normal forms coincides with that of an elliptic fibration which naturally arises from the dynamics.

1 Introduction

In analytical mechanics, the motions of rigid bodies are basic problems. Among them, the free
rigid body, which stands for the rigid body under no external force, is the simplest example.
Its complete integrability and the stability of its equilibria are understood well through the long
history of researches. In particular, geometric mechanics provides a well-organized description of
this dynamical system. (See [38, 1, 25].)

The free rigid body dynamics should first be defined as a Hamiltonian system on the cotangent
bundle of the rotation group SO(3). Because of the left-invariance of this system, it is essentially
described by the so-called Euler equation posed on the angular momentum, which can be justified
by the Lie-Poisson reduction procedure. Moreover, by means of the Marsden-Weinstein reduction,
one can reduce the original system onto the level surface of the norm of the angular momentum in
the space of angular momenta, which is a two-dimensional sphere. The reduced system is of one
degree of freedom, and therefore completely integrable in the sense of Liouville. It is well known
that there are generically six equilibria for the reduced systems on the sphere, four of which are
elliptic and the other two are hyperbolic. (cf. [25].)

Around a stationary point of a Hamiltonian system, it is possible to consider the normal form
of the Hamiltonian. Historically, Birkhoff introduced the notion of Birkhoff normal forms as formal
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series and discussed the relation with the stability [5, 6]. It is known that there exists a Darboux
coordinate system which makes the Hamiltonian in Birkhoff normal form, in a neighbourhood
of a non-degenerate stationary point by a result of Vey [37] for analytic completely integrable
Hamiltonian systems. The differentiable case of class C* was studied by Eliasson [12]. The
convergence of canonical transformation which makes the Hamiltonian into Birkhoff normal form
for analytic integrable systems including the degenerate case was shown by Ito [21] under the non-
resonance condition. The convergence of the canonical transformation which puts the Hamiltonian
into Birkhoff normal form for the systems of one degree of freedom was essentially shown by Siegel
[34]. In [41], Nguyen Tien Zung developed another more geometric approach for the analytic
completely integrable Hamiltonian systems, on the basis of the direct proof of the analytic extension
through the period integrals.

The detailed structure of the Birkhoff normal form has been studied recently for the pendulum
[15] and for the free rigid body [16]. In [16], the Birkhoff normal forms both for the elliptic and
hyperbolic stationary points are considered by using the method of relative cohomology, and the
properties of the Birkhoff normal forms and those of the inverse of the Birkhoff normal forms
are discussed. There are also the papers [11, 31] which calculate the Birkhoff normal forms for
the spherical pendulum and for the free rigid body in order to study the semi-global symplectic
invariants introduced by Vi Ngoc San [33] for these specific examples.

On the other hand, the free rigid body dynamics is closely related to complex algebraic geometry
because of its complete integrability. In fact, the integral curve of the free rigid body can be
described as an intersection of two quadric surfaces in three-dimensional Euclidean space, which is
a (real) elliptic curve. From the viewpoint of complex algebraic geometry, it is natural to complexify
and to compactify all the settings, which is also helpful to understand the deep geometric structure
of the free rigid body dynamics. In view of this, several elliptic fibrations arising from the free
rigid bodies have been considered in [29]. In this paper, the fibrations are considered over the
base space which includes not only the values of the Hamiltonian but also the principal axes of the
inertia tensor, as their base coordinates. This even allows a geometric description of the bifurcation
phenomena of the free rigid body dynamics as described in [29], where the singular fibres of these
elliptic fibrations are classified in relation to such bifurcation phenomena. In the present paper,
one mainly studies the so-called naive elliptic fibration in [29], which is the family of complexified
and compactified integral curves.

Although the Birkhoff normal form is by definition a local object associated to a stationary
point for a Hamiltonian system, it is possible to enquire its analytic extension in the integrable
case. In the present paper, the Birkhoff normal forms of the equilibria for the free rigid body
dynamics and their analytic continuation are considered in relation to the naive elliptic fibration
which is discussed in [29]. The key to this relation is an expression of the derivative of the inverse
for the Birkhoff normal form in terms of period integrals, which is closely related to a special Gaufl
hypergeometric differential equation. This makes the concrete calculation rather easy.

The main results of the present paper are as follows:

First, as to the global properties of Birkhoff normal forms for the free rigid body dynamics, it is
shown that the derivative of the inverse for the Birkhoff normal forms is analytically extended as
multi-valued functions over the regular locus of the base space of the naive elliptic fibration. One
finds that these analytic continuations have the monodromy in a function theoretic sense and the
naive elliptic fibration has also the monodromy structure as one of its geometric aspects. It is shown
that these two kinds of monodromy structures coincide with each other. Moreover, the explicit
calculation of the global monodromy is given by means of the analysis of a Gaufl hypergeometric
differential equation and the topology of the complement of a hyperplane arrangement given by
the singular locus of the naive elliptic fibration.

Recently, several researches have been done on the relation between elliptic fibrations and
the compactifications of string theory in view of the F-theory. Among them, [13] deals with the



elliptic fibrations modeled by quadrics intersections in P5(C), called Ds elliptic fibrations, and puts
emphasis on the appearance of non-Kodaira singular fibres. The non-Kodaira singular fibre of Dy
elliptic fibrations is, in [13], shown to consist of four smooth rational curves intersecting at one
point and it is labeled as I~ fibre. It is to be noted that such a singular fibre is also observed in
the modification of elliptic fibrations arising from the free rigid body dynamics in [29], although
the aim of [29] is to give the elliptic fibration whose singular fibres are in the list of singular fibres
of elliptic surfaces by Kodaira for the elliptic fibrations arising from the free rigid body dynamics.
See Subsection 5.3 (in particular pp.392-393) in [29] for detail. It is of much interest that one can
observe the importance of elliptic fibrations modeled by quadrics intersections in P3(C) even in the
simple example of classical mechanics, the free rigid body dynamics, in [29] and the present paper.

The structure of the present paper is as follows:

In Section 2, the expression of the derivative for the inverse of Birkhoff normal forms both around
the elliptic and hyperbolic stationary points for an arbitrary Hamiltonian system of one degree of
freedom is given in terms of period integrals.

After a brief explanation about Euler equation for the SO(3) free rigid body dynamics, Sec-
tion 3 describes the application of the arguments in Section 2 to the case of the free rigid body
dynamics. In this case, the explicit expression of the derivative of the inverse for the Birkhoff
normal forms is given in terms of the complete elliptic integral of the first kind. From this expres-
sion, the derivative of the inverse for the Birkhoff normal forms is connected to a special Gaufl
hypergeometric differential equation.

Section 4 deals with the relation between the result in Section 3 and the elliptic fibration arising
from the free rigid bodies which is considered in [29]. The singular fibres of this elliptic fibration
are classified in [29], but the global monodromy is not discussed there. One computes explicitly
the cocycles of the regular fibre in a neighobourhood of singular fibres on an irreducible component
of the singular locus, which form a basis of its first cohomology group, and it is shown that they
are written in terms of the period integrals appearing in Section 3.

Moreover, in Section 5, the global monodromy of the elliptic fibration in [29] is calculated.
First, using the symmetry of this elliptic fibration and the period integrals in Section 3, as well
as the results in Section 4, one computes the basis of the first cohomology group of regular fibres
around the singular fibres on each irreducible component of the singular locus for the elliptic
fibration. Second, the local monodromy of the elliptic fibration is calculated around each irreducible
component of the singular locus. Third, the fundamental group of the regular locus of the fibration
in [29] is determined explicitly, by using the techniques of the topology of the complement of
hyperplane arrangements. Finally, on the basis of these results, the global monodromy of the elliptic
fibration is computed. As the main results of the present paper, the monodromy representation
of the fundamental group of the regular locus of the base space for the naive elliptic fibration is
explicitly determined and it is shown that this monodromy coincides with that of the analytic
continuation for the derivatives of the inverse of the Birkhoff normal forms for the free rigid body
dynamics. The results in Sections 4 and 5 are compared with the results of [16]. In [16, §VI],
it is already emphasised that the n-th coefficient of the inverse for the Birkhoff normal form,

which is viewed as power series in the action variable, around an elliptic equilibrium on the axis

1 1 1 1
corresponding to I3 is a symmetric polynomial P, in the parameter 2 = | — — — - — =,
L I Is I

where Iy, I, I3 stand for the principal axes of the inertia tensor of the rigid body, in the sense
that

Pn<7'2>:ZFj’I“2j, F]:an_]
7=0

Note that it is assumed that I3 < I; < I3 in [16]. It is shown here that this property is a consequence
of a covariance of the analytic extensions of the derivative of the inverse for the Birkhoff normal



forms, relative to the symmetry group &4 of the base space of the naive elliptic fibration arising
from the free rigid body dynamics. This covariance is explained in the formulae (5.1). On the top
of these covariance formulae, another formula is derived in the spirit of the connection formulae of
the Gaufl hypergeometric differential equation (cf. Proposition 5.4 and [9]).

A similar study on the simple pendulum dynamics is dealt with in [36]. The relation to the
rigid body dynamics might be clarified in view of [20] and [22] in a future work.

2 Birkhoff normal forms for a system of one degree of free-
dom and period integrals

In this section, we discuss the expressions for the derivative of the inverse of Birkhoff normal forms
both around elliptic and hyperbolic equilibria for a real analytic Hamiltonian system of one degree
of freedom by certain period integrals. Note that the derivative for the inverse of Birkhoff normal
form around an elliptic equilibrium is physically the period of the integral curve. We consider the
derivative for the inverse of Birkhoff normal form because it is more convenient to calculate the
monodromy of its analytic extension than the inverse of Birkhoff normal form itself, as we see in
the free rigid body case.

Take a real analytic symplectic manifold (M,w) of dimension two and consider a real analytic
Hamiltonian H. For the systems with one degree of freedom, the convergence of the canonical
transformation which puts the Hamiltonian into Birkhoff normal form for an equilibrium was
essentially known from the study by Siegel [34]. Let (x,y) be a Darboux coordinates of (M,w)
such that w = dz A dy. Assume that the origin (z,y) = (0,0) is an elliptic equilibrium, where

2,2
H =0, and that the Hamiltonian H is in Birkhoff normal form H = H (:C ty

, where H is an

invertible analytic function in one variable around the origin. Denote the inverse of the function
‘H by ®. Suppose that there is a one-form 7 defined on U \ {(0,0)}, where U is a neighbourhood
of the origin (z,y) = (0,0), such that w = n A dH. Then, we have the following theorem.

Theorem 2.1. The derivative of the inverse ® of the Birkhoff normal form H around an elliptic
stationary point, where H = 0, writes

1

& (h) = ——
(h) = =5 .

Here, the integral path is taken as the integral curve of the energy level H = h.

Theorem 2.1 can be proved by performing a straightforward integration of some explicit ex-
pression of the one-form 7 in the above coordinates (x,y), so we omit the proof. As to the integral
path, we can take another real closed arc homotopic to the original real integral curve in the
complexification of the real integral curve H = h. See the explanation below.

Remark 2.1. The one-form # can be replaced by n+ fdH, where f is a function on U \ {(0,0)}.
In fact, if ' satisfies n’ AdH = w, we have (n—n') AdH = 0. Thus, we have n — ' = fdH,
for a suitable function f, so that [,;_, n = [;_, n'. See [10] and [37, §4] for the general case. In
fact, the one-form 7 is an example of the so-called Gelfand-Leray form, which can be found in [2,
Chapter 7]. An application of Gelfand-Leray form in dynamical systems is given in [17]. Lemma
1 loc. cit. guarantees the existence of n in Theorem 2.1.

In a parallel manner, we consider an expression of the derivative of the inverse for Birkhoff
normal form around a hyperbolic stationary point. In this case, we can take a Darboux coordinates
(X,Y) with the origin at a hyperbolic equilibrium, such that w = dX A dY and the Hamiltonian



H with H(0,0) = 0 is in Birkhoff normal form H = H (XY'), where H is an invertible analytic
function in one variable whose inverse is again denoted by ®. We consider the complexification
MFC of M where the symplectic form w and the Hamiltonian H are extended as a holomorphic
two-form and as a holomorphic function. Taking a suitable complex neighbourhood U® C M® of
(X,Y) = (0,0), we choose a holomorphic one-form 1¢ on U\ {(0,0)}, such that n° AdH = w. We
can assume that (X,Y’) are holomorphic coordinates on UC. The real integral curve is naturally
complexified to a complex one-dimensional curve H(XY) = h, (X,Y) € U® ¢ M®, as a level curve
of the holomorphic function H. On the complex curve H = h in M, we consider the real closed
arc

v X:\@e‘/jw, Y:\/Eef‘/jw, 0:0— 2m,
where € := ®(h) = H™1(h).

Theorem 2.2. The derivative of the inverse ® of the Birkhoff normal form H for the Hamiltonian
H around a hyperbolic equilibrium where H = 0 writes

@'(h) = 2“1/?1/,]@.

Remark 2.2. Theorem 2.2 can be proved from Theorem 2.1 through the imaginary transformation

T+ /-1y Yﬁx—\/jly
v V2

of UC. In fact, if we regard (z,y) as real coordinates and restrict the symplectic form w and
the Hamiltonian H, which are holomorphic on U®, to the real two-dimensional space U’ = U® N
{(z,y) € R?}, then we can use Theorem 2.1 for the one-form 7’ = 1%|ys. Theorem 2.2 follows by
restricting the complexification on U® of this result to U.

X =

Now, we make a comment about the above theorems from the viewpoint of complex analytic
geometry and we discuss the choice of the integral paths of the period integrals. We take a real
analytic Hamiltonian system (M,w, H) of one degree of freedom as above. Assume that there is
an isolated non-degenerate equilibrium zoy € M, either elliptic or hyperbolic, where H(zy) = 0.
Since all the settings are real analytic, we can complexify the phase space M to a complex two-
dimensional manifold M€, where w and H are defined as a holomorphic two-form and as a holo-
morphic function. The holomorphic function H induces a fibration 7 : N — B of a neighbourhood
N C MF of the singular level set H~(0)(= 7=1(0)) in M® to a neighbourhood B C C of the
origin. Then, the singular fibre 7=1(0) has an A;-singularity at xo € 7—1(0) and the fibration
7w : N — B can be regarded as a deformation of the A;-singularity. Clearly, the complexification
in MC of the level set H = h can be seen as a fibre of the fibration 7. Now, the real integral curve
in Theorem 2.1, which we denote 7y, and the real closed arc v in Theorem 2.2 are both vanishing
cycles in the fibre 7=1(h) which shrink into the A;-singularity xg, as h — 0. From such a kind of
viewpoint, we can combine the statements of Theorems 2.1 and 2.2 as follows:

Theorem 2.3. The period integral of the holomorphic one-form n defined on a neighbourhood N
of the complexified phase space MC, such that n AdH = w, along a vanishing cycle v in the fibre
7=Y(h) C N as the integral path is proportional to the derivative ® of the inverse for Birkhoff
normal form respectively around the elliptic or hyperbolic equilibrium xq € N as

C
'(h) = —=2
() 27T 777

v

where ¢y, = 1 when xg s elliptic and cg, = /—1 when xo s hyperbolic.



For the application, it is to be noted that the real closed arc « around the hyperbolic equilibrium
in Theorem 2.2 is in general hard to find explicitly since we do not necessarily know the Darboux
coordinates (X,Y") concretely, but we can rather easily take another vanishing cycle in an explicit
manner, as we do in the free rigid body case in the next section.

Remark 2.3. A similar formula for the inverse of Birkhoff normal form of Hamiltonian system of
one degree of freedom is given in [14, Theorem 1], but they have considered the period integral of a

1
one-form ¢ such that d§ = w, which is different from 7, as ®(h) = ———— / £. One can also prove
2/ =1/,

Theorems 2.1 and 2.2 on the basis of this formula. The idea to use period integrals over vanishing
cycles in the complexification of the real integral curve is also considered in [11] to compute certain
action variables of spherical pendulum around hyperbolic equilibria, but the formula in Theorem
2.2 does not appear explicitly.

3 Derivative of inverse of Birkhoff normal forms for free
rigid body dynamics

In this section, we apply the formulae in the previous section to the free rigid body dynamics. The
motion of a free rigid body can essentially be described by the Euler equation

d -1
GP=Fx@'(P).

where P = (p1,p2, p3) € R? is the angular momentum and Z : R® — R3 is the inertia tensor which
is a symmetric positive-definite linear operator with respect to the standard inner product - of R3.
Without loss of generality, we can assume Z = diag (11, I, I3) and I1 < I3 < Is. Then, the Euler

equation writes
d 1 1
dtpl = L, I Pp2p3,

d 1 1
- = - = 1
dtp2 (13 I1> p3p1, (3 )

4, - (X 1
dtp37 L L p1p2.
1
An important property of the Euler equation is that the functions H(P) = §PoI*1 (P) and

1
L(P) = §P - P are first integrals, so that the system can be restricted to the level surface of L. On

1
the level surface L = — (p% + p% + pg) =/, where ¢ is a positive constant, there are six equilibria

on the pi-, pa-, p3-axes, and those four on the p;- and pz-axes are elliptic, while the other two on
the po-axis are hyperbolic. The restricted system on L(P) = ¢ is a Hamiltonian system for the
Hamiltonian H|;z—sy with respect to the symplectic form

w — dp1 Adpe  dpa Adps  dps Adp:

(3.2)

3p3 3p1 3p2

See [25] for more detail on the free rigid body dynamics.
We consider the derivative of the inverse for the Birkhoff normal form around the elliptic

equilibrium (p1, p2, p3) = (\/ 2@,0,0), where (pa,ps) serves as the local coordinate system on



L = (. As is mentioned in the previous section, the derivative for the inverse of Birkhoff normal

form around an elliptic equilibrium is the period of the integral curve.

By considering such a period

in the free rigid body case, one can more easily consider the analytic extension than the inverse
for Birkhoff normal form itself because of the relation between the derivative of it and a Gauf3
hypergeometric differential equation as is described below. On this coordinate neighbourhood, we

consider the one-form

d d
nei= (L= s)——0 + s , (3.3)
3[——— 3(———
<13 I, > Pp3p1 <I1 1 > P1p2
where s is an arbitrary parameter. It is easy to verify that ns A dH = w for any s.
Denote the inverse function of the Birkhoff normal form H — 7= ‘H1 around the elliptic
1

stationary point (\/ 2¢,0, 0) by ®;. We have an expression of @] in terms of a period integral as

follows:

Theorem 3.1. The derivative of the inverse for the Birkhoff normal form around (p1,p2,p3) =

(\/ﬂ, 0, 0) writes

) = 3wfm(

1 1 1 h

(d— a)(b —¢)
o= a)) ) (3.4)

Here, a = —,b c=—,d=— and (A

LT LT

/\/1m2

is the complete ellip-
) p p

tic integral of the first kind. Denote the right hand side of (3.4) by S(a b,c,d).

Proof. By Theorem 2.1, we have the expression ®(h) = ——

21 Ju=n
by
p%2+p%+p§ = 2L,
p1
— + =+ = =2h.
I + I + 13
Using these equations, we have
-4 -4
207 d 20+
/ N =2 (175)/ nh +s -
H=h — %Iilni?’(E g)p:apl —yf2e L
1 2

ns. The integral path is given

(3.5)

=@ S)\/gg (d—lc)(a—b)’C (EZ—Z))((:—:;;) +S\/E
iy (o)

Here, we have used the formula (8.128.1) in [18] which displays

K <AA_1) =V1-AK(\), forImVA < 0.



(d—a)(c—1)
(d—="b)(c—a)

Here, we mention some covariance properties of the Euler equation (3.1). First, obviously, the
following transformations preserve the Euler equation:

Note that < 0 near the elliptic stationary point (\/ 20,0, O) on the p;-axis. |

b1 —P1 P1 D1 P1 D1
O0r:|p2| = | p2 |, t—=—t; bo: |p2| = |—p2|,t— —t; O3: |pa| = | p2 |, t —L.
D3 P3 p3 p3 p3 —P3

It is clear that 01, do, 3 generate a group isomorphic to Zg X Zg X Zs. On the other hand, the
following transformations, where ¢ is not transformed, preserve the Euler equation:

D1 D1 L L D1 D3 L I3
er: |p2| = — |p3|, |L2| = [I3|; e: |p2| = —|p2|, |l2| = [I2];
D3 p2| [I3] I D3 21 I3 I
D1 D2 L I
eg:|p2| = — |p1|, |L2| = [I1] - (3.8)
| P3| p3| |13 I3

These involutions €1, €3, €3 generate another group isomorphic to the symmetric group &3 of
degree three. Needless to say that the first integral L is invariant with respect to the above
transformations. Note that the transformations 1, d2, 3, €1, €2, €3 act on the symplectic form w
and the Hamiltonian H as §jw = —w, 6;H = H and €jw = —w, ;H = H, j =1,2,3.

By the transformation d; of the Euler equation, the equilibrium (p1,p2,p3) = (\/ 2£,0,0) is

mapped to (—\/ 20,0, 0). The integral curves around the two equilibrium points (:I:\/ 24,0, 0) are
mapped to each other, but their orientations are opposite, since the time is reversed by d;. As to

the period integral, the integrand n; is transformed as §fns = —ns. Thus, the integral / N 18
H=h
invariant with respect to d;. As a result, we have the following corollary.

Corollary 3.2. The derivative of the inverse of the Birkhoff normal form around (p1,p2,ps) =
(f\/ﬂ,0,0) is given by (3.4).

Similarly, the transformation ez maps the equilibrium (p1, p2, p3) = (\/ﬂ, 0, O) to (O, 0, —m>

It maps the integral curves around each equilibrium to each other by €9, reversing their orientations.
The integrand 7, of the period integral is transformed as e5n; = —ns and the period integral itself
is transformed from (3.4) by the permutation (ac) € G4 with respect to €.

Corollary 3.3. The derivative of the inverse ®3 for the Birkhoff normal form around (p1,p2,ps) =

(0, 0, :I:\/ﬂ) writes

i 2 1 (d—c)(b—a)
_37T\/; (cl—a)(c—b)lC ((d—a)(b—c)

Remark 3.1. In [24, §3], the period of the integral curve around the elliptic equilibria for the
Euler equation of the free rigid body dynamics is considered, although the precise formulae as (3.4)
in Theorem 3.1 and (3.9) in Corollary 3.3 are not given. We need these precise expression in order
to consider the analytic continuation of the derivative of the inverse for Birkhoff normal forms.

@4 (h) =

> = S(c,b,a,d). (3.9)



Next, we consider the derivative of the inverse for the Birkhoff normal form around the hy-

perbolic stationary points (p1,pe2,p3) = (O,j:\/ﬂ, 0). Around the stationary point (p1,pe,ps) =

(0, V20, O), we can use (ps,p1) as a local coordinate system. Take the one-form

d d
= (1= 8)— pi +s—7 pi ,
3 3(— — —
<I1 Ig) P1P2 <I2 Ig) D2p3

where s is an arbitrary parameter as before, and the real closed arc

sinf, 6:0— 2m.

Note that « is a real closed arc contained in the complexification of the real integral curve given
by the affine curve (3.5), where (py, p2,p3) € C? are regarded as complex affine coordinates.

We consider the period integral /77; Note that the equilibrium (p1, ps,ps) = (\/ﬂ,0,0)
¥

is mapped to (0, V20, 0) by the transformation es o §;, which maps the integral curves around
(\/ﬂ, 0, O) to those represented by . Therefore, using Theorem 2.2, we can calculate the derivative
for the inverse of the Birkhoff normal form around (O, V20, 0). As before, this is invariant with
respect to the transformation do, which maps (p1,p2,p3) = (O, V20, O) to (O, —V/2¢, 0).

Theorem 3.4. The derivative of the inverse ®y of the Birkhoff normal forms around (p1,p2,ps) =

(0, +/2¢, O) writes

i (e

Remark 3.2. In [31], they consider the inverse for the Birkhoff normal form around a hyperbolic
equilibrium of the free rigid body dynamics in terms of a period integral over a vanishing cycle in
the complexification of the integral curve in order to compute the semi-global symplectic invariant,
although the formula (3.10) is not given there.

@/

) = —\/—;15'(17,(1,07 d). (3.10)

Before closing this section, we give the following formulae for S(a, b, ¢,d) obtained through the
transformations &1, d2, 03, €1, €2, €3:

S(a,b,c,d) = S(a,c,b,d), S(b,a,c,d) = S(b,c,a,d), S(c,b,a,d) = S(c,a,b,d). (3.11)

These three formulae follow from (3.7) in the proof of the previous theorem and the covariance
with respect to d;, €5, j = 1,2,3. The list can be regarded as the description of the action of the
symmetric group &3 of degree three on S(a,b,c,d). We explain the action by the symmetric group
&4 of degree four in Section 5.

4 Elliptic fibration and explicit calculation of the cocycles

In this section, we discuss the naive elliptic fibration considered in [29] and calculate the cocycles
of the first cohomology group of regular fibres in relation to the period integrals in Section 3. The



main results of this section are the explicit expressions (4.3) and (4.6), in terms of the analytic
extension of the function S, for a basis of the first cohomology group.

We start with a basic description of the naive elliptic fibration. As we have seen, the integral
curve of the Euler equation is given by the intersection of the two quadrics (3.5). From the
viewpoint of algebraic or analytic geometry, it is natural to complexify and to compactify the
integral curve by the complex projective curve

4.1
ax?® + by? + cz? + dw? = 0, (4.1)

{x2+y2+22+w2 =0,
where (z : y : z : w) € P3(C) are the coordinates given by p; = \/—%E,pg = \/—2££,p3 = \/—263,
w w w

1 1 h

1
and where a,b,c,d € C are parameters given by =T = b, =67 = d. The following
2 3

proposition is fundamental to the geometric understanding of this projective curve.

Proposition 4.1. Ifa,b,c,d are distinct, then the variety C defined by the above equations (4.1) is
a smooth elliptic curve, which has four branch points a, b, c,d as a double covering of the projective
line P(C) 2 CU {oo}.

For the proof, see [29]. Because of this proposition, we have a natural elliptic fibration. In
fact, denoting by F' the algebraic variety in P5(C) x P3(C) : ((z:y:z:w),(a:b:c:d)) defined
by the equation (4.1), we consider the projection 7p : F 3 ((x:y:z:w),(a:b:c:d))— (a:b:
c¢:d) € P3(C) to the second component of the product space, which is an elliptic fibration called
the naive elliptic fibration in [29]. Here, an elliptic fibration means a smooth holomorphic mapping
of a complex space onto another complex space whose regular fibres are elliptic curves. As basic
facts of the naive elliptic fibration 7z : F' — P3(C), it is known that the total space F is smooth
rational variety and that the fibration 7z is non-flat, i.e. there is a two-dimensional fibre of 7p.
In fact, the singular fibres of mp are classified in [29] as follows:

Classification of the singular fibres of 7y

1. If only two of the parameters a,b,c,d are equal, the fibre consists of two smooth rational
curves intersecting at two points. This is a singular fibre of type I in Kodaira’s notation
[23, 4]. Topologically, these singular fibres are double pinched tori of real dimension two.

2. If two of a, b, ¢, d are equal and the other two are also equal without further coincidence, the
fibre consists of four smooth rational curves intersecting cyclically. This is a singular fibre of
type I in Kodaira’s notation. Topologically, these singular fibres are quadruple pinched tori
of real dimension two.

3. If three of a, b, ¢, d are equal without further coincidence, the fibre is a smooth rational curve,
i.e. a two-dimensional sphere as a point set, but with multiplicity two. This singular fibre is
not in the list of singular fibres of elliptic surfaces by Kodaira.

4. If a = b = ¢ = d, the fibre is a space quadric surface 22+ + 22 +w? = 0, which is isomorphic
to P1 ((C) X P1 ((C)

Tt is also known that the fibration 7 has no (meromorphic) section. On the total space F, there is
an action of the group Zs x Zs which respects the fibration 7 and which has no fixed point on the
regular fibres. Taking the quotient, we have an elliptic fibration bimeromorphic to a Weierstrafl
normal form, which is flat and which admits only singular fibres included in the Kodaira’s list,
after suitable modifications. See [29] for the detailed discussion.
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In order to think about the monodromy of the naive elliptic fibration 7p : F — P3(C), we
introduce the following locally constant sheaf G on the base space P3(C). As is known from the
description of the singular fibres, the singular locus of the elliptic fibration 7p : F — P3(C) is
given by the divisor D : {a = b} +{a =c}+{a=d} +{b=c}+{b=d} +{c = d} on
P3(C):(a:b:c:d). For (a:b:c:d) € P3(C)\ Supp(D), the fibre 77 1(a : b: ¢ : d) is a smooth
complex torus, so that the first homology group H; (W}?l(a 2bic:d); Z) forms a locally constant
sheaf of Z p, (c)\supp(p)-module over P3(C) \ Supp(D):

G = |_| H, (WEl(a:b:c:d);Z).
(a:b:c:d)€ P3(C)\Supp(D)

For a point (a : b: ¢ : d) € Supp(D), we consider its sufficiently small polydisc neighbourhood
U and set U’ := U \ Supp(D). The group I'(U’', G’) of sections of G’ is determined independently
from the choice of U. Regarding I'(U’, G") as the stalk G 4.p:.c:q) 0D (a : b : ¢ : d) € Supp(D), we
consider the locally constant sheaf

G=0C'U L] G abic:d)
(a:b:c:d)€Supp(D)

of Zp,(c)-module over the base space P3(C). Taking the dual of each stalk, we have the locally
constant sheaf of Zp, )-module

G* = G*/ (o |_| G?a:b:c:d)’
(a:b:c:d)€Supp(D)

where
G*' = |_| H' (nz"(a:b:c:d);Z)
(a:b:c:d)e P3(C)\Supp(D)
and G’(*a:b:c:d) for (a:b:c:d) € Supp(D) is determined in the same manner as G (4:p.c:qy- We call
G and G* as the homological and cohomological invariant of 7p.

Let po be a point in P3(C) \ Supp(D) and v : ¢ — ~(t), 0 < ¢t < 1, a closed path with the
reference point at po in P3(C) \ Supp(D). Taking a basis 019,02, of Hy (W}l(po), Z), we consider
the elements o1 (t), 02(t) of Hy (77" (v(t)),Z) which continuously depend on t and o;(0) = o1,
i =1,2. Then, there is a matrix Ap,; € SL(2,7Z) such that

or(1)| _ 01,0

o) = 7]
Note that Af,; depends only on the homotopy class [y] € w1 (P3(C) \ Supp(D);po) of 7. The ho-
momorphism p : 71 (P3(C) \ Supp(D);po) 3 [v] = A}y € SL(2,Z) is called the monodromy repre-
sentation of w1 (P3(C) \ Supp(D);po). Similarly, taking the dual basis o7 ¢, 03 ( of H! (ﬂ';l(po), Z)
such that o7 - 00 = d;5, we have the representation p* : 71 (P3(C) \ Supp(D);po) > [7] = AT] €

]
SL(2,7Z). We call it also monodromy representation. Clearly, the homological invariant G, as well

as the cohomological invariant G*, is determined by the monodromy representation p or p*.

We, now, consider the period integrals which appeared in the last section from the viewpoint of
the (co)homological invariant G (or G*) and discuss the global monodromy, namely the monodromy
representation itself. We start with the extension of the one-form 7 such that w = n A dH to the

complex elliptic fibration 7p : FF — P3(C). On the level surface L(P) = L2 +p2 +p?) = ¢, the
P p B Py P2 T DP3

symplectic form w writes as (3.2). On the coordinate neighbourhood with the coordinates (pa, p3),
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the one-form 7, in (3.3) satisfies w = ns A dH for arbitrary s. With this in mind, we consider the
following one-form #:
2,(Y
()
I O

KNGy 3(c—a)zz’
According to the notation in Section 2, 1 should be written as 7, but we use n also for the holo-
morphic form for the brevity. Because of the transformation of the coordinates p; = v —2¢ E, po =
w
1 1 1 h
\/72€g,p3 = \/726i and a = —,b= —,c= —,d = —, we see that n and 7y induce the same
w w L I I3 l
section in QL = Q. / W}Q}Dg (c)» which is the sheaf over F' of germs of relative differential forms
with respect to the fibration 7p : F — P5(C). See e.g. [19] for details on relative differential forms.
More precisely, we have the following proposition.

Proposition 4.2. The one-form n induces a meromorphic section of Q;F on F, which is a holo-
morphic non-zero one-form on wn" (P3(C) \ Supp(D)).

Proof. On the total space F of the elliptic fibration 7, we have

24 (% 24 (Y 24 (7
1 “’d(a): 1 “’d(;): L wd()
V=203(b—c)yz /—203(c— a?zz:r V—203(a — b%uscy
L () 1 L (s

V—=203(c—d)zw B V/—203(d — bg)cwy - V/=203(b—c)yz

4.2)
9, [z o, [W s (
y-d ( y“d ( yed| -
1 y) _ 1 y) _ 1 y
V=203(d—a)wx /=203(a—c)xz /=203(c—d)zw
24 (W 24 (% 2. (Y
z z z

V—203(a—b)zy —203(b—dyw —23(d—a)wz’

where 7, as well as other one-forms, is regarded as a (local) meromorphic section of Q}rF. Clearly,
n is holomorphic and non-zero over P5(C) \ Supp(D) from (4.2). ]

Note that the integral fo 1 of the one-form 7 over a cycle ¢ included in a fibre of 7 depends
only on the class of the relative differential one-form to which n belongs. Thus, the correspondence

/n:G’DHl(wgl(a:b:c:d),Z)90»—)/776((3

can be regarded as a linear functional over G’ with respect to Cp,cy\supp(p), S0 that fn e

a'® =g ®Zp, (c)\supp(D) Cp,(c)\supp(p)- Note that 1 can be regarded as a holomorphic (hence

closed) one-form on each regular fibre, so that / 1 depends only on the homology class of o. It is

clear that fal’o 1 and fam 1 form a basis of G*’Cp0 = H! (F;l(p()),(C) and it suffices to consider
the monodromy of these period integrals in order to calculate the monodromy representation of
71 (P3(C) \ Supp(D), po) with respect to the fibration 7p : F — P5(C).

We choose a basis of the first homology group Hy (75'(po),Z) of the regular fibre near the
elliptic and hyperbolic stationary points of the free rigid body dynamics. Assuming the same
condition I; < I < I3 for the inertia tensor Z = diag(Iy, I2, I3) as in Section 3, we start with a
regular fibre around the elliptic stationary points on the pi-axis. Note that these two points are
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h 1
in the same intersection of two quadrics H = h, L = /, such that =T i.e. a = d. For the
1
1

1 1
simplicity, we assume that I > 7 > A > T The real integral curves are parameterized as
1 2 3

o+ (p17p27p3) ==, |- 1 1

14
where 0 : 0 — 27, near (p1, p2,ps) = (i\/%,0,0). If A is near to I i.e. if d is near to a, these
1

real closed arcs are vanishing cycles around two different A; singular points and are included in
the same fibre of 7p : FF — P5(C). By Theorem 3.1 and Corollary 3.2, the period integrals of n
along o4 are the same:

/ n = S(a,b,c,d). (4.3)

This reflects the fact that o4 are homologous to each other in H; (w}l(po), Z). Here, S(a,b,c,d)
is considered as a multi-valued holomorphic function over Ps (C) \ Supp(D). We take this period
integral as one of the basis of G*’Cpo =H! (7‘(;1(]90), C).

To obtain the other basis element, we consider the following real one-dimensional arcs in the
same regular fibre. We take the arcs

2 (%~ #)
=+ 1

7+ : (p1,p2,p3) =

where ¢ moves from —oo to +oo. It is easy to check that these two arcs are included in the same
fibre of 7 : F — P3(C) near the singular locus a = d. Note that o4 meet 71 respectively at
single points (£vb—d:vd—a:0:+va—b), while 04 do not meet 7. We also need to take the
following arcs:

T4 (p1,p2,p3) =

= — = h 1 1
EE O Ge

where ¢ moves from —oo to +o00. It is easy to see that 7 are included in the same regular fibre
of mp : F — P3(C) near the singular locus @ = d as 7. By considering the behavior of these arcs
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when the parameters approaches infinity, we can check that the arcs 74, 7\ are connected at these
infinity points as in Figure 1.

Figure 1. The arcs 74 and 7/

(\/bfc:\/cfa:f\/afb:O) " (\/bfc:f\/cfa:\/afb:())

T+ T—

!
(\/b—c:\/c—a:\/a—b:O) T+ (—\/b—c:\/c—a:\/a—b:O)
Note that there is no other intersection among 74 and 7 than these four points and that 7/, do

not meet o+. We denote the multiplication 7, - 7, - 7_ - 7 by 7. In particular, 7 is a closed arc in
the same regular fibre of mp : F' — P3(C) as 04. Moreover, the two cycles o4, homologous to o_,

and 7 form a basis of H; (w}l(p0)7 Z) = G;O. Thus, calculating the period integrals /77, together

with (4.3), we can obtain a concrete basis of H' (75" (po),C) = G’*Cpo.

In fact, we can express the period integral o j 7 in terms of the analytic continuation of
the function S as in Theorem 4.4. For the proof, we need the following proposition.
Proposition 4.3. The following formula holds for the analytic continuation of the function S:

S(a,b,e,d) + S(b,a,c,d) = S(c,b,a,d).

Proof. For simplicity, we write as S; = S(a, b, ¢,d), So = S(b,a,c,d), S3 = S(c,b,a,d). The proof
of the proposition can be performed by using the connection formulae of a special Gaufl hyperge-
ometric differential equation. It is known that the complete elliptic integral of the first kind is a

11
GauB} hypergeometric function IC(\) = gF <2, > 1; )\), which satisfies the Gaufl hypergeometric

differential equation

d2f df 1,
(1= NAg55 + (1= 2075 = 1 =0, (4.4)

See e.g. [39, Ch. 12. §12.5, p.494]. According to the description of the connection formulae for
11
this equation by [9, 7.405-7.406, pp.167-169], we consider the function F'(\) := F (2, 3 1; /\) and

11

anzw<y2

1 )\) (loc. cit.), which are holomorphic around A = 0. Then, we set
FO F1—)) IFC) = F(\)log A+ F*(\)
= 5 = — 5 = —_— 5 = (9] 5
¥1 ¥3 ©5 v VARE: g
oy =F(1—=Xlog(1—=X)+F*(1-X), pg= s {F ()\) log(—=\) = F ()\) } . (4.5)
The pairs (¢1,93), (p3,94), and (vs, @§) give bases of the solution space of the Gaufl hypergeo-

metric differential equation (4.4) around A = 0, A = 1, and A = oo, respectively. Between two of
them, we have the following connection formulae ([9, 7.405-7.406, pp.167-169]):

1 «
1= — (p3log16 —¢y),
o5 =~ {((log16)> — ) @3 — ¢} log 16} = 1 log 16 — 3,
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01 == (p5log 16 + ),

{((1og 16 + 7r\/—1) log 16 — 71'2) w5 + ©g (log 16 + Tr\/—l)} = (log 16 + 71'\/—1) — 5.

*

P2 =

1
I

d—
Thus, we have p1v/—1 + @3 = @5, which shows S; + S5 = S3. Note that, for A = E

d—c)(b—a)’
5, =1 /2 p1(A) R 1V _ 12 ©5(N)
3tV L \/(d—c)(a—b) (d—c)(b— 3rV L \/(d—¢)(b—
|
Theorem 4.4. The period integral of the one-form n along the cycle T is calculated as
1
——/77 = S(e,b,a,d), (4.6)
2 ).

the right hand side of which is a branch of the analytic continuation of S(c,b,a,d).
dp2

Proof. We calculate the integrals of the one-foorm n= ————
3 (i - *) P3p1

along the real arcs 74:

|
[N}
¥-
3
I
|
N |~
—
+
=~ |8
N‘H
r\“‘

2¢

R
‘H

P3p1

)
(Z b)+ (d—;)(a—c)K(EZ—Z))((CC—S;)}
1
2

(S(b,a,c,d) + S(a,b, ¢, d)) = %S(C, b.a,d).

~
fin
N‘H

(i,i
I I
1 /2

= e{m*

(S(b,c,a,d) + S(a,c,b,d)) =

?ﬁ

l\JM—A

Here, we used (3.11) and Proposition 4.3. Clearly, we have / n= / 1 and / n= 7/ 1 from
) . T T_ T T’

the choice of the arcs. Thus, we have o / n= —7/ n=.5(c,b,a,d). [ ]

™ )

5 Monodromy and global behavior of Birkhoff normal forms

In this section, we calculate the global monodromy of the naive elliptic fibration np, which is
connected to the global behavior of Birkhoff normal forms. Starting with the symmetry of the naive
elliptic fibration and of the function .S, whose relation to the cohomology group of regular fibres is
discussed in Section 4, we first calculate the local monodromy with respect to the basis associated
to the analytic continuation of S, by using the connection formulae of the Gaufl hypergeometric
differential equation (4.4). Next, we give a description of the fundamental group of the regular
locus of the base space P; (C) for the naive elliptic fibration g, by using the arguments of the
topology of the complement of hyperplane arrangements. Combining these results by the formula
in Proposition 4.3, we finally obtain the explicit global monodromy of the naive elliptic fibration
in Theorem 5.4. This theorem implies that the monodromy of the analytic continuation for the
derivative of the inverse of Birkhoff normal forms coincides with the global monodromy of the
elliptic fibration in [29].
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1 1
The two period integrals ~5- / n=5(a,b,c,d) and - / n = 5(c,b,a,d) of the one-form
T Jos T J-

7 along the basis o+ and 7 of H; (wgl(po), Z) for a regular fibre ng(po), where pg is near to the
singular locus a = d, form a basis of H' (w}l (o), (C). We take such a basis of the cohomology group
H' (73" (po), C) for a regular fibre 75" (pg) over py which is near to each irreducible component of
the singular locus D : {a =b} +{a=c} +{a=d} + {b =c} + {b =d} + {¢ = d}. To do this, we
use the symmetry of the naive elliptic fibration and that of the function S(a,b, ¢, d) with respect
to the symmetric group &4 acting on the base space P3(C) : (a : b : ¢ : d) as the permutations
of the four letters a,b,c,d. In fact, we have the following list of equalities among the analytic
continuation of S (¢(a, b, ¢,d)), for ¢ € &4, which can be obtained by using the equalities (4.5) of
the Gaufl hypergeometric function F"

S =S(a,b,e,d) = S(a,c,b,d) = S(b,a,d,c) =S(bd, a,c)
= S(e,a,d,b) = S(c,d,a,b) = S(d,b,c,a) = S(d,c,b,a),

Sy =8(b,a,¢,d) =S(b,c,a,d) = S(a,b,d,c) = S(a,d,b,c) (5.1)
=S5(¢,b,d,a) = S(¢,d,b,a) = S(d,a,c,b) =S8(d,c,a,b),

Ss =58(¢,b,a,d) = S(c,a,b,d) = S(b,c,d,a) = S8(b,d,c,a)
= S(a,c,d,b) = S(a,d,c,b) = S(d,a,b,c) =S8(d,b,a,c).

This means that the function S(a, b, ¢, d) is invariant with respect to the dihedral group generated
by (be) and (abdc), which is isomorphic to Zs X Zg.

The naive elliptic fibration 7p : F' — P3(C) is invariant with respect to &4 acting on P3(C) x
Py(C): ((x:y:z:w),(a:b:c:d)) as

c((z:y:z:w),(a:b:c:d))=((ox:0y:02:0w),(ca:cb:oc:od)),

for 0 € &4. The irreducible components b = ¢, b = d, a = ¢, ¢ = d, a = b of the singular locus
D can be obtained from a = d for instance by the action of (ab) - ( ) (abc) (acd), (ach), (abd),
respectively. The basis S5 = S(c,b,a,d), S1 = S(a,b,c,d) of H' (75 C) for py near to a =d
is mapped by the action of (ab) - (cd), (abc), (acd), (acb) (abd) to the bases S3 = S(d,a,b,c),
Sy = S(b,a,d,c); S1 = S(a,c,b,d), So = S(b,c,a,d); S1 = S(d,b,c,a), So = S(c,b,d,a); Sa =
S(b,a,c,d), S3 = S(c,a,b,d); So = S(c,d,b,a), S3 = S(b,d,c,a) of the first cohomology group of
the regular fibres near the components b = ¢, b =d, a = ¢, ¢ = d, a = b, respectively.

We calculate the local monodromy of the fibration 7 : F — P3(C) around each irreducible
component of the singular locus D with respect to the above bases.

e Around the singular fibres sitting over the irreducible component {a = d} or {b = ¢} of D, we
have the basis Ss, S1 of H' (7" (po), C) over pg € P5 (C) \ Supp(D) near these components.
We take a real closed arc a; in P3(C) \ Supp(D), which is homotopic to the arc a = dg +
ee\/jw, b =1by, ¢ = cy, d = dy or the one a = ag, b = co—i-ee‘/?w, c = cy, d=

do. Then, the lambda-function A = (d—a)b—c)

(d—c)(b—a)
dy — by —
Edo :o))((bo 20;, where 6 : 0 — 27. Here, ag, by, co, dy are suitable fixed complex
0 — €0)(00 — ag

numbers. The formulae (4.5) implies that the basis 1, p3 of the solutions of the Gaufl
hypergeometric differential equation (4.4) is analytically continued along the above arc as

207 e )

can be seen to move as A = eeV 1)\,

Ao =
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Using the connection formula ¢4 = ¢ (log 16 +7T\/—].) — 75, we can see that the basis
S3,S7 is analytically continued along «; as

I

Around the singular fibres over the irreducible component {b = d} or {a = ¢} of D, we
take the basis S1, So of H' (7' (po), C) over py € P5 (C) \ Supp(D) near these components.
Consider a real closed arc ag in P3(C) \ Supp(D), which is homotopic to the arc a = ag, b =
do + ee\/_iw7 c = ¢y, d = dy or the one a = ¢y + ee\/jl97 b=by, ¢c =cy, d=dy. Then,
1_\— (d—b)(a—c) (do — bo)(ao — co)
(d—c)(a—b) (do — co)(ao — bo)’
where 6 : 0 — 27, From (4.5), the basis @3, ¢} of the solution space of the Gaufl hypergeo-
metric differential equation is analytically continued along the above arc as

G0 = v i)

can be assumed to move as 1 — A = eeV 10, \g =

1
— (p3log 16 — ¢}), we see that the basis S1, Ss is analyt-
v

S L2 S
Sy 0 1||S]"
Around the singular fibres over the irreducible component {¢ = d} or {a = b} of D, we have

the basis Sa, S5 of H' (7" (po), C) over py € Ps (C)\ Supp(D) near these components. Take

areal closed arc as in P3(C)\ Supp(D), which is homotopic to the arc a = ag, b = by, ¢ = do+

1 d—c)(b—
eeV=19 d = dqy or the one a = by +eeV=1 b =by, ¢ = ¢y, d = dy. Then, =~ = ( b-a)

A (d=a)b—0)
1 1 dy — by —
can be assumed to move as — = ee\/je—7 0= (do — a0)(bo CO), where 0 : 0 — 27. From
A Ao (do — co)(bo — ao)
(4.5), the basis @5, @ of the solution space of the Gaufl hypergeometric differential equation

is analytically continued along the above arc as

0] Loy - on)

From the connection formulae, we have p§ = v/ —1ps + (—77\/—1 + log 16) 5. Taking into

account the fact that the analytic continuation of 1/(d — ¢)(b — a) along the above arc ag is
given by the multiplication of —1, we find the analytic continuation of Ss, S3 as

iR |

From the connection formula ¢ =

ically continued along aq as

Remark 5.1. The conjugacy class of the monodromy matrices of the singular fibres of type
Iz, which are topologically a double pinched torus, was found by Kodaira [23] together with all
the types of singular fibres of elliptic surfaces. In the context of integrable systems theory, the
conjugacy class of the monodromy around the double pinched torus is mentioned in [27] and [40].

Next, we describe the fundamental group of the regular locus P5(C) \ Supp(D) of the fibration

g : F — P3(C). Note that the equations a = b, a = ¢, a =d, b = ¢, b = d, ¢ = d of the
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singular locus D form the arrangement of affine hyperplanes in V' = C* : (a, b, ¢, d) of type As. As
to the complement of the affine hyperplane arrangement, it is known that its fundamental group
is the colored braid group [8]. Applying this general argument to our setting, we can calculate
71 (P53 (C) \ Supp(D)) as follows:

On V, there is the action of the Weyl group W = &4 whose elements permute the coordinates a,
b, ¢, d. Obviously, its fixed-point-set is the union of the six hyperplanes a = b, a = ¢, a =d, b = ¢,
b=d, c=d. Set

Y =V\{a=0}U{a=clU{a=d}u{b=ctu{b=d}u{c=d}), X :=Y/W.
The quotient mapping Y — X is an unramified covering and we have the exact sequence
1->m@)->mX) W1

Further, the fundamental group 71 (X) of the quotient space is the braid group generated by the
generators g1, g2, g3 with the relations gig291 = 929192, 929392 = 939293, 9193 = g3g1 (cf. [7, 8]).
In the sense of geometry of braids, g1, g2, g3 describe the simplest strands between the first and
the second strings, the second and the third strings, the third and the fourth strings, respectively,
for the braids with four strings. The group homomorphism 71(X) — W = &, is given by the
natural correspondence
g1 (12), g2+ (23), g3 (34).

By the above short exact sequence, we can realize 71 (Y") as the kernel of this homomorphism. More
precisely, putting hig = 67, has = g, hss = o, ns = 019897 ' = 95" 9392, hua = 91026395 91" =
93 919291 93 = 93 92 919291, has = 929395 = g3 9393, we can describe m(Y) as the group
generated by hia, has, h3a, h13, h14, hog with the relations

hiahashiz = hazhizhia = highiohas,  hashsahos = hsahaahos = haghashsa,

hiahaahis = haghishia = highiohaa,  hzshiahiz = hiahighss = highgahaa, (5.2)

hi2hzs = h3shia, h13h2_31h24h23 = h2_31h24h23h13, hazhis = highas.

By taking the quotient of Y through the fixed-point-free action of the group C*, we have the
complement P3(C) \ Supp(D):

CcCr - Y
1
P3(C) \ Supp(D)

The homotopy exact sequence (cf. [35]) of this fibre bundle writes
1= m(C*) = m(Y) = m (P3(C) \ Supp(D)) — 1,

so that m (P3(C)\ Supp(D)) = 71(Y)/m1(C*). In order to determine the fundamental group
m1 (P5(C) \ Supp(D)), we have to find a generator of m1(C*) = Z in 7 (Y'). Since all the hyper-
planes a = b, a =c,a=d,b=c¢, b=d, c = d in V pass through the origin, the generators of
71(C*) can be realized as a multiple of the six elements in 7 (Y") presented by closed arcs which
enclose the hyperplanes. Further, the generators of 71 (C*) are in the centre of 71 (Y"). This follows
from the following theorem, by means of Zariski’s Theorem (cf. [30, Chapter 5, §5.3]).

Theorem 5.1 (Randell). Let Iy,...,l, be affine complex lines in C? which are defined by linear
equations with real coefficients and which pass through the origin. Figure 2 describes the real
section of the line arrangement. Denote the generators of m ((C2 \ U;‘lej) represented by closed
arcs around l; by ~y; and '754 as in Figure 2. Then, we have

T Y =2 N = = N el V) = Y oYY T
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Figure 2. Lines in C? passing through the origin
In

ly

L

For the proof, see [32] or [30], although [30] deals with the fundamental group of the complement
of more general hyperplane arrangements. From this theorem, we see that v = v - - -, commute

with 7;, since yy; = ;741 WY1 - Vj—17; = VY- The centre of m;(Y') is generated by (g919293)*
(cf. [3]) and, further, we have the expression

(919293)" = hishi2haghsahashia.
Thus, we see that 71 (C*) is generated by hishishashsahoshis.

Proposition 5.2. The fundamental group 71 (P5(C) \ Supp(D)) can be realized as the group gen-
erated by hlg, hlg, h14, hgg, h24, h34 with the relations (52) and h13h12h23h34h24h14 =1.

Here, we make comments on the relation between m; (P5(C) \ Supp(D)) and the fundamental
group of the complement of the line arrangement on the (hyper)plane E : a4+ b+ ¢+ d = 0, which
is isomorphic to P»(C), given by the same equations as D: a=b,a=c,a=d,b=c,b=d, c=d.
Denote the induced divisor on the plane E : a+b+c+d =0 by D.

Proposition 5.3. The following isomorphism holds:

1 (P3(C) \ Supp(D)) = 1 (E\ Supp (D)) .

Proof. We consider the blowing-up of P3(C) : (a : b : ¢ : d) with the centre at a = b =c=d
as [29]: ®p : B — P5(C). The hyperplane E can be identified with the exceptional divisor

through ®5. Clearly, we have P3(C) \ Supp(D) & B\ (E U Supp (5)), where D is the proper
transform of D through ®p. On the other hand, identifying all the points on a line in P;(C)
which passes through the point @ = b = ¢ = d, we have the mapping 75 : B — F, which is
in fact a P;(C)-fibre bundle. This structure of P;(C)-fibre bundle is inherited to the complement
B\ (E U Supp (f))), so that we have the P; (C)-fibre bundle B\ (E U Supp (5)) — E\Supp (ﬁ)
By the homotopy exact sequence of fibre bundles [35], we have the exact sequence 71 (P;(C)) —
T (B\ (E U Supp (5))) — T (E \ Supp (ﬁ)) — 1. The simple connectedness of P;(C) proves

the proposition. o |
The real section of the arrangement D on E = P»(C) is drawn as in Figure 3. The six lines
a=ba=c,a=d,b=c¢, b=d, c=d on (the real part of) the plane E form an A3 configuration.
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h12

h3a a=c
c=d

Figure 3. As configuration on £

In relation to the description of 71 (P5(C) \ Supp(D)) by the generators his, has, hsa, h13, hi4,

hag, the corresponding closed arcs can be chosen as indicated in Figure 3. Note that the closed arc
around a line is chosen as follows:
Let [ be the line in C? : (u,v) given by v = au, where « is a real positive constant. We fix the
orientation of [ as indicated in Figure 4, which describes the real section. Corresponding to this
line with the orientation, we assign the closed arc u = eeV=1 v =0, where #: 0 — 27 and € > 0
is a sufficiently small real constant.

Im(u) Re(v) l

a 8
~ Re(u)
%

Figure 4. Closed arc around [

We can calculate the global monodromy, by the results of local monodromy and Proposition

4.3, which means
Sl |0 11185 So| |1 =1} S5
So| |1 =1 [S1|’ [Ss| |1 O |Si|’

Theorem 5.4. The basis of the first cohomology group for the reqular fibre of the fibration tp : F' —
P;(C) is given by branches of the analytic continuations of Ss and of Sy, which are proportional to
the derivative of the inverse for the Birkhoff normal forms around the ps- and p1-azxes, respectively.
The monodromy of the fibration wg with respect to Ss and Sy is given by the correspondence of
the generators hia, his, hia, ha3, has, hss of the fundamental group m (P3(C) \ Supp(D)) to the
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matrices in SL(2,7Z) as follows:

1 2 -1 2 1 0
h147h23 = |:0 1:| 7h133h24 = |:_2 3:| 7h127h’34 g |:_2 1:| . (53)

Remark 5.2. In [29], several different elliptic fibrations are considered besides the naive elliptic
fibration g : F' — P3(C) in relation to the free rigid body dynamics. As before, we consider the
blowing-up ®p : B — P5(C) of P3(C) : (a : b : ¢ : d) with the centre at a = b = ¢ = d, and
the projection 75 : B — E C P5(C) to the exceptional set of ®p. In fact, we have the following
commutative diagram of elliptic fibrations:

F  « O4F = 73F - F - T « 7 = oW — W
! ) 1 ! ! 1 ) L (a4
pC ¥ B = B B E = EZ B = B 2 po

The arrows down from top to bottom are elliptic fibrations: g : F — P3(C), Tosr : PpF —
B,?TTEFZTEF%B,TFF:F—)E,TFT:T—)E,WTET:TET%B,Wq)%WZ(I)*BW—>B,
7w : W — P3(C). The horizontal arrows are bimeromorphisms except F — --- — T, which is a
4 : 1 meromorphic mapping, and 75 : B — E, 75 F — F, 75T — T, which are projections. The
fibration my : W — P3(C) and mp : T — E are in Weierstra$$ normal form, while 75 : F — E is
not in Weierstral normal form. The fibration 7 : F' — E, which was not explicitly considered
in [29], is naturally induced on E, since the fibration mp has the same fibre along the fibre of 75.
The singular loci of these elliptic fibrations are as follows:

For g : F — P3(C) and 7y : W — P5(C), the singular fibres are over the divisor D = {a =
bl+{a=cl+{a=d}+{b=c}+{b=d}+{c=d} on P5(C): (a:b:c:d).

o For mor p 1 PRF — B, merw : PpW — B, the singular locus is the total transform of D
through ®5 : B — P3(C), i.e. D+ E, where D is the proper transform of D through &p.
e For T F hEF — B, mrer ¢ TET — B, the singular fibres are sitting over the proper

transform D.
e Yor 7z : F — E, np : T — E, the singular locus is given by the divisor D = {a = b} + {a =
ctH{a=d}+{b=ct+{b=d}+{c=d}on E={a+b+c+d=0} C P3(C): (a:b:c:d).
We set P3(C)* = Py(C)\{(1:1:1:1)}, B* = B\ E, B' = B\ Supp (5), B = B\

Supp (f) + E), P;(C) = P3(C) \ Supp(D), E' = E \ Supp (f)) Then, we have B” C B/,
B’\ B" = E'. Using the homotopy exact sequence of fibre bundles, we can show that these regular
loci of B', B”, E' for the four elliptic fibrations 7, 7w, Tax. F, Te:w; for the two fibrations T
7+ 7; and for the two fibrations 7z, 7r, respectively, have the isomorphic fundamental groups:

w1 (B %) 2w (B, %) 2w (B, %).

Moreover, the 4 : 1 meromorphic mapping F'—- - - — T induces an isogeny on each regular fibres. By
means of these facts, we can show that the monodromy representations of all the elliptic fibrations
which appeared in (5.4) are equivalent.
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Remark 5.3. In [29, Theorem 2], the bimeromorphism between 7y : W — P3(C) and 7 : W —
B should be understood as a biholomorphic mapping between the Zariski open set consisting of
regular fibres of my, and that of ;. For the Zariski open set of W, we need to subtract the fibres
over the proper transforms of the exceptional set £ through ®5.

Remark 5.4. In [28], the confluence of singular fibres in elliptic fibrations is discussed from
the viewpoint of monodromy. In particular, the monodromy matrices for the confluence of three
singular fibres of type I5 to that of type Ifj in Kodaira’s notation are determined in [28, §8, Table

5] as
R ]

up to simultaneous conjugations by SL(2,7Z). This is checked by an easy computation as follows:

1 2|1 Of[-1 2 (-1 0
PR e e R i
On the other hand, the modification of the total and the base spaces of the fibration 7y : T' — E
and mexw @ PW — B are performed to obtain smooth and flat fibrations which admit only
singular fibres in Kodaira’s list of singular fibres for elliptic surfaces in [29]. For the fibration
wp : T — E, the blowing-up E — E with the separate centres at the four points (a: b:c:d) =
(=3:1:1:1),(1:=3:1:1),(1:1:-3:1),(1:1:1:—-3), where three of the six lines intersect,
is important to obtain such a desired fibration. See Figure 3. For the finally obtained elliptic
fibration w4 : T — E, the singular fibres on the exceptional sets through the blowing-up £ — E
are in general of type I in Kodaira’s notation. Note that the monodromy matrix for the singular

fibre of type Ij is
-1 0
0 —1|°

This configuration of singular fibres is compatible with the result in Theorem 5.4. In fact, we
have seen in Theorem 5.4 that the global monodromy is given by the correspondence (5.3). A

similar comparison can be performed also on the fibration 7wy : W — B.

Remark 5.5. According to [16, §VI]|, we consider the Birkhoff normal form around the ps-axis
under the condition I3 < I; < I. (Note that we have used another order I} < Iy < I3, but the
result coincides if we make the permutation (abc) or (I1I213).) We take the normalized Hamiltonian

1 (H 1 (H 1 11\ 1 a—b
Zzi —_ - = —= —_— = _— = sz 2 2:7
4r2 (e b)/(c b= (e 12>/<13 12> @), =y

which is a power series in an action variable x with the parameter r2. Denote the inverse as

. ~ 2. P,(r?)
x = ZC(Z)?, C(Z)? = n
@ 0P =3
in [16] that the roots of P, are on the unit circle in C. For the proof, the following symmetry
property of P, is one of the essential conditions:

Z", where P, is a polynomial in 72 of degree n. It is shown

P2np (:2) = P,(r?). (5.5)

In fact, this property of P, can be deduced from the covariance property (5.1) of the function
1 o0
S. The derivative of the inverse Birkhoff normal form is given by 1 E P.(r*)Z" = S(b,a,c,d).

n=0
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oo oo 1
Therefore, from S(b,a,c,d) = S(b,c,a,d), we have ZPn(rz)Z” = ZP" <2) (r*Z)", where
r
n=0

n=0
1
we used the fact that r2 is mapped to — and Z to r2Z, by the action of the permutation (ac).
r
Therefore, we obtain (5.5).

6 Concluding remarks

On the basis of the expression of the derivative for the inverse of Birkhoff normal forms around
the equilibria in terms of period integrals, we have considered their analytic continuation for the
free rigid body dynamics, which has monodromy as we have seen. In view of the naive elliptic
fibration, which naturally arises from the dynamics, we have shown that the branches of the
analytic continuation give rise to a basis of the first cohomology group of the regular fibres of the
fibration. Further, the monodromy of the analytic continuation of the derivative for the inverse of
Birkhoff normal forms coincides with the monodromy of the naive elliptic fibration. The explicit
global monodromy has been determined by the monodromy of Gaul hypergeometric differential
equation and by using the techniques to compute the fundamental group of the complement of
hyperplane arrangements.

In view of [31], the analysis in the present paper can be related to further possible studies on
the semi-global symplectic invariants [33]. The semi-global symplectic invariants are defined for
real integrable systems around their hyperbolic equilibria. However, if we deal with a real analytic
integrable system, we can consider its complexification for which there is no essential difference
between elliptic and hyperbolic equilibria. Then, it seems to be possible to enquire the relation
between the (complexification of) semi-global symplectic invariants and the complex analytic or
algebraic geometry of this complexified integrable systems, which is explained in the present paper
in the free rigid body case. We hope that the results in the present paper would be helpful for
such further studies.
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