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Crystallographic groups with cubic normal
fundamental domain

By

L1 Yu*

Abstract

We study the crystallographic groups in an n-dimensional Euclidean space whose normal
fundamental domain can be chosen to be an n-dimensional cube (we call them cube-type
crystallographic groups). We will show that defining a cube-type crystallographic group is
equivalent to defining a combinatorial structure called facets-pairing structure on the n-cube.
From this viewpoint, we can identify any cube-type crystallographic group in dimension n
with a collection of permutations on the set {1,—1,--- ,n, —n} that satisfy some compatible
relations.

§1. Introduction

An n-dimensional crystallographic group is a discrete, cocompact subgroup I' of
the isometry group of the n-dimensional Euclidean space R™. If T" is also torsion free,
then T' is called a Bieberbach group. A Bieberbach group acts freely and properly
discontinuously on R™, thus the orbit space Mp := R"/I' is a compact flat manifold
with fundamental group I'. In fact, any compact flat manifold arises in this way.

For an n-dimensional crystallographic group I', all the translations in I' form a
normal maximal abelian subgroup of finite index, denoted by Lr. Let Hp = I'/Lr.
Then we have a short exact sequence

0—Lpr —T— Hpr — 1.
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The groups Ly and Hrp are called the translation subgroup of T' and holonomy group (or
point-group), respectively. More specifically, if we write the group of isometries of R™
as Isom(R™) = O(n) x R™, then any element of Isom(R™) can be written uniquely as
LB, where B € O(n) and Ly is a translation by b € R™.

Let r : Isom(R™) — O(n) be the canonical projection which sends any LyB to B.
Then Lr = 'NR™ and Hr = r(I") < O(n). In addition, since Lr is a normal subgroup of
I', and (LyB)L,(LyB) ™! = Lp,, we have an integral representation of Hr on Lr = 7",
called holonomy representation of I'. This representation is faithful, so we can identify
Hrp with a subgroup of GL(n,Z). The reader is referred to [1] and [5] for more details
on the above definitions.

Definition 1.1 (Fundamental Domain).  For an n-dimensional crystallographic
group I', a subset D of R™ is called a fundamental domain for T if it satisfies the following
conditions.

(i) D is a closed set;
(ii) all the images {v(D) |V~ € '} of the set D together cover the entire R™;

(iii) some (sufficiently small) neighborhood of each point of R™ intersects only finitely
many of the sets v(D), v € T.

(iv) for any 7 # idgn € T, y(IntD) N IntD = @ where IntD is the interior of the set D.

It can be shown that any n-dimensional crystallographic group has a fundamental
domain D which is a convex polyhedron in R™ (for example, the Dirichlet domain of
I'). In this case, we call D a fundamental polyhedron of T'. A fundamental polyhedron
is called normal if the intersection of any adjacent polyhedra in the decomposition
R™ = U,erv(D) is a face of each of them. If a fundamental domain D of I' is not
normal, we can always normalize D by introducing some extra faces (see chapter 2
in [4]).

In this paper, we will study crystallographic groups which have an n-dimensional
cube as a normal fundamental polyhedron. Let C™ denote the following n-dimensional
cube in the Euclidean space R™.

1 1
C" :={(z1, - ,zn) € R"| —1 <z < 7 1<Vi<n}
It is easy to see that if a crystallographic group I'" has some n-dimensional cube as its
normal fundamental polyhedron, there must exist a crystallographic group IV so that
I 2 T and I has C™ as a normal fundamental polyhedron. So without loss of generality,

we introduce the following notion.
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Definition 1.2. A crystallographic (Bieberbach) group T' in dimension n is
called cube-type if the cube C™ can serve as a normal fundamental polyhedron for T

In the rest of this paper, we will study any n-dimensional cube-type crystallographic
group I' by some combinatorial structure on C™ that is canonically associated to I'.

§ 2. Facets-Pairing Structure on a Cube

Suppose I' is an n-dimensional cube-type crystallographic group. Then by defini-
tion, R™ is tessellated by the family of cubes {y(C")|V~y € I'}. We call each v(C") a
chamber. Since C™ is a normal fundamental polyhedron, for each facet F' of C", there
exists a unique chamber vp(C") (v € T') so that yg(C") N C" = F. Then vp will
map another facet F'* of C™ to F (it is possible that F* = F'). It is easy to see that
YEx = 7;1 and (F*)* = F. Each vp is called an adjacency transformation in T.

So we have an involuntary permutation of the set of facets of C™ by associating
F* to F. Let 7 : F — F™* denote the restriction of 'y];l to F. It is clear that ¢
is a face-preserving isometry. The following two theorems contain some standard facts

about fundamental polyhedra of crystallographic groups. Their proof may be found in
Chapter 2 of [4].

Theorem 2.1 (see [4]).  The crystallographic group T is generated by adjacency
transformations.

There are two types of relations among the adjacency transformations of T'.
Type-1: For any facet F of C", yp«yp = idgn;

Type-2: For a codimension-two face f of C", let vp, (C™), Yr,vr, (C™), Yr,vF,Yr, (C™) and
YE,VFs YR, YF, (C™) be the four chambers meeting at f. Then we have:

YRV YR YF, = tdgn.

The Type-2 relations are called Poincaré relations. We remark that the facets
Fy, Fs, F3, Fy in a Type-2 relation may not be all distinct.

Theorem 2.2 (see [4]).  The Type-1 and Type-2 relations together form a set of
abstract defining relations for the cube-type crystallographic group T' on the generators
{vr; F is a facet of C™}.

Since R is tiled by all the chambers of ', we can identify R™ with the quotient
space I'xC™ /Z where 7 is the equivalent relation on I' x C" generated by the equivalences
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of the form (yyp,z) ~ (7,75 (z)) = (7, 7r(z)) for any v € T and any point x in a facet
F of C™. Then the chambers of T can be represented by [(v,C")], v € T.

(2.1) Let m:I'xC" — R" =T x C"/Z denote the quotient map.

For any proper face f of C", let Z(f) denote the set of facets of C™ that contain f,
i.e. 2(f) = {F| F is any facet of C" with f C F}. And let Z(f) be the set of facets of
C" that intersect f transversely. For any F € Z+(f), FN f must be a codimension-one
face of f. So we have:

E+(f) = {F| F is any facet of C™ so that f N F is a codimension-one face of f}.
For an arbitrary facet F' € Z(f), let f' = 7p(f) C F*. Then we can define a map
(2.2) Ul E2(f) = E(f'), where UL(FH N F* = 7p(F* N F) for VF* € 2(f).
In particular, ‘IIJI;(F ) = F*. Similarly, we can define a map
(2.3) (TR 2R = EX(), (TR)HE) N f = 1p(F N f) for VF* € ZX(f).

Since 77 : F' — F* is a face-preserving homeomorphism, \Ilé and (‘112)L are both
bijections. Geometrically, \Ilé and (‘Ilé)L just tell us how vp permutes the facets that

contain f. Moreover, for any facet F' € Z(f’), let [ = 7p/(f’). So we have the
composite maps:

UL, oWl 1 E(f) = 2(f) and ($F)" o (Wh)H EH(F) = EH().

Using these notions, we can interpret the above Type-1 and Type-2 relations among
~vr’s into two types of relations among 77’s as follows.

Type-1’: For any facet F' of C", 7p«7Tp = idp;

Type-2’: For a codimension-two face f; of C", let v, (C™), Y, vr, (C™), YEYE,YE, (C™) and
YE, YR YR, YF, (C™) = C™ be the four chambers meeting at f1. Suppose fo = 75, (f1) C
FiNEy, f3= TFz(fQ) CFyNFEs, fu = 7'F3(f3) C F3 N Fy. Then 7'F4(f4) = f1 and
we have:

(a) the map 7p, TR, TR, Tr |, © fi — f1 coincides with idy,, and
(b) the map \Il{;i o \Pg o \Il{ﬁz o \I'{;l : 2(f1) — E(f1) is the identity map.
Since the map 7p, 7p, 7, TR | £, ¢ f1 = fi1 is an isometry, it is uniquely determined by

how it permutes the codimension-one faces of fi. So Type-2’(a) is equivalent to saying
that (‘Il%)L o (\Il{f;)L o (‘11222)L o (\I'f;ll)L : EL(f1) — E1(f1) is the identity map. In
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addition, the Type-2’(b) here is actually a consequence of Type-2’(a), because there are

always four chambers meeting at a codimension-two face of C™ in the tessellation of R™.

Notice that we can write Type-2'(a) equivalently as 7r,7p [y, = 7p, 17'1;4 'r,. So

the Type-1’ and Type-2’ conditions lead to a general notion on any nice manifold with
corners as follows (also see [6]).

Definition 2.3 (Facets-Pairing Structure).  Suppose we have the following data
on an n-dimensional nice manifold with corners V":

(I) each facet F' of V™ is uniquely paired with a facet F™* (it is possible that F* = F)
and there are isometries 77 : ¥ — F* and 7p+ : F* — I such that 7@« = 7'1;1
(here F and F* themselves are considered as manifolds with corners). If F* # F,
we call F = {F,F*} a facet pair and call F* the twin facet of F. If F* = F, the
T : F' — F is necessarily an involution on F' (i.e. 77 o 7p = idp). Then we define
F = {F} and call such an F a self-involutive facet.

(IT) for any codimension-two face f = Fy N Fy, if 7, (f) = Fy' N F3, 7p,(f) = F5 N Fy,

then 7p, 7, (f) = 75,75, (f) = F5 N Ff (see Figure 1), and 7p, 75, (p) = 75, 7r, (D)
for Vp € f. Here it is possible that F3 = F5 or Fy = FY.

We call P = {F,7p}pcyn a facets-pairing structure on V™, and call {rp : F —
F*}pcyn the structure maps of P.

By our discussion above, any n-dimensional cube-type crystallographic group T’
determines a facets-pairing structure on the cube C™, denoted by Pr. Conversely, we
can prove the following.

Theorem 2.4.  Any facets-pairing structure P on C™ canonically determines an
n-dimensional cube-type crystallographic group T' so that Pr = P.

Proof. For any facet F' of C", the isometry 77 : F' — F* determines a unique
isometry vr of R™ so that yp(C") N C" = F and vz' agrees with 7p on F. Let T' be
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the subgroup of Isom(R™) generated by all these vp’s. Then by the definition of facets-
pairing structure, these yp’s satisfy the Type-1 and Type-2 relations. In addition, for
any codimension-two face f, there exist facets Fy, Fy, F3, Fy (may not be all distinct) so
that vr, (C"), Ym Y, (C"), YR YR YF (C) and yp, Yr, YR, YR, (CT) = C form a “circuit”
around f in R™. Since the sum of the dihedral angles of 77, (f), 7,7, (f), TR TR, TE, (f)
and 7, 7, TR, TR, (f) = f equals 27, T" is an n-dimensional crystallographic group (see
p.165 of [4]). It is clear that C™ is a normal fundamental polyhedron of I' and, the
facets-pairing structure on C" induced by T is exactly P. O

By Theorem 2.2 and Theorem 2.4, defining a cube-type crystallographic group of
dimension n is equivalent to defining a facets-pairing structure on C”.

Example 2.5. If we define F* = F and 7 = i¢dp for each facet F' of C", what
we get is obviously a facets-pairing structure on C”, denoted by Py. We call Py the
trivial facets-pairing structure. The crystallographic group corresponding to Py is a
Cozxeter group generated by the reflections about all the facets of C™.

§3. Cube-type Bieberbach Groups

Cube-type Bieberbach groups are torsion-free cube-type crystallographic groups.
In this section, we will interpret the “torsion-freeness” of a cube-type crystallographic
group into some condition on the corresponding facets-pairing structure on C". First,

let us introduce some new notions in a facets-pairing structure.

Definition 3.1 (Face Family).  Suppose P = {ﬁ ,TF}Fcvn is a facets-pairing
structure on a nice manifold with corners V". For any face f of V", 75, 0-- o7 (f) is
called valid if f C Fy and 7p; 0+ 0 TR, (f) C Fj41 for each 1 < j < k. Moreover, when
k =0, we define 75, o ---o7p, (f) := f. Let  be the set of all faces of the valid form
TR, 0+ -oTp (f) for some k > 0. We call fthe face family containing f in P. Obviously,
each proper face of V" is contained in a unique face family of P. In particular, the face
family containing a facet F' is just F.

Definition 3.2 (Perfect Facets-Pairing Structure).  In a facets-pairing structure
P on a nice manifold with corners V", a codimension-/ face family f is called perfect
if f consists of exactly 2! different faces of V™. Moreover, P is called perfect if all its
face families are perfect. Note that a perfect facets-pairing structure should have no
self-involutive facets.

Theorem 3.3.  An n-dimensional cube-type crystallographic group T is torsion
free if and only if the corresponding facets-pairing structure Pr on C™ is perfect.
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Figure 2.

Proof. For any codimension-I face f of C", there are exactly 2! chambers of T’
meeting f in the tiling of R”. Let 7 : ' x C™ — R™ =T x C"/Z be the quotient map
which defines the tiling of R™ by chambers of T (see (2.1)). Then

ﬂ_l(ﬂ(ian,f)) ={(ypo---ovp,,TF, 0 - -oTp, (f)); TR 0---0oTp, (f) is any valid form}.

In addition, let # : I' x C™ — T" be the map defined by 0(v,z) = . Then the set
T; = O(z Y(n(idgn, f))) C T consists of exactly 2! elements. Note that this implies
that the face family f has at most 2! components.

If we assume Pr is perfect, the face family of f consists of exactly 2! different faces
of C™. This implies that for any vm o---0oyp, # idgn € 'y, the 7, 0+~ 075, (f) is a
face on C" different from f. Under this condition, we claim that the action of I on R™
has to be free. Otherwise, since I' can be generated by vr’s, there exists a sequence of
facets Fy,---, F, of C" so that yp, o---0ovyp, # idgn and vp, 0---0o7vp () = x for some
x € C". Suppose z is contained in the relative interior of a face f. Then since each vyp,
is face-preserving, we must have yp o--- oy (f) = f. Then fygrl o---0 ,y];ll (f)=f.
By definition, 7p = vz'|p : F — F* for any facet F, so we have 75, o --- 0 7p,(f) = f,
which leads to a contradiction.

Conversely, we assume the action of I' on R" is free. To prove Pr is perfect on C™,
it suffices to show that for any proper face f of C" and any yp, o---ovyp, # idr» € I'y,
the 7, o ---o7p (f) is a face on C" different from f. Indeed, 77, 0--- o7 (f) = f
implies that 71}: 0---0 'yl;ll (f) = f. So we have vp, ---vp, (f) = f. By Brouwer’s fixed
point theorem, yp, o---o~vyp, must have a fixed point which contradicts our assumption
that T" acts freely on R™. So the theorem is proved. O

Example 3.4. Figure 2 shows three different facets-pairing structures on C2.
Only the left and the middle one are perfect. The cube-type crystallographic groups
corresponding to these facets-pairing structures are shown in Example 4.7.

§4. Combinatorics of Facets-Pairing Structures on a Cube

In this section, we will study the combinatorics of a facets-pairing structure on a
cube, which will help us to understand the geometry of the corresponding cube-type



240 LiYu

crystallographic group. First, let us introduce some auxiliary notations.

Let [£n] := {£1,--- ,+n} = {1,-1,2,-2,--- ,n,—n}. A map o : [£n] — [£n]
is called a signed permutation on [+n] if o is a bijection and o(—k) = —o(k) for any
k € [£n]. The set of all signed permutations on [£n] with respect to the composition of
maps forms a group, denoted by 6?{ (also called Hyperoctahedral group). In addition,
we can consider & as a subgroup of GL(n,Z) by sending o € & to a matrix P, where

(i, j)-entry of P, = sign(a (i), j = o(i);
| ’ 0, otherwise.

Such a matrix P, € GL(n,Z) is called a signed permutation matriz. Since any P, is
an orthogonal matrix, we have P,—1 = P, 1 = P!, In fact, the set of all n-dimensional
signed permutation matrices is exactly GL(n,Z) N O(n).

Let F(i) and F(—i) be the facets of C" which lie in the hyperplanes {z; = 1} and
{z; = —% of R", respectively. Moreover, for any ji,---,js € [£n| whose absolute

values |j1],- -+ ,|js| are pairwise distinct, we define
F(j1,--,Js) =F(@G1)n---NnF(j5) CC™

Then F(ji, -+ ,Js) is a face of C™ with codimension s. Conversely, for any proper
codimension-s face f of C", there exists ji, - ,js € [£n] so that F(j1, - ,Jjs) equals

f‘ ObViOllSly, F(.]la 7js) = F(]i) 7];) if and Ol’lly if {jl)"' 7j$} = {]i) 7].;}

Fact: The symmetry group of C" is isomorphic to the signed permutation group
&=, This is because each symmetry of C" is uniquely determined by how it permutes
the 2n facets {F(j)};c(+n) of C".

Theorem 4.1.  For any n-dimensional cube-type crystallographic group T, its
holonomy group Hr < O(n) is generated by some signed permutation matrices and its
translation subgroup Lr C %Z”.

Proof. For any facet F(j) of C", suppose F(j)* = F(j’), i.e. yp(;) maps F(j') to
F(j) and yp;(C") NC" = F(j). We can write vg(j) = Ly, B; where B; € O(n) and
Ly, is the translation along a vector b; in R™. Notice that B; must preserve the cube
C", i.e. B; induces a symmetry of C". So B; is a signed permutation matrix. And
since I' is generated by the set {vg(;),j € [£n]}, the holonomy group Hr is generated
by {Bj,j € [£n]}. In addition, observe that we must have B;(F(j')) = F(—j) and Ly,
is the translation which moves F(—7) to F(j). So

b = {%513 7>
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i
where §; = (0,---,0,1,0,---,0)" € Z" for any 1 < i < n. For any translation L, €
Ly =T'NR", if we write Ly, as a product of elements in {yg(;),j € [£n]}, it is easy to
see that b = %(klél + -+ kn6y) for some kq,--- ,k, € Z. So Lr C %Z”. O

Remark.  In the above theorem, suppose 1 : Hpr — GL(n,7Z) is the holonomy rep-
resentation of I'. In general, n(Hr) < GL(n,Z) may not consist of signed permutation
matrices although Hpr < O(n) does.

Suppose P is a facets-pairing structure on C". For any facet F(j) of C", let the
twin facet of F(j) in P be F(w(j)) where w(j) € [£n]. Then wow = id[4,. In other
words, w is an involuntary permutation on [£n].

The structure maps of P are a collection of isometries between facets of C”
A . .
{ri = 1) : FU) = F(w()}iexn)

which satisfy the conditions in Definition 2.3. To each 7;, we can associate a map

oj : [Fn]\{*j} = [Fn\{£+w(5)}, j € [+n]

(4.1) with 7;(F(j,k)) = F(w(j), 0;(k)), Vk € [£n]\{£j}.
Obviously, o; is a bijection and oj(—k) = —o;(k), and P is completely determined by
{w,0;}jei+n)- So in the rest of this paper, we write P = {w, 0} je[+n]-

Next, we interpret the condition (I) and (II) in the Definition 2.3 into conditions
on {w,0j}je[+n]- We can show that the condition (I) is equivalent to:

(4.2) 0u(j) 0 0j(k) =k, VK € [+n]\{£j}, V] € [+n]
The condition(II) is equivalent to the following two conditions (see section 3 of [6]).

(4.3) 0o, (k) (W (7)) = wlon (), VIl # |k| where j, k € [£n];
(4.4) 0o, (k) (05 (1)) = 0o () (ok(D)), VIj| # || # [I] where j, k,1 € [£n].

The following theorem follows easily from our discussion above.

Theorem 4.2.  For any facets-pairing structure P on C™, the corresponding data
{w, 05} jei+n) must satisfy (4.2) (4.3) and (4.4). Conversely, given any involuntary per-
mutation w on [£n] and bijections o : [£n]\{xj} — [En|\{£tw(j)} for Vj € [£n]
with 0j(—k) = —o;(k), which satisfy (4.2) (4.3) and (4.4), the {w, 0} je[+n] canonically
determines a facets-pairing structure on C™.
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From the definition of P, it is not clear whether w(—j) should equal —w(j) for
J € [£n]. But if we assume w(—j) = —w(j) for all j € [£n], then each o, canonically
determines a signed permutation ¢, : [£n| — [£n] by:

~ i(k), k# %7;
(45) (k) = § ) B E
w(k), k=+j.
In this case, (4.2) (4.3) and (4.4) are equivalent to the following conditions on {w, 7; } je[4n]-
(46) 3w(j) o] &j = id[in], Vi€ [:I:n]
05, (k) (w(i)) = w(or(d)), Vi k € [£n].
(48) By 055 (1) = Gy 1) (Bu(D), Vil € [,

Note if we set | = j in (4.8), we obtain (4.7). So (4.7) is actually contained in (4.8).

Definition 4.3. A facets-pairing structure P = {w, 7} c[+n] on C" is called
reqular if w(—j) = —w(j) for all j € [£n]. In other words, w is an involuntary signed
permutation on [£n]. Geometrically, this means that if F(j) is paired with F(w(j)),
then F(—7) is paired with F(—w(7)).

If P ={w,0;}je[+n] is a regular facets-pairing structure on C", each o is a signed
permutation on [+n]|. So o; determines a unique symmetry of the cube C”, denoted by
7j : C" — C™ where 7;(F(k)) = F(c;(k)) for any k € [£n]. Then (4.1) becomes:

(4.9) 7i(F (G, k) = F(0;(5), 9;(k)))-

Obviously, 7; = Tj|r(;). So for a regular facets-pairing structure P, we also write
P ={w,0;}je[+n) Where w,c; € &=,

Corollary 4.4.  Any reqular facets-pairing structure on C™ corresponds to a tuple
of elements (w; Ty, T_1,--+ , Ty, T_) in &= which satisfy the following conditions.

(a) wow =idyyy forVj € [£n].
(b) TJ(]) = w(]) and Tw(j) OTj = id[:l:n]: V] € [:I:n]7
(C) TTj(k) OT]‘ = TTk(j) oTy, Vi, ke [:I:n]

The following question on cube-type crystallographic groups seems a little bold to
ask. But no counterexample of this question is known to the author so far.

Question: for any n-dimensional cube-type crystallographic group T', is the
corresponding facets-pairing structure Pr on C" always regular?

Besides, there is a natural equivalence relation among all facets-pairing structures
on C" induced by the symmetries of C" as defined below.
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Definition 4.5. Two facets-pairing structures P and P’ on C" are called strongly
equivalent if there exists a symmetry h : C™ — C™ such that P’ = h(P). Suppose
-1

o 7!, o h where

P = {w,Tj}jeci+n) and P’ = {w’,Tj’.}je[in]. Then we have: 7, = h J

F(j') = h(F(j)) for each j € [£n].

Suppose (w;01,0-1,*"* ,0n,0_y) and (w';0%,0" 1, ,0,,,0_,) are two tuples of

elements of GF corresponding to regular facets-pairing structures P and P’ on C”,
respectively. Then P is strongly equivalent to P’ if and only if there is an element
S € & so that:

w=S8"1W'S; 5, =5"155,S, Vjeltn]

Remark. Let T'; be the crystallographic groups determined by a facets-pairing
structures P; on C", ¢+ = 1,2. If P; is strongly equivalent to Py, then I'y is obviously
isomorphic to I's. But conversely, I'y and T'y are isomorphic can not guarantee that P
and P, are strongly equivalent.

Finally, let us discuss an interesting class of cube-type crystallographic groups
introduced in [3]. For any n X n binary matrix A with zero diagonal, a set of Euclidean
motions sq,---,8, on R" is defined by:

8;34(2171, .. 7xn) e ((_1)A1x1’ cee (_1)141'—1:[;1._1, x; + 57 (—1)Ai+1xi—|—la e (_1)An$n)

where A; € Zso denote the (i,j) entry of A. Let I'(A) be the subgroup of Isom(R")
generated by s{',---,s2, and let M(A) = R"/T'(A) be the orbit space of the action of
I'(A) on R™. It is easy to see that I'(A) is a cube-type crystallographic group. By our
notation in Section 2, for any facet F(i), 1 < i < n, ypq) = 8;4. In addition, it is easy to
see that the holonomy group Hrp 4y of I'(A) is isomorphic to (Zz)" where r = rankz, (4).

We denote the facets-pairing structure on C™ corresponding to I'(A) by P4. Indeed,
P4 is a regular facets-pairing structure defined by {wy, 534 }je[+n] Where

(4.10) wo(j) = —j, Vj € [*n];

Aljl .
- —1)kl )
(4.11) a;‘(k) _ ) (=D -k k€ [En], k# £
—k, k= +j.
Proposition 4.6 (Theorem 6.1 of [6]).  For two n X n binary matriz Ay and A
with zero diagonal, the facets-pairing structures Pa, and Pa, are strongly equivalent if
and only if A1 and As are conjugate by a permutation matriz.

It is shown in [2] that T'(A;) is isomorphic to I'(As) as abstract group if and only
if A; can be turned into As via three types of matrix operations, one of which is the
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conjugation by permutation matrices. So there are many examples of I'(4;) being
isomorphic to I'(Ag) but P4, is not strongly equivalent to Pa,.

In addition, it is shown in [3] that I'(A) is torsion-free if and only if A is a Bott
matriz, which means that there exists an n x n permutation matrix P so that PAP~!
is a strictly upper triangular binary matrix. So P4 is perfect if and only if A is a Bott
matrix (another proof of this statement is given in Theorem 6.6 of [6]).

Example 4.7.  For the following matrix A, the representation of I'(A) via the

Poincaré relations is:

00

(i) For A = (O 0)’ T(A) = {v1,72 | 72 7172 = m}, M(A) = T? (torus).

0 1

(i) For A = (O O)) T'(A) = {71,72 | v2m72 = 1}, M(A) = K? (Klein bottle).

01 _ _ N
(iii) For A = (1 0), T(4) = {71.72 | 12172 =15 7271 12 = 1}, M(A) & RP?

(real projective plane).

The facets-pairing structures P4 corresponding to these three binary matrices are shown
from the left to the right in Figure 2.
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