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Insta \mathrm{n}\mathrm{J}\mathrm{J}_{\mathrm{O}\mathrm{F}^{\mathrm{A}}} IKJEI MEJD BHAA (m+1) ‐paramAJAHI
BH the m‐th member of the \mathrm{f}\mathrm{i}_{\mathrm{H}\mathrm{I}\mathrm{J}} 2=EALé DEAHarchy

By

YOKO UMETA *

Abstract

) construction oB instanJJOFA IKJEI MEJD DHFDEC BKctions as coefficients EI

@EIcussed BH the m‐th member oB the \mathrm{f}\mathrm{i}_{\mathrm{H}\mathrm{I}\mathrm{J}} 2=EALé DEAHarchy MEJD alarge parameter. The

IKJEI constructed DAHA contain BHAA (m+1) ‐parameters.

§1. Introduction

The \mathrm{f}\mathrm{i}_{\mathrm{H}\mathrm{I}\mathrm{J}} 2=EALé DEAHarchy MEJD alarge par=meter  $\eta$ EI a \mathrm{B}=mily o \mathrm{B} 1OIJAI \mathrm{o}\mathrm{B}

non‐lEAar equaJEI MDIA first member EI the traditional \mathrm{f}\mathrm{i}_{\mathrm{H}\mathrm{I}\mathrm{J}} 2=EALé equation MEJD

 $\eta$ . For  m=1
, 2, :.

:,
the m‐th member (P_{\mathrm{I}})_{m}\mathrm{o}\mathrm{B}\mathrm{J}\mathrm{D}_{\mathrm{A}} DEAHarchy CELAn En [9] consists \mathrm{o}\mathrm{B}

2m‐differential equaJEI MEJD unknown BKctions u_{j} =@ v_{j} of t :

(1.1) \left\{\begin{array}{ll}
-1du_{j} & \\
 $\eta$ \overline{dt}=2v_{j}, & j=1, 2, . . . , m,\\
$\eta$^{-1}\frac{dv_{j}}{dt}=2(u_{j+1}+u_{1}u_{j}+w_{j}) , & j=1, 2, . . . , m,
\end{array}\right.
MDAHA w_{j} EI @AA@ HAcursively by

(1.2) w_{j}:=\displaystyle \frac{1}{2}\sum u_{k}u_{j+1-k}j+\sum^{j-1}u_{k}w_{j-k}-\frac{1}{2}\sum^{j-1}v_{k}v_{j-k}+c_{j}+$\delta$_{jm}t.
k=1 k=1 k=1

Here cj EI a constant =@ $\delta$_{jm} 1J=@1 BH the Kronecker�s @AJa =@ u_{m+1} EI =11KA@ Jo

be ZAHO.
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In the \mathrm{p}\mathrm{a}\mathrm{F}^{\mathrm{A}\mathrm{H}} [!] ,
6. Aoki, N. 0@==@ the author have HAMHEJJAn (P_{\mathrm{I}})_{m} EJIAB En

the form

(1.3) $\eta$^{-1}\displaystyle \frac{d}{dt}\left(\begin{array}{l}
U $\theta$\\
 V $\theta$
\end{array}\right)\equiv\left(\begin{array}{lll}
 & 2V $\theta$ & \\
-(1+2u_{1} $\theta$)(1- & U)+ & \frac{1+2C- $\theta$ V^{2}}{1-U}
\end{array}\right)
with generating functions defined by

(1.4) U( $\theta$):=\displaystyle \sum u_{k}$\theta$^{k}\infty, V( $\theta$):=\sum v_{k}$\theta$^{k}\infty, C( $\theta$):=\sum(c_{k}\infty+$\delta$_{km}t)$\theta$^{k+1},
k=1 k=1 k=1

MDAHA  $\theta$ denotes an independent vari =\mathrm{b}\mathrm{l}\mathrm{e} =@ by A\equiv B we mean \mathrm{t}\mathrm{h}=\mathrm{t}A-B EI ZAH0

mo@Klo $\theta$^{m+2} . NOJA that, MEJD \mathrm{J}\mathrm{D}_{\mathrm{A}} condition that \mathrm{J}\mathrm{D}_{\mathrm{A}} coefficients \mathrm{o}\mathrm{B}$\theta$^{m+1} of U =@

V are ZAH0, \mathrm{E}\mathrm{I}\mathrm{J}=\mathrm{n}\mathrm{J}\mathrm{J}_{\mathrm{O}\mathrm{F}^{\mathrm{A}}} IKJEI BH (1.3) CELA ones BH (1.1). Hence EJ 1Kces Jo

con1JHKct inst =\mathrm{n}\mathrm{J}\mathrm{J}_{0\mathrm{F}^{\mathrm{A}}} IKJEI BH (1.3) by multiple‐sc =\mathrm{l}\mathrm{e}=\mathrm{n}=lysis.

NOM we rec =11\mathrm{J}\mathrm{D}_{\mathrm{A}} IKJEon space BH (1.3) constructed En [!]. \mathrm{L}_{\mathrm{A}\mathrm{J}}  $\alpha$ :=-\displaystyle \frac{1}{2} and

 $\tau$ :=($\tau$_{1}, \ldots, $\tau$_{m}) be m‐independent vari=bles. We denote by  $\Omega$ an open 1KIAJ En \mathbb{C}_{t}

\mathrm{s}\mathrm{a}\mathrm{J}\mathrm{E}_{\mathrm{I}}\mathrm{B}_{\mathrm{O}}\mathrm{E}_{\mathrm{C}} 1A conditions (1AA 5_{\mathrm{A}}ction 2) =@ by \mathcal{M}( $\Omega$)[[ $\theta$]] (resp. \mathcal{O} (  $\Omega$ )[[  $\theta$]])the set oB

formal FMAH 1AHEAI En  $\theta$ MEJD coefficients En mKJEL=lued DHFDEC BKctions MEJD a

finEJA number oB \mathrm{b}\mathrm{r}=nching FEJI =@ poles (resp. DHFDEC BKctions) on  $\Omega$ . Then

we define the rings

\mathcal{A}_{ $\alpha$}() :=(\mathcal{M}( $\Omega$)[[ $\theta$]])[[$\eta$^{ $\alpha$}e^{$\tau$_{1}} ,
. . .

, $\eta$^{ $\alpha$}e^{$\tau$_{7m}}, $\eta$^{ $\alpha$}e^{-$\tau$_{1}} ,
. . .

, $\eta$^{ $\alpha$}e^{-$\tau$_{7m}}]],
(1.5)

\mathcal{A}_{ $\alpha$}^{\mathcal{O}}() :=(\mathcal{O}( $\Omega$)[[ $\theta$]])[[$\eta$^{ $\alpha$}e^{$\tau$_{1}} ,
. . .

, $\eta$^{ $\alpha$}e^{$\tau$_{m}}, $\eta$^{ $\alpha$}e^{-$\tau$_{1}} ,
. . .

, $\eta$^{ $\alpha$}e^{-$\tau$_{m}}]].
We also @AA \hat{\mathcal{A}}_{ $\alpha$}( $\Omega$) (resp. \hat{\mathcal{A}}_{ $\alpha$}^{\mathcal{O}}( $\Omega$) ) by \mathrm{J}\mathrm{D}_{\mathrm{A}} 1KIAJ En \mathcal{A}_{ $\alpha$}( $\Omega$) (resp. \mathcal{A}_{ $\alpha$}^{\mathcal{O}}( $\Omega$) ) C0n1EIJEC
\mathrm{o}\mathrm{B} aformal FMAH 1AHEAI \mathrm{o}\mathrm{B} 0H@AH IAII than \mathrm{o}\mathrm{H} equal Jo  $\alpha$ with respect Jo  $\eta$.

60 obtain an inst =\mathrm{n}\mathrm{J}\mathrm{J}_{\mathrm{O}\mathrm{F}^{\mathrm{A}}} IKJEon \mathrm{o}\mathrm{B}(P_{\mathrm{I}})_{m} ,
we computed \mathrm{J}\mathrm{D}_{\mathrm{A}} 1OIJAm \mathrm{o}\mathrm{B} partial

differential equaJEI En \hat{\mathcal{A}}_{ $\alpha$}^{2}() :=(\hat{\mathcal{A}}_{ $\alpha$}( $\Omega$))^{2} =11ciated MEJD (1.3) =@ constructed its

IKJEon (u, v)\in\hat{\mathcal{A}}_{ $\alpha$}^{2}() MEJD BHAA 2m-\mathrm{p}\mathrm{a}\mathrm{r}=mAJAHl En [!] . In JDEI article, \mathrm{t}=king param‐

AJAHI 1KEJ =\mathrm{b}\mathrm{l}\mathrm{y}, we FHLA that JDA IKJEOn (u, v) MEJD BHAA (m+1)-\mathrm{p}\mathrm{a}\mathrm{r}=mAJAHl can be

con1JHKcted En (\hat{\mathcal{A}}_{ $\alpha$}^{\mathcal{O}}(D))^{2} MDAHA D\subset \mathbb{C}_{t} EI aspecific HACEon @A1cribed En Section !.

)cknowledgements. The author would like Jo ANFHAII DAH 1Ecere gratitude Jo Pro‐

BAIIHI \mathrm{N}=ofumi 0@==@ \mathrm{T}=kashi Aoki BH many DAFBKI 1KCCAIJEI =@ @EIcussions.

§2. PreparaJEI

In this section, MA briefly HALEAM 1A results En [3] which are needed later. For

any x\in\hat{\mathcal{A}}_{ $\alpha$}( $\Omega$) ,
MA define $\sigma$_{i}^{ $\theta$}(x) (resp. $\sigma$_{j $\alpha$}^{ $\eta$}(x) ) by \mathrm{J}\mathrm{D}_{\mathrm{A}} coefficient \mathrm{o}\mathrm{B}$\theta$^{i} (resp. $\eta$^{j $\alpha$} ) En x
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(i, j\geq 1) . We consider the linearized equation oB(1.3) along (û; \hat{v}_{0} ) CELAn by

(2.1) \^{u} 0=1-\sqrt{\frac{1+2C}{1+2\hat{u}_{1,0} $\theta$}}, \hat{v}_{0}=0.
HAHA ûl, 0 EI taken 1o that \mathrm{J}\mathrm{D}_{\mathrm{A}} coefficient \mathrm{o}\mathrm{B}$\theta$^{m+1} En û0 EI ZAH0. We @AA (u, v)\in\hat{\mathcal{A}}_{ $\alpha$}^{2}()
by

(2.2) u:=\displaystyle \sum_{i=1}^{\infty}\sum_{j=1}^{\infty}u_{i,j $\alpha$}(t)$\theta$^{i}$\eta$^{j $\alpha$} and v:=\displaystyle \sum_{i=1}^{\infty}\sum_{j=1}^{\infty}v_{i,j $\alpha$}(t)$\theta$^{i}$\eta$^{j $\alpha$},
MDAHA u_{i,j $\alpha$} =@ v_{i}, j $\alpha$(i, j\geq 1) denote unknown BKctions \mathrm{o}\mathrm{B} the vari =\mathrm{b}\mathrm{l}\mathrm{e}t . Then (1.3)
EI \mathrm{t}\mathrm{r}=nsformed by a change \mathrm{o}\mathrm{B}(U, V)= (û0 + (1‐û)u; \hat{v}_{0}+(1 ‐û)v) EJo \mathrm{J}\mathrm{D}_{\mathrm{A}} 1OIJAm
\mathrm{o}\mathrm{B} non‐lEAar equaJEI BH (u, v) :

($\eta$^{-1}\displaystyle \frac{d}{dt}-Q)\left(\begin{array}{l}
u $\theta$\\
 v $\theta$
\end{array}\right)\equiv(\left(\begin{array}{l}
$\eta$^{-1} $\rho \theta$\\
 v)S(u
\end{array}\right)-uQ\left(\begin{array}{l}
u $\theta$\\
 v $\theta$
\end{array}\right))
(2.3) -(u\left(\begin{array}{l}
$\eta$^{-1} $\rho$\\
 2$\sigma$_{1}^{ $\theta$}(u)u
\end{array}\right)+$\eta$^{-1} $\rho$\left(\begin{array}{l}
u\\
v
\end{array}\right)) $\theta$

+$\eta$^{-1}u( $\rho$+\displaystyle \frac{d}{dt})\left(\begin{array}{l}
u\\
v
\end{array}\right) $\theta$
MEJD

(2.4)  S(u, v) :=\displaystyle \frac{1}{2}(-v, u)Q\left(\begin{array}{l}
u $\theta$\\
 v $\theta$
\end{array}\right)+3$\sigma$_{1}^{ $\theta$}(u)u $\theta$ and  $\rho$ :=\displaystyle \frac{d}{dt}(\log(1-\^{u}_{0}
Here the map Q:( $\Theta \theta$)^{2}\rightarrow$\Theta$^{2} EI @AA@ by

(2.5) Q\left(\begin{array}{ll}
x &  $\theta$\\
 y &  $\theta$
\end{array}\right):=2\left(\begin{array}{l}
y $\theta$\\
(1+2\^{u}_{\mathrm{l},0} $\theta$)x-$\sigma$_{1}^{ $\theta$}(x) $\theta$
\end{array}\right)
BH any x=\displaystyle \sum_{i=1}^{\infty}x_{i}$\theta$^{i} =@ y=\displaystyle \sum_{i=1}^{\infty}y_{i}$\theta$^{i} En  $\Theta$

,
MDAHA  $\Theta$ EI the set \mathrm{o}\mathrm{B} formal FMAH 1AHEAI \mathrm{o}\mathrm{B}

 $\theta$ MEJDKJ constant JAHI.

As the princip=1 parts oB (2.3)are expressed by the map Q ,
we construct \mathrm{J}\mathrm{D}_{\mathrm{A}}

IKJEon (u, v) 1o that EJ EI alinear combination \mathrm{o}\mathrm{B} AECALActor A( $\lambda$) �s of Q . Here A( $\lambda$)
EI 1=E@ Jo be \mathrm{J}\mathrm{D}_{\mathrm{A}} AECALActor corresponding Jo an AECAL=\mathrm{l}\mathrm{u}\mathrm{e} $\lambda$ of  Q EB A( $\lambda$)\mathrm{s}\mathrm{a}\mathrm{J}\mathrm{E}\mathrm{I}_{\mathrm{A}\mathrm{I}}
 Q(A( $\lambda$) $\theta$)= $\lambda$ A( $\lambda$) $\theta$ . We can 1AA that \mathrm{J}\mathrm{D}_{\mathrm{A}} AECAL=\mathrm{l}\mathrm{u}\mathrm{e} $\lambda$ of  Q EI aroot \mathrm{o}\mathrm{B} the =lgebraic

equation

(2.6)  $\Lambda$( $\lambda$, t) :=g( $\lambda$)^{m}-\displaystyle \sum_{k=1}^{m} ûk , 0g( $\lambda$)^{m-k}=0, g( $\lambda$) :=\displaystyle \frac{$\lambda$^{2}-8\hat{u}_{1,0}}{4},
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MDAHA ûk, 0 denote \mathrm{J}\mathrm{D}_{\mathrm{A}} coefficient \mathrm{o}\mathrm{B}$\theta$^{k} En û0 CELAn by (2.1). NOJA \mathrm{t}\mathrm{h}=\mathrm{t} $\Lambda$( $\lambda$, t) EI an ALAn

BKction \mathrm{o}\mathrm{B} $\lambda$ . Let  v\pm 1(t) ,
. .

:; v\pm m(t) be the roots \mathrm{o}\mathrm{B} the =lgebraic equation (2.$) of  $\lambda$

MEJD convention  v_{k}=-v_{-k}(1\leq k\leq m) . We denote by E the set \mathrm{o}\mathrm{B} JKHEC FEJI \mathrm{o}\mathrm{B}

(P_{\mathrm{I}})_{m} ,
EA. \mathrm{J}\mathrm{D}_{\mathrm{A}} ZAH0 set \mathrm{o}\mathrm{B}\mathrm{J}\mathrm{D}_{\mathrm{A}} @EIcriminant \mathrm{o}\mathrm{B}(2.6) . Let  $\Omega$ be an open 1KIAJ En \mathbb{C}\backslash E

=@ we consider our FHAm on  $\Omega$ . For any  $\psi$($\tau$_{1}, . :. ; $\tau$_{m}, t,  $\theta$,  $\eta$)\in\hat{\mathcal{A}}_{ $\alpha$}( $\Omega$) ,
we @AA

\mathrm{J}\mathrm{D}_{\mathrm{A}} moHFDEIm  $\iota$ by

(2.7)  $\iota$( $\psi$)= $\psi$( $\eta$\displaystyle \int^{t}v_{1}(s)ds, . :.

,  $\eta$\displaystyle \int^{t}v_{m}(s)ds, t,  $\theta$,  $\eta$)
=@ \mathrm{J}\mathrm{D}_{\mathrm{A}\mathrm{O}\mathrm{F}^{\mathrm{A}\mathrm{H}}}ator P EI @AA@ by

(2.8) P:=v_{1}\displaystyle \frac{\partial}{\partial$\tau$_{1}}+\cdots+v_{m}\frac{\partial}{\partial$\tau$_{m}}-Q.
((Then we obtain the partial @E AHAJEal equation associated MEJD (2.3) CELAn by [!] :

P\left(\begin{array}{l}
u $\theta$\\
 v $\theta$
\end{array}\right)\equiv(\left(\begin{array}{l}
$\eta$^{-1} $\rho \theta$\\
 v)S(u
\end{array}\right)+uP\left(\begin{array}{l}
u $\theta$\\
 v $\theta$
\end{array}\right))
(2.9) -(u\displaystyle \left(\begin{array}{l}
$\eta$^{-1} $\rho$\\
 2$\sigma$_{1}^{ $\theta$}(u)u
\end{array}\right)+$\eta$^{-1}( $\rho$+\frac{\partial}{\partial t})\left(\begin{array}{l}
u\\
v
\end{array}\right)) $\theta$

+$\eta$^{-1}u( $\rho$+\displaystyle \frac{\partial}{\partial t})\left(\begin{array}{l}
u\\
v
\end{array}\right) $\theta$.
Here S(u, v) =@  $\rho$ have been CELAn by (2.4). \mathrm{L}_{\mathrm{A}\mathrm{J}} us rec =11\mathrm{J}\mathrm{D}_{\mathrm{A}} @AEJEon \mathrm{o}\mathrm{B}\mathrm{E}\mathrm{I}\mathrm{J}=\mathrm{n}\mathrm{t}\mathrm{o}\mathrm{n}-

JOFA IKJEI BH (P_{\mathrm{I}})_{m}.

�AEJEon 2.1 ( [!] ) . ) formal IKJEon (U, V) on  $\Omega$ of (1.3) EI called \mathrm{o}\mathrm{B} inst =\mathrm{n}\mathrm{t}\mathrm{o}\mathrm{n}-

JOFA EB (U, V) has the form (û; \hat{v}_{0} ) + ( 1 ‐û) ((u);  $\iota$(v)) BH MDEch (u, v)\in\hat{\mathcal{A}}_{ $\alpha$}^{2}() EI a

IKJEon \mathrm{o}\mathrm{B}(2.9) .

The main JDAHAm En [!] EI as BMI.

6DAHAm 2.1 ([3, 6DAHAm 5.3]). Let  $\Omega$ be an open IKIAJ En \mathbb{C}\backslash E . Then

we have instanJJOFA IKJEI for (P_{\mathrm{I}})_{m} MEJD free 2m‐parameters ($\beta$_{-m}, \ldots, $\beta$_{m})\in
\mathbb{C}^{2m}[[$\eta$^{-1}]] . Especially, we can construct JD_{A} IKJEon (u, v) En \hat{\mathcal{A}}_{ $\alpha$}^{2}() for(2.9) of JD_{A}

form

(2.10) \displaystyle \left(\begin{array}{l}
u\\
v
\end{array}\right)=\sum_{1\leq|k|\underline{<}m}f_{k}( $\tau$, t; $\eta$)A(v_{k})
MEJD

(2.11) A(v_{k}):=(_{\frac{v_{k}a}{2}a(v_{k})}(v_{k})) , a(v_{k}):=\displaystyle \frac{ $\theta$}{1-g(v_{k}) $\theta$}=\sum_{j=0}^{\infty}g(v_{k})^{j}$\theta$^{j+1}
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and

(2.12) f_{k}( $\tau$, t; $\eta$)=\displaystyle \sum_{j=1}^{\infty}(\sum_{l\geq 0,p\in \mathbb{Z}^{m},2l+|p|=j}f_{k,p,l}(t)e^{p\cdot $\tau$})$\eta$^{-\frac{j}{2}}.
Here g(v_{k}) has been defined by (2.$).

The BMEC lemma 1DMI the more ANFEcit form oB the leading JAHm f_{k}, \displaystyle \frac{1}{2}\mathrm{o}\mathrm{B}f_{k}
En (2.10) MEJD HA1FACt Jo  $\eta$.

Lemma2.1 ([3, Lemma4. 1 =@ Proposition4.10]). We have

(2.13) f_{k}, \displaystyle \frac{1}{2}=$\omega$_{k}e^{ $\tau$}k (1\leq|k|\leq m) ,

MDAHA $\omega$_{k}, $\omega$_{-k}(1\leq k\leq m) are multi‐valued DHFDEC BKctions on  $\Omega$ En the form

 $\omega$_{k}=$\beta$_{k}^{(1)}\displaystyle \exp(\int^{t}(\frac{1}{v_{k}}\sum_{j=1}^{m} $\varphi$(k, j)$\beta$_{j}^{(1)}$\beta$_{-j}^{(1)}\exp(-2\int^{t}h_{j}dt)-h_{k})dt) ,

(2.14)

$\omega$_{-k}=$\beta$_{-k}^{(1)}\displaystyle \exp(\int^{t}(-\frac{1}{v_{k}}\sum_{j=1}^{m} $\varphi$(k, j)$\beta$_{j}^{(1)}$\beta$_{-j}^{(1)}\exp(-2\int^{t}h_{j}dt)-h_{k})dt)
MEJD free 2m ‐Farameters ($\beta$_{-m}^{(1)}, ::. ; $\beta$_{m}^{(1)})\in \mathbb{C}^{2m}. Here  $\varphi$(k, j) are rational BKctions of
JD_{A} LHEAI v_{\ell}(1\leq\ell\leq m) and h_{k} are multi‐valued DHFDEC BKctions of finite
determination En  $\Omega$ MEJD  JD_{A} conditions

(2.15)  $\varphi$(k, j)= $\varphi$(-k, j) (1\leq j\leq m) , h_{k}=h_{-k}.

The 1JHEct BHI \mathrm{o}\mathrm{B} $\varphi$(k, j) =@ h_{k} are also CELAn En [!].

§3. Existence of EIJanJJOFA IKJEI MEJD \mathrm{h}\mathrm{o}1_{\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{H}}FDEc BKctions as

coAcients

In this section, MA FHLA that MA have asolution (u, v)\in(\hat{\mathcal{A}}_{ $\alpha$}^{\mathcal{O}}(D))^{2} containing \mathrm{f}_{\mathrm{H}\mathrm{A}\mathrm{A}}

(m+1)-\mathrm{p}\mathrm{a}\mathrm{r}=meters f\mathrm{o}\mathrm{H} (2.9) ,
MDAHA D(\subset \mathbb{C}_{t}) EI aspecific region described below. \ln

\mathrm{w}\mathrm{h}=\mathrm{t} folloM1 MA \mathrm{K}\mathrm{I}\mathrm{A} the same notations as JDIA En Section2. For any1 \leq j\leq m ,
MA

define D_{j} by

(3.1) D_{j} :=i=1\displaystyle \bigcap_{i\neq j}^{m}, D_{j}, i MEJD D_{j}, i := { t\in \mathbb{C};v_{i}(t)\neq kv_{j}(t) BH any k\in \mathbb{R}\backslash \{0\} }.

From now on, we consider \mathrm{J}\mathrm{D}_{\mathrm{A}} case \mathrm{o}\mathrm{B}j=1 . For any t\in D_{1}\backslash E ,
the line  L:=\{kv_{1}(t);k\in

\mathbb{R}\} @ELE@A1 \mathrm{J}\mathrm{D}_{\mathrm{A}} complex plane \mathbb{C} EJo JMO \mathrm{h}=\mathrm{l}\mathrm{f}-\mathrm{p}\mathrm{l}=\mathrm{n}\mathrm{e}\mathrm{s} . NoJEcing the relation v_{-k}=-v_{k}
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(1\leq k\leq m) ,
MA 1AA \mathrm{t}\mathrm{h}=\mathrm{t} each \mathrm{h}=\mathrm{l}\mathrm{f}-\mathrm{p}\mathrm{l}=\mathrm{n}\mathrm{e} contains m-1\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{v}=lues. We may a11KA

\mathrm{t}\mathrm{h}=\mathrm{t} eigenv=1_{\mathrm{K}\mathrm{A}\mathrm{I}} contained En the same h =\mathrm{l}\mathrm{f}-\mathrm{p}\mathrm{l}=\mathrm{n}\mathrm{e} are (v2, . . .

; v_{m} ) and (v_{-2}, \ldots, v_{-m})
respectively. Then, putting ($\beta$_{-m}^{(1)}, :. :; $\beta$_{-2}^{(1)})=(0, :. :, 0) En (2.14), MA DLA the le=ding
term ($\sigma$_{ $\alpha$}^{ $\eta$}(u), $\sigma$_{ $\alpha$}^{ $\eta$}(v)) of (u, v) with m+1 BHAA par=mAJAHI En the form

(3.2) A(v_{1})$\omega$_{1}e^{$\tau$_{1}}+A(v_{-1})$\omega$_{-1}e^{-$\tau$_{1}}+\displaystyle \sum_{k=2}^{m}A(v_{k})$\omega$_{k}e^{ $\tau$}k.
Here $\omega$_{k} has been @AA@ by (2.14). Gener =11\mathrm{y}, FKJJEC (;. ::, $\beta$_{-2})=(0, . :. ; 0) En

($\beta$_{-m}, \ldots, $\beta$_{m}) con1JHKcted En 6DAHAm 2.1, we can construct \mathrm{J}\mathrm{D}_{\mathrm{A}} IKJEon (u, v) MEJD

BHAA (m+1)-\mathrm{p}\mathrm{a}\mathrm{r}=mAJAHl En \mathbb{C}^{m+1}[[$\eta$^{-1}]] BH (2.9).

NANJ, let us 1FAcify a @=En on MDEch \mathrm{J}\mathrm{D}_{\mathrm{A}} IKJEon (u, v) MEJD DHFDEC BKC‐

tions as coefficients EI @AA@. By \mathrm{J}\mathrm{D}_{\mathrm{A}} @AEJEon \mathrm{o}\mathrm{B}\mathrm{J}\mathrm{D}_{\mathrm{A}}\mathrm{o}\mathrm{F}^{\mathrm{A}\mathrm{H}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}}P , BH any1 \leq i\leq m

and (q_{1}, q_{2}, \ldots, q_{m})\in(\mathbb{Z}\times \mathbb{Z}_{\geq 0}^{m-1}) ,
we 1AA

P(A(v_{i})e^{q_{1}$\tau$_{1}+q_{2}$\tau$_{2}+\cdots+q_{m}$\tau$_{m}})
(3.3)

=((q_{1}v_{1}+q_{2}v_{2}+\cdots+q_{m}v_{m})-v_{i})A(v_{i})e^{q_{1}$\tau$_{1}+q_{2}$\tau$_{2}+\cdots+q_{m}$\tau$_{m}}.

6DAHABHA EJ 1Kces Jo \mathrm{J}=\mathrm{A}= @=En 1o \mathrm{t}\mathrm{h}=\mathrm{t}((q_{1}v_{1}+q_{2}v_{2}+\cdots+q_{m}v_{m})-v_{i}) EI nALAH

ZAH0 BH any (q_{1}, q2, . . :, q_{m})\in(\mathbb{Z}\times \mathbb{Z}_{\geq 0}^{m-1}) ANcept BH q_{i}=1 =@ q_{k}=0(k\neq i) .

Let us denote by H one oB halB pl =\mathrm{n}\mathrm{e}\mathrm{s} @ELE@A@ by the line L . Then, as v_{i} �s

(2\leq i\leq m) belong Jo the same h =\mathrm{l}\mathrm{f}-\mathrm{p}\mathrm{l}=\mathrm{n}\mathrm{e}H ,
we have q_{2}v_{2}+\cdots+q_{m}v_{m}\in H BH

any (q_{2}, \cdots, q_{m})\in \mathbb{Z}_{\geq 0}^{m-1}\backslash \{0\} . Hence q_{1}v_{1}+q_{2}v_{2}+\cdots+q_{m}v_{m} EI nALAH ZAH0 BH any

(q_{1}, q2, . . . , q_{m})\in(\mathbb{Z}\times \mathbb{Z}_{\geq 0}^{m-1})\backslash \{0\} . By these observ=tions, MA 1AA JDJ \mathrm{J}\mathrm{D}_{\mathrm{A}} ZAH0 set \mathrm{o}\mathrm{B}

((q_{1}v_{1}+q_{2}v_{2}+\cdots+q_{m}v_{m})-v_{i}) En (!! ) EI contained En \mathrm{J}\mathrm{D}_{\mathrm{A}} KEon \mathrm{o}\mathrm{B} 1KIAJI @AA@

by \mathrm{J}\mathrm{D}_{\mathrm{A}} BMEC equations.

(3.4) q_{1}v_{1}+q_{2}v_{2}+\cdots+q_{i-1}v_{i-1}+q_{i+1}v_{i+1}+\cdots+q_{m}v_{m}=v_{i}, 2\leq i\leq m

MEJD convention v_{m+1} :=0 . Let K_{1} be a compact 1KIAJ En D_{1}\backslash E =@ \hat{K}_{1} EI @AA@ by

(3.5)

\hat{K}_{1} :=\displaystyle \bigcup_{i=2}^{m}\bigcup_{q}\{t\in K_{1};q_{1}v_{1}(t)+\cdots+q_{i-1}v_{i-1}(t)+q_{i+1}v_{i+1}(t)+\cdots+q_{m}v_{m}(t)=v_{i}(t)\}.
Here q\mathrm{H}\mathrm{K}\mathrm{I} JDHKCD (ql, . . .

, q_{i-1}, q_{i+1}, \ldots, q_{m} ) \in \mathbb{Z}\times \mathbb{Z}_{\geq 0}^{m-2}. \mathrm{L}_{\mathrm{A}\mathrm{J}} $\Phi$ be \mathrm{J}\mathrm{D}_{\mathrm{A}} FHActive

map BHom the h =\mathrm{l}\mathrm{f}-\mathrm{p}\mathrm{l}=\mathrm{n}\mathrm{e}H Jo \hat{L} :=\{k\sqrt{-1}v_{1}(t);k\in \mathbb{R}\}\cap H BH any t\in K_{1} . We 1AJ M

and m by

M=\displaystyle \max\{\max_{t\in K_{1}}| $\Phi$(v_{i}(t))|\}_{i=2}^{m} and m=\displaystyle \min\{\min_{t\in K_{1}}| $\Phi$(v_{i}(t))|\}_{i=2}^{m},
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respectively. 1\mathrm{B}t\in\hat{K}_{1} ,
we have j-2\displaystyle \sum_{j\overline{\neq}i}^{m}, | $\Phi$(q_{j}v_{j}(t))|=| $\Phi$(v_{i}(t))| BH 1A 2\leq i\leq m . Hence

m(q_{2}+\cdots+q_{m})\leq M . 6DAHABHA \mathrm{J}\mathrm{D}_{\mathrm{A}} 1Acond KEon MEJD HA1FACt Jo q\mathrm{o}\mathrm{B}(3.5) EI finite.

As, BH t\in K_{1}\backslash \hat{K}_{1} ,
the ((q_{1}v_{1}+q_{2}v_{2}+\cdots+q_{m}v_{m})-v_{i}) En (3.3) nALAH become ZAH0,

all coAcients En f_{k}\mathrm{o}\mathrm{B}(2.10) are DHFDEC on a connected component \mathrm{o}\mathrm{B}K_{1}\backslash \hat{K}_{1}.
NOJA that, by the same arguments, we have \mathrm{J}\mathrm{D}_{\mathrm{A}} 1EEar HA1KJ as =bove MDAn we \mathrm{F}^{\mathrm{K}\mathrm{J}}

(;:. :, $\beta$_{m})=(0, \ldots, 0) instead of (;:. :; $\beta$_{-2})=(0, \ldots, 0) . Summing up, we

have \mathrm{J}\mathrm{D}_{\mathrm{A}} JDAHAm below.

For any compact subset K_{j} in D_{j}\backslash E(1\leq j\leq m) ,
we set

(3.6)

\displaystyle \hat{K}_{j}:=\bigcup_{i\neq j}^{m},\displaystyle \bigcup_{qi=1}\{t\in K_{j};q_{1}v_{1}(t)+\cdots+q_{i-1}v_{i-1}(t)+q_{i+1}v_{i+1}(t)+\cdots+q_{m}v_{m}(t)=v_{i}(t)\},
MDAHA the q_{j}\mathrm{H}\mathrm{K}\mathrm{I} JDHKCD \mathbb{Z} =@ \mathrm{J}\mathrm{D}_{\mathrm{A}} 0JDAH q_{k}(k\neq j)\mathrm{H}\mathrm{K}\mathrm{I} JDHKCD \mathbb{Z}_{\geq 0} =@ v_{m+1} :=0.

6DAHAm 3.1. For any 1\leq j\leq m ,
we have EIJanJJOFA IKJEI of (P_{\mathrm{I}})_{m}

which are defined on $\Omega$_{j} :=K_{j}\backslash \hat{K}_{j} with free (m+1)AJAH1 En \mathbb{C}^{m+1}[[$\eta$^{-1}]].
Especially, we can construct JD_{A} IKJEon (u, v) En (\hat{\mathcal{A}}_{ $\alpha$}^{\mathcal{O}}($\Omega$_{j}))^{2} for(2.9) of the form

(2.10).
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