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Sobolev’s inequality for Riesz potentials in central
Lorentz-Morrey spaces of variable exponent

By

Yoshihiro M1zuTA* and Takao OHNO**

Abstract

In the present paper we discuss the boundedness of the maximal operator in the central
Lorentz-Morrey space of variable exponent defined by the symmetric decreasing rearrangement
in the sense of Almut [1]. Further we establish Sobolev’s inequality for Riesz potentials.

§1. Introduction

In this paper we use B(x,r) to denote the open ball centered at = of radius r > 0.
The volume of a measurable set £ C R" is written as |E|. We denote by xg the
characteristic function of F.

Given a measurable function f on R", recall the symmetric decreasing rearrange-
ment of f defined by

() = /0 Xy (@),

where E* = {z : |B(0, |z|)| < |E|} and Ef(t) = {y : |f(y)| > t} (see Almut [1]). Note
here that

FUBQ, [z])]) = f*(x),

Received December 31, 2012. Revised February 28, 2013.
2000 Mathematics Subject Classification(s): 31B15, 46E30
Key Words: maximal function, central Lorentz-Morrey space of variable exponent, Riesz potential,
Sobolev’s inequality
The first author was partially supported by Grant-in-Aid for Scientific Research (C), No. 22540192,
Japan Society for the Promotion of Science.
The second author was partially supported by Grant-in-Aid for Young Scientists (B), No. 23740108,
Japan Society for the Promotion of Science.
*Department of Mechanical Systems Engineering, Hiroshima Institute of Technology, 2-1-1

Miyake,Saeki-ku,Hiroshima 731-5193, Japan.
e-mail: y.mizuta.5x@it-hiroshima.ac.jp

**Faculty of Education and Welfare Science, Oita University, Dannoharu Oita-city 870-1192, Japan.
e-mail: t-ohno@oita-u.ac.jp

(© 2013 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



102 YOSHIHIRO MIZUTA AND TAKAO OHNO

where f* is the usual decreasing rearrangement of f. The fundamental fact of the
symmetric decreasing rearrangement of f is that

[Er(@)] = [Ef-(t)]

for all t > 0. This readily gives the rearrangement preserving LP-norm property such as

Ifllze gy = Il Lo ()

for 1 < p < oo. For fundamental properties of the symmetric decreasing rearrangement,
we refer the reader to the Lecture Notes by Almut [1]; see also his papers [2, 3].

For variable exponents p, ¢ and a constant 4 > 0, the central Lorentz-Morrey space
of variable exponent L£7P*(R") is defined as the set of all measurable functions f on
R"™ with

p(y)

[ty = mE{ 3> 0:sup [ o g ) apoly (85 <1} < o
r>0JB(0,r)

If p and ¢ are radial and g = 0, then we refer the reader to the paper by Ephremidze,
Kokilashvili and Samko [9].

In central Lorentz-Morrey spaces of variable exponent, we establish the Sobolev
inequality for the Riesz potential

Lf@) = [ =y )y

of order «; for fundamental properties of Riesz potentials, see e.g. [12].

§2. Symmetric decreasing rearrangement

Let us recall the Hardy-Littlewood inequality for the symmetric decreasing rear-
rangement (see Almut [1, Lemma 1.6]).

Lemma 2.1.  For all nonnegative measurable functions f and g on R",
f@)g(@)ds < [ f*(x)g" (x)dz.
R" R"

The (centered) maximal function M f of a measurable function f on R™ is defined
by

1
Mf(z) =sup =——— I (y)ldy.
( ) r>0 |B($,7’)| B(a:,r)| ( )|
Lemma 2.2.  For all measurable functions f on R™,
* 1 * *
(Mf)"(x) < Cmr—r f*(y)dy < CM f*(=),

= B, 12| /B0,

where C' is a positive constant independent of f.
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Proof. Recall the definition of the symmetric decreasing rearrangement and thus
(M f)*(z) = sup{r > 0: |B(0, [x])| < {z: M f(z) = r}[}.

Set 7o = (M f)*(x). Then, using the covering property (see [12, Theorem 1.10.1]) and
Lemma 2.1, we have for 0 < r < rg

{: Mf(z) 2 r}| <Or /{ o T

<ot / £ (y)dy.
{z:f*(z)>r/2}

If{z: f*(z) >r/2} C B(0,|z|), then

1

r< CW /B(0,|a:|) [ (y)dy < CM(f*)(x).

If {z: f*(z) >r/2} D B(0,|z|), then
2
 f 2} < - *(y)dy.
er@ st [

Noting that
1 1

BT Fy)dy < —— [ (y)dy
B0 S B0 Jog |
when 0 < s < t, we obtain
T 1
=< [ (y)dy
27 ez f2(2) > /2 S e )5 2

1
D —
~ B0, |z))] JB(0,12))

as required. O

[ (y)dy < CM f*(x),

The following is known as Riesz’ inequality (see Almut [1, §1.3]).
Lemma 2.3.  For all nonnegative measurable functions f,g and h on R",
N f(@)(g = h)(z)de < - [ (@) (g™ * h*)(x)dz,

where

gehie) = [ glo—ph()dy

Lemma 2.4.  For all nonnegative measurable functions f on R,

L@ <C [ (el + ) "5 W)dy < CLaf*) (o),

where C' is a positive constant independent of f.
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Proof.  Set rg = (Io.f)*(x). For 0 < r < rg, write

{z: 1af(2) > 7} = |B(0,1)].

We have
|B(0,8)] = {2 : Laf(z) > 1}
<t I (Q)d
{z:1f(2)>r}
<prt / I, f*(¢)d¢ (by Riesz’ inequality)
(=1 ) (2)>7)
— / Lo (C)d¢
B(0,t)
-t ( |- yl“‘”d6> 7 @)y
» \JB(0,1)
<ot [ (e )" ),
so that
r<C [l W
Since t > ||,
r<cC - (2| + [y " f*(y)dy,
which gives the required inequality. O

Remark 2.5.  In case a = 0, I, might be replaced by the singular integral operator
(see [4] and [9, Theorem 3.14]).

§ 3. Central Lorentz-Morrey spaces of variable exponent

A function p on R" is said to be log-Hoélder continuous if

(P1) p is locally log-Hélder continuous, namely

C
Ip(z) — p(y)| < ot 0

——— for |z —y| <
=g rlrmy

o |-

with a constant Cy > 0, and

(P2) p is log-Hélder continuous at infinity, namely

Coo
[p(z) — p(o0)] < w



SOBOLEV’S INEQUALITY FOR RIESZ POTENTIALS 105

with constants Cn > 0 and p(o0). Let P(R™) be the class of all log-Holder continuous
functions p on R™. If in addition p satisfies

(P3) 1 <p :=infyern p(x) < sup,ern p(x) = pt < o0,
then we write p € P (R").

Definition 3.1. Let v € P(R"), p € P1(R") and p > 0. For an open set
G C R™, we define the LP()-norm by

1l = inf {A 0 /G ) /AP dy < 1}

for measurable functions f on G. By L*P*(G) we denote the weighted LP()-Morrey
space of all functions f on G with

I fllvrn(a) = 81;187“_“||f($)|33|y(x)||Lp<->(GmB(o,r)) < 00.
We write LOP0(G) = LPO)(G) and LOP#H(G) = LP#(G) for simplicity; set || f|| ro.n.0(q) =
I fll ey ey and [[fl|Lown@y = (| fllzrn(c)-

Definition 3.2. For p,q € P1(R"), set v(x) = n(ﬁ — le)) We denote by

L3PF(R™) the family of measurable functions f on R™ such that

[fll capnmrny = 1 f* lLvwn@ny < 00.

Throughout this paper, let C' denote various constants independent of the variables
in question. For functions f, g, we write f ~ g if there is a constant C' > 1 such that

C-lg< f<Cy
Lemma 3.3. Letp € P1(R"), >0 and v € P(R™). Set

rHp(0) foro<r <1,
w(r) =
rHp(o0) forr > 1.

Then there exists a constant C > 0 such that
| Pl ey < ot
B(0,r)

for all v > 0, whenever || f| pvr.nmny < 1. Conversely, there exists a constant C' > 0
such that

1fllLvwn@ny < C'

whenever / |F ()PP |y @PWD dy < w(r) for all + > 0.
B(0,r)
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Proof. We only show the case u > 0. If 0 < r < 1, then, noting from (P1) that
rPW) ~ rPO) for 4 € B(0,r), we find

/ W) | £ () [P |y [P @IPW) gy o g 12 (O) / | F (1) |P@ |y |7 @PW) gy
B(0,r) B(0,r)

This proves the case when 0 < r < 1.
Suppose | f|lLrow@ny < 1. If r > 1, then, since [z[P(®) ~ |z[P(>) when z €
R™\ B(0,1/2) by (P2), we have

y—Hp(c0) / | F (1) |P@ |y |7 @PW) gy
B(0,r)\B(0,1)

Jo
<T—up(oo)2/ | £ () [PD |y |7 P gy
N 21/ B(0,27+1)\ B(0,277r)

Jo
— Z 9—Jinp(0) / (277 7) 7HP(9) | £ () [PW) |y [P WIPW) gy
e B(0,2=+1r)\B(0,2-7r)

Jo
<C Z 2 —J1p(20) / (Q—J‘r)—up(y) |f(y)|p(y) |y|V(y)p(y)dy

7j=1 B(O,Q—j""lr)\B(O,Q—jr)

<C Z 2 Imp(0) o
j=1

where jg is the positive integer such that 2770r < 1 < 27J0F1y Conversely, suppose

supr ) [0y gy < 1.
r>1 B(0,r)

For r > 1, taking jo as above, we obtain by (P2)

/ P | £ () PO |y [P WP gy
B(0,r)\B(0,1)

Jo
< Z 9—in / (2777) 7HPW)| £ () PO |y |V WIPW) gy
it B(0,2-3+1r)\ B(0,2-ir)

<CY 22T y)me(e) / | () [P@ |y | @@ gy

= B(0,2-+1r)\ B(0,2-3r)

o
SCZQ_j“ < 00.

Jj=1

The case r > 1 is now established, with the aid of the first case. O
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§4. The boundedness of maximal operator in central Lorentz-Morrey
spaces of variable exponent

Theorem 4.1. Letv € P(R"), p € P1(R") and p > 0. Suppose
(T1) pp(0) —n <v(0)p(0) <n(p(0) — 1) and pp(co) —n < v(oo)p(co) < n (p(co) — 1).
Then the mazimal operator M : f — Mf is bounded from LVPH(R™) into itself,
namely, there is a constant C' > 0 such that

M fllLvpn@ny < ClF Ly meny
for all f € L»PH(R™).

Our Theorem 4.1 includes the boundedness of the maximal operator in the weighted
LPC)-Morrey space as in [13], which is an extension of Diening [8] and Cruz-Uribe,
Fiorenza and Neugebauer [6] . When p = 0, Theorem 4.1 is a special case of Theorem
1.1 in H&st6 and Diening [10] (see also Cruz-Uribe, Diening and Hésto [5] and Cruz-

Uribe, Fiorenza and Neugebauer [7]).
With the aid of Lemma 2.2, we find the following result.

Corollary 4.2.  Let p,q € P1(R"). Then the mazimal operator M : f — M f
is bounded in LTPH(R™).

In what follows, we prepare lemmas required for a proof of Theorem 4.1. For a
measurable function f on an open set G C R, we define

1
Mg f(x) =sup ————
( ) r>0 |B($,7’)| B(z,r)NG

|f(y)|dy.

Let us begin with the following result due to Cruz-Uribe, Fiorenza and Neugebauer [6].
Lemma 4.3. Letp € P(R") and G be an open set in R". If
p(G) = inf p(z) > 1,
then there exists a constant C > 0 such that

1M fllLroray < Cllflleo c)-

Lemma 4.4. Letp € P1(R"),u>0,v € P(R") and 0 < rog <1< Ry < oo. If
up(0) —n < v(0)p(0) and v(co)p(co) < n(p(oo) — 1), then there exists a constant C' > 0
such that

M fro,RollLvpnmny < C

for all f > 0 satisfying || f||Lvrnmny < 1, where fry rRy(Y) = f(Y)XB0,Ro)\B(0,r0)(Y)
with xg denoting the characteristic function of a measurable set E C R™.
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Proof. Let f be a nonnegative measurable function on R satisfying

I fllzvpn gy <1,

and 0 <19 <1< Ry < oco. Then note that || ., ryllrc)mn) < C.
For x € B(0,70/2), we see that

1

M fry o (7) < W - fro.ro (Y)Y
< o (BOR)+ [ rom oy ay) <,
so that
/( {M fro R (x)}p(w)|x|1/(w)p(w)dx <C o |:,3|V(:v)p(:v)dg,3 < Ot*OpO)+n < oprp(0)
B(0,¢ B(0,¢

for all 0 <t < ro/2, since up(0) —n < v(0)p(0).
Moreover, for ro/2 < t < 2Ry we have by Lemma 4.3

/ {M fro o (@)} DY dr <O | {M fry o ()} da
B(Oﬂt)\B(Oa""O/Q) R”

< C < C min{tHP©) prp(e)y

since || fro,Ro [l o) (mn) < C-
Finally, we find for z € R™ \ B(0,2Ry)

1 —N
M fro ro(2) < CW - fro.Ro(W)dy < Clz| ™",
Hence we obtain for ¢t > 2R
/ {M froro () )P 2P D dz < © || @P(@)=np(@) gy,
B(0,t)\B(0,2Ro) R”\B(0,2Ro)

<C< C't,up(oo)’

since v(o0o)p(o0) < n(p(co) — 1), which completes the proof with the aid of Lemma
3.3. U

Lemma 4.5. Let p € P1(R"™) and v € P(R™). Let po > 1. Suppose

y(0)<n(1—pi0>.

For 0 <t <2 and a measurable function f on R, set

1
] = —— f(y)ldy
B Sy V)
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and
1

J, = (—

' |B($,7‘)| B(z,r)
where go.(y) = {|f(y)||y|V(y)}P0XB(O’3t) (y). Then there exists a constant C' > 0 such
that

1/190
go,t(y)dy> :

Igcﬁﬂ”@L+H@&
for all x € B(0,t), r >0 and 0 < t < 2, where

H(z) = Hf(z) = / F@)llyl " dy.

R™\B(0,]z)

Proof. Let f be a nonnegative measurable function on R™ and let x € B(0,t) be
fixed.
First suppose r < 2|z|. Then B(z,r) C B(0,3t), and we have by Hélder’s inequality

1 i g))

1o [ woray)
|B($,7’)| B(z,r)

If r <lz|/2 < t/2, then |y| ~ |z| and

|y|V(y) ~ |y|V(0) ~ |x|”(0) ~ |x|V(w)

by (P1). Hence, in this case,

1 / 1 /
Bl [yl Pody < O 2| dy
|B($,7‘)| B(x,r) |B($,7‘)| B(x,r)

< Cla| 7 @)Po,

If |z|/2 < r < 2|z| < 2t, then, since |y[*®¥) ~ |y[*() for y € B(0,6), we find
1

— [y OPody
|B($, T)| B(z,r)

/ 1
ly| 7 WPody < C—
1B(0,3|z)| J/B(0,312))

< Clz| 7O < Ofg| 7+ @Po
since v(0) < n(1 —1/py). Hence
I<Clz|™v® J,
when r < 2|z| < 2t.
Finally, if r > 2|x|, then
1

Te—t FWldy+ o [
1B(z,7)| JB(a,r)nB(0,)2) |B(z,7)| JB(a,r)\B(0,2))

1
<= F(y)|dy + CH(x

< Clz|7"@®.J, + CH(z)

| (y)|dy
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by the above discussions in the case r = 2|x|.
Now the present lemma is obtained. O

Next we treat the Hardy type operator H along the same manner as in [13].

Lemma 4.6. Letp € P1(R"), u >0, v € P(R") and € > 0. For a measurable
function f on R™ and B > 0, set

Hpyy = Hyo(x) = Hpoi f(x) = / F ) ylP "y
B(0,1)\B(0,]z|)

1/p(x)
K.1=K.1(z) = (IQJIE_’“‘”(“’)/ g(y)lyl‘sdy) :
B(0,1)\ B(0,]z])

where g(y) = | f(y)|P@ |y @PW) . If0 < § < e — pp(0) < (n+v(0)p(0))/p(0) — p — B,
then there exists a constant C > 0 such that

and

Hp, < Cla|P~w@p@Fn) /@) tr g | 4 O]~ w@p(@)=0+n)/p(z)+n
for all x € B(0,1) and f with ||f||Lv.r.u@ny < 1.

Proof. Let f be a nonnegative measurable function on R" with || f||zv.p.xmr) < 1,
and = € B(0,1). Set E = {y : f(y) > |y|~@@rW)+n)/p)+1rY  Noting that |y|™¥) ~
ly|™® when |y| < 1 and 7 € P(R™) by (P1), we have

Hpg z/ F)lylP"dy
EN(B(0,1)\B(0,]z]))

5 ( /() )“y)‘l "

= |y|—(V(y)p(y)+n)/p(y)+u

/Em(B(o,l)\B(O,IwI))

</ F(y)PO) |y | @pW) =2 |y Bre—mp ()= WpW)+n) /pW)+1 gy,
B(0,1)\B(0,|z|)

<C g(y)|y|—s|y|B+a—up(0)—(u(o)p(0)+n)/p(0)+ﬂdy
B(0,1)\B(0,|=|)

< C|x|B—(V(0)p(0)+n)/p(0)+u|x|6—up(0)/ g |y cdy
B(0,1)\B(0,]z])
< Clz|f~W@r@+n)/p@)tup

since
R < fafre S [ | Wl ey
j=17B0,1)N(B(0,27]z|)\B(0,27 ! |x|))
(4.1) < C|x|€—up(x) Z(2j|x|)‘“’(0)_€ < CZ 21 (up(0)—¢) < ¢

J=1 J=1



SOBOLEV’S INEQUALITY FOR RIESZ POTENTIALS 111

and 0 <& — up(0) < (n+v(0)p(0))/p(0) — p— B.
We next obtain by Holder’s inequality and the fact that |y|™®) ~ |y|7®) ~ |y|7(®)
when |z| < |y| < 1 and 7 € P(R") by (P1)

Hﬂ,l,szFf(yﬂylﬁ_”dy

/ 1/p'(=) 1/p(@)
< (/F |y|(B—(u(y)p(y)—e)/p(y)—n)p wdy) (/F f(y)p(x)|y|y(y)p(y)—gdy>

/ 1/p' (x) 1/p(x)

1/p(x)
< C|x|(6—(u(0)p(0)—e+n)/p(o))p (0)/p’ (z) (/F f(y)p(x)lyl”(y)p(y)‘gdy>

1/p(z)
< Oz |P~v@p(@)—etn)/p@) (/ f(y)p(w)|y|u(w)p(w)—sdy)
F

since 8 — (V(0)p(0) — & + n)/p(0) < (4 — £/p(0))(p(0) — 1), where
F = (B(0,1)\ B0, |2])) \ E.

Here, since 0 < § < ¢ — up(0), we see that

1/p(x)
(/ f(y)P(w)|y|V(w)p(x)—€dy>
F
1/p(x)
= (/F(f(y)|y|(V(w)p(fv)Jrn—up(w))/p(fv))p(:v)|y|—(e—up(m))—ndy>

1/p(x)
<C (/F |y|5|y|—(6—up(y))—ndy>

1/p(x)
+C (/F(f(y)|y|(V(x)l’(x)Jrn—up(x))/p(x))p(y)|y|—(€—up(w))—ndy)

1/p(z)
< C|x|(6—e)/p(az)+ﬂ +C (/F f(y)p(y)|y|u(y)p(y)—edy> ,

since (f(y)ly|@p@) tn—pp(@)/p@))p@) < C(f(y)|y|@@p@)+n—pp@)/p))p®) when
z| < |y| < 1 and |y|o/P®) < f(y)|y|@@r@n—mp@)/p() <1 so that

HB,I,Q < C|a;'|B_(I/(93)p(33)—5+n)/p($)+ﬂ + C|x|B—(V(x)p(x)—i—n)/p(x)_hu,Ke’l’

which completes the proof. O

For p € P1(R") and 8 > 0, set
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Corollary 4.7. Letp € P1(R"), u >0 and v € P(R™) satisfy Bp(0) + pup(0) —
n < v(0)p(0). If 0 < B < n/p", then there exists a constant C > 0 such that

pa(x)
/ {Hg’lf(x)|x|7/(w)} s dz < C1195(0)
B(0,t)
for allt >0 and f > 0 satisfying || f||vp.u@mn) < 1.

Proof. Let f be a nonnegative measurable function on R satisfying

||f||L'/,pvu(Rn) <1.

Take 0 and ¢ such that
0<d<e—pup(0) < (n+wv(0)p(0))/p(0) —pn—p.
In view of Lemma 4.6, we find
(4.2) Hg,l(a:)|x|”(”“’) < Cla|rn/Pe@ K, | (x) 4 C|a|/P@)Fr-n/ps(@)

for z € B(0,1); and note that Hg; = 0 outside B(0, 1).
First we consider the case ;= 0. Then note that

/ g(y)dy < C.
Since K. 1(z) < C by (4.1), we obtain
| @)@
B(0,t)

<C (Ko (2))P@|2|de + C / (2 |PPa@)/p(@) =1 gy
B(0,t) B(0,t)

0/ (|w|€/ g(y)|y|_€dy>|x|—”da;+Ct5pﬁ(0)/p(0)
B(0,1) B(0,1)\ B(0, x])

<o mwm*(/ Mf”m)@+0
n B(0,|y|)
SC/ gly)dy+C < C

VAN

for 0 <t < 1.
Next we consider the case g > 0. By (4.1) and (4.2), we have

Hp 1 (@)]z]™) < Cla|—n/Ps()
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for z € B(0,1). Hence we obtain

/ {|$|V(m)HB,1($)}pB(w)dx < C’/ |£C|,up,3(:rz)—ndaj < C't#ps(0)
B(0,¢) B(0.1)

for 0 < t < 1, as required. O
In the same manner as Lemma 4.5, we can prove the following result.

Lemma 4.8. Let p € P1(R"™) and v € P(R™). Let poo > 1. Suppose

y(oo)<n(1—]%).

Fort > 2 and a measurable function f on R", set

1 l/poo
Jto0 = (— Yoo, ydy) :
v =\ B S 1Y)

where oot (y) = {17 @)llyl"® P>xB(0,3t)(y). Then there exists a constant C > 0 such
that

I <Clz|7"®J, o + CH ()
for all x € B(0,t) \ B(0,1), > 0 and f such that f =0 on B(0,1).

Lemma 4.9. Letp e P1(R"), u >0 andv € P(R"). For a measurable function
fonR™ B >0 andn > up(x), set

Hy = Hyf(x) = / F@)llyPdy

R\ B(0,|xz|)
and

1/p(x)
K, = Ky(z) = (|x|"—'“’<°°> / g<y>|y|—"dy> |
R™\B(0,|x|)

where g(y) = |f(y)|PW|y[*@PW) . If ¢ > 0 and 0 < e(p(oc) — 1) + 1 — up(cc) <
(n + v(oco)p(0))/p(c0) — i — B, then there exists a constant C' > 0 such that

Hps < C|x|B—(V(w)p(w)+n)/p(x)+uKn + C|a|f—e~ W@p(@)+n)/p@)+u
forallx € R™\ B(0,1) and f > 0 satisfying || f| pv.o.u(®rry < 1.
Proof. Let f be a nonnegative measurable function on R” satisfying

I fllzvpn gy <1,
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and z € R"\ B(0,1). Then, as in (4.1), we see that
afr-sre) gy)lyl "y < C
R\ B(0,|z])

since 1 > up(co).
If |z|7¢ < K,, (< C), then Kn_p(y) < CKn_p(x) and |y|™® ~ |y|7(>) when 1 < |z| <

ly| and T € P(R") by (P2), so that
Hpg S/ Kn|y|—(V(y)p(y)+n)/19(y)+u|y|ﬁ—ndy
R"\B(0,|z|)

f(y)

p(y)—1
B—n
+C R"\B(0,|z|) f(y)lyl (Kn|y|_(’/(y)p(y)+n)/p(y)+,u> dy

< OK ||~ ((oop(0)tn)/p(oe) 1

+ CK;—W) / g(y)|y| PP ®) = @@ +0)/p)+n gy
R"\B(0,]z|)
< CK,|z|P~@p@)+n)/p@)+u
+ ORGP | P Em ploe | ap(e) / 9yl "dy
R\ B(0,]z|)
< CK, ||~ @@p@+n)/plo)

since 0 <7 — pp(00) < (n + v(o0)p(0))/p(00) — 1 — B
Next consider the case K, < |z|=5. Since |y|™™ ~ |y|7(>) when |y| > 1 and
T € P(R"), we find

Hps < / |y| e~ WP Fn)/pW)+u |y B gy,
R™\B(0,]z)

=n ( /() )“y)‘l "

|y|—e—(v(y)p(y)+n)/p(y)+u

+ / F)ly
R™\B(0,|x|)

< C’|:c|B_€—(V(00)P(00)+n)/p(00)+u
+C / g(y)|y|F PO =D =@~ Wpw) ) /p(v) gy
R\ B(0.|])
< C’|:c|B_€—(V(w)17(w)+n)/p(:v)+u

O] ep(00) =)= (#(e0)p(00)+1) /p(00) 1y (1= (2) / 9()lyl™"dy
R™\B(0,x|)

< C’|:c|B_€—(V(w)17(w)+n)/p(:v)+u

since g(p(o0) — 1) + 1 — up(oo) < (n + v(oco)p(o0))/p(c0) — i — B. Thus the proof is
completed. O

In the same manner as Corollary 4.7, we can prove the following result.
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Corollary 4.10. Let p € P1(R"™), u > 0 and v € P(R"™) satisfy Bp(oo) +
pup(o0) —n < v(oo)p(oc). If 0 < B < n/p™, then there exists a constant C > 0 such that

ps(x)
/ {H[gf(a:)|x|”(x)} g dx < O#rs(0)
B(0,6)\B(0,1)
for allt > 1 and f > 0 satisfying || f||pvp.n@mr) < 1.

Proof of Theorem 4.1. We now show the boundedness of the maximal operator.
For this purpose, take rg, Ry and pg, pso such that 0 < 2rg <1 < Ry < 00, 1 < pp <
p(0), 1 < poo < p(0), v(0) < n(l —1/pg) and v(co) < n(l — 1/ps). Let f be a
nonnegative measurable function on R" satisfying || f||zv.».n(mn) < 1, and write

F@W) = FW)XB0,r0)¥) + F(U)XB0,28:)\BO,r0) () + [ W) XR B(0,2R0) (Y)
= fo,ro(Y) + fro.2ro(Y) + f2Rg.00(Y)-

Case 1: 0 <t <2ry. If 0 <t <2ryand z € B(0,t), then we have by Lemma 4.5
" M fo,r () < C{M (go,0)(2)}/7 + Cla"™ H f (2),
where go,¢(y) = {fo,ro (¥)[y|" ¥} X p(0.36)(y). Here note from Lemma 4.3 that

M (90,0037 | Lot (80,61 < I{M (90,6032 | 1> (B(0,610))
< C”(QO,t)l/pO||LP<'>(B(0,6m)) < Ct*.

Therefore we obtain by Corollary 4.7

2] M fo.re ()| 2o0) (B0.27) < CIIEM (g0,6)} P01l Lot (B (0,101
+ Ol H £ () oo (3(0.1))
< Ctt.

Now it follows from Lemma 4.4 and Corollary 4.7 that
2”@ M f (@) Lor (B0,4y) < CH
since M fap, 0o(z) < C(H f(x)) for x € B(0, Ry/2).
Case 2: 2rg <t < Ry. For x € R\ B(0, 2rp) note that

M fo.r(x) < Cla| ™ o Joro(y)dy

<Clz|™ (/ ly| 7@ W) gy 4 / Fly)PW) |y|u(y)p(y)dy)
B(OvTO) B(O,'I"())

<Clz|™"
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and
M fary.co(x) < CHf(z)
for x € B(0, Ry). Hence we find by Lemma 4.4 and Corollaries 4.7 and 4.10

112" M f ()] oo (B0 Bo.2r0))
< O™ Lots (B0 BO.2r0)) T+ I1Z1"® M fro 2R ()| Lot (B(0.00 B(0.2r0))
+ Ol H f (2)| o) (80,1, B0.2r0)) + Clllel” ™ H £ (@) oo (80,00, B0.1)
< Ct#,

so that the first case gives
2" M (@) o> (0.0 < CH
Case 3: t > Ry. If t > Ry and x € R™ \ B(0, Ry), then Lemma 4.8 gives
2" M fapg o0 () < C{M (goo,s)(@)}/P> + Cla|" ™ H(x),
where goo,t(y) = {f2ro,00 (1) [y[" }P~XB(0,31) (y). By Lemma 4.3, we find

I{M (goo.i) } /7= lze ) (BO.\B(0.Ro)) = {M (goo,)} /7= e (2 B(0.Ro))
< CJl(goout) /"= |l o @\ B0,y )) < O

and hence
21" M f2rg 00 (@) | Lo (B(0.0)\ B(0, Ro))

< CI{M (goo,t) Y7 || Lot (B(0,0)\ B0, Re)) + ClllE T H ()| o> (50,0 B0, Ro))
<CtH

by Corollary 4.10. Now it follows from Lemma 4.4 that
[ M f (@) Lo (50,00, B0, 7o)
<Ol o) (B 0.0\ B0.Ro)) + 1217 M Fry 210 ()| Lo (80,60 B0, R0)

+ Clllz]"™ M fary,00 (@)l Lo (B(0.0)\ B(0.Ro))
<Ctt,

and the proof is completed, with the aid of the second case. O

85. Sobolev’s inequality in Lorentz spaces

Our next aim in this paper is to establish the Sobolev type inequality for Riesz
potentials.
For p € P1(R"™), set

}Bﬁ
S
|
3o
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Theorem 5.1. Let v € P(R™), p € P1(R™) and u > 0. Suppose a« < n/p* and

(T2) ap(0) —n+ up(0) < v(0)p(0) <n(p(0) —1) and
ap(o0) — n + pp(co) < v(co)p(co) < n(p(co) — 1).
Then there is a constant C' > 0 such that

el oot n gy < CllF v @e)
for all f € L»PH(R™).
With the aid of Lemma 2.4, we find the following result.

Corollary 5.2. Let v € P(R"), p € Pr(R"), ¢ € Pr(R") and p > 0. If
a<n/pta+p <n/q0) and o+ p < n/q(c0), then there is a constant C' > 0 such
that

||Iaf||gqﬁ,pﬁ,u(Rn) < C||f||£q,p,u(Rn)

for all f € LYPH(R™).

§6. Proof of Theorem 5.1

For a measurable function f on an open set G C R", we define
Tncf@ = [ le=s" " 1w

First we note the Sobolev’s inequality for Riesz potentials of functions in LP() (R™).

Lemma 6.1 ([11, Theorem 6.4]).  Let p € P1(R"™) and G be an open set in R™.
If 1 <p (G) <p'(G) < n/a, then there exists a constant C > 0 such that

”Ia,Gf”Lpﬁ(-)(G) < O”f“LP(-)(g)-

For a nonnegative measurable function f on R", we write

Iof(a) = / o — y|* " )y + / o~y ) dy
B(x,2|x|) R"\ B(z,2|x|)
— U () + In().
Then note that
(6.1) Io(z) < CH, f(2).

For U, f we have the following result in the same manner as Lemmas 4.5 and 4.8.
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Lemma 6.2. Let p € P1(R") and v € P(R™). Let po > 1. Suppose

y(0)<n<1—pi0>.

Then there exists a constant C > 0 such that

Ua (@) < Cla| ™ [ Laga(2) + {Tapo (90) (2)}'/7]

for all x € B(0,t) with 0 < t < 2 and nonnegative measurable functions f on R™, where
9t(y) = FWIy1" Y xB0.30 ).

Proof. Let f be a nonnegative measurable function on R". First note that
B(xz,2|z]) C B(0,3t) for x € B(0,t). Set fi(y) = f(¥)XB(0,3¢)(y). We have by Holder’s
inequality

) 1/p5
[ el ([ eyl )
B(0,|z|/2) B(0,]|z|/2)

1/po
([ g by )
B(0,]z]/2)

) 1/p}
< 0(|x|—” / |y|—"<y)”°dy> {Tap, (g0)P ()} 1770
B(0,]x|/2)
< Cla| ™D (L (g:)7 (2) 170

as in the proof of Lemma 4.5. Moreover, if y € B(z,2|z|) \ B(0, |x|/2), then |y| ~ |z|
and |y|™®) ~ |2|7®) for 7 € P(R") by (P1), so that

/ |z —y|* 7" fi(y)dy
B(x,2|2)\B(0,z|/2)

<Claf v | o = 317" Fuly) gl P dy
B(xz,2|z[)\B(0,|x|/2)
< Cla| P Iagi(w),
as required. O
In the same manner as Lemma 6.2, we can prove the following result.

Lemma 6.3. Let p € P1(R") and v € P(R™). Let poo > 1. Suppose

y(oo)<n(1—]%).

Then there exists a constant C > 0 such that

Uaf() < Cla| ™ [Lagi(®) + {Lap. (907> (@)} /7
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all z € B(0,t) \ B(0,1), t > 2 and nonnegative measurable functions f such that f =0
on B(0,1), where gi(y) = f(y)ly|"¥ x 50,30 ()

Proof of Theorem 5.1. Take rg, Ry and pg, pso such that 0 < 2rp < 1 < Ry < o0,

1 < po < p(0), 1< poo < p(c0), ¥(0) <n(l—1/pg) and v(oco) < n(l —1/ps). Let f be
a nonnegative measurable function on R" satisfying || f||zv.».u(mn) < 1, and write

f@) = fW)XB0,r0) ) + FW)XB0,28:)\BO,r0)(¥) + [ (W) XR B(0,2R0) (Y)
= fo,ro(Y) + fro.2ro (Y) + f2Rry.00(Y)-

As in the proof of Theorem 4.1, it suffices to show that

and

|||x|v(w)laf0mo (x)HLpﬁ(-)(B(o,t)) < Ct! for 0 <t < 2rg

21" Lo feRoo0 @)l 1ot (50,01 BO.Ray < O for > Ro.

In the rest of the present proof, we are only concerned with fq,,. For this note

from Lemmas 6.1, 6.2 and Corollary 4.7 that

“ |xlu(m)1af0,ro (x)”Lpﬁ(-)(B(o,t)) S C”Iagt“Lp“(-)(B(o,ﬁrO))

+ C”{IOéPO (gt)po}l/po ||Lpﬁ(')(B(0,6r0)) + C“ |x|y(m)Hf(x)||Lpﬁ(')(B(0,t))
< Cllgellzeer(B0,6r0)) + C < CtH

when 0 < t < 2rg, where g:(y) = f(¥)|y]"® X B(0,30) (¥)-
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The remaining part of the proof is easily completed. O
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