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Kernel of the monodromy operator
for semistable curves

By

Valentina D1 PROIETTO*

Abstract

This is an announcement of results, obtained in collaboration with B. Chiarellotto, R.
Coleman and A. Iovita, whose proofs will be published elsewhere. We study the relation
between the kernel of the monodromy operator acting on the first log crystalline cohomology
group of the special fiber of a semistable curve and the first rigid cohomology group with non
trivial coeflicients.

§1. Notations and preliminaries

Let k be a perfect field of characteristic p > 0. We denote by W the ring of Witt
vectors of £ and by K its fraction field.

Let X be a projective curve over Spec(W) with semistable reduction. We denote by
X, the special fiber of X, which we suppose is a union of smooth irreducible components
and by Xy its generic fiber. We suppose that Xy is connected and that it has at least
two irreducible components. For simplicity, we suppose also that all the intersection
points of irreducible components of X}, are k-rational.

In this situation, we consider the notion of convergent F-isocrystals on X} /Spf(W),
as defined by Berthelot in [1] and Ogus in [9]. Since X is projective over Spec(W), we
can embed X}, into a p-adic formal scheme P which is formally smooth over Spf(W).
Hence, as described in [1], we can construct the tube of X in P, denoted by | Xy[p.
Every convergent F-isocrystal E on Xj/Spf(W) naturally induces a module with inte-
grable connection (£,V) on |X[p and the first rigid cohomology group is defined as
Hrlig(Xk/Kv E) = H&R(]Xk[Pv (87 V))
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One can also consider the rigid analytic space X;g associated to the p-adic com-
pletion of X. Since we have an immersion Xﬁg —|Xk[p, every convergent F-isocrystal
induces a module with integrable connection on X;g by pullback, which we also denote
by (£, V). Then we can consider its first de Rham cohomology Hlp (X302, (€,V)).

Note that we can equip the curve X with a log structure associated to the special
fiber X which is a divisor with simple normal crossing and we can equip Spec(W) with
a log stucture associated to the closed point. By pulling them back, we can also equip
Xy, and Spec(k) with log structures, and we denote the resulting log schemes by X
and Spec(k)*, respectively. The log structure on Spec(W) induces a log structure on
Spf(W); again, we denote the resulting formal log scheme by Spf(W)*. We can consider
the first log crystalline cohomology with coefficients in a convergent F-isocrystal F,
which we denote by Hj, ... (X /Spf(W)*, E) ; thanks to [7] Section 2 (Sge also [6]
(X7 /SPE(W)*, E) = Hip (X3E, (£, V)
and we have the monodromy operator acting on this cohomology group, which we denote

Section 2.1), we have an isomorphism Hllog_crys
by Ng in this paper.

In [6] the authors describe the action of the monodromy operator Ng on Hlg (X0,
(€,V)) explicitly by using certain admissible covering of Xﬁg . In this paper, we recall
their description and we announce some results on the relation between the kernel of
the monodromy operator Ng and the rigid cohomology Hrlig (Xr/K, FE) which we prove
by using their description: in the case of trivial coefficients, we give another proof of
a theorem of B. Chiarellotto ([2]) saying that the kernel of the monodromy operator

is isomorphic to the rigid cohomology HL (X/K). Moreover, we announce a theorem

rig
that, if F is a unipotent convergent F-isocrystal, the kernel of the monodromy operator
N¢ on Hlg (X2, (€,V)) does not necessarily coincide with the rigid cohomology group
Hﬂig(Xk/K, E).

§2. A Mayer-Vietoris exact sequence

First we recall the construction of the graph Gr(Xy) attached to Xi ( e.g. [5]): we
associate a vertex v to every irreducible component C, of X, and we associate an edge
e connecting v and w to every intersection point C, of the irreducible components C,,,
Cy of Xj. We can regard Gr(X}) as an oriented graph: for any edge of the graph e we
choose an orientation of it and given two vertices of the graph v and w, we denote the
set of edges connecting v and w, with origin v and end w, by [v,w]. We denote by ¥
the set of vertices and by & the set of oriented edges.

As described in [1] there is a specialization map sp : X;g — Xj.. For every v € ¥
we define X, :=sp~1(C,) and for every e € & we define X, := sp~1(C). Then the set
X, is an open annulus in X;g and X, is what Coleman calls a wide open subspace ([4]
proposition 3.3), namely an open of X;g isomorphic to Xﬁg minus a finite number of
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closed disks contained in residue classes.

The covering { X, },cv is an admissible covering of Xﬁg and wide opens are Stein
spaces, since every wide open X, can be written as a union of an affinoid (inverse
image via the specialization map of an affine subscheme of the special fiber) and a finite
number of open annuli. So we can use the covering { X, },c to calculate the de Rham
cohomology of X;g via a Cech complex. Note also that every intersection of three
distinct elements in {X, },ey is empty. Hence, for a convergent F-isocrystal E, we
have the Mayer-Vietoris exact sequence:

(2.1)
@UE"//HC?R(XM (57 V)) —— @eeg’HgR(Xea (ga v))

HcllR(X;éga (57 V)) >

C ;
@UGVH(}R(XU7 (57 v)) — @eEgHéR(Xea (87 v))

We remark that we can calculate the cohomologies in the above exact sequence except
Hln (X ;ég, (€,V)) as the cohomology of the complex of global sections, since wide opens
are Stein spaces. We remark also that, since there is a comparison theorem between
the de Rham cohomology of wide open subspaces and the de Rham cohomology of
certain algebraic curves ([4] theorem 4.2), the cohomologies in the above exact sequences
are finite dimensional. From the exact sequence (2.1), we can deduce the short exact
sequence

(2.2) 0 — Coker(a) —— H1, (X35, (£,V))) — Ker(8) — 0.

When F is the trivial isocrystal, then Coker(«) coincides with the first Betti cohomology
of the graph Gr(Xx).

§3. Monodromy operator

Let the notations be as in the previous section. We recall here the explicit definition
of the monodromy operator N¢ on the first de Rham cohomology H, cllR(Xﬁg, (&,V))
given by Coleman and Iovita in [6] section 2.2.

Since wide opens are Stein spaces, every cohomology class [w] in H}g (X Eg, (&, V))
is represented by a hypercocycle ((wy)vev, (fe)ece), where w, € T'(X,, Q;rig ® &) and
fe € I'(X,, &), which satisfies w,|x, — wy|x, = V(fe) for any v,w with e € I[{v,w].

The orientation on e induces an orientation on X.. Using this, we define a residue
map

Res : Hip(X.,(E,V)) — HIR(X., (E,V))
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as follows. The module with connection (£,V) has a basis of horizontal sections
e1,...,en on X, because X, is a residue class (lemma 2.2 of [6]). Hence if z is an
uniformizer of the oriented annulus X, every differential form p, € Hlg (X, (€,V)) can
be written as pe = >, (e; ®; a; j27dz) with a; ; € K. Then we define the morphism
Res by Res(pe) := Z?:l ai,—1€;.

One can prove that the morphism
Ne : Hig(Xi5, (€, V) — @ecs Hir(Xe, (€, V))

given by [w] = ((Wo)ver, (fe)ees) = (Res(wy|x, Jecs) is well-defined. Also, we have the
morphism i : Geee Hig (Xe, (€,V)) — Coker(a) — Hig (X3E, (£,V)) induced by the
Mayer-Vietoris sequence, which can be explicitly written as

i((fe)ece) = the class of (0, (fe)ees)-

Then the monodromy operator Ne on Hip (X32, (€,V)) is defined as Ng =i o Ng¢.

§4. Monodromy and rigid cohomology

Keep the same hypothesis as before. Since X is projective, X can be embedded
in a p-adic formal scheme P smooth over Spf(W). Let us denote by P, its special fiber
and by Py® the rigid analytic space associated to P. We have the following diagram:

P
|
X Py P,

where the map between Pfr;g and Py is the specialization. We put | X [p:= spl_jl(X k)
and define the first rigid cohomology group with coefficients in a convergent F-isocrystal
E as Hy,(Xy/K, E) == Hiz(IXk[p, (€, V)). On the other hand, we can complete the
above diagram as follows:

X8 Pj#
/]
Xk: Pk P7

where the arrow spy : Xﬁg — X} is again the specialization map, as in section 2. We
have a morphism
(o X ;ég —>]X k [ P



KERNEL OF THE MONODROMY OPERATOR 55

induced by the immersion of X into P. It induces a map
(4.1) 0" Hiy(Xi/ K, E) = Hig(1Xi[p, (€,V)) — Hir(X55, (£, V).

rig

Using ¢* and Ng we can form the following sequence

(4.2) HY (Xi/ K, E) o Hip (X5, (E,V)) 25 Hig(X5E, (€, V).

rig
In [2] (proposition 4.10), Chiarellotto proved the following theorem, with the additional

hypothesis that & is a finite field. (We remark also that higher dimensional versions of
theorem 4.1 are proven by Nakkajima in [8] theorem 8.3 and theorem 9.1.)

Theorem 4.1.  If (£,V) is the module with connection (O yie,d) induced by
K
the trivial F-isocrystal O, then, in the sequence (4.2), the map ¢* is injective and
Im(p*) = Ker(No).

We study the sequence (4.2) when E is not necessarily trivial. We can prove the
following proposition for any convergent F-isocrystal F.

Proposition 4.2.  If E is a convergent F-isocrystal and (E£,V) is the module
with integrable connection induced by it, then the map ¢* in the sequence (4.2) is injec-
tive and

Ngop* =0.

To study the exactness of the sequence (4.2) we find a criterion to detect when an
element in Hig(Xk, (€,V)) is in the image of ¢*.

Proposition 4.3.  Let us take [w] € Hix(Xk,(E,V)) and, as before, a repre-
sentative ((Wy)vev, (fe)ecs). Then Resx, (wyx,) = 0 for every e € & if and only if
[w] € Tm(e7).

When E = O is the trivial F-isocrystal, we prove that if [w] € Hlg (X5, (O xiE d))
belongs to Ker(Np), then Resx, (wyx,) = 0 for every e € &, i.e. the condition in
proposition 4.3 is fulfilled. We prove this fact using graph theory. This implies that the
sequence (4.2) is exact, giving a new proof of theorem 4.1.

§5. Main result: the case of unipotent coefficients

In this section, we announce our result that (4.2) fails to remain exact in general
when F' is a unipotent convergent F-isocrystal.
Consider the following non-split exact sequence of convergent F-isocrystals

(5.1) 0—F—G—0—0,
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and assume F is a unipotent convergent F-isocrystal for which the sequence (4.2) is
exact. Let

(5.2) 0 — (£,Ve) = (G,Vg) — (Oxris, d) — 0,

be the exact sequence of modules with integrable connections on Xﬁg induced by (5.1)
and let 0 # = € HJ (Xy/K, E) be the element corresponding to the exact sequence
(5.1). The next result shows that, although the sequences (4.2) attached to E and O

are exact, this may fail for that attached to G.

Theorem 5.1.  Let us suppose that there exists y € HéR(ng, (€,Ve)) such that
¢*(x) = Ne(y). Let

L Hip (X35, (€, Ve)) — Hir(X5E, (G, Vg))
be the map in cohomology induced by the map ¢ in the exact sequence (5.2). Then
Ker(Ng) = Im(¢") @ K-1.(y).

In fact, we have an explicit example of a semistable curve X and a unipotent
convergent F-isocrystal E on X} /Spf(W) for which the sequence (4.2) is not exact.
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