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9 1. rntroduction. Throughout this article, k denotes an

aigebraicel2y ciosed Åíield oÅí charackeristic zere, wntch we fix

as the ground tield. maet R:ww k[ul,...,ur] be a poiynomiarn ring

in y variabies deÅíined over ki and 2et A be a finitely

generated, reguiar subaigebra of R. If dim(A) = lr A is

isomorphic to a one-pararneter polynomial ring over k. However,

if dim Az2 there are many examples of A which are net iso-

morphic to a polynomial ring over k. The purpose of this article

is to discu$s twe-diraensioRalr regulax subalgebras contaiRed in

R. We shall recall sone of neeessary definitions and results.

    Let V be a nonstngu!ar pxojectSve surface defined over k

and !et D be a reduced effective divisor on V such that D

has onXy nomrtal erosstngs as $ingularities. Let X:#me V-Supp(D).

The logarithrnic Kodaixa dimension if(X) is diefined ess

K(X) =

By detinition

ing:

    THEOREM

X be as above
   --
!L. 9!ESisu2!tiil,9!!al,i

X contains

eurve.

fiYg diM ÅëIn(D+KvÅrI(V) if ln(D+Kv)l f Åë

                      for some nÅrO

-- co iÅí otherwise.
 , K(x) = -Mco, O, Xt 2. Wa can then state

(MSyanish"Sugie [5] and rrujita [U). Let

  . Assume that D is conneeted and that

  curves of the tirst kind. Then K(X) nm
         -
        st gzlt,2I}ststut,i!2sgderllk slxls2u set U 2 Uo Å~

the foUow-

oewILt
    .go Lt2

 v,

 x
-co

Al•

D and
contains

if and
-where
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THEOREM (Miyanishi [2]). 主主主 x = Spec (A) 主主主 nonsingular

affine surface defined over k. Then X i潟 isomοrphicto七he

些出血盟〈話組出主主 A*= k*, A 法呈出2旦呈

factoriza七ion是認総和， 主主主 K (X) = -ex>. 

Le七 X be a nonsingular affine surface and le七 C be a 

nonsingular curve. We say tha七 X has an A1岬 fibrationover C 

if there exists a surjec七ivemorphism f : X 一一今 C such七ha七

gene凶出ersof f are isomorphic to the affine line ~· 

Then the following conditions are equivalent to each o七her:

(i) K(X) ＝輔∞，

(ii) x coぉtainsa cylinderlike open set, 

ヱ{iii) X has an A 四 fibra七ionover a curve c. 

§ 2・廷~ surface鰐弘主主 JA.1-fibrations

2.1. Let X = Spec(A) be a nonsingular affine surface. Then 

A is con七ainedin a polynomial ring {defined over k) if and 

叫 ifthere…ts a dominan七 morphi部川〈→ X. Assume 
七ha七 A is contained in a polyno訟ialring. Then we know七ha七z

(1) A* (= the setニofinver七iblee工ementsof A) = k*, 

(2）七hereis m ト fibration f : x→ C, where C主〈1 

or CとPt.
Le七 f : x→ C be an A -fibration such that C日； or Cネ

1 

p~ ・ Let F be a山札工f F is irreducible and reduced, then 

F 主 A,~. Otherwise, F is a disjoint union of irreducible 
日 k red 

ゆ l
componen七s,each of which is isomo玄phictニo ~ • For every point 

P of C, le七戸 be tニhen沼百berof iどreduciblecornponen七sof p 

1+1 
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the fiber f*(P). Then we have: 

rank~Pic (X) @ Ol - ~ 

＋C 
ZE 
lp 
／t1339ィ、1lfも、

CF 
EEP 
PHH 

f、ーム
P 」
1） 

） 
1ょ

if c～pl 
=' k 

if Cミ怠；

2.2. THEOREM. 訟主 A ~呈自足誌ζsubalgebra s:! R：口 k[u1’u2]

such that R is a fini七e A-module. Then A is isomorphic七。

豆思江田叫旦よ己主♀注目£ variables ~王 k.

1 
Proof. There are an A -fibration f : X一→ c and a 

do…nt morphism p : A~ → x induced by the inclusion A c:ー…ぅ R.
Then nD～c for every dエvisor D on X, where n:= deg（ρ｝． 

Hence Cヱ斗 andif f* (P) is 山 gular, i.e., f*(P} is 
reducible or non叩 reduced, then f*(P) = n C , where c ～A1 I p p p = k 

npよ2 and npJn. Suppose f has a singular fiber f*(P) = 

n C . Choose an inhomogeneous coordinate 七 of C so七hat P p p 
n p 

is defineG! by t 出 o. Then t 出 T for T s R. Let A’z 
ペJ

A e3J k［τ］ -"".A［τ］ C:. R, le七 A be the normalization of A' and 
k［七］
＇＼，司 J

let X:= Spec (A). Then p : A~ → x factors as 

ρ ： 及2一一一一→ x一一…ー→ X,k Pl .. P2 

where 支 is a nonsi吋叫araffi問 surfacewith an A 1.ィibration

：主ー今さ， and } has a si珂 ularfiber with np irreducible 

components. This is a contradic七ion. Hence f : X一一ぅ c is an 
1 1 2 

A~－bundle over A Thus x～A Q.E.D. k. , = k. 

1 
2.3. Let f : X 叩ー今 C be an A -fibration over a curve C. Le七

s 
f* (P) = l: n C be a singular fiber. f* (P) is called aβingular 

i=l i i 

r1K 
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1; some for n. = 1 
1 

and s > 2 fiber of the first kind if 

n. > 2 
1 柑

is called呈 singular旦出玉虫主主主主盟.££！！主主担呈 iff女（P)

is called七heぃ：出 G.C.D.(n1,... ,n5) The integer 1. for every 

is called a multiple f* (P) 1, 〉μ 工ff* (P) • multiplicity of 

王主beど．

be a nonsingular affine surface 

c～ベ－

X = Spec(A) Let THEOREM. 

lS A Then x 一一今 C,where £ムAl四 fibrationwi七h an 

has at most f contained訟呈 po工ynoぉiaヱ込盟主主箆立盟主之主主

盟主 singularg注玉三三法主笠包括弘主主・

following: 

Consider a Diophantine equa七ion

a_ a b‘ b 
xl-'-• .. xmm 繍 Y1ヘ.・Ynn 出 1

are inteqersる2

we use t二heFor the pどoof,

LEMMA. 

（＊） 

Then a non-constant b.’s 
］ 

R ＝ぉ k[u1,•.. ,ur] 

and a.’s 
1 

where 

is one of the followinq: 

J, 主！.~主主εk  詰 c.
j －

可
J
Y
 

and 1 

エn

X，ぉ＝ 0 for some 
)._ －一時0・倫 ー』叩－

b‘ b 
cよれ噌！

£""" = -1・1 ...、，n ., 

solution of (*) 

｛ヱ｝

ヱ，for 呈ヱ怠玉工x. 郡 c. £ k 
1 工

and j yj 躍 。主主！：.~恕主
cal am 
一..一一1 ・・・ ~m • 

where 

(2) 

where 

and f* (P) Suppose part. ”only if” The Proof of Theor制＼，

：〈→xρ Let fibers of the second kind. singular are f* (Q} 

are defined p*f* (Q) 

，
 

nu －－
 n
 

b

n

 
g
 ．
 
．
 

可・－
h
u
w
Tふ
qd 

and P*f* (P) Then 

nu －－
 am
m
 

ヂ’
h

1
ム
a

1
ゅ

手
ふ

be a dominan七 morphism.

by 

圭ork[u ,u l-k 
1’2 

g. 
j fi’ and 

1 ＋~ 

and 

b. > 2 
J = ai’ where どespec七ively,
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Q p ， so that c 。壬七Choose a coordinate 3・and 1 every 

Then we have 

可ム

一一n 

b

n

 

qd ．．
 

句ム
b

l

 

qd 

a
m
m
 

苧
ム

．
 
．
 

1
ムa
T品
宇品

respectively‘ 1, t = 0, are defined by 

by an x Replacing part. The ”if” This is a contradic七ion.

has no singular fibers f 七hatwe may assume affine open subset, 

second singular fiber of the of the first kind and that the unique 

y
 

b

・

n

～C
A
v
e
 

刊

×

C

×

c

i

x

x

 

山

↓

V
A
 

Let np ~こ 2.where = n C , 
p p’ f* (P) is of the form (if any) kind 

p where さ出 Spec(k ［τ］）， 七e
 

宅ムd

p

 

n
n
 

a

τ

 ＝
 

七

C = Spec(k[t]) 

be七henormalizatこionof 
べ，x 工，e七and 七＝ 0 

f and七heprojection is nonsingular, 主Then 

is the unique 官会（主）A1-fibration such七hatis an 
へJ－→ c 

is of the ト｛事）and p lies over 事where singu工arfiber, 

A1-bundle 

：孟；→ x.
an 

p 

con七ainsan open se七 whichis 

Thus we ob七aina dominant morphism 

支Then first kind. 

2主込；．over 

Q.E.D. 

is a cyclic group. Pie (X} 
七0ど

Under the situation of Theorem, 

be a nonsingu工araffine surface X = Spec(A) Le七THEOREM. 2.4. 

Then we have: C 主 P~.x 一一今 c,where f E弘1叩 fibra七ionwi七h an 

Then と呈 containedi!!_呈polynomial叫旦2・A Assume tha七(1) 

has three multiple f If has at most three multiple fibers. f 

主主主， 恐E主立 permu七ations,、ιF
J可ぜい，
 

吋
A

N
ド

，、
I

噌ム

8aτ

ぃ

，

r
t
L

今

3－e
 

内

4
rz可目
刷

fibers七heirmul七iplici七ies

{2,3,S}. and {2,3,3}, (n ょ2), {2,2,n} 

satisfies tニhecondi七ions:

has no singular fibers of the second kind bu七 a七 mos七

位盟主 multiple註詮詮弘主主註説話 irreduciblecomponents; 

ISO 

f Assume 七hat

f 

(2) 

(i) 
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(ii) if f has七hreemul七iplefibers，七heirmultiplicities 

｛い1’い2’い3} 主主主， 旦E主2.permuta七ions,{2,2,n} (n ~ 2), {2,3,3}, 

{ 2 I 3, 4} and { 2 I 3 I 5} • 

旦担 A 主主 contained主ゑ polynomial~・

For the proof, we need the following: 

LEMMA. (1) Le七 S:= s be a hγpersurface in 忌？
P1’P2’P3 一一－ k 

:= Spec(kfx1’x2’x3]) 生品盟卓泣

p p p 
x 1 --2 x 3 = 0 • ÷x + . 
1 "2 3 ’ 

主旦弘主主主 S*:= S-(0,0,0), 恕主主主主 P1’ P2 旦E呈 P3 主主主 in七eqersよ 2. 

1 1 1 
工f 一一 ＋ 一一 ＋ 一一〈 1 七henthere are no non四 constantmorphisms 
- pl P2 P3信 一ー一一一一一一一一一

1 1 1 
from Eピ 七o S* • 工f ーー＋一四＋ー叩＞ 1 七henthere is a dominant 
一一一－ K －一 一－ P1 P2 P3 一一一一一一一一一一一一一一一一

… (2) Let I:= I 一一一 P1’P2’p3,p4 
単ゑ問bvari山主主ベ：＝ Spec{k[x1’ 

x2,x3’x4]) 主主 codimension 2 主主主語主主投エ

，
 

nu －－
 4
 

P

4

 

x
 

i
T
 

内

4P

2

 

x
 

＋
 

宅
ムp

l

 

x
 
a
 

世
1
4
 

P

3

 

X
 

4
7
 

司
4P

2

 

x
 

÷
 

守
ふp

l

 

X
 

gゑ詮主 計：詰 Zー（0），治主ゑ pi ｛工三 i~ 4) 主主恐主主主丘主五主 2

and a€: k-{O,l}. 主主 {pl’P2’P3’P4} 主ゑ~主主主主主主 followinq

quadruple七s: {2,2,2,n} (n ~こ 2) I {2,2,3,3} I {2,2,3,4} 主旦旦

{2,2,3,5｝，主註旦単王怠主互旦巴盟旦－co悶 tan七 mοrph

I* 

Proof of Theoどem. ｛工） Suppose f has three or more mul七iple

fibers, and let f*{P.) (1 < i < 3) be multiple fibers with 
l. ＝担

ISi 
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respective multiplicities ぃ，＞ 2. Let P : A？.→x be a 
工＝ K 

dominan七 m叫 hi肌 Then f・P(Ak) is isomorphic七o ~ or 2 

If f・ pベ）ヱベ，山n two of Pi’s are in f・ p (A~ ）・ This 
le山 toa contradiction by Theorem 2・3・ Hence f•p (A~ ） = c. 

1 
11" 
k 

Write f* (P.) ＝ぃ .F.. 
1. 1. 
Then p*Fi is defined by fi = 0 in A~ ， 

where f . E k [ u u ] . Then we have ェ l’2

f~ 3 f~ 2 
一二一＝ a ーとー＋ b with a. b c: k* 
fβ1 －β1 
1 -1 

Since p* (Fi) (l p女（F.) ＝中 if i戸 j,we have a non-constan七
J 

morphism 

f: A~. → S* K ]J ,μ ,μ .. 1 2 3 

Hence 
1 1 1 噌

一 一＋一一＋ー－ 1 
い いい1 2 3 

Then iぃ，u ，い｝
、 1 2 3’ エs, up七o permutations, 

one of the triplets: {2,2,n} (n ~ 2), {2,3,3}, {2,3,4} and 

{2,3,5}. Suppose f has four multiple fibers f*(P」）＝い .F.
l 工 l

(1三i三4) with ]Ji ~二 2. Then we obtain relations of the form 

、，P
J
T
ム
．，， o
 

r4ι k
 

pv a
 ，
 

nu 一一
凋
弓

日
H

n

－
S
L
 
＋
 

q
L
 

日
F

q
’
白

石ム＋
 

1
ム

H
H

可
ム

手
ムa
 

－－
 

可
d
U

3

 

5
ム＋
 

内ぷ
日
ド
今
’
’
臼

手
ム＋
 

、よu・
1占
干名

where f . E k [ u , u ］ー｛O}. Then we have a non-constant morphism 
1 2 

中： JA~ → E*
K い，υ ，い，い，~ 1234  

which is a contradiction. 

(2) Replacing X by an affine open subset, we may assume tha七

f has no singular fibers of the firs七 kind. Suppose f has a七

most two multiple fibers, say, for example, two mul七iplefibers 

-1 
f*(Pi) (i = 1, 2). Let x’： = X-f ( P 2) and c’：＝ C-{P2}. 

/tl 
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Then f’＝ fl X' : X' －→c’ is an A工岬fibra七ionover c ’主 A~
wi1ニhonesingular fiber f*(P ) of the second kind. Then we are 

1 

done by Theorem 2‘3. Suppose f has three multiple fibers 

f*(Pi ）出いiFi with ｛いl，ぃ2’い3} as specified in the sta七ement.

Consider the case where {μ1,μ2’い3} = { 2, 2 ,n} . Let T : c’－＋ C 

be a double coveringどamifiedover P1 and P2’le七 X’be七he

normalization of X × C’， and let f’ : X’ 一一歩 C’ be the 
c 

. 1 
natural A 叩 fibrationover C’之 ll!'k・ Then f’ has only two 

multiple fibers f’＊ ( Q . ) ( 1 = 1, 2) of mul 1ニiplici七Y n, where 
J_ 

τ由工（P3) == {Ql’Q2｝・ てrhenwe are done by the formeど case. The 

cases where {μ1,μ2,μ3} = {2,3,3} or {2,3,4} aどedeal七 with

by a similar fashion; 

triple 
{μl’h’μ3} = {2,3,3} . :!Jo {2,2,2｝ー→ theformer case, 

ering 

double 
｛いγい2'μ3} = {2,3,4} . :;, {2,3,3｝ー→めeformer case. 

covering 

工nthe case where ｛いl’μ2’い3｝拙｛2, 3, 5}, we know by the theory 

of Kleinian singulari七ies七ha七七hereexis七sa ramified coveどing

T : C’叩『→ C of degree 60 with 30 poin1ニsover P1 with 

ramification index 2, 20 pain七sover P2 with ramification 

index 3 and 12 poin七sover P with玄amifica七ionindex 5, 
3 

where r～〈・ Let X' be the normalization of x x C' and 
c 

1 
f’ : x’ーー今 C’ be the natural a且叩fibration. Then f’ has no 

mul七iplefibers of七hesecond kind. So, we are done. Q.E.D. 

会3. Surfaces with .a.！－帥どa七ions
1 1 

3 .1. We denote by A* the affine line Ak with one po in七

/S3 
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de le七edoff. Let X be a nonsingular surface and let c be a 
1 

nonsingular curve. 位 A;;;-fibra七ion~ x ~主 C is a 

surjective morphism f : X －…少 C such that general fibers of 

f are isomorphic to A! and every singular fiber (if any) is 

of七heform f* (P）宮 nC , where n > 2 and c～ゑ：. The p p p出 品 局

morphism f (or x itself) is called also盟計四ι単玉虫盟主・
A笠諮主主 compac七ificationof X is a nonsingulaど projective

surf ace V containing X as a dense open se七 such七hat V叩 X

cons is七sof nonsingular irreducib工ecurves crossing normally each 

。七her.

An &!-fiber space f : X→ c has 印刷lowingnormal 
compac七ification <t : Vー→ Y such tha七：
(i) X and C are denぉeopen subse七S of v and Y, 

どespec七ively;

1 I 
(ii) <j' is a P 畑 fibra七ionand If' I x = f ; 

(iii) v-x con七ainsno excep七ionalcurves of the firs七 kind

contained in fibers of f:f ; 

(iv）七hereare七wocross叩 sec七ions M , M such that M , 。∞
MooζV田 X,Mon Moo ＝チ andthe other components of V山 X are 

contained in fibers of J . 

3.2. LEMMA. Let X 主主主 nonsingular,g主主怠ムーprojec七ive豆比五主主主主

wi七han effec1ニive, separa七ed G -ac七ion. Assume七ha七 X has no 
m －ー四則町間四ーー 由時四四回ーーーーー叫叩一 一時一ーーー

主主怠巴主主主・ 詮主 f : x －→ C:= X/Gm 主主主主主 quotien七 morphism.
Then we have: 

｛ヱ） c 話三 no凶 ngular盟主，主主主 X 誌竺 aト出三盟主主

over C; 

JS4 
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(2) f* (P) is a multiple fiber witニhmultiplicity いn if and 
ドー－

2江主主主主 stabilize玄 ~σx 主主~~込主三区盟主主主忠告三

いn for a oin1ニ x of f l(P). 
H 一 一一一
3.3. Let 

守
JP
 ，
 

q
L
 

P
 ，
 

マムP
 

円

b＝
 

C
M
 

be as in Lemma 2.4. Let d = L.C.M. 

(pl ,p2 ,p3) and define in七egers qi by d = piqi・Then G m 

ac七seffectively on S* by t(x , 
1 2’3 －

 

）
 
2
J
 

X
 

1
4
 
α品
七
，
 

「，－x
 

司
ぷq
 t
 ，
 

宅ムx
 

噌
ムq
 t
 
｛
 

拙

Le七 f : S* ーー→c be the quo七ientmorphism, where C is a 

comp le七ecurve. Define integers p~ (1 ~ iヰ 3) by 
l. 

p' P1 I P2 『， P3
ヱ罰百F可？’ P2＝有F弓了 ana p3 ＝有？弓了・

Then we have: 

LEMMA. (1) ~ g_怠旦旦豆 g(C) 2f C ム呈旦ムヱ呈旦主主

a2 d (ql,q2) (q2,q3) (q3,ql) 

g(C} ＝守？でアτ一四ー一一一一“＋一一一一一＋一一一一一…2qlq2q3 2 qlq2 q2q3 q3ql 

d(ql,q2) 
(2) f has no multiple fibers bu七 possiblv fibeどS

一一…一一回ー一－ qlq2 一回目一一一
d (q ,q ) 
2 3 wi七hmultiplicity (q q ) fibers with mul七ipliciiニY

l’ 2 ’ q q 一一一四一ー四一一一2 3 

(q2 ,q3) and 
｝
園、ム』α

品

目

1
ふ

，z
t
 

3
－3
 

q
一q

｛
陶句。四 fibers wi七hmultiplicity (q3,ql). 

g(C) 

可

よ

∞

0

1

明

0

1

＝

＝

〉

f
i
1
4
1
i
i
L

f
i
l
J
1
1
1
1
、

出

や＝き〉
1 1 l 
－γ ＋ 岬寸・ + ""T 
P1 P2 P3 

(3) 

定（S*) ＝々今
1 . 1 . 1 - ~ーャ－
P1 P2 P3 

1

1

1

1

1

1

 

〉

拙

〈

〉

部

〈

f
i
l
i－－
i
t
f
i
t
J
1
i
i
、、

( 4) 

1ss 
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(5) Assume that k ≪:. Let U be the universal covering 

！？.£主主主主主 S*. ~忠~h主主主：

( ≪:2町（0)

ひ～－＜ ≪:2 
= . 

¥_ C × D 

や＝今

{ > 1 

...!_ + ...！＿÷ム J= 1 
p工 P2 P3 ¥ 

¥.. < 1 I 

where D is a unit 

(6) 邑盟主主主 P1 ~ P2 ~ P3・Z主主旦主主単語：

1 1 1 句

一 一＋ーー＋ー－ 1 
P1 P2 P3 

{pl’P2’p3} = {2,2,n} (n乙2), {2,3,3} 

{2,3,4} £!:. {2,3,5}. 

1 1 1 = 1 々ゆ｛p ,p ♂｝一｛23 6}, {2,4,4} or 
P1 P2 p3 1 2 3 - ' ' 

{3,3,3}. 

Proof. We prove only the assertion ( 4) • Let 宇： Vー→ c
be the normal compac1ニification of f : S* 叩山う C as described in 

3.1, where X = S* and Y = C. Let 争1,...，争N exhaust all 

multiple fibers of <f. The following descrip七ionof V is 

found in Oど工ik-Wagreich [ 6] • Le七争 bea mul七iplefibe玄 of

mul七ipエicity a, say a = (q1,q2) ＞工. Define an integer S by 

七hecondi七ions: 0 ＜絵〈 α and q3S三工（modα｝． Define positive 

in七egers b可，..., b ( > 2) by a continued frac七ion
l. s 時

α一川

1 
b s 

Define in七egers a. , S. for each fibe玄争i'and let 
1 1 

156 
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司 N s, 
b = ーー」ニ・ー一 - E ーニ
qlq2g3 i=lαi 

2 
Then (M0) = -b-N, (M00) = b and the dual graph of 争 is

o－ーー一一oーーーーも『一一一四一．．．．．一一一ーベコ一一一－－（コーーー--o－ーーーー一．．．．．・一一ー『-o－日一-0
M0 -b1 -b2 -b5 F M.x, 

where each irreducible component of 争 is a nonsingular rational 

curve，争nS* ＝αF, F is the closure of F in v, and F is 

the unique exceptional curve of七hefirst kind in 争．

Let D be七hereduced effec七ivedivisor on V such that 

Supp(!>) = V-S＊.工f g (C) = 1, j' has no multiple fibers. Hence 

D+Kv～O, whence K{S*) = 0. 工n general, we have 

N N N 句

D＋~，～ L ~ ; - L F; + 9' * ( K,., ) ;:. L ( 1 -ct:-) ~ ; ＋戸（K,.,)
v i=l ... i=lムー 』 i=l -i ム 」

N 
1 . 

Le七 A:= ( E (1－士一）争』 ＋ が（K~ ） ・ M~ ） . Then we have 
i=l ~i ... J 、， v

A = ( E （ト去）9'*(P) ＋ザ（Kc)・Mo) 
PEC P -

d2 1 1 1 
＝一一一一一（1－一一ーーーーーー）qqq  p p p 
l 2 3 l 2 3 

Hence we obtain our conclusion. Q.E.D. 

3. 4. Le七 E= E be as in Lemma 3 .4. Then E* has 
P1 ’P2,p3’P4 

an effective separated action of Gm defined by 

ql q2 q3 q4 
t (x , x x , x ) = （七 x ,t x ,t x ,t x ) 
l 2’3 4 l 2 3 4 

where d ,., L.C.M. {p ,p ,p ,p ) 
l 2 3 4 

and d = p. q. • Let f : E* 一一歩 C
1 1 

be七hequotient morphism. Then we have: 

JS7 
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主忍主 completenonsinqular .£旦互主主 21.g豆旦旦怠

部 a3 a2,<q1,q2,q3＞ー（ql,q2’q4)_. (ql,q3,q4)-'-(q2,q3’q4)) 
ー－・， ，，，  ql q2q3q4 2 l ql q2q3 ql q2q4 ql q3q4 q2q3q4 J 

c (1) LEMMA. 

g(C) 

‘
も

z
，．
句

3

－
q

－
 

，相官
J

Z
山

q

q
一2
’－
q占

’
ム
由
胃
ム

q
－q
 

｛
－
 

4

4

m

 

‘H
M

町

+ 1 

fibers has~ mul七iplefibers主主主 POおsibly

d2(ql,q2,q4) 

qlq2q4 

f (2) 

fibers wi七hmulti-

、‘，，同
組
品
盲
目
q
山

，
，
叩
a噌

｝

3目
qa

3

q

－3
 

q

’一
q

e
’

司

ム

－

τム

2

q

－q
 

z
（
－
 

，q
4

町

l

d
叩

q
 

，z‘、
wi七h 繋¥Ultiplici ty 

fibers with multiplicity 

(q2,q3,q4). fibers with multiplicity 

(ql,q2,q4)' 

｝
圃
8
H
・E
q
一

，

－

凋

噌

3

－q
 

q
h
3
 

，
町
内
刈

q’
融
問
内

4

q
一q

｛
－
 

弓
L

Ed

－
 

己主誌ぷ

and (ql,q3,q4) 

We have tニhefollowinq七able:

{pl’P2’P3’P4} ヲ（C) mul七iplefibers of f 

{2,2,2,2s} 1 4 fibers with rnul七iplici七y s 

{2,2,2,2s+l} 。 4 fibers with multiplicity 2s+l 

{2,2,3,3} 2 no multiple fibers 

2 fibers with multiplicity 2 
{2,2,3,4} 。

4 fibers wi七hmul七iplicitニY 3 

2 fibers with multiplicitニY 5 
{2,2,3,S} 。

2 fibers wi七hmul tiplici 1こY 3 

(3) 

be a non叩ザ＝〈→ S*Le七(1) Proof of Lemma 2.4. 3. 5. 

is no1ニ守i込；｝a七 all).

1 1 1 
一＋ー＋一戸 l
P1 P2 P3 

Then (if i七 existニSconstant morphism 

because Thus 

1 1 1 • 
ー… ＋ 一一 + - 1. 
P1 P2 P3 

ー∞制定値；）ネ K{S*)

f. contained in a fiber of 

is dominan七， we？ 工王Suppose = 1. g(C) 

which is a 

is a rational curve wi 1ニha七 most

158 

時 1,Then 

少｛孟；｝Hence 

r = 2. 

contどadiction.

may assume 
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one place at i凶山y. L叫中＝ fザ・ Thenψ ベ）与~ or 
and c ～ P~. Then we canぬOW七h抗 f has伽 eeor more 

r l 
multiple fibers. 立場町｝主~· we ob乞aina con口adictionby 

r 1 
m誌 inguse of Lemma 2.3. If 叫 J主Pk,the Riemann脚 Hurwitz

，，
 
宅－－

b
h

mr 

formula implies 
N 崎

I: (1 - －；？－・） ~ 2, 
i=l ~i 

where N and αi’s are as in tニheproof of Le寂淑1a 3.3. Hence 
1 1 1 一ー＋ ーー＋ ーー〉 l, a contradic乞ion.
P1 P2 P3 = . 

(1’｝ suppose ..!._ ＋よ＋ム＞ 1. むe七｛p p ,p ｝躍り，2，計．
P1 P2 P3 1’2 3 

Then we can easily find a solution {xi= fi; 1 ~ i手 3} of 

2 2 2 
xl÷x2 +x3 == 0 in R = J屯［ul’u2J such七ha乞七r.degkk(f1,f2,f3) = 2. 

2 
m郡山eis a d閥均七 morphi織す＝ヘ→ 52,2, 2・ Since A~ 
is simply connected and there is a finite tら七alemorphism 官 : 

〈ー（0）→ 52,2,2’<f factors as ヂ＝甘 •f, whereタ＝〈→4 ～ 

〈ー（0) is a m叫rphis 工nO七hercas叫七hereis a f ini七ee七叫

2 
morphism n* : Ak -(0）→ S~l,pρ3. Then <:p * ＝刊・3: a；→ 
S* is a dominan七 morphism.

P1•P2 ’P3 

( 2) The proof depends on Lemma 3. 4, ( 3) • Q.E.D. 

3.6. 工n 七he玄es七 of七hissec七i。n,we re七ain1こheassump七ionsand 

七hen。七a山 m 。f3.1. 恥 assume七ha七 y= c 主 p~ and七ha七出

dual graph of a fiber ~ * (P) 1s a linear chain for every p。int
P of C, where every irreducible componen七 of ~＊ (P) is a 

nonsingular rational curve. We a四四e出叫吋） < 0・ Indeed,
2 

(M0) < 0 or (M00) < 0 provided f has multiple fibers. Let 

151 
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f*(P.) ＝α. C . ( l < i < N) exhaus七 allmultiple fibers of f, 
1.1. = = 

where C.～A1, a > 2 and α 〈 α 〈．．．〈 α ．
1. = ＊’ i=  l=  2 ＝~ = 

日 MMA. (1) K (X) ＝川 主主主語~主主主主単五 N ~ 2 Qf. 

N 出 3 and ｛ααα ｝ is one of the following triplets: 一－ l' 2’ 3' ー叩叩一一一ー一一叫
{ 2' 2 , n} ( n ;;;,, 2) ' { 2, 3 I 3} I { 2 , 3' 4} I { 2 , 3 I 5} • 

(2) K(X) = 0 話~£込:L ぷ主主主主主ど N = 4 訟.£ fol,a2，α3，α4} 

= {2,2,2,2} or N = 3 and ｛ααα ｝ is one of the tどiplets:一… 1’ 2’ 3 一ーー一一叩・叩1一一一
{2,3,6}, {2,4,4}, {3,3,3}, 主主Q loqarithmic E.語以叩血盟主主主主怠

忌法主主主主斗出怠＝

l¥ (X) = 0, P 2 (X) = 1 1’2，’ 3’4 } = {2,2 2,2}; 

Pi (X) = 0 

Pi(X) = 0 

Pi(X) = 0 

(3) K(X) = 1 

(1三i三5)I p6 (X) = 1 if 

(1三i三 3), P4(X) = 1 if 

(i = 1, 2), P3(X) = 1 if 

if and g旦よヱ if N > 3 and 

よ人..+ .l_ ＜ト2.
3α  -1 N 

1，’ 2，’ 3} = {2”，3,6}; ’ 

工，’ 2’3} = {2,4,4}; 

1’2’3 } = {3,3,3}. 

3. 7. Le七 T : V －→す bethe contraction of V to a relatively 

minimal surface V such七hat (M ）出（M ) < 0 and (M~ ） = （峠）一 一2 2 
0 0 

部， wnere 豆詑 τ似｝ and M ＝τ（M ) • Le七 p:V －→~ be 。∞∞

七hecontraction of V to a relatively minimal ruled surface 'ti 
'.:1!2 2 ～2 2 

such that （見。） = (M0) +N and (M00) = (M,,) , where M0 ＝ρ（Mo) 

and M00 = p(M00). Then τand p are uniquely determined. 

THEOREM. Assume七ha七 N = 3, m：担（M2) > O and ｛ααα ｝ 
＝叩…岬 l’2’3

主怠 2.!!主旦主主主主七どiplets: {2,2,n} (n ~ 2), {2,3,3}, {2,3,4}, 

{2,3,SL Z註呈.!l K (X) = ー∞， 主主主 X con七ains.!!2. cylinderlike会誌主主

sets. 

iも0
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1 
3.8. There are examples of A*-fiber spaces over Pk wi七h

m < O. For example X - S* where {p ,p ,p } is one 
, - P1 ’P2’P3’ 1 2 3 

of七he七riplets: {2,2,n} (n ~こ 2), {2,3,3}, {2,3,4}, {2,3,5}, 

for which m = -1. 

Tお認OREM. (1) S* con七ainsno cylinder工ike~怠.！！. 2主主怠
P1’P2’P3 ーω

if {pl’P2’p3} '/: {2,2,n} (n 2こ2)• 

(2) S* (nよ2) con七ain鼠 acylinderlike o en set. 2,2,n ー ニιニヰ
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