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                 The eone oÅí eÅífectlve l-cycles

                                by

                         Shrkgefumi Mori

Introduetion. In this note, our subject is the cone NE(X) of

effectlve l-cycles on a non--singulaxe pyojeetlve vartety X.

We wUl study how fa)r this eonvex cone NE(X) is fll7om

being polyhedral. Xf cl(X), the first Che]rn clas$, is ample,

then NE(XÅr is polyhedyal (lkeoyem i.) In general, NE(X)

is cMose to be "polyinedral" on the half space {Z e N(X) l

Åqz.cxÅqXÅrÅr År C} (Tkeoyem 3.År Tkeorem 3 (cy eveR Leimi}a 5År

includes the assertion: Kx) eanoniaal divisor, is numericaMly

effective if X contains no rational cuyves.

     Xn the next paper, we wh11 consider the appMcation of

Theorem 3.

gl. Notation, definitions, and statements.

     Let X be a non-slngutar projective vayiety oÅí dimensaon

n dertned over an aigebraieaXiy closed fieki k of

characteristic p z. O, with a very arnple divisor H. We will

keep these symbols thrcughout tkis paper.

     By a 1--sursLslg on X, we understand an element of the firee

abeMan gyomp geReyated by akl the iyyeducibie red"ced

subvairieties of dimension 1 of X. A l-cycie Z=X nc C

(nc E rz) is called effective iÅí nc iC Åíoy all C. !f two

l-eycXes Zi and Z2 areaswt b 11 eLslMSLajt.gn12.t(resp.
nLuuagLgus}gL,LsL-menieall eLtgu!l.iL t t) in the usual sense [2], we express it

by Zme "•s".. Z2 (resp. Zx'•'--J.N.t. Z2.) Let
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A(X) = （｛工叫eye工eson X｝／お） R LZ m, 

N(X) = ({l叩 eyeles on X｝／話） R:;z JR, and 

AE(X) (resp. NE(X)) the smallest eonvex eone in A(X) (resp. 

お（X)) eon七ainingall effeetive エーeye工es, elosed under 

mul七iplieationby 句＋ = {q E 勾 Iqと O} (resp. JR+= {r e:JR 

r 三 O}.) Via 七hein七erseetionpairing ( . ) of エーeye工esand 

divisors, N(X) is dual to NS(X) R JR where NS(X) is the 
LZ ’ 

Neron-Severi group, {di visors of X｝β芯. Thus N(X) is a rea工

veetor spaee of finite dimension p (X), the rank of NS(X). 

Let II II be any norm of N(X). Then N吉（X), the elosure of 

NE(X) for the metrie topoユog:1らisdual to the pseudo叩 ampleeone 

of X (ef. [2〕） by Kleiman’s eriterion for ampleness: a 

divisor D on X is amp工e if and on工y if ( D. Z) > 0 for aエヱ

Z e: NE(X）ハ｛ Z e: N(X) i llZJI m ユ｝．

This eone NE(X), which is interes七ingfrom various 

viewpoints, is rationaユpolyhedralif e (X) the first Chern 
l ’ 

elass of X, is ample. 

2 

Theorem 1. If 。1(XJ is ample, then x eontains finitely 

many ra七ionaleurves、 1エ’ R.2’・， 1Nr sueh七ha七 (£,i・e1(X））三n＋エ

for all i, 

a) AE(X) = 囚＋［R.lJ + ... + 辺＋〔且工、］ if p > O, and 

b) NE(X) =JR＋〔R.l] + ・ ・ ・ + JR+[R.r] if p > 0, where 

[Z] de no七es the cユassof 工時cycle z. 

To be explieit, a rational eurve means an irredueible 

redueed eurve defined over k whose normalization is 

Thi s 七heoremenables us 七o improve our七heor’em 3 [5〕．
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Coro工lary 2. 工f c (X) is amp工e, then 
1 

a) a divisor D on X is ample if D is numerically 

positive, 

b) p(X) ＝ユ if every numerically effective divisor is 

ei七hernumericaエly七z’ivia工 oramp工e, and 

3 

c) p(X) = 1 if every non』 zeroeffec七ivedivisor is ample 

and if p = O, where a divisor D is said numerically positive 

(resp. nurnericaヱエy effective, numericaエエy triviaユ） if (D.Z) > 0 

(resp. (D.Z) > O, (D.Z) = 0〕 forall irreducibエe curves Z. 

エndeed (a) fo工工owsfrom NE(X) = おお（X) by vir七ueof 

Kleiman’s criterion. If p (X) ＞ユ，七henwe can take a divisor 

D such that D > 0 on the interior （戸中） of NE(X) and D = 0 
for some i 

JR [ i ] " as a real valued linear function on N ( X), which 
+ i " 

implies 七ha七 D is nurnerica工工y effective, and no七 numeric a工工y

七rivial, or ample. This shows (b), and (c) follows from 

(b) by Lemma 2, (2) ［日．

To s七udy 妄E(X) for general X, we need more definitions. 

for an arbitrary positive real number e:, let 

Ae:(X, H) = {Z e: A(X) I (Z.c1(X））三 e:(Z.H)},

Ne:(X, H) = {Z e: N(X) I (Z.c1(X））三 e:(z.況）｝，

AE (X，双） = AE(X）ハ A (X，民）， and NE (X，別措 NE(X）ハ N (X，豆〉．
e: e: 

If there is no danger of confusion, A (X, H), N (X, H), Aお（X, H), 
e: e: 

NE (X, H) wiユlbe abbreviated to A (X), N (X), AE (X), Nお（X) ' 
e: e: 

工事espec七ively.

主主怠2主主主 3. For an arbi七rarypositive e:, there exist a 

finite number r ( > O) of rationa工 curves £ , ••• , t in X ェ
such tha七（ ti・c1(X））三 n+l for all i, 

1S 



a) AE(X) = 辺＋〔見工］ ＋ ．．． ＋ 辺＋〔9.r〕+ AEE: (X) if p > 0' and 

b ) NE ( X ) = JR [ 9. ] + . . . + JR [ 9. ] + NE ( X ) i f p > 0 , 
1 + r 

where NE8 (X) = NE(X）ハ N8(X). 

Now Theorem 1 follows from Theorem 3. Indeed, if c1(X) 

与

is ampユe, then AE (X) = NE (X) = 0, when lie: is a sufficiently E: E: -

large integer such 七ha七 （ユ／ι）c1(X) 叩 H is ample. Theorem 3 wi工工

be proved in the next se c七ion.

§2. Proof of Theorem 3. 

We will begin by reformulating Thoerems 4 and 5 in [3]. 

Theorem押. For a non-singular projective curve C of 

genus g over k and a morphism f : C 一一~ X, there exist a 

morphism h : C一一令 X and an ef'fective 工－cycle Z with the 

properties; (a) (h器（C).c1(X））三 ng, (b) an arbitrary irreducible 

componen七 Z’of Z is a rationa工 curvesuch七hat

(Z’・c1(X））三 n＋工， and (c) f器（C）お h帯（C) + Z. 

Proof. In七hestatement, f'普 iぉ thecycle-theoretic 

direct image; f暑（C）端 0if dim f(C）置 0, [C : f(C）〕 f(C) if 

dim f( C) = 1. We will乞reattwo cases. First we assume g = O. 

We use induction on (f暑（C).H）.工f (f*(C).c1(X））ヱ n+l,

七henwe can se七 h to be any cons七antmap and Z = f葺（c). 

工f (f器（C).c1(X)) > n+l, Theorem 4 [3] implies that f器（C）会長

Z工＋ z2' where Z工 and z2 are non-zero effective 1-cycles 

whose components are rational curves. Since (f普（C).H) = 

(Zl・H) + ( z2・H), we can apply the induction hypothesis to 

z1 and z2, and the case g 盟 O is done. We prove the case 

g > 0 again by induction on (f'器（C).H). If (f'普（C).c1(X））三 ng,
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5 

we can set h = f and Z = O. 工f (f暑（c). c工（X)) > ng, it follows 

from七heproof of Theorem 5 [3] that f普（C)~ f＇普（ C) + U, 

where f' : C 一一→ X‘ and U is a non-zero effe c七ive1-cyc工e

whose cornponen七sare ra七ional curves. Since U ~ 0, 

(f’器（C).H) < (f暑（C). H). Now we have only to apply the induc七ion

hypo七hesis七o f’ and the resul七 on七he case g = 0 七oeach 

cornponen七 of U. q.e.d. 

Now Theorem 3, (a) is an easy corollary to Theorem 4. 

Proof of Theorem 3, (a). Le七 usconsider七heset 争 of

all the ra七ionalcurves ,e, in X such that ( ,e,. c1 (X)) < n＋工

and [,e,] i AEe::(X). These curves ,e, form a bounded famiユy, i.e. 

para訟etrizedby a quasi叫 projec七ivescheme 〔工， n°22工， h〕，

because ( ,e,.日）く（ ,e,.c (X))/£ < (n+l）／£・ Hencethere exis七
1 

fin主主elymany ra七ionaエcurves え；L' ••• , Q,r which form a comp工ete

set of representatives of 争島． We will show that the convex 

cone V = Ill＋〔Q,lJ + ... ＋勾＋［,e,r]+ AE£ (X) is equal to AE(X). 

We七reat七wocases. Le七 ,e, be a rational curve in X. By 

Theorem 4, ,e, :::::: Z for some effective工－cycle Z whose componentぉ

z’ are ra七iona工 curvessuch七ha七（Z’.c (X））く n＋工. Thus for 
エ

each component Z' of Z, we have either z’E 争 or Z’e AE (X). 
£ 

Hence 〔ぇ］ £ V, and七hera七iona工 curvecase is done. Let C 

be a non-singular projective curve of genus g > 0 and 

f : c 一一平参 X a morphism. Let Ci be the p i時七h power of C 

and 甘i ： C工一一→ Ci叩；i the p一七h power morphism・ We then 

inductively find morphisms fi : Ci …一一歩 X and its image Di 

fi普（Ci) for i三 O so七ha七 f0= f, (Di+l・cエ（X））三 ng, and 

p[Di ］四［Di＋工］ e V for all i > 0. 工ndeed, if we apply 
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Theorem与七o f 10宵1+1 = ci+l一→ X, then we get h = fi+l and 

h葺（Ci+工） = Di÷L such七hat p[D1J －〔Di÷エ〕 is equivaヱen七七0

a sum of ra七ionalcurves which beユongto V as we have seen 

before. Now if [D ] £ V for some a, then [D0] £ r because 
a 

DO 盟 a；工 p-j-l(pD - D ）÷P-a D ・
j j+l 

j=O 

If [Di] i AE8(X) for all i, .then (Di ・H）三（Di・c1(X) ）／£三 ng/c

for all i. Since (Di・H) is uniformly bounded, there are 

numbers a and b such tha七 D ::::: D and a < b [ 1 , n ° 2 21] . 
a b 

Then 
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implies七ha七 〔D JεV, from which follows 〔D0J c v. q.e.d. a 

To prove a resul七 incharac七eris七ic 0, we prove a varian七

of Theorem 3, (b) which is actuaエエy equivalen七七oTheorem 3, (b). 

Lemma 5. Let Z be an effective 1田 cycle on X such that 

(Z.c1(X)) > O, and M an arbitrary ample divisor on X. Then 

七hereexis七s a ra七iona工 curve z’ such七hat

n＋ユ（c工（X).Z’） (c工（X).Z)

て百万寸ニ (M. Z’） ニ (M. Z) 

Proof. If we can prove the lemma in charac七eristic p > 0, 

we can prove the工e涜main charac七eris七ic0 by using七heargumen七s

on schemes over Spec ?l becaus e 七heinequality in the theorem 

gives an upper bound of (M. Z’）； (M.Z’）三（n+l)(M. Z)/(c1 (X). Z) 

which is independent of p (see the proof of Theorem 6 in 〔3J.) 

Hence assuming七ha七 p > O, we can apply Theorem 3, (a). We 

choose £ so that l/c is a naturaユnumberand 
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（エ/E:)M- 2(M.Z)H is ample. Then there exist non-negative 

rationaユnumbers a1, ... , ar and Ye: NE8(X) such that 

[Z］摺 i:a [Jl ] + Y. 
i i 

2e:(M.Z)(H.Y ）~ we see 

Since Y e: NE (X) and (M. Y) > 
E: 

(c、（X).Y) < e:(H.Y）く（M.Y)/2 (M. Z). 
‘一一

Thus 

〈
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and since a. > O and 
E ー

(M.Y) > o, we have 

(c1(X).Z) (c1(X).i1）工、
~ Max {Max ~占オTM'""τマ｝
(M.Z) - i (M.R.i）’ 2(M.Z) ' 

Since (cτ（X).Z) > 1, we can七ake z’＝ ii for some i. 
ι ー －

q.e.d. 

Let us prove Theorem 3, (b). As in the proof of Theorem 

3, (a），七hese七 号 ofrational curves ぇ in X such七ha七

｛見.c1(X)) < n÷ヱ and ［ぇ］ i NE (X) is bounded, and 争I~ has a 

complete set of representatives i1, ... , Jlr. we Gユaim

Lemma 6. The cone V = JR [ Jl ] + • • • + JR〔ぇ］＋詩E(X) 
+ 1 

p(X) 
is closed in N(X）αJR 

~·Le七 ZεN(X) be a limi七 of Z(i) = a(i, l),q,工÷

+ a(i, r)!lr + Y(i) ｛ヱ三工）， where a(i, j) e: JR+ and 

Y(i) e: NE (X). Then the sequence (Z(i).H) is bounded 

because (Z(i) .H）一→（ Z.H) as iー→ h Since 

a(i, j）三（ Z ( 1) . H) I ( 2 .. H) and ( Y ( i) . H）三（ Z(i).H), 
J 

the numbers a(i, j), (Y（工） .H), and hence II Y(i)I¥ have a 

uniform upper bound by Kleiman’s criterion. Thus 七he工、e exis七s

a subsequencεZ(ni) such七hat a(ni, j) and Y(n1) むonverge 

？？ 



8 

as i －一一う∞， whence Z e: V. q.e.d. 

Going back七o the proof of Theorem 3, (b), we will assume 

七ha七 V 戸 NE(X) and show七ha七 this leads to a contradiction. 

By七he ampleness of H，百E(X）ハ｛Ye:N(X) I (Y.H) = l} is 

compac七. Hence by the separation theorem for convex sets, 

七hereis an elemen七 M e: NS ( X）⑧ R with七heproper七ies, (a) 
Zl 

M > 0 on NE(X) and M(Z) = 0 for some non-zero Z in 

NE(X), and (b) M > 0 on V - {0} considered as a real valued 

function on N(X). By七heabove compactness, there exist a 

{M.} of ample di visors and a sequence {m.} 
j j>O J j>O 

of natural numbers such that M is the limi七 of M /m 
j j 

in 

NS(X）⑧ ZZJR as j －→∞・ Let Z (given in the condition (a)) 

be 七he limit of [Z ]/n where Z is an effective 1-cycユe and 
j j’ j 

nj a na七uralnumber. Since V = Vハ｛Y e: N(X) I (Y.H) ＝工）工 1

is compact, (c (X). Y)/(M /m Y) converge uniformly to j j. 

(c1(X).Y)/(M.Y) when j 一一争 oo as functions on v1・ Hence 

(c (X).Y)/(M,/m. Y) (j > 0 Ye: V - {0}) are uniformly 
j j. 一’

bounded. We have (c (X) Z )/(M /m Z ）一→＋oo as j ー→∞ュ.j j j. j 

because (M.Z) = 0 and (c (X).Z) > 0 (Z l.V.) Hence for a 
1 

sufficientlyユarge j, we have 

(c (X).Z) (c (X).Y) 
1 .i for all Y e: V - { 0}. 
(M .z) (M,.Y) 

j j j 

工fwe apply Lemma 5七0 these zj and Mj (note that 、1
J－寸

J
U

円
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> 0,) we get a ra七ionalcurve r;, such that 

(c (X).r;,) (c (X).Z) 
‘ユ‘ l j 布戸7 ニ （円.Q, ) こ (Mj.Zj) 

This inequali七y （七ogetherwith the above) means 七ha七 Q, i v 
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and (c1(X）・ ,Q,）三 n＋ユ． Since V豆町E(X), we have i i NEe: (X) e: 

and i e: 争. This implies [ i] e: V, which is a con七radic七ion.

Thus Theorem 3, (b) is proved. 

§3. Conc工udingremarks. 

A half line R =JR. [Z] in N(X) is calユedan ex七rema工主主￥＿

if ( 1) ( z • c 1 ( X) ) > O , and ( 2 ) Zユ and z2 in NE(X) belong 

to R if Z + Z e: R. A ra七ionalcurve 見 in X is an 
1 2 

extremal ra七ionalcurve if (i.c (X)) < n+l and JR [i] is an 
一………… 1 -

extrema工 ray.

工七 is no七 hard to res七a七e Theorem 3 withou七 using H and 

e: (cf. 日］.） Here we simpエy s七atean immediate coro工工ary.

Corollary 7. X has an extremal rational curve if and only 

if KX is not numericalユy effective. 

9 

Only if part is obvious. 工f KX is not numericalユy effective, 

七hen NE(X）戸 NE (X, H). Then a七工east one of ii's in Theorem 3 
正

is an extremal ra七iona工 curve.
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