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Dual Graphs of Curves on Surfaces of Class VIIO

College of General Education
Hokkaido University

Iku NAKAMURA

§0 Introduction. A compact complex surface is in class ViI,
if the first Betti number of it is egual to one and if it is
minimal. We know many examples of surfaces of class VIIO

(in short VII. surfaces) with curves -— minimal surfaces

0
with global spherical shells [2],([6],(7]. Some cof them are
characterized by the existence of certain curves [1],([4],I[5].

Here we recall a table of classification of VII, surfaces

0
from [4],(5].
(0.1) Table.
curves structure of surfaces
1) (more than) 3 elliptic curves elliptic VIIO surfaces
2) two elliptic curves Hopf surfaces
3) an elliptic curve, no cycles Hopf surfaces

4) an elliptic curve and a cycle parabolic Inoue surfaces
3) two cycles hyperbolic Inoue surfaces
6) a cycle C with C2=O S (see [1])

n,g,t
7) a cycle C with C2<O

7-1) b2(S)=b2(C) half Incue surfaces
7-2) b2(5)>b2(c) examples exist
8) no elliptic curves,no cycles ?
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It is necessary to study the class 7) in the table in
more detail in order to complete the classification of VIIa
surfaces. The purpose of this note is to complete the LHS
of 7) in (0.1) under the assumption that the VII0 surfaces
has at least (in fact, then exactly) b2 rational curves. Here
we make. a brief review on curves on(VIIO surfaces. An irre-

ducible curve on a VII, surface is either a nonsingular rational

0
curve, or an elliptic curve, or a rational curve with a node.
If a VIIO surface has a cycle of rational curves, then it has
positive b, and no meromorphic functions except constants.

The number of elliptic curves and cycles of rational curves on
a VIIO surface is at most two in total if the surface has no
meromorphic functions except constants. If a VII0 surface has
a cycle C of rational curves with C2<0, then there are no elli-
ptic curves on the surface. If moreover it has another cycle
of rational curves, then (0.1) 5) asserts that it is a hyper-
bolic Inoue surface. Therefore in (0.1) 7), any VIIO surface
has a unique cycle C with C2<O,but no elliptic curves.

et S be a VII, surface in (0.1l) 7). Assume moreover

0

that S has b, rational curves. If the unigue cycle C on S has

2
no branches (see (2.1)), then S is a half Inoue surface (see
(2.4)). If C has branches, then our main theorem asserts that
the dual graph of all the curves én S is the same as one of
those of known surfaces -— minimal surfaces with global spheri-

call shells. We also give a uniform characterization of Inoue

surfaces with b2>0 by the Dloussky invariant (§3).
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Notations.

OS the sheaf of germs over S of holomorphic func&ions
Qé the sheaf of germs over S of holomorphic one forms
K¢ the canonical line bundle of S

cl(L) the first Chern class of a line bundle L

bZ(E) # (irreducible components of a reduced divisor E)
bi(S) the i-th Betti number of S

Hq(S,F) g-th cohomology group of S with F coefficients
h9(s,F) dim HI(S,F)

X (8, F) Yy (-1)%%s,F)
g=0
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81 Smoothability of a cycle by deformations

(1.1) Theorem. ILet S be a VII0 surface with b2>0. Then

2
H (S,@S) = 0.
Proof. Assume the contrary to derive a contradiction. By

Serre duality, HO(S,Qé(KS)) # 0, K. being the canonical line

S
bundle of S. Let D be the maximum effective divisor of S such

that HO(S,Qé(KS—D))#O and let W be a nonzero element of HO(S,

Qé(KS—D)). By definition, zero{(w) is isolated. Then we have,

(1.1.1) Lemma. The following is exact;

1
0 - O.(K.~D) » Q
S''S £ S g
where f(a) = aw, g(b)= brw.

OS(ZKS—D)

Proof. Clearly f is injective. Take beKer g. Then b.w= 0.
Hence b = hw locally for a germ h of a meromorphic function.
Then pole(h)c zero(w)=1isolated, whence h is holomorphic. Hence

h is contained in Im £. [

Let H be Coker g. Then the following is exact;

1
0 - OS(KS—D) > QS > OS(ZKS-D) > H » 0

We remark that supp(H) is isolated points, so that
al(s,H) = 0. wWe also see hO(S,Qé)=h2(S,Qé)=0,hl(s,9é)=b2
by [3],0or [5,p.405]. Therefore by taking Euler-Poincare chara-

cterictics, we see

1 0
b, = -x(8,0g) = -x(8,-Kg+D)-x (S, 2K =D)+h" (S,H)
=-2x(S,—KS+D)+h0(S,H)
= —2K§+3KSD—D2+hO(S,H)
= 2b.+3K.D-D+h° (5, H) (by -K2=b. )
= £DoTIRg ' Y "RgTb,) v

and therefore,
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b2+3KSD-D2+hO(S,H) = 0.
2

(1.1.2) Lemma. KSD=;O, D™ <0.
See [3] or [5,p. 399,(2.1.2) and (2.2)].
Consequently, b2 = 0, KSD = D2 = hO(S,H) = 0. This
contradicts the assumption b, > 0. g.e.d.

{1.2) Theorem. Let S be a VII, surface with C a cycle of ratio-

0

nal curves. Let E be a reduced divisor containing C. Then

H%(s,04(-1og E)) = 0.
Proof. Assume the contrary. Then as in (1.1l), we see

42 b, (E) +(KGE4E®) /2.
= S
Let E = C+H, H = ) Hj' Hj irreducible. Then
20 . 2
bz(E)+(KSE+E )/2—b2(C)+CH+b2(H)+(KSH+H ) /2
=b, (C)+CH+ ] H.H.

i<j
whence 4;;b2(c). Take a fivefold unramified covering

m: S* > S. Then since HZ(S*,O (-log E*))#0 for E*=7m*E, we see

s*
4;b2(c*), C* being mw*C. However b2(C*)=5b2(C) since m is five-

sheeted. This is a contradiction. g.e.d.

A geometric consequence of this theorem is

(1.3) Theorem. Let S be a VII, surface with C a cycle of

0

rational curves, H a reduced divisor with no common components

with C, E = C+H. Then there is a smooth proper familym :S > A

with n-flat divisors ¢ and H of § such that

(1.3-1) (SOICOIHO) E (SICIH)I

(1.3.2) Hy = H (together with embeddings) for any t A

(1.3.3) w :=ﬂ|c :C + A 1is a versal deformation of C with

~

natural isomorphism Extl(Qé,OC) = TO(A).
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primary
(1.3.4) St is either a blown-up Hopf surface or a blown-up

parabolic Inoue surface ivat is an elliptic curve.

We note that (1.3.4) is a consequence of (0.1). See

[5,(12.1) and (12.2)]. Since any parabolic Inoue surface
primary
is deformed into a blown-up Hopf surface, we may assume that

St in (1.3.4) is a blown-up primary Hopf surface for generic t.

(1.4) Corollary. Let S,C and Hjbe the same as in (1.3).

Assume moreover that S is not a half Inoue surface, and C2<0.

Then there are line bundles Lje Hl(S,Og),Ejzcl(Lj)eHz(S,E),
(1<j<n), n=b2(S) such that

(1.4.1) E. (1<j<n) is a Zbasis of H°(S,Z) ,

]
(1.4.2) KSLj = -1, Lij = —6jk’
(1.4.3) C = ~(Lr+l+...+Ln), KS = Ll+...+Ln for some 1<r<n-1.
.4.4 .) = E. ~(E, ,+...+E. . i f E,
(1 ) Cl(HJ) Ej,l( 3,2 EJ,kj )y, Ej,k being one of E;

(12i<n), all distinct for j fixed.

S
If S is a half Inoue surface, then C2<0, cl(C)=—cl(KS)=-(El+...

(1.5) Remark. If C°=0, ¢, (C)=0, but C # 0 in ul (s,0%).

+En), r=0, but C#-KS. In fact, KS+C is a line bundle of order

two. See [5,§9].
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§2 Dual graphs of curves
(2.1) Definition. A VII0 surface S with b2>0 is said to be

special if S has at least b2 rational curves.

It is still unknown whether there are un-special VII0

surfaces with b2>0.

We notice that the maximum number of (possibly singular)
rational curves on a VII0 surface is b2(=b2(S», the secordBetti
number of S) (Ma. Kato, see [5,(3.5)] for the proof.)

Any special VII0 surface has a cycle of rational curves.

Any (minimal) surface with a global spherical shell is
special.

Let C be a cycle of rational curves. A branch D of C is
by definition a reduced connected divisor with CD = 1 having no
common irreducible components with C.

As a simplest case, we shall prove the following

(2.2) Theorem. If a specail VII_, surface S has a rational

0
curve C with a node having branches, then the dual graph of b2

rational curves is

-{n-1) -2 -2 -2
. —

(n—1)

where n=b2(S),0 {resp. 0) denotes C (resp. a nonsingularjpl).

Proof. By (1.4), C = —(Lr +...+Ln),KS=L +...+Ln, 1<r<n-1.

+1 1

By the assumption, there is a branch of C. So we take a non-

singular rational curve D with CD=1. We assume cl(D)=alEl+...

+a_E_. Since 2+K_D+D?=0, we have ) (a®+a,) = 2. Hence
nn S - i 71
there is a unique i such that ai+ai=2 and except i, a§+aj=0.
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By CD=1, we have ar+l+...+an=l. Therefore up to

permutation, (ar+l,...,an)=(l,0,...,0), and aj=0 or -1 for j<r.
Since DZ;—Z by the minimality of S, we may assume al=—l. Since

L C=Ll(—L .—Ln)=0, there is a flat line bundle F on S such

r+l-

+F is trivial on C, namely, L@OC=OC (see [5,(2.14)1]).

1

that L:=Ll

(2.2.1) Lemma. Let N be a line bundle on S with ¢y (N)= bl l

0 -
+bnEn. Assume bl+...+bn>0. Then H (S,N) = 0.
Proof. Assume the contrary. Then there is an effective divisor

D on S such that ¢y (D)=b +bnEn. Then by (1.1.2), K.D>0.

S
..+ann)=—(bl+...+bn)<0, which is

1B

However KSD=(Ll+. +L } (b, L

absurd. [

1ta?

(2.2.2) Lemma. Hq(S,L)=0 for any q.

Proof. By (2.2.1), HO(S,L) = 0. By (2.2.1) and Serre duality,
1% (s,L) = H'(S,Kg-L) *=H' (S, L, +...+L_-F)*=0 (because l<r<n-1<n).
By Riemann-Roch, hl(S,L) = -x(S,L) = (KSL—L2)/2—X(S,OS)=—X(S,OS)

== (p =q+l)=- (0-141)=0. O

Consider the exact sequence 0 - OS(L-C)—>OS(L)+ OC(L)—+O.

Taking L@OC=OC into account, we have an exact sequence
o » v%s,L-0) » 1%(s,1) » H°(C,0)
~ HY(S,L-C) > HY(S,L) ~ Hl(C,OC)
> B%(S,L-C) » HZ(S,L) ~ 0.
Therefore h’(S,Kg-L+C) = h’(s,L-C) = h'(c,0.) = 1. Note that
KS-L+C = Ll+...+Ln—(Ll+F)—(Lr+l+. .+Ln)=L2+...+Lr-F. Hence

(2.2.3) Lemma. r = 1.

Proof. By (2.2.1), HO(S,K -L+C)=0 if r>2. [

S
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Since cl(D)=Er+l-(El+... ), we have cl(D)=E2—El. We also
have C=-(L2+...+Ln). Let D' and D" be the other rational curves
on S. Then both D' and D" are nonsingular rational curves as
was explained in the introduction. By (1.4.4), we have

D')=E.~(E, +...+E,
c) (D')=E4~ (E, 50

1 S
cl(D )=Ek~(Ekl+...+Ekt)
for some j’jh’k’kh' By CD'>0,DD'>0, we have j#1,2 and s=1 or

s=2. Similarly k#1,2, t=1 or 2 and moreover j#k. By the
assumption that 8§ is special, there are (n-2) rational curves Dj
(32j<n) on S. By the above observation, we can index

cl(Dj) = E.-E

j I
]
for a subset Ij of {1,...,nI\{3}. By D?;-Z, Ij is nonempty.
(2.2.4) Lemma. # Ij = 1.
We omit the proof. See [8].

Assuming (2.2.4), it is not difficult to see that cl(Dj)

=E.-E.

57E4-1 (2¢j<n), where D2=D. The proof is done simply by

DjDk

because D2D3=(E2—El)(E3~El)=—l is absurd. Hence cl(D3)=E3—E2.)

;O,CDj;0 for j#k. (For instance, if n=3, cl(D3)7fE3—El

Thus we complete the proof of (2.2). gqg.e.d.
After preparing various lemmas, we are able to prove

(2.3) Theorem. Let S be a special VII, surface with C a unique

cycle of rational curves having branches. Then the dual graph

of b2 rational curves is the same as one of those of minimal

surfaces with global spherical shells.

Any graph in (2.3) is given explicitly. In (2.3), C2 is
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negative because cl(C)=O, hence C has no branches,if C2=0.

(2.4) Theorem. Let S be a special VII, surface with C a unique

0

cycle of rational curves. Assume that C2<0 and that C has no

branches. Then S is isomorphic to a half Inoue surface.

(2.5) Corollary. Let S be a special VII, surface with C a

0
cycle of rational curves. Then either C2=b2(C)—b2(S),9£ C2=

—b2(C)=-b2(S) and S is a half Inoue surface.

In (2.5), if S has two cycles of rational curves, the

assertion is a part of the strange duality.
(2.6) Problem. Give a direct proof of (2.5).

(2.7) Example. Let S be a special VII0 surface with b2=3, and

a unique cycle with branches. Then there are three cases;

dual graph homological expressions of curves
(with numbering from the left)

*—O——0 C,=-E -E,, D,=E,-E, , D,=E,~E

-2 -2 - 1 273 2 72 71 3 73 72

o o—o0 C,=E,-E,, C,=E,~E,~E,,Dy=E;~E,-E,

-2 -3 -3

o 0o—0 =E.~E,- =E,~ =E -

3 s > Cl El E2 E3, C2 E2 El' D3 E3 E2,

where ® (resp. O) stands for a rational curve with a node (resp.

a nonsingular rational curve).
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§3 A theorem.

(3.1) Definition. Let S be a VII, surface with b2>0. The

0
Dloussky invariant D1 (S) of S is

Dl1(S) = - ) D2 + #(rational curves with a node)

where D ranges over all the irreducible curves on S.

(3.2) Theorem. Let S be a VII,. surface with b2>0. Then

0

D1(S) < 3b,(S),

equality holding if and only if S is an Inoue surface with b2>0.
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