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Throughbut this talk X will denote a compact Riemann surface of
genus g£22, and L a fixed holomorphic line bundle on X. Details of

proofs may be found in [4,51].

(1) Definition: A stable pair on X with respect to L (or stable
L-pair for short) is a pair (V,®) where V is a holomorphic

vector bundle on X, and d: V - VoL is a vector bundle homomorphism

rank
degree

such that one has p(W) < pdvY) (where u = ) for all
d-invariant subbundles W c V. 1]

(We say that W c V is d-invariant if d(W) c LeVw.)

Of course, stable pairs always exist by taking.® = 0 and V to be a
stable bundle. Thus the definition generalises the usual notion of
stable bundle; moreover one can defing isomorphism, families and the
moduli problem in the obvious way. One then has the following.result

due to Nitin Nitsure.

(2) Theorem [3): There exists a coarse moduli scheme #’ for stable

L-pairs of fized rank n and degree d (ie. rank and degree of the
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bundle). X’ is a separated Noetherian scheme of finite type over L.
and contains a comnnected component A c {’ such that (V,d) € 4
whenever V is a semistable bundle. Horeover., X is a quasi-projective
variety. and is smooth and irreducible if deg L 2 2g-2. 0

In the case deg L > 2g~2 we shall give the dimension of ¥ below

(rzmark {(11}Y).

One may conjecture that X is the only connected component, though
this is not known in general. We remark in addition that one has an
ident;cal theorem for tracefree statbtle pairs (ie. requiring tr¢ €
HO(X,L) to vanish) and we shall denote the resulting connected

variety by ko.

We now aim to use these spaces to study the moduli space N =
N(n,d) of semistable bundles on X (up to S-equivalence) of rank n and
degree d. Recall that N is a normal projective variety, smooth on
the open set Ns of stable bundles, with dimension nz(g-l) + 1.

We shall consider a diagram of the following form:
h

(3) K —P— W= e Wb

tfibre HO(LGEndV)
1over stable V

N{(n,d)

The vertical map, if well-defined, will be a rational map which
forgets the homomorphism & when V is semistable. Clearly this will

have fibre HC(X,L®EndV) when V € N5.
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The horizontal map h is defined by
h(V,0) = (tr ®, tra’e, ..., A"o);
ie. the coefficients of the characteristic polynomial of . More
precisely, let Z ) X denote the total space of the line bundle L.
Then there is a tautological s=zaction A € HO(Z,p*L), and the
charactsristic pulynomial is

det |p™® - aeid] = i - APT1lg*,

o

where a; = trA'e € H (X,Li).

This polynomial is to be viewed as an element of HO(Z,p*Ln). and
as such has as zero-locus some curve X Z, whose points represent

the eigenvalues of &.

The above construction is due to Nigel Hitchin [1], who was inter-
ested in the case L = K, the canonical line bundle. We shall call
the curve X the gpectral curve of the pair (V,®$); we note that X e
IGL(n)I where L denotes the ruled surface P(L! @ 84> which
compactifies Z. In particular, HO(L,8 (n)) = HO(X,s"(Le6,)) = C e W
ie. W can be viewed as an affine subspace of the projeétive space
IOL(n)I. Thus we shall identify the image h(V,®d) in (3) with the
spectral curve X.

We next askvfor the image h(4) c ¥W.

1

(4) Definition: X = (1Y- alxn-

regular if it is smooth qnd irreducible and has only simple

*...+(~)nan = 0y € W will. be eqLLed

branching over X, in the sense that the discriminant

n(n-1)

1,00 e wlax,L ) has only simple zeros. We write

A(ln—all

wW'¢8 - W for the subset of regular X. O

—-191—



(5) Proposition: Suppose (i) IL"I is a base-point-free Llinear

1

series on X; and (if n>2) (i) HO(X,L" ') = 0. Then w'®E

is a
non—-empty Zariski-open subsel of W. Horeover. a regular X has genus E

[T

ni(n-1l)degl + n{(g-1) + 1. G

Next, for each stable pair (V,®), the corresponding spectral curve

>

comes equipped with a natural sheaf, called the spectral sheaf,

F = ker(p*® - a®id) c p*v;
the sheaf of 'eigenvectors’of . F is a torsion-free sheaf of rank 1
on X and is a line btundle when X is smooth.

One expects to be able to reconstruct (V,®) locally from its-
eigenvalues and eigenvectb;s, where these are linearly indepehdent,
and analytically continue over all of X. The result is the following.
(6) Proposition: If X is regular then V = (p*F_l)V, and ¢ is
adjoint to the homomorphism v¥ > LevY obtained by pushing doun the
tautological homomorphism F ! &3 (p*ver . 0
(7) Remark: The idea of the proof is to regard the line bundle F as
giving a section of the projectivised bundle P(pr) - i. This
section has an image 4 ¢ P(V) via the diagram

Pp*v) - P(M)
Ft ¢ iq
X B x

9 has a natural morphism m:%L = X such that n*F is isomorphic

to the restriction of the tautological line bundle GP(V)(—I) to 1,

1 4 1

and one checks that p'F | 2 q*n*F- 2 q,0p .y, (1) 2 vY.
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The statement about & then follows easily. g

One thus has a correspondence between L-pairs (V,d) and spectral
pairs (i.F). The next lemma shows that this inverse construction evan
yields, for general F, a pair (V,®; for which V is a stable bundie.

-~

(8) Lemma: Suppose X is regulaer, and for each i = 1, ..., n-1 let

S, = {F € Pic X v := (p*F—l)V has a destabilising

subbundle W c V of rank i}
('destabilising’ means p(W) 2 p(¥).) Then S, isa closed subvariety
of Pic X with codimension 2 (2.(?)~n-1)(g—1).

In particular V is stable auway from a subvariety of codimension
2 (n-1)(g-1). 0
(9) Theorem: If X is regular then the fibre h"1X) of the
horizontal map in the diagram (3) is isomorphic to Jac(X), and
contains a closed subvariety S of codimension 2 (n-1)(g-1) whose
complement consists of points corresponding to stable pairs (V,9)
for which V is a stable bundle.

The idea of the proof is of course to construct a family of
L-pairs (V,®) on X, parametrised by Jac(i), by the prescription of
proposition (6). (Note that the degree of F is fixed by the
requirement that deg V = d.) These pairs automatically have
spectral curve i, and in particular must be stable. (This is because
the curve % < P(V) of remark (7) is irreducible and generically
spans P(V), so that V cannot have any ®-invariant subbundles.) Thus

we get a morphism Jac(X) » A’, and by lemma (8) the image lies in
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the component X, hence coincides with the fibre h—l(i). 1]

As a corollary one sees that h : X-> W is surjective on wieg,

-reg

We shall consider the closure X c X of the open subvariety

57€8.- 1 1 (4T28)  uhich is an irreducible compcnent of £. 1f L is

sufficiently positive in the sense of procacesition (53 then the

diagram (3) can be replaced by:-

i d sreg h dominant ]
(10) é§§§3 X morphien” W c© lep ()l

ltivbre HO(L®ERaV)
lover stable V

N(n,d?}

The vertical map is now a well-defined rational map, and the

=reg

dimension of X can be computed:

dim K"%8 = dim W + g
nldeg L + 1 + 37_ n'ax,Lhy.

(11) Remark: Note that the positivity conditions of proposition (5)
are satisfied by all L for which deg L 2 gﬁ ; and in particular all
L for which deg L > 2g-2 (if g22, n22). In this case theorem (2)

=reg

says X = 4 and is smooth; thus in this case one has

dim X = nPdeg L + 1 + hl(Xx,L). O
We shall give two examples of the above construction.

Ezample 1: L = K

K denotes the canonical line bundle on X. When n=2 and d is odd,

—-194-



this is the case considered by Hitchin in [1]. By remark (11) 4 is
smooth of dimension 2n2(g—1) + 2 = 2.dim N(n,d). Moreover, the

vertical fibre in (10) over V € N is HO(X,k®Endv) = H!(X,EndV>*

2 T;NS, and in this way one has an inclusion TN ¢ X as a dense
open subset.

In Hitchin®'s original situvation X is a moduli space for solutions
of the (SU(2)-)self-dual! Yang-Mills equations on X, which are
identified with stable K-pairs. Hitchin showed that the canonical
symplectic structure on T*NS extends over X and that with respect
to this symplectic structure the components of the map h : - ¥
all Poisson-comrute. But dim X = 2.dim W, so by Liouville's theorem

of symplectic geometry the general fibre has to be a complex torus.

The spectral curve construction then identifies these tori.

Note also that E = dim N(n,d). In fact, one can show [4] that
the vertical projection on to N(n,d) restricts to a general

~ -1.v
horizontal fibre Jac(X) as a dominant rational map F = (p*F 1) of

3g—3.35g—5. n(2n—1)(8-1).

finite degree 15.2 ..

In the case n=2 one can use this map to reprove a classical
theorem of Nagata on ruled surfaces, as follows. For any bundle V -
X of rank 2 we define its Segre invariant to be

s(V) = deg V - 2.max deg W ; max taken over line subbundles W C v,

minimum self-intersection of a section of P(V).

(12) Theorem(2,4]1: For all Vv, s(V) £ g.

ie. every ruled surface has a ¢éross-section of self-intersection < &.
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Idea of proof: Any counterexample is necessarily stable, so it
suffices to consider the filtration of N = N(n,d):~

Ny € Ny € ... ; vhere N = (vl s(v) < 2x).

One knows that the N, are closed subvarieties, and one wants to

k

show that the filtration terminates at k = [5]. Opne constructs a

w?

corrasconding filtration on Jac(X) = - N as follows.

Consider the diagram

(13) T x PictX) 8 Pic®
195938040,
7

where p(F,¥) = ¢ F ® p*(F.w-l); and o: X » X is the sheet-
interchange over X.

Claim: HO(X,n(F,w)) = Ho(x,w'levF) where Vg = @, FHY.

deg V = 0, then noting that

1f we assume for simplicity that d
deg p(F,W) = 2g - 2 - 2.deg W, one sees that VF € Nk &
W such that HO(X,u(F,W)) # 0 and deg W 2 -k < F € mon (W, )

where d(k) = 28 - 2 + 2k and W, € Pic(X) 1is the subvariety of

special line bundles of degree < d(k).

Writing J. = nou-l( therefore defines a filtration of J

K Wax)?
which matches up with that on N.

Claim: }k - Nk has finite degree for each k > 0, and

dim N = dim T = [ d(K)+g = 3g-2+2k if 2k < g-1
[ 4g-3 = g if 2k 2 g-1.

ie. the dimension that one would expect; this involves checking

certain transversality conditions in the diagram (13). 0

(14) Remark: One may note that 30 Ny does not have finité degree.

This corresponds to the fact that points of No‘represent "positive-
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dimensional’ S-equivalence classes of non-stable bundles. The fibre
of 30 over such a point then consists of line bundles F which ’'sweep

out’ the equivalence class downstairs by the prescription F - V_.
F

Ezample 2: L2 = K

We shall now take for L some fixed theta-characteristic on X. Note
that any such L satisfies the conditions of proposition (3).
Referring again to diagram (10) one has
dim X7%8 = nfcg-1) + 1+ hly ¢ 1

dim N(n,d) + hO(L) + 1.

But the term ho(L) comes from the first component of the vector

space W, ie. fromAthe trace. Taking tracefree stable'pair$ one finds

that all of the above work goes over unchanged, ireg being replaced
by Rgeg in (10), where now when L2 = K one has

dim A,%% = dim N(n,d) + 1.

The next lemma says that in fact (if n is even) the vertical map

in (10) is dominant with l-dimensional fibres.

(15) Lemma: Suppose n is even. Then there ezxists a theta-
characteristic L and a Zariski—open subset 4 c Ns(n,d) such that if

Vecd then hO(X.L®End0V) =1 and for any © € HO(X,L®End.V), the

0
pair (V,®) has regular spectral curve. O

The,C*-action which factors out these l-dimensional fibres over U
is actually well-defined on Rgeg by (V,d) » (V,e®) and has a
quasi-projective quotient which we shall denote by @ = R:eg' which

is consequently birational to N(n,d). The horizontal map in (10) is
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equivariant with respect to the C*-action (a .,an) g (cal,cza

1"

.,cnan) and one has the following result:

(16) Theorem: For ecch even intsger n and integer di(med n} thsrs
exisis an irreducikble quasi-projective vecrigiy 2 cnd ¢ weizshlel
projective space Y of dimension %n(n-l)(g—l) such that:
(i) ® 18 birational to N(n,d);
(ii) 1 dominant morphism & - Y with generic fibre
Jac(X)/=1 if m=2; Jac(X) if m>2;

where X is a (varichle) smoolth irreducible curvs of genus

1

g=1+2

n(n+1)(g-1>. 0.
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