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'Toward classification of the singular fibers of

minimal degenerations of type I of surfaces with
=0

Koji Ohno (Osaka univ.)

1 Introduction

In [K.Ohno], we defined the log minimal reduction and the log minimal degen-
eralion, and determined the singular fibres in the case when the support of the
singular fibre of associated log minimal degeneration contains a smooth elliptic
curve as a double curve. The minimal degenertion with the above condition
may be called the type II degeneration.

In this report, we launch into classification of the singular fibres of minimal
degenerations of surfaces with k = 0, in the case when the support of the
singular fibre of associated log minimal degeneration is irreducible. The minimal
degeneration with this condition may be called the type I degeneration. In
fact, this degeneration corresponds to the first kind degeneration in the sense of
[K.Ueno 71]. Let f : (X,0) — D be a log minimal degeneration with x = 0
over the complex disk D. ie., X is normal Q-factorial 3-fold, O := f (0)red:
(X @) is strlctly log terminal, f is prOJectlve connected morphism to a complex
disk D, Ky + © is f-nef and X, := f*(t) is smooth surface with k = 0 for
t € D* := D\ {0}. Let notations be as above. Then (6, Diff4(0)) is a vo-log
surface of type Iin the following sense.

Definition 1.1 Let (S, A) be a normal log surface. (S, A) is called vg-log sur-
face of type I, I the following conditions are satisfied.

(1) (S,A) is Kawamata log terminal.
(17) Ks + A ~num 0.

(141) A is written as A = ) . {(mi — 1)/mi}A;, where A; is irreducible and
m; € IV for any 1.

We note that vp-log surface of type 1is a Log Enriques surface in the sense of

De-Qi Zhang [D.-Q. Zhang 91], If A = 0 and ¢(S) = 0.



Definition 1.2 Let (S, A) be a vp-log surface of type 1.

CI(S,A) := Min{n € N;n(Ks + A) is Cartier}
is called the Cartier index of (S, A).

Definition 1.3 Let (S, A) be as above.
GI(S,A) := Min{n € N;n(Ks + A) ~ 0}
is called the global indez of (S, A).

Let (S, A) be as above and put r := GI(S, A). We define the log canonical cover
of (5,4) as ;
7: S :=Specg ®I4 Os(|—i(Ks + A)]) — S,

where ()s-algebra structure of @[ Os(|—i(Is + A)]) is given by a nowhere
vanishing section of Og(r(Ks + A)) and this definition does not depend on the
choice of the nowhere vanishing section up to isomorphism. From the definition
and [VV.Shokurov 93], Corollary 2.2, S is a normal surface with only rational
double points and has trivial canonical bundle. So S is a K3 surface with only
rational double points or abelian surface by classification theory of surfaces.

Definition 1.4 Let (S,A) be a vp-log surface of type I, and = : S — S be the
log canonical cover. When S is a K3 surface with only rational double points
(resp., smooth K3 surface, resp., abelian surface), (S, A) is called vg-log surface
of type K3 (resp., special vy-log surface of type K3, resp., vy-log surface of abelian
lype).

The next lemma gives us the hope of classifying 1y-log surfaces.

Lemma 1.1 ([V.Nikulin 80] Theorem 3.1, [D.-Q. Zhang 91] Lemma 2.3)
If (S,A) is a vo-log surface of type K3, then o(CI(S,A))|22 — 5. If (S,A) is a
vo-log surface of abelian type and GI(S,A) = CI(S,A), then o(CI(S,A))|6 — 5,
where p is the Picard number of the minimal resolution of the log canonical cover

S and ¢ is the Euler function.

Notations and Conventions

In what follows we shall use the following notations.

An g A surface singularity which is defined by the automorphism
of C%, o : (z,y) — {{z,¢%) where n,qg € N and ¢ is the primitive
n-th root of unity is called the quotient singularity of type Ap 4.

(1/n)(w), we, w3); A 3-dimensional singularity which is defined by
the automorphism of C3, ¢ : (z,y,2) — (¢*'z,(*?y,(¥>2) where
n,w; € N for i = 1,2,3 and ( is the primitive n-th root of unity is
called the quotient singularity of type (1/n)(w), we, w3).



4; Hirzebruch surface of degree d.

(—n)-curve; A smooth connected rational curve on a surface with
the self intersection number (—n), where n € V.

~; linear equivalence.

~num; numerical equivalence.

2 Classification of certain vy-log surfaces of type
1

In this section we classify the vp-log surfaces with Cartier index 2,3,4 and special
vo-log surface of type K3 with Cartier index 2,3.

Proposition 2.1 Let (S,A) be a vo-log surface of abelian type with CHS, A) =
2. Then S is relatively minimal elliptic ruled surface and SuppA is smooth and
A is one of the following types.

(i) A = (1/2)C, where C is a 4-section which is a smooth elliptic curve and
C?=0.

(i) A = Z?(I/Q)C;, where Cy ts a 3-section and Cy 1s a section. C; is a
smooth elliptic curve and C? = 0 for any i.

(it1) A = E?(l/?)C.', where C; ts a 2-section which is a smooth elliptic curve
and C? = 0 for any i.

(iv) A = E?(l/?)Cg, where C} 1s a 2-section which is a smooth elliptic curve,
C; 1s a section for i =2,3 and C? = 0 for any 1.

(v) A= E?(I/Q)C;, where C; is a section and C? = 0 for any 1.

Proposition 2.2 Let (S, A) be a special vg-log surface of type K3 with CI(S,A)
2. Then S 1s a smooth rational surface and Supp A is smooth. And one of the
following holds.

1l

(i) S is obtained by blowing up P? or T4 (d = 0,2,3,4). A = Yi_,(1/2)C;,
where C) is a connecled smooth curve with genus g, C? = 4(g — 1) and
Ci~ P!, C}= -4 for2<i<t. g andt salisfy the following conditions.
1=g+p~10, where p .= p(5),0< g <10. Ifg=0,1,2, then 1 <t < 10.
Ifg=3,thenl <t <7 Ifg=4,56 thenl <t<6. Ifg=7then
1<t<3. Ifg=28,910, thent =1,2.

(i) S is obtained by blowing up P? or T4 (d = 0,2). A = (1/2)Cy + (1/2)C3,
where C; is a smooth elliptic curve and C2 =0 fori=1,2. p=10.



Proposition 2.3 Let (S,A) be a vy-log surface of abelian type with CI(S,A) =
3. Then Supp A s smooth and the following hold.

(7) S is an elliptic ruled surface with e = 0 (For the definition of “”, see
[R.Hartshorne], Proposition 2.8). And A is one of the following.

(i.a) A =(2/3)C, where C is a 3-section which ts a smooth elliptic curve
and C? = 0.

(ib) A =37 (2/3)Ci, where Cy is a 2-section which is a smooth elliptic
curve and C3 is a section. C2 =0 fori=1,2.

(ic) A= Z?=1(2/3)C.~, where C; 1s a section and C? =0 fori=1,2,3.

(i1) S is a normal rational surface with p = 4. Sing S = 9As,, t.e., all of the
singular poinis of S are 9 quotient singular points of type A3 1. A =0. The
niminal resolution M of S is obtained by blowing up P? or £4 (d = 0,2, 3).

Proposition 2.4 Let (S, A) be a special vg-log surface of type K3 with CI(5,A) =
3, then Sing S = sAs1, where s = (1/2)p — 1. The minimal resolution M of S
is obtained by blowing up P%, £, (d = 0,2,3,4,5,6) and one of the following
holds.

(i) A=0,s=3andp=28

(i7) Supp A is smooth and Supp ANSing S =0. Let A = Z:=1(2/3)C; be the
irreducible decomposition. Then C; ~ P, C? = —6 for any 2 < i <1 and
C?=6(g—1),t=(1/2)p+ g —4, where g is the genus of C,. The range
ofgis0<g<5 Ifg=0,thenl1 <t<6. Ifg=1,thenl1 <1 <7T.
Ifg=23thenl <t<4 Ifg=4, thent = 1,2. In this case, if 1=1,
then S ~ P! x P!, or X, and Cy is a 3-section and if t = 2, then M is
obtatned by blowing up L4 (d =4,5,6). Ifg=05, thent =2, S~ 3¢, C,
s a 2-section and C; is the negative section.

Moreover, in each case, tf p # 2, then there erists a curve l; C M such that
Ci-1j = 6;; for any i, where C| is the strict transform of C; on M and & ; is
the Kronecker’s delta.

The last satement is used to determine the singular fibre.

Proposition 2.5 Let (S5,A) be a vg-log surface of abelian type with CI(S,A) =
4, then Supp A is smooth and one of the follwing holds.

(i) S is relatively minimal elliptic ruled surface with e = 0.
(i.a) A =37 (3/4)Cy1i+(1/2)Cy, where Cy;, Cy are sections and C2; =
C2=0 fori=1,2.

(1.b) A = (3/4)C; + (1/2)C;, where Cy is a 2-section which is a smooth
elliptic curve and Cy is a section and C} =0 fori=1,2.



(i1) S is a normal rational surface with p = 2 and Sing S = 84, 1. The minimal
resolution M of S is oblained by blowing up P%, P! x P! or &,.

(ii.a) A= 37 (1/2)Ca;, where Coi = P, C = ~2 for i = 1,2. And
CgiﬂSingS:4A21f0ri= 1 2.
(1ib) A = Z' 1(1/2)C2,, where Ca1 1s a smooth elliptic curve and
21—0 Cg._P C. = -2 fori=2,3. And C,; NSing S =
4A2,1 fori =12

3 Applications to classification of the singular
fibres

In this section, we classify the singular fibres in certain cases by using the
results in the previous section. In what follows, we assume that f : X — D
is a projective log minimal degeneration of surfaces with x = 0 and that © is
irreducible.

Theorem 3.1 Assume that (O, Diffg (0)) is a vo-log surface of abelian type with
CI((:), Diffg(0)) = 2, then there is a minimal projective degeneration f : X — D
which 1s bimeromorphically equivalent to f X —>D (we shrink D if necessary)
such that X is nonsingular, X, is a abelitan or hyperelliptic surface fort € D*
and the special fibre f*(0) is one of the following types.

(I12%) £*(0) = 2m@0+2?=1 mO;, where m € N, O; is an elliptic ruled surface
for any i, O;lo, is a seclion of Oy whose self-intersection number 0 for
i>1. 6;N0;=0fori>j>1

(II;;”) £ (0) = 2m60+2?=1 mO;, wherem € N, O; ts an elliptic ruled surface
for any i, ©1]e, is a 2-section of Og which is a smooth elliptic curve, O;|o,
is a section of O fori= 2,3, (Qile,)? =0 fori =1,2,3. ©;,N0O; =
fori>ji> 1.

(I13%) f*(0) = 2m@0+2?=1 mO;, where m € N, O; is an elliptic ruled surface
fori=0,1,2, ©]e, is a 3-section of Og which is a smooth elliptic curve,
O3le, is a section of Op, (Oile,)2 =0 fori = 1,2. ©;,NO; =0 for
i>ji>1.

(I118%) f*(0) = 2mO, +Z,.2=1 mO;, wherem € N, O; is an elliptic ruled surface

fori=0,1,2, ©;lo, is a 2-section of Og which is a smooth elliptic curve
with the self-intersection number 0 fori=1,2. ©,N0; =0 fori>j> 1.

(I12%) f£*(0) = 2mOy + mO,, where m € N, ©; is an elliptic ruled surface for
1=0,1, O1]|e, is a 4-section of Og which is a smooth elliptic curve with
the self-intersection number 0.



Theorem 3.2 Assume thal (é, Diffg(0)) is a special vo-log surface of type K3
with CI(é,Diﬂ'é(O)) = 2, then there is a minimal projeclive degeneration f :
X — D which is bimeromorphically equivalent to f : X =D (we shrink D if
necessary) such that X is nonsingular, X, is a K3 surface for t € D* and the
spectal fibre f*(0) is one of the following types.

(I1K3-g-t) f*(0) = 200+ 3 ;., ©:, where Oq is a smooth rational surface, ©;
is a ruled surface and ©; ~ P'x P! or %, for2 <i<t. O4le, s a smooth
connecled curve with genus g := q(0©y) whose self-intersection number is
4(g—1) and ©;|e, is a (—4)-curve, i.e., a smooth rational cvurve with the
self-intersection number —4 fori > 2. ©;NO; =0 fori > j > 1. The
relation between t, p(Og) and g ist = g+ p(©p) — 10. The range of g and
t is as follows. 0 < ¢ <10. If g=0,1,2, then 1 <t < 10. Ifg = 3, then
1<t<7 Ifg=4,56thenl <t<6. Ifg=T1thenl <t <3 If
g =8,9,10, thent=1,2.

(115{3) f*(0) = 204 + Z?:x O;, where Oy 1s a smooth rational surface with
p(Op) = 10 and ©; is an elliptic ruled surface for i = 1,2. O,lg, is a
smooth elliptic curve with the self-intersection number 0 for any i. ©, N

0, =0.

Theorem 3.3 Assume that ((:), Diff5(0)) is a vg-log surface of abelian type with
CI(é,Diffé(O)) = 3, then there is a minimal projeclive degeneration f : X — D
which is bimeromorphically equivalent to f :X =D (we shrink D if necessary)
such that X is nonsingular except the case (III,‘;b*t) below, X, is a abelian or
hyperelliptic surface fort € D* and the special fibre f*(0) is one of the following
types.

(I112%) £*(0) = 3mOg + Y1 ,(2mO; ) + MmO, 5), where m € N, Oq and ©;
is an elliptic ruled surface for any i, j. ©;]e, is a section of Og with the
self-intersection number 0 and ©; 2lo,, 15 a section of ©; fori=1,2,3.

@,‘J n@k,, =0 ifi £k and @iyzﬂ@o:@forfz 1,2,3.

(IIIB”) f1(0) = Z?:__l'm@,', where m € N, O; 1s an elliptic ruled surface for
1=1,2,3 ©;NO;=0,N0O3 = O3N0,; is a smooth elliptic curve which
is a section on each ©;. ©; and O; cross normally fori > j.

(III;”’) f1(0)= 3m90+z:?___1(2m6,~,1 +mO; ), wherem € N, ©g and ©; ; is
an elliptic ruled surface for any i, j. ©; 1|, is a 2-section of Op which is
a smooth elliptic curve with the self-intersection number 0 and O 1], s
a section of ©¢ with the self-intersection number 0. ©;3le,, 15 a section
of©i fori=1,2. ©;;NOx; =0 ifiF#k and ©; ,NOg =0 fori=1,2.

(I1I2%) f*(0) = 21'2:1 mO;, where m € N. There is a projective birational
morphism p:Y — X from a smooth 3-fold Y such that f*(0) = 3mOg +



mO, + mO,, where f := fou, 8 := pu;le; fori= 1,2 O; is an elliptic
ruled surface fori=20,1,2. Ollé is a 2-section of ©¢ which is a smooth
elliptic curve, (61|€)0)2 =0 and 62'90 is a section whose self intersection

number 0. (:)1 ﬂéz = 0.

(III;"’) £(0) = 3mBg + 2mO, + mO,, where m € N, O; is an elliplic ruled
surface for any i.

O1le, 15 a 3-section of ©g which is a smooth elliptic curve with the self-
inlersection number 0 and ©,le, is a section of ©; with the self-intersection
number 0. ©o N O, = §.

(III“”) f7(0) = mO, where m€ N. There is a projective birational morphism
p:Y — X from a smooth 3-fold Y such that f* (0) = 3mBOy+mb,, where
f = fou, ©) = prlo;. O; is an elliptic ruled surface fori =0,1. l@u
is a 3-section of Oy which is a smooth elliptic curve and (@lleo) =0.

(Ilfgb-t) fr(0) = 300 + Z:-.__l ©;, where ©g is a normal ralional surface and
O; ~ P? fori > 1. Sing©¢ = sAs ,where s == 9 — 1. Oilo, 15 a
(—3)-curve for i > 1. Sing X equals to Sing Op setl theoretically and
each singular point of X is a quolieni singularity of type (1/3)(1,2,2).
Moreover, if Xy is an abeian surface fort € D*, thent =0 or 9.

Theorem 3.4 Assume that ((:),Diﬂ‘é(O)) 1s a special vg-log surface of type K3
with CI((:),Diﬂ"(;)(O)) = 3, then there is a minimal projective degeneralion f :
X — D which 1s bimeromorphically equivalent to f :X =D (we shrink D if
necessary) such that X is nonsingular except the case (IIIﬁK3-g-t-s) below, X,
1s a K3 surface fort € D* and the special fibre f*(0) is one of the following
types.

(ITIK3-g-t-s) f*(0) = 300 + 3 i_ (2061 + ©i2) + 327, ©;, where ©g is a
smooth rational surface, ©y; s a ruled surface for J =12 0;; ~ Xy,
Qi ~ I, or P! x P! fori > 2 and O ~ P? for any j. ©O11le, 15 a
smooth connected curve with the genus g := q(©,,)) whose self intersection
number is 6(g — 1), ©i,1le, is a (—6)-curve fori> 2 and Oj|e, 15 a (—3)-
curve for any j. ©;2le,, is a section of ©;y for1 <i<t. ©;;N0;; =0
fi#kO;,;NOp =0 foranyi, j, k, ©;,NO; = 0 fori > j and
©i2NOg =0 for anyi. p(Op) =3t —3g+11, s=1t—g+3 and the range
of g is0< g <95. The range of 1 is as follows. If g =0, then 0 <t <6,
tfg=1,then1<t<7,ifg=23 thenl1 <t <4, 1fg=4, thent=1,2
and if g = 5, thent = 2.

(1115(3-g-t-s) f(0) = 3904'2::1(2@.',1'*'@;,2), where ©¢ 1s a normal rational
surface, Oy ; is a ruled surface for j = 1,2, O;; ~ L4, ©;3 >~ I3 or
P! x P! fori> 2. All singular points of @y are disjoint from any other



component of the singular fibre. O, |e, is a smooth connected curve with
the genus g := q(©1,1) whose self intersection number is 6(g — 1), ©; 1/e,
is a (—6)-curve for i > 2. ©;3le,, is a section of ©; for1 < i < t.
02N =0 for anyi and ©; ;N0 ,; = 0 ifi # k. Sing Oy = sA3, where
s:=t—g+3. Sing X = Sing O¢ set theoretically and each singular point
of X is a quotient singularity of type (1/3)(1,2,2). p(©¢) = 2t — 29+ 8
and the range of g and t is the same as in the case (i) above.

(I1IX3) f*(0) = ©, where © is irreducible. There is a projective birational
morphism p 1Y — X from a smooth 3-fold Y such that f (0)= 3@o+@1,
where f fou, 6, = u;loe, 6, is ezceptional for p, 69~ P! x P! or
Y., O, is a ruled surface with irregularity 4, 6, |@o 1s @ 3-section which is
a smooth curve with the genus 4 whose self intersection number 18.

(I11K3) f*(0) = ©1 + Oy, where ©; is irreducible for i = 1,2. There is a
projective birational morphism p .Y — X from a smooth 3-fold Y such
ihatf (0) = 360 + 6, + O3, wheref = foupu, ©; = u;'O;fori=1,2,
Oy is exceptional for p, @0 ~ Y, Oy is a ruled surface with 1rregu1artty
5 0, ~ P!'x P! or &, @11 6, 15 @ 3-section which is a smooth curve with
the genus 5 whose self interseclion number 24, O, téo 1s a negative section

Oféo. élnéz = §.

Theorem 3.5 Assume that (C:), Diffg(0)) is a vy-log surface of abelian type with
CI(@),Diff@(O)) = 4, then there is a minimal projective degeneration f : X — D
which is bimeromorphically equivalent to f : X — D (we shrink D if necessary)
such that X 1is nonsingular except the case (IVC“b) and ([V,,“b) below, X, is a
abelian or hyperelliptic surface for 1 € D* and the special fibre f*(0) is one of
the following types.

(I V“b) f1(0) = mO,; + mO,, where m € N, ©; is an elliptic ruled surface for
i=1,2. O]e, = 2C where C is a section of ©,.

(IVSY) £4(0) = 4mOg + 2., (3mOi 1 + 2m6; 2 + m; 3) + 2mO3, where Oy,
©;;, O3 are elliptic ruled surface. ©; o, (i = 1,2), Oz|e, are sections of
Og whose self intersection number 0. ©; 3le, , and @,-,gle_.'l are seclions of
©;,2 and ©;; respectively whose self-intersection number 0. ©; jNO;; =0
fiFk 0,3N0;, =0 fori=12and O3N0O0;; =0 for any i, j.

(IVSY) £2(0) = mO, where N, O is irreducible. there is a projective birational
morphism p:Y — X from a smooth 3-fold Y such that f* (0) = 4m@0 +

m@l +m0O,, where f := fop, ©; is an elliptic ruled surface, ©, = p_ 19.
!@ is a 2-section of Oy which is a smooth elliptic curve, @2]@ a

section of Oy and (6; l6,)? =0 fori=1,2. 6,n6,=0.



(1VE) £7(0) = 4mBOo + 3mO, 4 2mO; + mO3 + 2mOy, where m € N, O; is

an elliptic ruled surface for any i, ©1le, is a 2-section which is a smooth
elliptic curve, O4lo, is a section of Op, (O;le,)? = 0 fori=1,4. O3|e,
and O3le, are sections of O, O respectively. ©; NO; = 0 for (4,5) =
(1,4), (2,4), (2,0), (3,1), (3,4), (3,0).

(IVPY) f2(0) = 40, + 220+ %0, E,‘{,:le;h,-,., where ©; is a normal

rational surface for i = 0,2,3, O, is an elliptic ruled surface and ©; ;, ~
Y.t =00r2o0r4 fori=2,3 and s := S—Z‘?zzt.-. ©1le, 15 a smooth
elliptic curve whose self intersection number 0, O;le, ~ p! for i =23,
0; j:le, 1s a (—2)-curve for any (i, i), ©ij;le; 1s a (0)-curve. ©;NO; =0
fori>3,0;;,NO, =0 ifi # k and O, ;,’s are disjoint from each other.
Sing ©p = {Pl("j)_, € 0;,0<j; <8—t (i =2,3)} and any Pl(i;). € O
is of type Agy. Sing ©; = {P{), PY) 0 < ji < 8—t; (i =2,3)) and
any P‘-(’;-)‘, € O; is of type Ay for i = 2,3. Sing X = {Pl(,ij)," P§f}i;0 <
Ji 8-t (i = 2,3)} and any P.('J)‘ € X 1s quotient singularity of lype
(1/2)(1,1,1). Moreover, if X, is an abelian surface for t € D*, then
(t2,t3) = (0,0), or (4,4).

(IVY) f*(0) = 400 + 2,20+ Y, Z;"zl ©,j,, where ©; is a normal

4

rational surface fori =0,1,2, ©; ;, 2 X;. ty=00r2 ord fori=1,2 and
s:=8—Y0 ,ti. Oile, = P! fori=1,2, 0ij.le, is a (—2)-curve for any
(i,7i), Oij;lo; is a (0)-curve. ©1NO2. O;;;NOx =B ifi £k and O, ;. s
are disjoint from each other. Sing ©¢ = {Pl(‘])_ €0,;0< ;<81 (i=
1,2)} and any Pl(.'j)‘, € O 1s of typf: Azy. Sing ©; = {Pl(,'j)‘_, P.LS"}‘;O <
ji < 8—t; (i = 1,2)} and any P € ©; is of type Ay for i = 1,2.
Sing X = {PY), P{)10< j; <81t (i=1,2)} and any P{) € X is
quotient singularity of type (1/2)(1,1,1). Moreover, if X; is an abelian
surface fort € D*, then (11,12) = (0,0), or (4,4).

Idea of the proof

In this section we give the outline of the proof of Proposition 2.4. Theorem
3.4 can be deduced from this proposition as in the same way in [K.Ohno]. Let
notations be as above. Firstly, as for the singularities of § and the boundary,
we have the following lemma.

Lemma 4.1 Let (S, A) be a special vp-log surface of type K3 with CI(S,A) = 3,
then following (i), (i7), (#i¢) hold.

(3) All singular poits of S are of type Az .
(#7) Sing SN Supp A = 0.



(#%1) SuppA s smooth.

The above lemma is checked by considering actions of Gal (5/S) around fixed
points. A is written as A = (2/3)C, where C is a reduced smooth curve.

Lemma 4.2 Let (S,A) be as above and let p : M — S be the minimal resolution
of S and s be the number of singular points of S. Then the following formulae
hold.

() s =(1/2)p — 1, where p := p(S).
(1) K% =11-(3/2)p.
(iti) Kp -C = 2p—16 and C? =24 — 3p, hence Kpr - C+ C? =8 — p.

Proof. Put U := S\ (Supp A U Sing S). Since n|,-1y): 7~ (U) — U is étale,

we have

Xtop(g) - Xtop("'_lc) —§= 3(Xtop(M) - Xtop(C') - 2s), (1)

where C’ := p71C. And from the definition, we have
2 ., 1
Ky + §C + gE ~num 0, (2)

where E := p~!(Sing S). From (1) and (2), we obtain the desired result. ]
Let 7 : M — N be a birational morphism form M to a relatively minimal
model N,

My=MIm M, 22 M My =N (3)
be the decomposition of 7 to the sequence of contractions of (—1)-curves. Let
o; : M = M; be the induced morphism and put C) := ¢;,C’", E® := ¢,,E,
my; = multpiC("), m} = multpiE'("), where p; is the center of the blow-up 74;.
Let F; be the exceptional divisor of 7;. Case (a). If Fi4; is not contained in
CG+D) y EG+) | then (m;, m}) = (0,3) or (1,1). In the case (m;,m!) = (0,3)
(resp., (1,1)), we call p; is of type (0,3) (resp., of type (1,1)) and we call
i41 (a.1)-blow up (resp., (a.2)-blow up). Case (8). If Fiy; C CO+1, then
(m;,m}) = (0,5), (1,3) or (2,1)). In the case (m;,m;) = (0,5) (resp., (1,3),
resp., (2,1)), we call p; is of type (0,5) (resp., of type (1,3), resp., (2,1)) and
we call 74 (f.1)-blow up (resp., (4.2)-blow up, resp., (4.3)-blow up). Case
(6). If Fiyy € EGHD| then (my,m}) = (0,4), (1,2) or (2,0)). In the case
(mi,m}) = (0,4) (resp., (1,2), resp., (2,0)), we call p; is of type (0,4) (resp.,
of type (1,2), resp., (2,0)) and we call ;3 (6.1)-blow up (resp., (6.2)-blow up,
resp., (6.3)-blow up).

The following lemma is easily derived.

—10~



Lemma 4.3 Define aj as the number of the (a.1)-blowing up which appears
in the sequence (3) and so on. And put ®; := Kp -C — Ky - CO, @, =

(1/2)(Ky - C©® £ CO? — Kpy - C ~ C?) and @3 := Ky - E — Kn - E©. Then
the following formulae hold.

(1) a2+ B3+ 72 =61~ 273+ 1.

(2) 1 +7y3= D2

(3) a1+ B2+ 7 = (1/3)(®3 — @) — 261 + 7.

If N ~ P? for example, (deg C®,deg E() = (0,9), (1,7), (2,5), (3,3) or
(4,1). Proposition 2.4 is derived from Lemma 4.2 and Lemma 4.3 by checking
case by case.
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