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ALBANESE MAPS ON PROJECTIVE VARIETIES

QI ZHANG

        Sl. Global holomorphic one-forms on projective
            manifolds with ample canonical bundles

  Holomorphic vector fields on compact Kahler manifolds have been used

by several different authors to investigate the geometries of the manifolds. In

particular, the existence of a holomorphic vector field with non empty zero-

locus on a manifold imposes restrictions on the topology of the manifold.

For instance, Carrell and Lieberman have shown that if a Kdhler manifold

X admits a holomorphic vector field v whose zero-locus Z = Z(v) is not

empty, then hP'q(X) = dimHq(X, 9Px) = O if Ip - ql År dimZ.

  In this note, We shall study the zero-Iocus of global holomorphic one-forms

on projective manifolds with ample canonical bundles.

Theorem 1. Let X be a pro2'ective manifold with ample canonical bundle

Kx andw E HO(X,9}) be a holomoizphic one-forTn on X. Then the zero-

locus Z = Z(tu) ofw is not emptgr.

  Let X be a projective manifold with ample canonical bundle. By the

work of Calabi, Aubin, and Yau, X admits a Kahler-Einstein metric and
hence the holomorphic cotangent bundle st} is semistable relative to the

canonical polarization Kx [Y]. There are many interesting classes of such

manifolds. For example, Kawamata [K2] has shown that if X is Kobayashi

hyperbolic and is also of general type, then Kx is ample. Other examples

include complete intersections in projective spaces with higher degrees, and

subvarieties of Abelian varieties with finite stabilizers.
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  If a compact Kahler manifold X is equipped with a nowhere vanishing
holomorphic vector field v G HO(X, 7'xl ), then by Bott's residue formula, the

Chern numbers ci(X)n and c.(X) of X vanish. However, there are no anal-

ogous results known so far for global holomorphic one-forms. On the other

hand, the main ideas u$ed in our proof of Theorem 1 iRve}ve splittiRg the

Keszu} complex ixdeced by the hole=}erphic oxe-form, aRd the semi$tabilitie$

ef cetaRgent buitdles.

  By exactiy the same proof, we can generalize Theorem l to the following

Theorem 1'. Let X be a pro2'ective manifold and L be a nef line bundle on

X such that Kx +L is ample. Let s E HO(X, st} (Ei) L) be a section. Then

the zero-locus Z = Z(s) of s is not empty.

  As aR applicatiok ef Irheorem 1, we are able to obtain a result on isotriv-

iality for smogth familie$ ef prejectlve maRifelds witk ample caxoRical bwa--

d}es. This re$ult has aiso beeR proved by Kevacs using a dfferent method

[[Kov],Theorem 1].

Theorem 2. Letf : X - A be a smooth family ofpro]'ective manifolds with

ample canonical bundle and A is an Abelian variety. Then X is a locally

trivial fiber bundle.

  In particular, there exi$ts a finite 6ta}e cover A' - A such that X Å~A A' as

X Å~ A' dge tg tke fact tkat Ant(F) i$ fiRite.

  WheR X is a smooth family ef minima} surfaces of geRera} type over an

elliptic curve, this had already been shown by Migliorini [Mi]. Our approach

to Theorem 2 is base on the fact that if X is not a fiber bundle over A,

then Kx must be ample. On the the hand, pullbacks a non-zero one-form

from A to X will create a maowhere vanishing one-form on X, this contradicts

Theorem 1.

  Next, we shall gse g}obal holomerphic one-form$ to iRvestigate the Ealer

characteristics c= projective magifolds with ample canckical bgRdles.

  Subvarieties of Abeliaxx varieties have been studied intensively during the

past two decades ([Kl], [U]). In [[U], Theorem 10.3], Ueno gave a beautifu1

structure theorem of these varieties. He had showrm that if X is a normal
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subvarz'ety of an Abelian varz'ety A, then there exists an e'tale cover X' - X

such that X' ! B Å~ W where B is an Abelian vam'ety, W is a subvariety of

an Abelian varz'ety and W is also of general type. Later, this result has been

generalized by Kawamata to varieties which are finite over Abelian varieties

[[Kl], Theorem 13]. By studing Gauss mappings, Ran [[R], Corollary 2] has

shown that if X is a pro2'ective manifold such that the cotangent bundle stk

is generated by its global sections, then X is of general type if and only if Kx

is ample.

  In [[GL], Theorem 1], using deformation theory and generic vanishing

theorems, Green and Lazarsfeld proved that : lf X has maximal Albanese

dimension, i.e., if the Albanese map a : X -År Atb(X) is genem'c finite, then

x(X, Kx) 2 O. In this paper, in the spirit of Green and Lazarsfeld, we give a

characterization of those subvarieties of Abelian varieties which are of general

type. Our result was also inspired by the work of J. Kollar [Ko].

Theorem 3. Let X be a prol'ective manifold such that the cotangent bundle

st} is generated by its global sections (which equivalent to the Albanese map

X -År Alb(X) being an immersion? . Then Kx is ample (equivalent to X

being of general type? if an only if x(X, Kx) År O.

Corollary 1. Let X be a smooth subvariety of an Abelian variety. Then X

is of general type if and only if x(X, Kx) År O.

  If X is Kahler hyperbolic, then x(X, Kx) År O by Gromov [[G], Theorem

O.4A]. But it is easy to show that if X is a subvariety of an Abelian variety,

then in general X is not Kahler hyperbolic. Recently, Ein and Lazarsfeld

[[EL], Theorem 3] has proved that if X is birational to a subvariety of an

Abelian variety, then X is of general type if and only if x(X, Kx) År 0.

  Combining our Theorem 3 and the generic vanishing theorems of Green

and Lazarsfeld [[GL], Theorem 1], we have

Corollary 2. LetX be apro2'ective manifold such that the cotangent bundle

S2ii( is generated by its global sections and suppose X is of general type. Let

L E PicO(X) be a generic non-torsion (topologically trivial? line bundle. Then

O Åq hO(X, Kx Q L) Åq hO(X, Kx).
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  As an immediate consequence of Theorem 1, we can recover the following

result of Smyth [[S], Corollary 1].

Corollary 3. Let X be a proo'ective manifold such that the cotangent bun-

dle 9N is generated by its global sections. The'n Kx is ample if an only

if c.(S)il() = (-1)"e(X) År O, iohere n = dineX and e(X) is the topological

Euler number.

  We believe that the spannedness of stk is not necessary in Theorem 3. In

fact we conjecture that

Conjecture. Let X be aprol'ective manifold with nef cotangent bundle S-2}.

Then Kx is ampte if an only ifx(X,Kx)ÅrO.

  Remark: The above conjecture was inspired by some recent works of De-

mailly, Peternell and Schneider [[DPS2], Corollary 5.5] on compact Kahler

manifolds with nef tangent bundles. They have shown zf Xis a compact
Kdhler manifbld with nef tangent bundle, then -Kx is ample (i.e•, X is

Fano? if and only if x(X,Ox) År O. Our conjecture can be regarded as a

" dual version" of their result.

  Unfortunately, so far we are unable to solve our conjecture completely.

Nevertheless, using Riemann-Roch, Schur polynomials and the Miyaoka-Yau

inequality, we can show

Theorem 4. Let X be a projective manifold with nef cotangent bundle st}.

lfx(X,Kx) År O, then Kx is ample. The converse is true if dim(X) S 4.

             g2. The Albanese maps on projective
            manifolds with nef anticanonical bundles

  Compact Kahler manifolds with numerically effective anticanonical bun-
dles have been investigated recently by Deniailly, Peternell and Schneider

[DPSI]. They have shown (among other things): ifX is a compact Kdhler

manifold with nef -Kx. Then Ti(X) is a group of subexponential growth.

  One of the most important methods for studying a manifold with nef anti-

canonical bundle is to analyse the Albanese map associate with the manifold.

In [DPSI], Demailly, Peternell and Schneider conjectured that
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Conjecture. Let X be a compact Kdhlermanifold with -Kx nef Then the

Albanese map or : X - A(X) is surl'ective.

  The following result has been proved in [DPSI]:

Theorem. Let X be a n-dimensional compact Kdhler manifold such that

- Kx isnef. Then

   (1) TheAlbanesemap or : X --År A(X) is sunjectiveprovided that dimor(X) =

      O,1 or n, and also dima(X) = n- 1 ifX is proj'ective.

   (2) ifX is proj'ective and if the generic fiber F of cu has -KF big, then

      a zs surjectzve.

  In particular, the Theorem settles the conjecture for projective threefolds.

In this paper, our purpose is to show that when X is projective, the conjec-

ture follows from the relative deformation theory which has been developed

recently by Kollar, Miyaoka and Mori (see [KMM] and [M]) and by Campana

[Cl.

  The precise statements of our results are as follows:

Theorem 5. Let X be a smooth prol'ective varz'ety over the field of complex

numbers C such that -Kx is nef. Then the Albanese map a : X - A(X) is

sunjective and has connected fibers.

Corollary 4. LetX be a smooth prol'ective variety overC such that -Kx is

nef. Then we have the irregularity q(X) = dimHO(X,9x) S dimX. More-

over, if the equality holds, then X is isomorphic to an abelian varz'ety.

  More general, we can show the following;

Theorem 6. Let T : X -År Z be a sunjective morphism between smooth

prol'ective varieties such that -Kx is nef. Then -Kz is generically nef. In

particular, we have the Kodaira dimension K(Z) S O. Moreover one of the

following holds:

   (1) Z is uniruled (in particular K(Z) = -oo?,'

   (2) There exists a finite e'tale cover Y -År Z such that Y 2! A Å~ V, where

      A is an abelian variety and V is a Calabi- Yau manifold, i.e., Kv ==
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Ov and Ti(V) :{O}. Moreover if x(Oz) 4 O, then
2dim(Z)-i/x(Oz).

IT,(Z)1 fi{

  The proofs of theorem 5 and 6 are based on the following lemma which is

a generalization of a re$ult in (Corollary 2.8, [KMMI and Theorem 2, [M])

Lemma 1. Let 7g : X -År Z be g $u7tiective morphism bet2geen smeeth prc2'ec-

tiye varieties eyer Åë. Then there exist$ ne Gmple diviser A on Z such that

-- Kxlz - 6r*A is nef for some 6 År O.
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