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ON THE EXTENSION PROBLEM
OF PLURICANONICAL FORMS

YUJIRO KAWAMATA
Dedicated to Professor Friedrich Hirzebruch on his seventieth birthday

ABSTRACT. We review some recent development on the extension problem of pluri-
canonical forms from a divisor to the ambient space by Siu, Kawamata and Nakayama
with simplified proofs.

1. INTRODUCTION

The purpose of this paper is to review some recent development on the extension
problem of pluricanonical forms from a divisor to the ambient space. The main tools
of the proofs are the multiplier ideal sheaves and the vanishing theorems for them.

Let X be a compact complex manifold. The m-genus P, (X) of X for a positive
integer m is defined by P, (X) = dim H%(X,mKx). The growth order of the
plurigenera for large m is called the Kodaira dimension k(X): we have P, (X) ~
m*(X) for any sufficiently large and divisible m. We have the following possibilities:
k(X) = —00,0,1, -, or dim X. In particular, if £(X) = dim X, then X is said to
be of general type. It is important to note that these invariants are independent of
the birational models of X.

The plurigenera are fundamental discrete invariants for the classification of alge-
braic varieties. But they are by definition not topological invariants. However, in
order that such classification is reasonable, the following conjecture due to Iitaka
should be true:

Conjecture 1.1. Let S be an algebraic variety, and let f : X = S be a smooth
algebraic morphism. Then the plurigenus Pp,(X,) 1s constant on t € S for any
positive integer m.

A morphism between complex varieties which is birationally equivalent to a
projective morphism will be called an algebraic morphism in this paper. The alge-
braicity assumption in the conjecture is slightly weaker than the projectivity.

This conjecture is confirmed by Iitaka [I1, I2] in the case in which dim X, =
2 by using the classification theory of surfaces. Nakayama [N1] proved that the
conjecture follows if the minimal model exists for the family and the abundance
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2 YUJIRO KAWAMATA

conjecture holds for the generic fiber. Thus the conjecture is true if dim X, = 3 by
[K4] and [KM].

On the other hand, Nakamura [Nm)] provided a counterexample for the gener-
alization of the conjecture in the case where the morphism f is not algebraic. In
his example, the central fiber Xg is a quotient of a 3-dimensional simply connected
solvable Lie group by a discrete subgroup. We note that X, is a non-Kahler man-
ifold which has non-closed holomorphic I1-forms. So we only consider algebraic
morphisms in this paper. It is interesting to extend our results to the case in which
the fibers are in Fujiki’s class C.

The following theorem of Siu was the starting point of the recent progress on
this conjecture which we shall review.

Theorem 1.2. [Si] Let S be a complez variety, and let f + X — S be a smooth
projective morphism. Assume that the generic fiber X, of f is ¢ variety of general
type. Then the plurigenus P, (X,) is constant ont € S for any positive integer m.

We have also a slightly stronger version:

Theorem 1.2°. [K5] Let S be an algebraic variety, let X be a complex variety,
and let f : X — S be a proper flat algebraic morphism. Assume that the fibers
X = f~Yt) have only canonical singularities for any t € S and that the generic
fiber X, s a variety of general type. Then the plurigenus P,{X:) is constant on
t € 5 for any positive integer m.

According to Nakayama [N2], we define the numerical Kodaira dimension v(X)
as follows (this is &, (X) in [N2]; there is another version &, (X) of numerical Ko-
daira dimension in [N2] which we do not use). Let X be a compact complex manifold
and let k be a nonnegative integer. We define v(X) > k if there exist a divisor
H on X and a positive number ¢ such that dim H®(X, mKx + H) > c¢cm* for any
sufficiently large and divisible m. If there is no such k, then we put v(X) = —o0. It
is easy to see that x(X) < ¥(X) < dim X. By the Kodaira lemma, «(X) =dim X
_if and only if ¥{X) = dim X. The abundance conjecture states that the equal-
ity £(X) = v(X) always holds. Nakayama confirmed this conjecture in the case
v(X) =0 ([N2]).

By considering mK x + H instead of mK x, Nakayama obtained the following:

Theorem 1.3. [N8] Let § be an algebraic variety, let X be a compler veriety,
and let f : X — S be a proper flat algebraic morphism. Assume that the fibers
X; = f~Yt) have only canonical singularities for anyt € S. Then the numerical
Koduira dimension v(X,) is constant ont € S. In particular, if one fiber Xy is of
general type, then so are all the fibers.

For the finer classification of algebraic varieties, it is useful to consider not only
the discrete invariants Py, {X) but also the infinite sum of vector spaces

R(X) = @ H(X,mKx)
m2>0

which has a natural graded ring structure over C = H%(X,Ox). This continuous
invariant R(X), called the cunonical ring of X, is also independent of the birational
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models of X. It is conjectured that R(X) is always finitely generated as a graded
C-algebra. If this is the case, then Proj R(X) is called a canonical model of X .

A canonical singularity (resp. terminal singularity) is defined as a singularity
which may appear on a canonical model of a variety of general type whose canonical
ring is finitely generated (resp. on a minimal model of an algebraic variety). The
formal definition by Reid is as follows: a normal variety X is said to have only
canonical singularities (resp. terminal singularities) if the canonical divisor Kx is
Q-Cartier and, for a resolution of singularities p : ¥ — X which has exceptional
divisors Fj, if we write p*Kx = Ky + ZJ- a;F;, then a; < 0 (resp. a; < 0) for all
J

For example, the canonical singularities in dimension 2 have been studied exten-
sively. They are called in many names such as du Val singularities, rational double
points, simple singularities, or A-D-E singularities. The terminal singularity in di-
mension 2 is smooth, and the terminal singularities in dimension 3 are classified by
Mori and others (cf. [R2]). :

Let us consider the subset of a Hilbert scheme with a given Hilbert polynomial
which consists of points corresponding to the canonical models of varieties of general
type. This set should be open from the view point of the moduli problem of varieties
(cf. [V2]). The following is a local version of Theorem 1.2’ and says that this is the
case (this result was previously known up to dimension 2):

Theorem 1.4. [K5] Let f : X — B be a flat morphism from a germ of an algebraic
variety to a germ of a smooth curve. Assume that the central fiber Xy = f~}(P)
has only canonical singularities. Then so has the total space X as well as any fiber
X: of f. Moreover, if u 1V — X is a birational morphism from a normal variety
with the strict transform X of Xg, then Ky + X > p*(Kx + Xo).

The following theorem answers a similar question for the deformations of minimal
models (this was previously known up to dimension 3):

Theorem 1.5. [N3] Let f : X — B be a flat morphism from a germ of an algebraic
variety to a germ of a smooth curve. Assume that the central fiber Xy = f~1(P)
has only terminal singularities. Then so has the total space X as well as any fiber
X of f. Moreover, if u: V = X is a birational morphism from a normal variety
with the strict transform X of Xg, then the support of Kv + X — u*(Kx + Xo)
contains all the exceptional divisors of .

The following theorem, which is stronger than Theorem 1.2°, says that only the

abundance conjecture for the generic fiber implies the deformation invariance of the
plurigenera:

Theorem 1.6. [N3] Let S be an algebraic variety, let X be a compler variety,
and let f : X — S be a proper flat algebraic morphism. Assume that the fibers

X: = f~1(t) have only canonical singularities and that k(X,) = v(X,) for the

generic fiber X, of f. Then the plurigenus Pp(X,) is constant ont € S for any
positive integer m.

Now we explain the idea of the proofs. Since we assumed the algebraicity of va-
rieties, there exist divisors which are big. Hence we can use the vanishing theorems
of Kodaira type as in [K1] and [V1] (cf Theorem 2.6). Indeed, if K x, is nef and big
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4 YUJIRO KAWAMATA

for the central fiber Xg in Theorem 1.2, then the extendability of pluricanonical
forms follows immediately from the vanishing theorem.

Thus the problem is to extract the nef part from the big divisor Kx,. This
is similar to the Zariski decomposition problem (cf. [K3]): Let X be a smooth
projective variety of general type. If we fix a positive integer m, then there exists a
projective birational morphism g, @ Y — X such that uf, (mKAx) is decomposed
into the sum of the free part and the fixed part: p} (mKx) = P + M,,. If
there exists one u : Y — X which serves as the p,, simultaneously for all m, then
P = suppm>ogPm/m is the desired nef part, and the decomposition u*Kx = P+ N
in Div(Y) @ R for N = infn5 0N /m gives the Zariski decomposition of Kx. The
difficulty arises when we have an infinite tower of blow-ups. It is known that if the
Zariski decomposition of the canonical divisor exists, then the canonical ring R(X)
is finitely generated ({K3}).

So we use instead the concept of multiplier ideal sheaf which was first introduced
by Nadel [Nd]. We consider the series of ideal sheaves on X instead of the decom-
positions on the series of blow-ups. Since the structure sheaf of Xy is noetherian,
we do not have the difficulty of the infinity in this case; we take just the union of
the ideals {cf. Definitions 2.5 and 2.10).

The remaining thing to be proved is the compatibility of the multiplier ideal
sheaves on X, and on the total space X constructed similarly for Ky. This is
proved by a tricky induction on m discovered by Siu {cf. Lemma 3.6}.

The theorems in the introduction will be reduced to Theorems A, B and C in
§2, which will be proved by using vanishing theorems in §3.

We use the following terminology besides those in [KMM]. Let f : X — S be a
morphism of algebraic varieties. A sheaf F on X is said to be f-generated if the
natural homomorphism f*f,F — F is surjective. A Cartier divisor D on X is
called f-effective (resp. f-free) if fuOx (D) # 0 (resp. Ox (D) is f-generated). A
Q-Cartier divisor D on X is said to be f-Q-effective (resp. f-semi-ample) if there
exists a positive integer m such that mD is a f-effective {resp. f-free) Cartier
divisor. A Q-Cartier divisor D on X is said to be f-pseudo-effective if D+ H 1s
f-Q-effective for any f-ample Q-Cartier divisor H.

All varieties and morphisms are defined over the complex number field C in this
papet.

2. MAIN THEOREMS

Setup 2.1. We fix the following notation in Theorems A, B and C below.
{1) V is a smooth algebraic. variety.
(2) X is a smooth divisor on V.

(3) Sis a germ of an algebraic variety.

{4) 7 : V — S is a projective morphism:

XCcv-Ss.

A divisor D on V will be called w-effective for the pair (V, X) if the natural
homomorphism 7.0y (D) — 7.Ox{D|x) is not zero. It is called 7-Q-effective for
the pair (V, X) if mD is m-effective for the pair (V, X) for some positive integer m.
D is said to be w-big for the pair (V, X) if we can write mD = A+ B for a positive
integer m, m-ample divisor A and a m-effective divisor B for the pair (V, X).

86



PLURICANONICAL FORMS 5

2.2 Theorem A. Assume that Kv + X is w-big for the pair (V,X). Then the
natural homomorphism m.Qy (m(Ky + X)) = n.0x(mKx) is surjective for any
positive integer m.

Proof: Theorem A implies Theorem 1.4. By the resolution of singularities, we con-
struct a projective birational morphism g : V — X from a smooth variety such
that the strict transform X of the central fiber Xy is also smooth. We take S =&
and 7 = p. Since 7 and w|x are birational morphisms, we can see that Ky + X is
7-big for the pair {V, X).

Let m be a positive integer such that mK x, is a Cartier divisor. Since X has
only canonical singularities, a nowhere vanishing section sg of Ox,(mKx,) lifts to
a section of Ox (mK x), which in turn extends to a section of Oy (m{Kv + X)) by
Theorem A. Therefore, sq extends to a nowhere vanishing section of Ox (m(Kx +
Xo)) which lifts to a section of Oy (m(Kv + X)). Hence Ky + Xg is a Q-Cartier
divisor and Kv + X > p*(Kx + Xp) in this case. Since any u is dominated by some
i as above, we have the last assertion. Since p*Xg, > X, it follows that X has only
canonical singularities. 0

Proof: Theorem A implies Theorem 1.2°. We may assume that S is a germ of a
smooth curve. By the resolution of singularities, we construct a proper birational
morphism u : V — X from a smooth variety such that the strict transform X of
the central fiber Xj is also smooth and that # = f o 4 is a projective morphism.
Let A be a w-very ample divisor on V. Since Ky is f-big, there exists a positive
integer my such that fuOx(mi Ky — u.A) # 0, although u.A is a Weil divisor
which may not be a Cartier divisor. Therefore, there exists an effective Weil di-
visor B on X whose support does not contain Xy such that m; Ky ~ p.A4 + B.
Then Kv + X is n-big for the pair (V, X) by the last assertion of Theorem 1.4.
Since X has only canonical singularities by Theorem 1.4, Theorem A implies that

the natural homomorphism f.Ox(mKx) — H%(Xo,mKx,) is surjective for any
positive integer m. O

2.3 Theorem B. Let H be a m-very ample divisor on V. Assume that Kx is
n-pseudo-effective. Then Ky + X is also w-pseudo-effective, and the natural ho-
momorphism T.Ov(m(Ky + X))+ H) = m.Ox(mAx + Hlx) is surjective for any
posttive integer m.

Proof: Theorem B implies Theorem 1.3. We may assume that S is a germ of a
smooth curve. We define V| X and m as in the proof that Theorem A implies

Theorem 1.2°. If ¥(X,) = —o0, then Kx, is not pseudo-effective, and v(X,) = —oco
for the generic fiber X, by the upper semi-continuity theorem. Otherwise, the rest
of the proof is similar to the proof that Theorem A implies Theorem 1.2 O

Proof: Theorem B implies Theorem 1.5. There exist a resolution of singularities
# V. = X and an effective divisor E which is supported on the exceptional
locus of y such that H = —FE is y-very ample. Let S = X and # = p. Let
X be the strict transform of Xy which is assumed to be smooth. Since X has
only terminal singularities, there exists a positive integer m such that mKx, is
a Cartier divisor and that mKx — mu*Kx, > Flx. Thus a nowhere vanishing
section s of Ox,(mKx,) lifts to a section of Ox(mKx — E|x), which in turn
extends to a section of Oy (m(Kv + X) — E) by Theorem B. Therefore, sy extends
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6 YUJIRO KAWAMATA

to a nowhere vanishing section of Ox (m{Kxy + X)) which lifts to a section of
Ov(m(Ky +X)—E). Hence Ky + X —p*(Kx + Xo) > L E in this case. Since any
4 1s dominated by some p as above, we have the last assertion. Since p"Xo > X,
it follows that X has only terminal singularities. O

2.4 Theorem C. Let X, and V, be the generic fibers of 1 : X — n(X) and
n: V = #x(V), respectively. Assume that Ky + X s n-Q-effective for the pair
(V,X), dim X¢ = dim V;, and that v(X¢) = v(V,) = «(V,). Then the natural
homomorphism m.0y (m(Ky + X)) = m.Ox(mKx) is surjective for any positive
mnteger m.

Proof: Theorem C implies Theorem 1.6. We may assume that S is a germ of a
smooth curve. We define V, X and 7 as in the proof that Theorem A implies
Theorem 1.2°. We may assume that Kx, is pseudo-effective. By Theorem 1.3, we
have v(X¢) = v(Xo) > 0, where X is the generic fiber of f. By the assumption on
the abundance, it follows that Ky + X becomes 7-Q-effective for the pair (V, X).
The rest is similar to the proof that Theorem A implies Theorem 1.2°. O

Definition 2.5. Let X be a smooth complex variety and D a divisor on X. Let
4 Y — X be a proper birational morphism from a smooth variety Y. Assume
that there exists a decomposition p*D = P+ M in Div(Y)®R such that P is g-nef
and M is effective having a normal crossing support. The multiplier ideal sheaf Ty
is defined by the following formula:

Oy ("P Y+ Ky) =Ipm(D + Kx).

We note that Zps is a coherent sheaf of ideals of Ox which is determined only by
M and p. If v : Y’ = Y is another proper birational morphism, then it is easy to
see that Zpr = T, pr.

The following vanishing theorem of Kawamata-Viehweg type ([KMM, 1.2.3]) is
the main tool for the proof of Theorems A and B. Nadel’s vanishing theorem [Nd]
_and Ohsawa-Takegoshi’s extension theorem [OT] played the same role in Siu’s proof.

Theorem 2.6. Let f : X — S be a proper algebraic morphism from a smooth

complexr manifold to an algebraic variety. Let L be an R-divisor on X which is

f-nef and f-big, and whose fractional part has a normal crossing support. Then
RPf.Ox("L"+Kx)=0

for any positive integer p. C

Corollary 2.7. In the situation of Definition 2.5, let S be un algebraic variety,

and let f: X — S be a proper algebraic morphism. If P is f o py-nef and f o u-big,
then

RPAIM(D+Kx)=0

for any positive integer p.

Proof. We have RP(f o 41).Oy("P?+ Ky) = 0 and RPu,Oy("P? + Ky) = 0 for
any positive integer p. O

We need a vanishing theorem of Kollar type ([Ko]) in order to prove Theorem
C:
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Theorem 2.8. Let f : X — S be a proper algebraic morphism from a smooth
complezr manifold to an algebraic variety. Let L be a Q-divisor on X which is f-
semi-ample and whose fractional part has a normal crossing support. Let D be an
effective divisor on X such that mL — D 1is f-effective for a positive integer m.
Then a natural homomorphism

RPF.Ox(TL 7+ Kx) = RPf.Ox ("L + D + Kx)

is injective for any nonnegative integer p.

Proof. We may assume that S is affine and f is projective by Theorem 2.6. By com-
pactifying S, adding the pull-back of an ample divisor of S to L, and using the Serre
vanishing theorem, we reduce the assertion to the injectivity of the homomorphism

HP(X,0x ("L + Kx)) = H*(X,0x("L + D+ Kx))

in the case in which X is projective and L is semi-ample. This is just [I(2, Theorem
3.2]. a

The condition that L is f-semi-ample can be relaxed to that L is f-nef and
f-abundant (or f-good) by [K2, Proposition 2.1}.

Corollary 2.9. In the situation of Corollary 2.7, if f is surjective and P s fo pu-
semi-ample, then

RPf.In(D+ Kx)
1s torsion free for any nonnegative integer p.

Proof. Suppose the contrary and take an effective Cartier divisor D; on S which
contains the support of the torsion part. Then the multiplication homomorphism
RP(fop)Ov("P '+ Ky) = RP(fou)uOy("P "+ (fou)"Dy+ Ky) is not injective.
0O

Definition 2.10. In the situation of Setup 2.1, we define several kinds of multiplier
ideal sheaves J3,7%,J3,Z} on X in the following.

Let D be a divisor on X which is m-Q-effective. For each positive integer m such
that mD is m-effective, we construct a proper birational morphism g, : ¥y, — X
from a smooth variety such that the following conditions are satisfied: there is a
decomposition u},(mD) = Ppn + My, in Div(Yy,) such that P, is 7o pp-free, My,
1s effective and has a normal crossing support, and that the natural homomorphism
(mopm)Oy, (Pn) = m.Ox(mD) is an isomorphism. We define

I =JTsm,
m

where the union is taken for all positive integers m such that mD is m-effective.
Since X is noetherian, there exists a positive integer m such that J5 = I'Jn_Mm.

In the case in which D itself is m-effective, we define I3 = Zp,. We have
I3 CJp-

Let D be a divisor on V which is m-Q-effective for the pair (V,X). For each
positive integer m such that mD is m-effective for the pair (V, X), we construct a
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8 YUJIRO KAWAMATA

proper birational morphism p,, : W,, — V from a smooth variety with the strict
transform Y,, of X in W,, being smooth and such that the following conditions are
satisfied: there is a decomposition u,(mD) = Q@m + Ny in Div(Wp,) such that Q@
is T o ppy-free, Ny, is effective, N, + Y, has a normal crossing support, and that
the natural homomorphism (7 o )« Ow,, (@m) = 7Oy (mD) is an isomorphism.
Since mD is w-effective for the pair (V, X), Y, is not contained in the support of

N,.. We define
j‘é = UIﬁleym
m

where the union is taken for all positive integers m such that mD is m-effective for
the pair (V, X). Since X is noetherian, there exists a positive integer m such that
-715 = Z#leym'

In the case in which D itself is m-effective for the pair (V, X), we define Z}, =
Jly, - We have I C Jp.

If we define My, for D{x as before, then we have Nply,, > M, as divisors on
Ym. Hence Jh C Jp,,. We also have T}, C Ij, if D is 7-effective for the pair
(V,X).

IAY

In the proof of the main results in the next section, the question on the extend-
ability of global sections of the sheaves Ox (D|x) to those of Oy (D) will be reduced
to the comparison of the multiplier ideal sheaves such as j&x and Jﬁ.

The following lemma enables us to deduce the inclusion of the sheaf from the
inclusion of the direct image. A theorem of Skoda [Sk] was used in [Si] to prove the
corresponding statement in the analytic setting.

Lemma 2.11. ([N3]) Let f : X — S be a projective morphism of algebraic schemes
such that n = dim X. Let H be an f-very ample invertible sheaves on X, and let
F be a coherent sheaf on X. Assume that RP f.(F ® H®™) =0 for any p > 0 and
m > 0. Then the sheaf F @ H®" is f-generated.

‘Proof. We proceed by induction on n. Let us take an arbitrary point z € X.
We may assume that H?I}(}') = 0 if we replace F by its quotient by the torsion
subsheaf supported at z. Let X’ be a general member in the linear system ||

passing through z. Let H' = H ® Ox: and 7/ = F @ H’. We have an exact
sequence

09 FoFQH—-F =0

By the induction hypothesis, 7/ @ H'®("~1) is f-generated. We have R!f.(F ®
#®("~1)) = 0, hence our assertion is proved. O

Remark 2.12. We note that Theorems A, B and C also hold in the case in which
X is still smooth but reducible. So we can apply them when f : X — S has
reducible fibers in Theorems 1.2°, 1.3 and 1.6 ([N3]).

3. PROOF OF THE MAIN THEOREMS

Notation 3.1. We fix divisors H and A on V such that H is m-very ample and
A=(dim X + 1)H.
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Lemma 3.2. Let D, and D be m-effective and n-Q-effective divisors on X (resp. -
effective and n-Q-effective divisors on V' for the pair (V, X)), respectively. Then the
sheaves ng {(D1+Alx+Kx) and JB(D-{—A]X +Kx) (resp. I};l (Dilx +Alx+Kx)
and Jh(D|x + Alx + Kx)) are m-generated.

Proof. Since A — {dim X} H is m-ample, we apply Corollary 2.7 and Lemma 2.11.
g

Lemma 3.3. Let Dy and D be m-effective and n-Q-effective divisors on X (resp.
w-effective and w-Q-effective divisors on V for the pair (V, X)}). Then

(1) Jip C Jb fori=0,1ifa€Qanda > 1.

(2) Ip, C Ip 4p and Jh C Jhyy fori = 0,1 4f L is a n-free divisor on X
(resp. V).

(8) Im(7.Ov(D1) = m.Ox(D1l|x)) C mZp (Dilx) (in the latter case only).

Proof. (1} and (2} are clear. (3) follows from Ry, > puiKx. a
The vanishing theorem is used to prove the following lemma. ’
Lemma 3.4. Let D be a n-Q-effective divisor for the pair {V, X). Then
m.Jb(Dix + Kx) C Im(m.Oy(D + Ky + X} = m.O0x(D|x + Kx)).

Proof. We have an exact sequence
1 . 1 .
0~ me(r-n;Qm" + Kw,,) = me(r;;Qm"-i— Kw,, + Ym)

1 .
—¥ Oym (FEQmIYmﬂ + f\‘ym) — 0.

If D is 7-big for the pair (V, X), then we have R} (mopum).Ow,, (" £Qm +Kw, ) =0
by Theorem 2.6. In the general case, since Qy, is 7 o p,,-free, the homomorphism
1 1
RYm o pm)eOw,, ("-r;Qm" + Kw, )= R (7o tm).Ow,, (";—n-Qm" + Aw,, +Yn)

is injective by Theorem 2.8. Anyway, we have a surjective homomorphism

1
mOv(D+ Ky + X) D (Wo,um),ow,n(ran-' + Kw,, + Ym)

1 . .
- (Tl" o I“"m)“‘OYm (r-n-lleym—’ + I\"Ym) = ﬂ.jé(DIX + I\.X)’
hence the assertion. O

Corollary 3.5. (1) Let D be a n-Q-effective divisor for the pair (V,X). Then
D+ A+ Kv + X is m-effective for the pair (V, X).

(2) If Dy and Dy + Ky + X are m-effective for the pair (V,X), and D and
D+ Ky + X are n-Q-effective for the pair (V,X). Then

m.Jb, (Dilx + Kx) C mIh ik, +x(Dilx + Kx)
7 Jb(Dlx + Kx) C mTbykyex(Dlx + Kx).
Proof. (1) By Lemma 3.2, we have m, JA(D|x + A|x + Kx) # 0. By Lemma 3.3

(2), 7 TP+ a(Dlx + Alx + Kx) # 0. Then by Lemma 3.4, we obtain our assertion.
(2) follows from Lemmas 3.3 (3) and 3.4. a

The following is the key lemma for Theorems A and C.
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10 YUJIRO KAWAMATA

Lemma 3.6. Assume that Ky + X is n-Q-effective for the pair (V,X). Then

[0} 1
mKx C Im(Kv+X)+A

for any non-negative integer m.

Proof. We note that m{(Ky + X) + A is n-effective for any non-negative integer m
by Corollary 3.5 (1). We proceed by induction on m. If m = 0, then the assertion
is obvious, because A is n-free. Assume that the assertion is true for m— 1. By the
induction hypothesis and Corollary 3.5 (2},

W.j(om_l)}{x(nll\f}( + Alx) C ”*I(lm—x)(KV+X)+A(mKX + Alx)
C ﬁ'Irln(Kv+X)+A(mA’X + Alx).

Since ”-3(%_1)1(,( (mKy + Alx) is m-generated by Lemma 3.2, it follows that

j(?n—l)Kx c zflrl(Kv+X)+A‘

Since Jhg, C J(?n—z)xx by Lemma 3.3 (1), we are done. O

Proof of Theorem A. Since Kv + X is n-big for the pair (V, X), there exists a
positive integer g such that mo(Kv + X) ~ A + B for an effective divisor B
whose support does not contain X. By Lemmas 3.3 (1) and 3.6, we have

Tokx(—Blx) € Tmiky4x)44(—Blx)
C Tmky+x)+4+8 = Tomtmo)(Kv+x) C Im(ky+X)-

This implies the following: for any positive integer m, there exists a positive integer
d such that, if Y 1s any smooth model of X which dominates Y,, and Yy, by
p:Y 29X, vy Y =Y, and vgm 0 Y = Yym, then

1 . .
—ul My -~ u"Blx < F—E}/;mNdm{ydm_‘ + Ky - u"Kx.

If m = en for positive integers e and n and if ¥ dominates Y,, by a morphism
v, Y - Y, then we have

. 1., 1, 1 1, 1, . .,
_‘UnMn < '"_VmMm < = BIX + _Cm,d - '—VdmNdmIYdm + _(AY —H ]\“X)
e e e de e
where Cpn g = "= 303 Numly,,. '+ 303, Namly,,,. We take a large enough integer e
;;lch that (X, 2B|x) is log terminal. Then we have LEp*Blx — (Ky —p"Kx)s < 0.
ence

. 1, . . g
-UnMn S r——Vd,.nf\frdmIydmw -+ ]iy — i Kx.

de
Thus 7, 0x (nKx) C ”*jnl(xv-p)()("KX) C “*j(ln—1)(Kv+X)("KX) by Lemma 3.3
{1). Therefore, we obtain our assertion by Lemma 3.4. O

We modify Lemma 3.6 for Theorem B as follows:
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Lemma 3.7. Assume that Kx 1is w-pseudo-effective. Then Ky + X s w-pseudo-
effective, and

0 1

jme +eH|x c Im(Kv+X)+eH+A‘
for any non-negative integer m and any positive integer e.
Proof. Since K x 1s m-pseudo-effective, mR x + e H|x is m-big for any non-negative
integer m and any positive integer e. Thus the left hand side of the formula is well
defined. We shall prove that m(Ky +X )+ H+ A is m-effective for the pair (V, X) for
any non-negative integer m in order to prove that Ky + X is m-pseudo-effective, as
well as the inclusion jf?le+H|x C I;(KV+X)+H+A in the case e = 1 by induction

on m. The inclusion for general e is proved similarly for each fixed e by induction
on m.

If m = 0, then the assertion is obvious. Assume that the assertion is true for
m — 1. By the induction hypothesis and Lemma 3.4, we have
T Tln-1ykx+H]x (MEx + H|x + Alx)
C M Tl 1)Ky +x)+H+a(MEx + Hlx + Alx)
Clm(m,Ov(m(Ky + X) + H+ A) = 1.0x (mKx + H|x + Alx)).
Since ‘7(0771—1)}{x+Hlx (mKx + H|x + Alx) is m-generated by Lemma 3.2, it follows
that m(Kv + X) + H + A is m-effective for the pair (V, X). Then by Lemma 3.3
(3),
Im(m. Oy (m(Kv + X} + H+ A) » mOx(mKx + H|x + Alx))
CmIyikysx)siea(mMEx + Hlx + Alx).
Hence
Ton-1ykx+Hix C In(Kv+X)4Hea-
Since TRk, ymix C J(‘),n_l)Kx+Hlx by Lemma 3.3 (1) and (2), we are done. O

Proof of Theorem B. We fix m. Since m(Kv + X} + H is m-big for the pair (V, X)
by Lemma 3.7, there exists a positive integer mg such that mg(m(Ky + X)+ H) ~
H+ A+ B for an effective divisor B whose support does not contain X. By Lemmas
3.3 (1), (2) and 3.7, we have

0

Tmkx +el|x (—Blx) C jr:z(KV+X)+eH+A(—B|X)
1 1

C Imky+x)+eH+a+B C Timos1)(m(Kyv+X)+eH)

- ~71111(KV+X)+eH'

We have proper birational morphisms pm e : Wi e = V from a smooth variety,
a smooth strict transform Y, . of X, and decompositions p}, ,(mKx + eH|x) =
Pne+ Mme and pr, (m(Kv + X) 4+ eH) = Qm,e + Nim ¢ as in Definition 2.10.

It follows that for any positive integers m and e, there exists a positive integer
d such that, if Y is any smooth model of X which dominates Yme and Yy, 4o by
B:Y X vme:Y =Y. and vam ge : Y = Yam ge, then

1
~Vm eMm.e — 4 Blx < r_Zl'Vzm,deNdm,dele,,‘_,,e-\ + Ky — u"Ky.
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12 YUJIRO KAWAMATA
If m = en for a positive integer n, then we have

1
x *
- Vn,an,l < _‘chm,eMm,e

1 1 1,
< -e-u'le + ;Cm,d,e - zlzudm,deNdm,delydm,de —(Ky — p"Kx)

—

®

where Cpp g = r—%l‘/;m’deNdm,deh/drn,dcj + %ng,deNdm,delem,dg' We take a large
enough integer e such that (X, 2B|x) is log terminal. Then 2y"B|x — (Ky —
2 Kx)2 <0, hence

1, . .
- :L,an,l < F—Eydm,deNdmydelem,dej + Ky - H Kx.
Therefore,

mOx (nKx + H|x) C 7Ty ke, +xy+u (MK x + Hlx),

and the whole of m1.Ox(nKx + H|x) is extendable to V. O

Proof of Theorem C. By the flattening and the normalization, we construct a proper
birational morphism p : V' — V from a normal variety V', a smooth variety V
with a structure morphism 8 : V — S, and an equidimensional projective morphism
o : V' = V which is birationally equivalent to the Iitaka fibration of V over S. We
setm' = foa=mopu;

V oe—t— v

- I

S L 7.

There exists a positive integer m; such that myu*(Kv + X) = oL + E for a
B-big divisor L on V and an effective Cartier divisor E on V'. Since the Kodaira
dimension of the general fiber of a is zero and « is equidimensional, we may assume
that the natural homomorphisms 8. Oy (mL) — 7.0y (mm,(Kv + X)) are bijective
for any positive integer m. This means in particular that for any prime divisor of
V, there exists a prime divisor of V' lying above it which is not contained in the
support of E.

Since k(V,) = v(V,), the numerical Kodaira dimension of the generic fiber of a
is zero by [N2, 7.4.3]. Hence there exists a positive integer ms such that the sheaf
F =0a,0v/(¢"A+mE) on V is independent of the integer m if m > m,.

Let X’ be the strict transform of X by u. Since dim X = dim Va, we have
a(X') = X # V. We may assume that X is a smooth divisor on V. Since F is
torsion free, there exists a 3-very ample divisor A on V such that there are injective
homomorphisms

Op(~A)®* C F C Oy (A)®*
for k = rank F which are bijective at the generic point of X.

By Theorem B, the natural homomorphism 8. F(mL) = 7.0y (u* A + ma* L +
mE) = 7. Ox:((p*A + ma*L + mE)|x+) is surjective for any positive integer m >
mq. Hence X’ is not contained in the support of E.
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For each positive integer m such that mm; (Ky + X) is m-effective for the pair
(V, X), we construct a projective birational morphism fi, : V;, = V from a smooth
variety such that i}, (mL) = Qm + N where Qpn is Bojiy-free, N is effective, and
that the natural homomorphism (8 © fim).Op_(Qm) — 8.0y (mL) is an isomor-
phism. By taking the fiber product and the normalization, we construct morphisms

V= Viand ap 1 Vi, — Vin. Set pm =popl Vi, — V. Let N, be the
mopum-fixed part of y7, (mm, (Ky +X)). Since ﬁ,‘(’,_)c;{mﬁ) - m, Oy (mmy(Kv +X))
is bijective, we have N}, = al, N, +mE, Thus mL is f-effective for the pair (V, X)),

Since the numerical Kodaira dimension of the generic fiber of « is zero, the
numerical Kodaira dimension of the generic fiber of a|x: is also 2zero by Theorem B
Since dim X¢ = dim V, and v(X¢) = v(V,), L|x is B-big. Moreover, by Theorem B
again, there exist a sufﬁmently large integer mo and a global section of 5. F (mgL -
2A) which induces a non-zero section over X. Thus there exists a global section of
Ov(moL A) which does not vanish identically on X. Hence L is §-big for the
pair (V,X); there exists an effective divisor B whose support does not contain X
and such that mgL ~ 4 + B,

Let N} be the m o p,,-fixed part of gl (mmi{Ky + X) + A). Let F, =
amsOv,, (5, A + muly E). Although F,, may be different from pJ, F/torsion, the
natural homomorphism 8. F(mL) — (B 0 fim ). Fpm (mfis, L) is bijective. We have

Oy, (i, (mL — A))®* C a5, F(mL)/torsion
C Oy, (i (mL + A))®* C Oy, ((m+ mo) i, L)®*

where the last inclusion is defined by B. Thus for m > my, we have

Ni > & (Bmamo = Bn((m + mo)L — (mL = A))) + (m — ms) E
= ern+mo Jriie (ZA + B) (ma + mo)E

> Nr{n«}»m /‘mc

for C = (2mg + ma)m;(Kyv + X). Therefore, we have

1 p
Imml(Kv+X)+A("C|X) c Z(1m+mo)m1(Kv+X) c Jr}lml(Kv+X)'

On the other hand, since Ky + X is 7-Q-effective for the pair (V, X), we have

0
Tmkx CInmky+X)4a

for any non-negative integer m by Lemma 3.6. The rest is the same as in the proof
of Theorem A. O

4. CONCLUDING REMARKS

By Theorem 1.5 and by the base point free theorem, small deformations of 2 min-
imal model are always (not necessarily Q-factorial) minimal models (cf. [KMM]).
We might ask whether a similar statement holds for global deformations. Propo-

sition 4.1 is on the affirmative side, but we have also a counterexample (Example
42).
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Proposition 4.1. Let f : X — S be a proper flat algebraic morphism from a
complez variety to a germ of a smooth curve. Assume that the fibers X, = f~(t)
have only canonical singularities for anyt € S. Let ¢ + X — Z be a projective
birational morphism over S which is not an isomorphism and such that —Kx 15 ¢-
ample. Assume that the fibers of ¢ are at most 1-dimensional. Then the morphism
restricted to the generic fiber ¢|x, is not an isomorphism.

Proof. Let Xg be the central fiber. For sufficiently large positive integer m, we have
R'¢.0x,(mKx,) # 0, while RF¢.0x,(mKx,) = 0for p > 2. Thus the proposition
follows from the upper semi-continuity theorem combined with Theorem 1.2°. [

Example 4.2. Let £ = P? for an integer d > 2, and let X be the total space

of the vector bundle Og(—1)®¢. Let z,...,z4 be homogeneous coordinates on

E, and let &,... €4 be fiber coordinates for X. Then t = Zlem,-& gives a

morphism f : X — S = C. The central fiber Xq = {t = 0} contains E and has
only one ordinary double point as singularity, which is Q-factorial if d > 3. We
have Ky|g = Og{-1). There exists a birational contraction ¢ : X — Z whose
exceptional locus coincides with E.

The following Example 4.3 shows that the generalizations of Theorems 1.2" and
1.4 to the case of varieties with log terminal singularities are false.

Example 4.3. Let us consider a flip of 3-folds with terminal singularities over a
germ Z:

+
x4z xt

where — K x is ¢-ample and K x+ is ¢T-ample. Let g : Z — S be a generic projection
to a germ of a smooth curve so that the central fiber Zy is a generic hyperplane
section of Z through the singular point. Let f : X — S be the induced morphism,
and let Xy be the central fiber which coincides with the strict transform of Zy on
X.

Assume that X has only log terminal singularities. Then so has Z; because
Kx, is negative for ¢. For example, this is the case for Francia’s flip: (1) & has
only one singularity of type 1(1,1,1) and X* is smooth, (2) the exceptional loci
C and C* of ¢ and ¢T, respectively, are isomorphic to P!, (3) the normal bundle
of C* in X% is isomorphic to Opi (—1) ® Op:1(—2), (4) Z has a singularity of type
3(1,1), and (5) Xo has a singularity of type £(1,1).

Since Kz is not Q-Cartier, Z is not log terminal. Let m be a positive integer such
that mK z, is a Cartier divisor. We take m = 3 for Francia’s flip. Then the natural
homomorphism ¢.0x(mKyx) = Oz(mKz) — ¢.0x,(mKx,) = Oz,(mKz,) is
not surjective. Therefore, if we compactify X suitably over S, then we obtain a
counterexample to the generalization of Theorem 1.2’ for the log terminal case.

In the situation of Theorem 1.4 with X having log terminal singularities, one
might still ask whether the general fibers X, of f have only log terminal singularities.
This is also false. The following example is kindly communicated by Professor
Shihoko Ishii. By {R1, Lemma 2.7], one can construct from the above example a
flat deformation f : V — B over a germ of a smooth curve such that f~}(0) = Zyx B
and f~1(t) = Z for t # 0. On the other hand, [Is] proved that small deformations
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of a log terminal singularity have the same lifting property for pluricanonical forms
as log terminal singularities although they may not be Q-Gorenstein.

(11]
(12}

(Is]
(K1}

[K2]
(K3]

(K4]
(Ks)

(N2]
(N3]
[OT]
Ry
[R2]

(Si)
(Sk]

(V1)
(va]
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