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ASSOCIATOR AND DOUBLE SHUFFLE RELATION

Fh KT

1. INTRODUCTION

nETBREEL, k... k, 1 ELOBKTE, DHR2LUETHB LT3,
ZDL % index k = (ky,...,k,) PEEL—FH%

(k) =Clky,.. k)= D ﬂri*z

0<mi<-<my, 11 " Min

WX TEET D, ThiXE-REBSRTEFED &,

kn—1 kn-1-1
1= f-—’:-—\
dt dt dt dt dt dt

C(klv ’ n)-— n “.T—_]_....t.?“..;-l_t
ki—1
T
t tl1-t

tEEND, T TXEEDIZ. 1formwy,...,w, IR LT

/wlwz /{wx(w)/ wg

({2 ¥ inductive IZEHEEND, E£7- index k D weight & ) . k; ICL>TE
EL, ZEY—FED index ® weight ZHICEZEET—FHD weight &>,
index DRZRBZZEF—ZEOMIZAY SLDrelation IFEL< MOLN TS, =
ITCHEHLEVWDIIEFDORND—D>TH S, associator relation &V i3
HAD L RT AL (relgularized) double shuffle relation & Vb5 A7 AT
»hBD, R associator relation i relularized double shuffle relation % 3
L EWHIHDT, ZhitDeligne K& DERFRDOERTH S,
ZORERIZET B detail BB H{IC, FEHY—FHEOBEXDO2ED 12 H
D, ZhbORRKOMERIT 2R~ TIZ 5, Associator relation % double
shuffle relation & € ®—#k4r & L T iterated integral ® shuffle relation & A
T3, ZOBFRRIZLIUE, weight BERENp & D ZHDEEF— 4l
¢(k) & ¢(1) DFRDS weight 2 p+ q DZE Y —F O Q-BREFESTEMNDZ
EBbhd, -oTELEE—FHEO Q-REGESILI Q- RE LD, ZoRE%:
A LEL, weight k DZEY—ZEESETERENDFBIZEM A 1TARKT
L3,

Conjecture 1.1 (Zagier). (1) 8725 weight ky, ko (TR LT, Ag, & Ag,
FRREIM ST,
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Doubie shuffle relation
(2) dimAk = dk &1—6 <‘:

detk — 12 _ t3

EBR (2) O&FTicH LT ED 6@%!1 éh’(l« v5, (Goncharov, Goncharov-
Deligne, Terasoma) & weight DRT TH K, BEROMBE ZORITOK
INCRDPBZENTED, PRIVBV weight DL ZH5FOERBRERICLY, o
EOEENRTFRINS,

Conjecture 1.2. (1) Associator relation D&HIZ X > T A, DRTIL LM
5 d, CHlich 5,
(2) Regularized double shuffle relation DI X > T A, DRFTIZ EH S d,
THMmEh 3,

- T, ZZTEZTVWS relation IX =2 & HT<T® relation %5 2 TV
HLETFRINDN, ZZCOBREBRE THiE, associator relation D& % %
Z & 2 31T double shuffule relation 2> 58 51 2 H U VW BRI 22 v,
LS ki3,

2. DRINFELD ASSOCIATOR & ASSOCIATOR RELATION

L E VY — 7 {EDOBEER % RT3 DIZ# D generating function & b1 X 3
Drinfeld associator % 5> DREFATHLOT, TOEBELLH, UPR =
Q({eo, €1)) % ep = Resp, e; = Res; THERENIFAMPNBZERLT S, =
NiZiX eg,e; TERB SN D, augmentation ideal & FEIEN D, A T T I
BLOCEOMZEAMMAMBAY, ZOMMBICBAL TEMTH S, LT, eIk
ENET U INEEBII U =UPRQQC &L LT3, ZZ T

o dt dt
w=¢€p n + elt— 1
% UER-valued ® 1 form & LT, P! - {0,1,00} D 2R p,q RVp, g RS
path v &% LT, iterated integral

n—times

(2.1) L T

EFRBRICEBET S, ZZT1 form DEOHEE L TIXUER ofE AV iz (2.1)
RUER D n ROFRDOTLIZBDT,

exp(/w)=1+/w+/ww+/www+-~
el v el el

(78 ugﬂ Dte LT well defined TH B, F72 ik path DFRIZBIL THR
ERNTHD, T72bbpqBLWq,r &S path §,y ITH LT exp(f76 w) =
exp(f,y w) -exp(fw) 2B, THiIXERp, g B—BLTWIREITIIELRH
OHROBERBMOEETH XS, — B L TWRVWRSIKL—BUIIE X0
T groupoid DIERELZEAT A LIZT S, BN OHREETEOLRCH
5T goupoid ® Q-BRBFKERE L DL, ROLIBRLONRTED, K LaD
HBRE b DERRAB—BLTVIRDOAR, EOMab NEHETE D, ZO LK 2R
kR % algebroid & L&, ThbL, £4 S LD algebroid ¥ &Lidp,qe S
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Tindex T ST FNVEM Up g DIEE ED EDKEEER, SEERIZ
Wil TREDOBE Uy X Up g —= Upy THoT, ROFHZRITHLDTH S,
(1) B Up,p FEALEE SO, (2) Up g IR Uy EDENBEL AT rank 1 free
module TH 3, £8 5,5. 8 f: S5 — S BV §,5, E® algebroid
Uy Uy BEZ BN 7R, f ED homomorphism ¢ : Uy — Uy & X linear map
Pp.q tUrp,g — u2,_f(p),_f(q) DET, Uy, U DENENDFRIBIE L compatible &
RBLODETHD,

ZEf X 55 £ @ fundamental groupoid(Z2?D R p,q #E5 path ® homo-
topy 2> H T% 5 groupoid) £ & > TE I H2L L algebroid # X @
fundamental algebroid & V9, ZiiZiX de Rham relaization & Hodge real-
ization 233 %, €L T, £ b D algebroid i3 itereated integral Z AV THE
THZENTED, Q[m(P'-{0,1,00},p,q)] BLTED augmentation ideal
X B5EMIEUP = Qm (P! - {0,1,00},p,¢)] " 1354 P! — {0,1,00} £ED
algebroid £ 725, 7 UE #ED C ~DERLT v I NVHEETD L,

ug — ugk
v +— expfw
1% algebroid DRI 5 E Z T,

& T Drinfeld associator ##%72 path B X U DBR%E & 5 & v ) HfEIC
FOEET D, t,u+H/NENEKELTE & 1~y 2%S path [t,1 — 4]
*Ex5,

Proposition 2.1. ROERBFET B,
®pr(eo,e1) = lim exp(— logue;) 'exp/ w - exp(log teg)
t,u—0 [t,1—u)

E DR % Drinfeld associator & V9, Drinfeld associator (Z3&} %
ekn=leiehn=1"1e; . eF1mle) DEBKIE C(Ky,. .. ke) THEXBND Z LMD
5, Fle—BiC e HEEED D, HDH VT eg THD word w = wyws ... wy,
OWT Y €y, €y, - €, PHEBIL weight B3 n DEZEF—-FETRIN D
TERMBNTWS, Z ik Drinfeld associator ®pgr 2% group like TH Y,
®pr(e1,0) =1 ThBZ LN LEINEEETHD,

Z OWBRRBRIEIL, —RRRERITZ Z TREZRVA, tangential base point
BEOER(EENS, 2FED 0,1 IZHERIZITV  base points 01 10 BEED. %o)
RERES path © homotopy RORE % Paths. - = Path(P1-{0, 1, oo}, 01, 10)
L, T Q LO—KRFEEDH S ﬁltratlon IZ & D5EfiLE Q[[Paths -]
LB L. EOBRRER Q([Path: ~1| © C EOSHMILT > Y AR 2 LBR
~DFRAE '
¥, FLTZORBEICEITS [0,1] D82 Drinfeld associator TH 5,

Drinfeld associator ®pr D#i7= 7 relation (Z DWW TR~ E 5,

(1) ®pr PEH L iterated integral DFRFHEMEN D

®pr(eo,0) =1,®pr(e1,e0) = ®prieo,€1)!
111



Double shuffle relation

Rbohd,
(2) iterated integral (ZB§3" % shuffle relation % & X E &L,

A(®pr(eo,e1)) = ®pr(e1,e0) @ Pprler, eo)

B35, TZTAIRA(e)=e®14+1Q®e¢; (1 =0,1) 25RERBY
UER - UBRQUER Th D, SV AT $pr 28 group like element
THDHEVWIHETHS,

(3) P1—{0,1,00} D7D L FEEmDIZEZIEAY 0,1,00 DL 2 E 5 path
BAETH D T M ORHIBHEN, (ZHiT6 HBERKX LTINS, )

®pR(€oo, €0)e1 =B pR(e1, €co)et® @ pr(€o, €1)ed® = 1

(4) 5 BEAGRK L FEITN 2K, T &ZBR~25 79T rational curve
EDR2%D 5 RO moduli space Mos. £ D stable compactification
ThHd Mos. BELUP!-{0,1,00} % Mps ® boundary ? tubler
neighbourhood ~E AT Z & #EE L 72< TIIAR 5722V, Boundary
Mo s — Mo s X 108D P! L FEIZ irreducible component 75729 .
FNEND component X5 R%E py,...,ps & LIcE &, pi=p; 2D
ROBENH/25, w575 component % I;; LEL 2 LILT D, WE
Mo 5 @ R-valued point Mo s(R) DV & 2 connected component P
% & 5 &, P®boundary it 5 -2® boundary component (2 Ei 5,
Z @ boundary component ¥ {1,...,5} DV & 2D cyclic ordering %
EHD, Tz L TP —{0,1,00} “infinitesimal” /2B HiAH At 5
DEE D, =& 2 l;; A boundary component PUE D THD &
B&. P —{0,1,00} % I; @ tubler neibourhood (T WAL Z &1iZ
& ¥ fundamental algebroid D #ERERY

QI[Path® (1;)]] = Q[[Path?(Mys)]]
2RBEHE I D, de Rham fundamental algebroid {22V T % infinitesi-
mal inclusion 23RO ERB 2 FHHT 5,
Q((eo, e1)) = UPR(Mo5) = Q((es))1<i<iss

Z :'C'UDR(MOA) (¢ €ij = €ji (1 S i< ] < 5) —Gﬂi}&éné%ﬁﬁf&#
AR T, TR OO OBGRNI [ei; + ejk, €] =0 (4,5, k TR TR
5)yTHEzZLND,

Z M infinitesimal inclusion” & comparizon map @ compatibility
M5 < 3 relation 23 5 RBHRATH 5, #I21E cyclic ordering (1,2, 3,4, 5)
{Z%t9" 5 relation i

®pr(es,e12)®pr(es1,ess)Por(ess, e23)Ppr(eiz, e51)Ppr(ess, esq) = 1
Thd,

Definition 2.2. UZR @ 1 TIHE DT @ = ®(eg, o) B° (1)~ (4) D relation
T L&, ® % associator £\ 9,

(1)~(4) iX @ DEREKIZBIT S relation & H722E 5, ZDrelation % associator
relation &V 5, Associator & ® =35, _ (. ) Cwlu, ey, ERTEE, —
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D w D cw 13 eg TIHEY e TS word DHEE® Q-linear combination
CEINB T &35 (1),(2) PEIERD B b2 B,

Associator DA % algebroid DEETEWVEXH I LB TE D, WE P -
{0, 1, 00}, Mo s ? infinitesimal base point D&% | P1—{0,1,00} |, | M5 |
3%, Bz,

| P! - {0,1,00} |= {10,01, 100, 001, 00, 000}
T&hbD, *=DR,B & LT infinitesimal inclusion 2%} L T
U'(lgj) —U*(Mos)
BENEFIEEREIND,

Proposition 2.3. Associator #5252 & &, Z-2D comparizon map & FF
¥ 5 algebroid DIFE

ca : UE(P' —{0,1,00}) — UER(P! - {0,1,00})
cs 1 UG (Mos) = UG (Mo,s)

TUTOREEZHRTHDOEEFZX D LIIRETH S,

(1) ¢ iX augmentation & compatible 72 Hopf algebra DRIBTH 5,

(2) infinitesimal base point DL @ local monodromy e; i% compatible

(3) (de Rham, Betti DENEIIZHY 5 ) infinitesimal inclusion IZBIL
T compatible

(4) C4 D abelﬂf.

UE (P! — {0,1,00})* — UER (P - {0,1,00})*
T0,1] &1 L7225,
Proposition 2.3 25, associator ® 235 2 b5 & category
VCCQ BVece VCCQ = {(VB, VDR) comp) I
VB VPR 13 Q ko~ FLZERE,
comp: VB C~VPRgC ixAA )

P algebroid object U(P! — {0, 1,00}), U(Mop,5) & U infinitesimal inclu-
sion (%4 % algebroid BIDERMPEE D Z LR IND,

3. REGULARIZED DOUBLE SHUFFLE RELATION

iterated integral iZB83 5 shuffle relation Z AV 5 & Z DL EEX—FED
HNRELE Y — %D Q-linear combination IR I D = & 2R, #xiE,

(3.1) €(2)¢(2) = 4(1,3) +2((2,2)
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Double shuffie relation

EVD XS RBRAEDH D, —F ((2) ORBEBEMES L

(32) @)@ =Y 5 Z,—nl—z
1
=2 ; Z

=2¢(2,2) +¢(4)
Lo, &R (3.1) & (32) kY

(3.3) 4¢(1,3) = ¢(4)

RABRRANEBEOEND, ZDF A1 TORBEX%E double shuffle relation & VM5,
double shuffle relation {2 & 0, 72K SADRAKRARELNDIN, ZOFEE T
FRENIBERDOLSTHEELND DT T2V, double shuffle relation i
C(1) D &S RFEBEBUTHLIET S Z LIZ X Y regularized double shuffle relation
EVWHBRRICIEREND, ThETCOEBRERIZL 5 L. regularized double
shuffle relation (X2 T® relation R L T\WA L FREIND, FEREEIZHER
35 DIZIXED Zagier, Boutet de Monvel DEEEE 5,

Proposition 3.1 (Zagier, Boutet de Monvel). 3 {a;}i=1,2,.. 2*HH/O
N3 ZoO0BBUICH LT, ROZODELPXP KL ENTWD LTS,

(1) 5 e>0RLT, TN a; = P(logN +7) + O(N~¢) for N — oo
2H1-TEEAP 7)‘7"&‘?‘6

(2) 5 e>0ITH LT, Yoo aix® = Q(—log(1 — z)) + O((1 — z)€) for
z— 1 2HETEHERR Q BFET D,

TDLx EOMEEHT P(T), Q@) i—BIZEE Y. p(P(T)) = Q(t) & 25,
ZZT p:R[T] - R[] &

Z p(T“) = e"e"T'(1 + u)
i=0

KLoTEES R BREERTH S,
Remark 3.2. Proposition 8.1 (2B 25 & e7“I'(1+u) T

(1 + ) = exp(3(-1)* <)

=2

ERDBIENPOEBBDBEZEE—FED QREDO—KKEETTREIN TN D,
ki, kay ... kn Z 1A EOBEE LTk = (ki,...,kn) £ T2, F {a(K)m}m

) 1
a(k)m = o
LREHET B L. I Proposition 3.1 RNEHETEX B Lbnd, 2T

N

vk =) aki= ) —k—l—k—-

. n
i=1 a1<-<an<N %1 @n
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LEHETHE (3.2) DEHLRAKICLT
(3.4) (k) - Cn(K) = eCn (k)
kII
LEPND, I T Mg L 3REBORMEROMLEDEDBE
NOFABKTH D, (RLHOBTERE. b, = L,ey) = 2 Thb, )

Proposition 3.1 {Z X 2T ¢y (k) iXlog N +y ODZEIEX P (log N +v) Tl &
3, BfRX (3.4) OB B(T) I LT

Pe(T) - Bo(T) = ek s Ben(T)

kll

RHBRREB/D, —F, US| {a(k):} IR LT (2) OELBE%EES &

kn'"l kn—l""l

oo —— e —
i Tdt dt dt dt dt dt
Yakhsi= | SooT— == at
0

LRy, Thiiatld 58% Qu(—log(l — z)) i Drinfeld associator & % A
W5 & exp(log(l — z)e1)®(eg, €1) BT B e leg - - e'f"'leo DERED (-1)"
fETEx b3, B(T) & Qx(t) 2 Proposition 3.1 DX TE 2 b3 EH
5 regularized double shuffie relation 352 bh 3,

Z O regularized double shuffle relation @ Racinet IZ X 2Rt &1 5,
Drinfeld associator CI)DR %.’ QDR(eo,el) =1+ ©w1€1 + ©Yo€o &i L. q)DR,Y =
1+ 169 LERT D, TDLE Yi = —e(")"lel ('l,= 1,2,...) LB &

®pry € Q+ C((eo, e1))e1 =W = C{(y1,¥2,.. )
Ei2%,
Definition 3.3 (Harmonic coproduct). Harmonic coproduct A, 72 5 BREEREY
Ay W-oWRW

A(Yn) = i o ¥ @Yn—i KL TEET S, ZZTy=1LEHTS,
Proposition 3.4 (Racinet). 3%y = @55 vy (¥1,92,-..) &

O hy = (' T(1 +3)) 'y
TERT D, DL &

Ax(®Dhy) = ®phy ® PoRy
DBRILT B,

£ @ relation % harmonic shuffle relation & V> 9, Z ® harmonic shuffle
relation & iterated integral ¢ shuffle relation % &> % TH H i1 5 BIREAMN
double shuffie relation T 3,
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Double shuffie relation

4. MAIN THEOREM

INETIONEEY—-FHEICET 2BFERA LR~ TE -, V& Dl associ-
ator relation T% 9 UM & 2% harmonic shuffle relation TH 3, M L LEE
‘¥ — ¥ {ED generating function T& % Drinfeld associator ®pg (ZBHT 5K &
LThbbEnd, ZORE TRV LIXBFL associator @ 2% harmonic
shuffle relation 3. L \WHZ & THBH, O EOIHE T~ & AL, harmonic
shuffle relation 24X IV (u) = e7*I'(1 + u) 725 factor BENIZETHD, ZD
factor b5 x b7z associator  IZHE L TR EP 2 R2TNIE6RW, £98
EMNZBRED, LWOEHES X BH7HIZ, TV(u) i Drinfeld associator »*
LEIETLENDENERRTRZ I,

(1) BilD section TEFE L7 Opry I &, dpry PUSH = Cleo, e1]]
IZ331F % image X (TV(eo) - [V(e1))/T(eo + €1) &72%, (T ik beta
BEORLMHTH D, )

(2) V) iX 1 22 0HRESINEE T er,e BT 5 1 ROFEOFEEIZO T
HB,

(1), (2) 47T BA%% L LT I'"(u) iX unique IZE % 5,

—H&%IZ Associator
® =1+ ppep + 161 € C((eg,el))
LT, &y = 1+ 1€l EBL, TOLERIRBERLEZLIK ®y €
C{(y1,92,...)) TH %,
Theorem 4.1. &% % &y O UG = Cley, e1]] 1B BET B, DL
ERDZ O Y SLOR7R T (u) B3 unique (FFET 5,
(1) / /
I'g(eo) - T'g(e1)
Cy(eo+e1)

Y =
(2)
»(u) =1 mod I*
EixZ O EEIT motivic Z2EK TIAEFATE 5, Galois version (Z B89 5 Rk
DEBIIFFRRERKICE > THLELNLTWAZ LEZERLTERL,
Theorem 4.2 (Main Theorem). I'y(u) & Theorem 4.1 TH X b iz kK
T 5B, B9 =Th(y1) 10y &R &,
AL(9) = 879 @ 9T
NI RVASR
Z DOEBIZ XX, associator iX harmonic shuffle relation Z &7-4, &
5 i} T, group like element T# 5 Z & 23 associator DRGFDO—HTH B =
L 2% Zid, double shuffle relation Z#&7%%, L5 Z kiz/ebd, —Hlz L
FhiX. f£8 D associator ® 2%t L T
P(ep,€1) =+ c0001e3e1 +---+ Goo11egef + -

4B L. degorr = cooor REDARBRYLOE WS Z L THD, (Drinfeld
associator DA coo11 = €(1,3), coo01 = ((4) THofzZ & L. (3.3) Lk
£, )



W X%

5. EEDFEH

Associator BE X b D & M = Vecq Xveee Vecq (ZEIT S algebroid
objects U(P! —- {0, 1,00}), U (M 5) ¥ L ¥ inifinitesimal inclusion 2> HFHH
% algebroid ® homomorphisms BEZETE 72, M iZabel ETHDDHIRH
¥ tensor f&. innter homomorphism 72 ¥ S E#H X TV 5 Tannaka B%72 LT
W3, &< IZED fiber functor & LT, (VB VPR comp) izt LT VE (VDR)
XX E5bH0, 7720 Betti (de Rham) realization 23%H %, Zhbo%: b
&2, algebroid EOMMEE, §72bb M @ U(P! - {0, 1, c0})-module object
DESHEZEINSD, X5, algebroid object ® homomorphism U — Us
B L U;-module F iz LT higher direct image %559 %, algebroid @
relative cohomology BEHEIN D, Zh HIiXBIZED cohomology # M DOH
TERZIELDOTHD, ELILPVLBMBRREEFATVIY, EBINDIHLD
& LT, constructible sheaf, perverse sheaf, vanishing cycle 3% %, Zh b D
B8 % #4 T multiplicative convolution BEFEI NS, category M OHT
WA L2 Tk b, 0S5 REBRWTIXTRTEZ LA functor 72D
T, ZNHOBERHETNS SO L{RE L T, multiplicative convolution %
EELED.

HEtERR X 5, £ abel BD =5 object My, Mz IZFW LT
bilinear 72 functor M *Ma,, ¥ X ¥ coproduct 38N 3 X 5 72 fiber functor 3
KL\, £Z T, Zagier,Boutet de Movel DEE M LA XL B4kiZ, Fourier
transform 9 & X E & 572A5, tensor ML XM T D K 50T B57-®ITiT van-
ishing cycle & & 2#{EZE X5, X HIZZT s fiber functor & LT well defined
LB X HITTBHIT, perverse sheaf D category #3 Z L modify 75 Z
EEEXD, INOLOWBEE Mos & Mo =P -{0,1,00} D geometry D
HEFESTHBETI2EELEZLS,

Observation 5.1. A ={z| |z |< 1} ZBfEHKR. A* =A - {0} £¥5,
A £ perverse sheaf T A* £ smooth 72b DD 2T category ITRD X 5 72
data D>572% 4 O* (V,W,a, 8) D723 category & equivalent T 5,
(1) Vi m(A*) BERT S Q-vector space.
(2) W iX Q-vector space
B)a:VoW,8:W - V(Q)ZENEN Q-linear map T foaid
e =log(p) DEAL—HELTW3,
Z DERIEIX perverse sheaf F (2% LT (¥(F), #(F), nat,var) LRI &
ALk vBELNRD, ZIZTY(F),o(F) RENEN F D near by cycle,
vanishing cycle CRO=ZAEXHANLERIN D,

*(F) —  Ri'LI(F) =9(F)
N 7
¢(F)
I 2T j X universal covering A* — A* & open embedding A* — A DA
Th b, nat RCvar bHRIERIND,

&T A% G,, = C* Lt perverse sheaf T 1 %R\ T smooth TH Y P! —
{0,1, 00} ~OHlFRA3 unipotent monodory % % > local system &72% HL DD
¥ category £ 75, FeSIZH LT, ¢1(F) TF D1 TO vanishing cycle &
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#7, AIZ equivalence & AfL, quotient category A Z4BKT 5, A D DD
object F1, Fa BEX b L E, FOMDOH f: Fi - F2 3 equivalent TH
5 L% fHinduce THEMR o(f) : §(F1) — o(F) BRIBEE 2B Z LIz &P
E#ET D, O equivalence relation iZ X 3 quotient category # A L &<,

Proposition 5.2. W %

W= Qe Q[fm(P" - {0,1,00}, 10)]ley
WKLo TEET D, ZDE & category A X W-module DB L FHETH 5,
COBRMEIRRDORIZLTEZDBNS, £T ARKRD 458 (V,W,q,8) D

EEFETH S,

(1) V i Q[[m (P! - {0,1, 00})]}]-module.

(2) W X Q-vector space.

(3) a:V—-W,p:W — V(1) iX Q-linear map T foaide; ? action &

—&T5,
A®D object F = (V, W, a, 8) {=3%f L T W-module F(F) 2RO EHT 5, ¥
3" underliying vector space & LTI W % & %, £D LD W-action & w e W,
k+ue e WIZH LT
(k + uer)(w) = kw + (a o uo B(w))

CEBTSH, EBCLY functor F: A > W—alg) 1T F: A— (W—alg) 2
% functor 3l ER -7, TLT, ZBRFAEFETHL Z LBEIDHLND,

X T multiplicative convolution #E#% L X 9, rational curve D 5 R p1,...,ps
DL p EFENDBI LKLY pri: Mgs — P! 725 projection B H N B,
l34 1X 3 DD projection pry,pra,prs @ fiber ICEEN D, Mosss & Mos %
l3s Thblowdown L7=bDET 3L pri,pro,prs iX Mosae — P 255K %
Fl&EBZY, My, =Gy EEREL,

My s = priH(Gm) Npry  (Gm) Npry H(Gm)
LEHZT D L KD diagram BELR B,
Mi, B My, B M,

prs |
Mi 4
F1,F2 % A D object & LT A D objectFy * Fo &
.7'-1 * .7'-2 =P HO(RPTE,.(}YI‘I]:l ®pr§.7"2))
Lo TEET S, “h% F & Fu @ multiplicative convolution & VY9,

Proposition 5.3. Fi * F; ® A TORI F1, F, © A TOREOHICE D, L
=85 T multiplicative convolution it A x A — A 725 bilinear 7 functor *
EEDHDH, Thb multiplicative convolution &V,

::i’(‘@ﬁ:’iz’)i‘%fo/\/& éﬂ‘fh\é s .7:1 = (1/1, leal’ﬁl), ].‘2 = (1/2’ W2102,ﬁ2)
@ multiplicative convolution 23 (category M R T)HBEND, Fi*xFp =
(V3a W3a a31ﬂ3) & %( b N

W3 = B @Qqe;01,10¢,] (W1 @ W2)
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LRRBZEBHEPLDLNID, ZZTBIXQ[e1®1,10¢€] Lrank 1 module
L 723, category M NTH B IR TH2FN T&, £ comparizon map IZ
X ®¢P ST %, (ZT#id Drinfeld associator DA IIAREMIC Beta BT
HB, ) Wag ~DW D actionk b & D Wy, Wo ~D W D action TEL F% de
Rham realization 4T 9 &, harmonic coproduct % 5x TW3 Z & Rbh 3,
B #!Z harmonic shuffle relation ZEBT37DIZ, ThbExbEIT MAITE
25D object, $-22>? morphism KT 5. €L T. £ 5D comparizon
map BT 5 Z LI X D, Main Theorem 2% 3,
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