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DEFORMATION THEORY OF ALGEBRAIC STACKS
AND ITS APPLICATIONS

AR Bl

1. INTRODUCTION

S % excellent Deedkind ¥R I noetherian scheme & L, S Lt noetherian
scheme D% C TEK7T. Z,% % S L separated 72 of finite type % algebraic
stack &£ 3 5. Contravariant 2-functor S#2# (2 ,%) : C — (groupoids) % X T
ERTH.

HOM (X, V) T) = HOMp(Z xs T, ¥ x5 T).

£321% 1-morphism % 3 groupoid T# 5.
ROFEBYHRATHI X BEETS.

EE 1. 2 M S L propermD flat Tz 51 ¥ = OH (2 ,Y) & Artin DEFR
T D algebraic stack T 5.

Z T "Artin DEBRT” £id, AT H# o H# xg I DY representable 7D
locally of finite type T& 575, separated, quasicompact & IZ[R6 VI & % &
K9 51Ar, 5.1].

¥ 72, line bundle % & G,, D EZEM BG,, ~? morphism & [{]—H ¥
AT EZLD, RAEBELNS.

# 2. 2 S L properdrD flat D& X, contravariant 2-functor
Picy (T) = (Zr LD line bundle).
i& Artin DEBRT D algebraic stack TH 5.

EHE 1T Z,% % quasiprojective scheme % algebraic space D313 BEIZ &
CHLNTWE, IhoDBE, MFEOMOBRER

HUu(X,Y) — Hilb(X xY)
f = fOF77
LD LM DEKRT b algebraic THLHZ LA RTILERBER T2, $HOBHATH .



%% open immersion TEHHE 21 5 [Ol1, 2.1].

LA L, algberaic stack 38123 Hilb i2dH7:5 b DL (£77) %\, Olsson
& Staar @ Quot-functor ([OS],[013]) & Z D EEIZIIEZ &V, Quoty, , 1T
LT & xs % D closed substack # /355 A ¥ 7 A X§AHZ LidTELN, 1-
morphism D7 7 73 —iZIZIE Z xs @ D closed substack (ZiX% 5 v, f
A, AR 2 o X xs Z WEFHIA: Z 2 F DTS5 TTTHEN, Zh
2% closed immersion {27 5 DIE 2 #7 algebraic space TRRE SN AHEDAT
5.

Olsson i Z DRE%* 2, % #% Deligne-Mumford stack DiF&I2EZ /2. TD
%4, 1-morphism f {Z coarse moduli space D 5% &G 3 € 4 Efg

HOH (X, Y ) - H0H (X, Y)

#EZ2 AHZ LIZLD, algebraic space DFASIIFESILLIENTEL. LL,
—#% D algebraic stack |Z3%f L Tl coarse moduli space [ FF7ET 5 LIXFRS 22w,

LIF T, Artin[Ar) D& 2o TER 1 ZHERT 5. EHAORII L 5D
algebraic stack @ morphism DEFHR/TH 5.

A ¥ — L= algebraic space, simplicial algebraic space *? morphism D%
i cotangent complex @ Ext-Bf% > TEHAT Z 5 2 &4 Nlusie[ll] i2 & > TH
BRTWwA. CZT X3S 2AX—L%ELL 7L E, #Dcotangent complex
Lyss £ 12 8RB DERY(0x) WFETH O, Ho(Lyjs) = Qs AT S X
H% S LEsmooth iz & Eid Lys = Qxs ThA.

3T Z DOFSHEN algebraic stack DIFEICILRTEH T L 2R, F4AET
2-functor HCH (X, %) DS Artin OFHE AT L2 HENO 5.

£E2. AT TIE 2 * — L% algebraic space 2 X d X, VT R&EDXFETEL,

algebraic stack 1d 27, %, 2 =& TRY. K = 3 2-morphism % X F DI
V. EIRE Zr B3 T 7 AN—FR 2 xs T 2 EFKRT 5.

2. ALGEBRAIC STACKS AND MORPHISMS OF ALGEBRAIC STACKS

A HEI T algebraic stack % € ® morphism (Z DWW T EICANT 5. EHER
EHRPERIE LM] 2 BB a1

2} —RRIZid BT topos



A% —h X IZHEME
X :(Sch) — (Sets)
T — X(T)=Hom(T,X)

WL o THESIT 57z, B (Sch) i étale iz ANS &, X EBIZRoTWw
% (descent ¥i%). Algebraic stack i3 AF — A% ZOBELSILRL 20D TH
5. BEDE% groupoid(TRTOHIPRETH S L ) %HE) D% ¥ 2-category
{23 &5 2 72 contravariant 2-functor

Z : (Sch) — (groupoids)

T descent DA% A72TH D% stack &Y, &5 IZHAHHEEL S 570
DREE H7:F 5 D% algebraic stack & FFE. $FIZ X F — 4 R algebraic space
i3 algebraic stack TH 5. Z, # 7* algebraic stack D& &, 2 O & ~\D
2-functor & L T HARZEBDO &KL groupoid 2 2§, #ONEE 2 »6 &
@ 1-morphism & FEUN, §F% 2-morphism & FE5.
.%’ #% algebraic stack @ & X, presentation & FHIN B AF — LN 6D smooth
5 X0 ZHVHFETE ZDLE

X"=X0 XQ;XOX_g...XgX(i

n+1

&35 Z L1245, simplicial algebraic space
X'=("'§X21::EX1<__>XO)
MNEES. IN% cosqy(X® = Z) & &E [De, 5].

Z @ X 9 7% simplicial algebraic space iZ algebraic stack DEFFEIC & {fEb
5. 72k 2iE, # % algebraicstack & L7:& & & 55 & ~O l-morphism D7
3 groupoid (¥ & @ X°-valued point D723 groupoid &£ BRMETH 5. FFIZ ¥
7 presentation % & - T simplicial algebraic space Y* & fEo7:& &, X* 5 Y*
O morphism f* #¥5-2 5N iL? algebraic stack ® 1-morphism f : 2" — &%
H—oEE 5. MIZKR

0
1‘{0 L, YO

l / l
f
X ——Y
CSp R O AR S UL BRI R E



» & simplicial algebraic space ® morphism f*: X* = Y* ¥ {#K T 5 Z LAST
&Ah. Ik cosqy(fl o) LEL.
70, Py X - Z WL ABOFZELIZEREDRE

Pyt Dt

oon(Ox) B DE oy (Oxe)

qcoh

% 5 2 % (cohomological descent). Algebraic stack @ cotangent complex & Z
OB [EME % # o T simplicial algebraic space O cotangent complex 2* 5 & T &
5 [LM, 17].

3. DEFORMATION OF MORPHISMS OF ALGEBRAIC STACKS

2, Y % AF¥—Ah T LD algebraic stack, f: 2" > % % T £ morphism
ELT, RDEH 2R ER 5.

1

~

Z 2T,k i3 EFNE 1 square-zero ideal I, J, K TE#E &M 5 closed immersion
Thb.

ZDLE fOEWEE T £O l-morphism f : Z — # & 2-isomorphism
A:foimjof DM (A DIETHE. 75 (F,A) 26 (F,N) ~04t
Lik r:f= f TdoT,2 D0 2-morphism

froXN,A: foi=>jof

VELLGBELHIRVDET S, f ODEFBOE%E Defmr(f), £ZOREBEOES

% Defmr(f) £/ EiCT 5.

TR 3. (1) EMOBEE o0 € Ext'(Lf*Lor, ) WHHEL, 0=0 £ BT L
EEEATEET A LN EETH .
(2) o=00k &, 84 Defmy(f) (V28 Ext*(Lf* Lo 7, I) HVEAL T torsor
o Twah,
3) f PHEOEHKNBC AR Ext  (Lf Ly, ]) LARTH 5.



EHEID (1 ) (2) 1¥ Z, % 7% scheme % algebraic space, simplicial algebraic
space DH|FAITIEBR Y T2 EHHMOEN T A [I, 11T 2.2.4].

b ) —ORDOERDOMEEELS.
% % quasicompact algebraicstack &L, z2: X > X L y: VY o> X 2 &
EDAX—b f: X Y % yof=z &% 5B morphism & L T, LTORA%

EZ5.

Z 2T 4,5, kI FhF N square-zero ideal I, J, K TE3E &h 5 closed immersion

Thb.
\_O)téf@ﬁ‘ﬂ‘itﬂi fi XY Tfoi=jof blehbnk, 2morph1sm

c:jof=FTyof =z ZHIETIIEidI&koTVAbDDHM (f,0) T
bH5.
[ OEROHESE% Defma(f) LHECILIZTA.
i 4. (1) EHOREE o € Ext'(Lf*Lyj2, ) WHTEL, 0=0 % B L
EERNERET A LDEBETHS.
(2) o=00L &, £45 Defme(f) [IZBEEXt®(Lf* Ly/ o, I) PEAL T torsor
o Twna,
EHE 3R 41L [O12] R [Ao] THELATVWE LD ERFBDT 477 THEH
T&A.
Step 1: Algebraic stack @ X\ presentation % #&UF, associated simplicial

algebraic space T {E5.
Step 2: Algebraic stack @ morphism NDZEF L, Step 1 THE- 72 simplicial

algebraic spaces @ morphism DEF % HET 5.
Step 3: Ext 8% LT 5.
IYME4RAHL, The o TEE3 FAHT 5.



WH4DIH. Z O presentation Z° 5 & % Z° D affine il B LIk B,
(012, 1.4] 12 &, 2° O ZF ENOLER 20 DHET 5. Z° = cosqe(2° — Z),
Z* =cosqy(Z° > Z) k¥ 5. 2° > ¥, 7* - & |2 L B base change TE5 -

AROBREER 5.

Base change 12 & V|, Efg

Defmg(f) — Defmz.(f*)

WELT L. TNIIEESTH 5. BRI simplicial | algebraic space ? morphism
F*: X* = Y* % associated stack ® morphism f : X — YV 28T LTE
¥5.

I" = ker(Og. = Oxs) &3 %. Simplicial algebraic space D& DFERHD 5
EHOBE o € Ext'(f**Lxe;z,1°) BFIEL, 0 = 0 Dk X4 Defm(f*) 13
Ext®(f**Lxs/ze, [*)-torsor T 5.

—77 cohomological descent {2 & 0, §XT D § {2xL T

Py Ext'(Lf*Lxjo,I) = Ext'(f**Lx+/z.,1°)

FRETHA. o

EHE 3 DFEAA: Stepl. # @ presentation Py : YO 5 & 2 0 ' = Z x5 YO
EL, &512 27 @ presentation X® - 27" 2L b, DL ELSHK Py X' >
Z' - Z & Z O presentation TH5A. X° YO it affine LIREL TV, §
BEGEAOBELAB X' 5 2, Y 5 ¥ O X° o Z, Y0 » 9 1



TS X" =cosqg(X° > Z)EFEL I"=ker(Ozg. = Oxs) X PYT LT 5.

X X
f | T
Py N
P Y* Ye
A

IR 3 MFLRA: Step 2. Eff
A: DefmT(f ) — DefmT(

)
%, f X' — Y* % associated stack ® morphism f: Z — ¥ (BT ET
ED 5.

FiR. A TESTH 5.
SEHA. [f] € Defmr(f) 2 & 0, RORKEEZ 5.

HEA LY, (f,0) BEET B 2D DEER Ext' (LY Lyog, [°) 128 B, X0
7% affine TY? —» & %% smooth tc@f DEITBEHETH 5.
f*=cosqy(f0,0) EFhIT A(f) =[] &% 5. 0

s, f OEESFET 57-0ODEE 0 1d Ext!(f**Lyer, I*) 12 AT &
DR B. £, FRO LI % (f2,0) DEEIE Ext®(LfO Lyosg, I°)-torsor 72
%, %4 Defmr(f) t& Defmr(f*) D Ext®(Lf*" Lyoy, I°)-8EDEETH 5.

RIZEFRDBCREEFER 5.



Tk [ OEW f & AF)=If] L% B f* € Defmr(f*) ¥ EZETH. ZOL &
Ext®(Lf% Lyojar, [°) DYERIC & B f* DEZEHSBELERO B TREEE Aut(f)
FEBTH A »

S, cosqy(f0,0) = f* &% 5 (f0,0) € Defmg(f) %2 & 5. (P,7) %
Defmg (f°) DRIDOTE L §° -.cosqo(g TV ETE ZOLE fo=g k7%
B10NLETHEET P =0 »2 fl=Gl A ETHE. SHIZT 7
AN—FEOBRD S, fl=g' £ BT idpl(ctor)=pj(o-loT) EH BT
LS hbbolordt f OBTREENS descent 52 & LFEMETH 5. O

B8 ChTHLNEEDSEE Aut(f) OHOLSHEHENBRRAETH LI &
FRSRTER S 2V, ZOHSITEET S,

FIE 3 DFEY: Step 3. Algebraic stack ¢ morphism
Y > T
LPy Lyt — Lysyr — Ly+jg = LPy Lo (1],
MHELN, SLICREST
0 = Ext"YLf**LPy’Lg/r,I*) —
Ext’(Lf*"Ly-/,1*) - Ext’(f**Ly.;7,I*) = Ext®(Lf*"LPy*Ly/r,I*°) -

Ext! (Lf"Ly /@',1') ~+  Ext! (f' Ly-/T,I') - EXtI(Lf"LPy Lg/T,I ) =
Ext’(Lf**Ly+/e,I*) — .

rELNAE ZIT

Ext!(Lf**Ly+/g,1°) 2 Ext'(Lf*" Lyo g, I°)
THY,i>00&EE31k 012% 5. 7z, cohomological descent |2 X 1

Ext'(Lf**LPy*Lyr,I*) = Ext'(LPy*Lf* Ly 7, I*) = Ext'(Lf*Lo 7, I).
THbh IhH Ll
Ext'(f**Ly~r, I*) = Ext'(Lf* Ly 7, I).
THHENS, TRO (1)HHES. £7-
0 — Ext™ (Lf*Lg 7, I) = Ext®(Lf* Lyo,q,1°) —

Ext®(f** Ly, I*) = Ext®(Lf* Lo, I) = 0

PEEFITH LI Lo EEO (2), (3) HTES. O



AR ZITHHERA Ext®(LfO Lyosg, I°) — Ext®( f"Ly. 1) LB A
MR THEZEERSIBTNE R L 20D, A8ET 5.

4. ARTIN’S CRITERION

EFE 11 RD Artin D& [Ar, 5.3) 2B DL ETHHETE 3.
(0) S# % limit-preserving stack T 5.
(1) Schlessinger @ %&f.
(1-1) A 2 AL B AN S LD~ —BOERHT A — A i small
extension & T 5. EED f e H#(A) IIxL, BF

H}(A' x4 B) = H#}(A) x H#}(B)

ERETH 5.
(1-2) M AHIR ABIBET f e #(A) &5, D;(M) = H5(A+ M)/ ~ 125
IR A-INBETH 5.
(2) Effifb & TTH#e.
A DERBIT noether WTHBRAKA T TV m &35, BF

H#(A) — Lim S (A/m" )

FEEMETH 5.

(3) R ER.
EED fe A IRL, f D A+ M ~NOEFROEEDZEM O(M),
ERORBEEDOERE Di(M), EROBCHREEE Auty(M) & M 1220 T
functorial %z A-IIFETH 1, étale BATIL, 1L & TR T constructible T
H5b.

(4) X4t quasi-separation.
FED fe#(A) L ac Aut(f) 122WT, bL afg =id * A7 TH
Ak DPRECCEFETALRL, a=1dThA.

KOBBEIZ LD s O T-valued point i & D Zr-valued point & [6]—HT

5.

WHES5. ¥ S EAXx—L S LD algebraic stackE L, T =+ 85 2 AF—L4D
morphism, X1 - T % T L algebraic stack L 5. ZD& ZBF

HOMT(.%-T, %) — HOMs(zT, @)
ERETH 5.



SR, 77 A NN—FEDOERI S BHICSD B, 0
ORI E D EME (0), (1)1 45(0),(1-1)* £ XTI ERNSHE). &

% (2) ES. &tF3)IIEEI, S, (1-2) i EH 3 & proper stack ¢ coherent

cohoology DA BRH% ([Fal,[O13]) 75 {lE 7. & (4) 13 @ 4% quasi-separated T
BT ENLHES.
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