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THE RING OF DIFFERENTIAL OPERATORS
ON AN AFFINE TORIC VARIETY

MUTSUMI SAITO

1. INTRODUCTION AND MOTIVATION

The ring of differential operators was introduced by Grothendieck [6]. Although it may
be ugly in general [1], the ring of differential operators on an affine toric variety has some
good features. The aim of this article is to exhibit some of them, in particular, a good
structure of the spectrum of its graded ring (with respect to the order filtration) on a
scored affine toric variety. In the final section, we consider the characteristic varieties of
critical modules, which live in the spectrum of the graded ring.

Let A:=(ay,as,...,a,) = (a;;) be a dxn matrix with coefficients in Z. We sometimes
identify A with the set of its column vectors. We assume that ZA = Z4, where ZA is the
abelian group generated by A.

For 3 € C¢, the A-hypergeometric system with parameter 3 is defined by

Ma(B) := D/DI14(0,) + D(A0 — 3),

where

o D:=C(x1,...,24,04,...,0;,): the nth Weyl algebra.

o [4(0,) := (0¥ —0? : Au = Av, u,v € N"): the toric ideal.

o (A0 —B) =" C[o] >_j—1(ai;; — B;): the Euler operators

° C[Q] = C[@l,...,ﬁn], 0]‘ :ZL'jamj.
After the systematic study of the A-hypergeometric systems by Gel’fand and his collab-
orators ([3], [4], etc.), the systems are also known as GKZ-hypergeometric systems.

In this section, we see that the ring of differential operators on an affine toric variety
naturally arises as the algebra of contiguity operators of A-hypergeometric systems [19].
Suppose that P € D satisfies

o [4(0;)P C DIy(0,),
e (A0 — 3 —a)P = P(A0 — 3).
Then there exists a D-module homomorphism
Ma(B +a) “5 Ma(B)
or P is a contiguity operator shifting parameters by a
Homp(M4(8),0) 5 f+— Pf € Homp(Ma(B + a),O),

where O is a D-module of some functions; Homp(Ma(3), O) may be identified with the
space of solutions of M4(3) in O.
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Consider the algebra of contiguity operators
{P €D : I40,)P C DIs(0,)}.
Since [4(0,) operates trivially on M4(3) for all 3, we consider
Symy :={P €D : [4(0,)P C DIs(0,)}/DI4(0:).
Then Sym 4 is an algebra, and
Sym, = @ Sym 4 4
aczd

where

Symy , = {P € Sym, : (A0)P = P(A0 + a)}.

Let ¢ be the anti-automorphism of D defined by
o ey = Buy UOm) =35 (%)
* ((PQ) = (Q)u(P).
Note that ¢(0;) = t(1;0,,) = (0, )1(x;) = 2;0,, = 0;.
Then
t(Symy) = {P €D : 14(0,)P C DIs(0:)})/t(DI14(0,))
= {P €D : Ply(x) C Ia(x)D}/1a(z)D

This is identified with the ring D(R4) of differential operators on the affine toric variety
defined by A (cf. [10, Theorem 5.13]).

2. DEFINITIONS

In this section, we give some basic definitions. Let NA be the monoid generated by A.
Let R4 denote the semigroup algebra of NA, i.e.,

a +1 +1
R = P crecert, .
acNA
Here and hereafter we use multi-index notation; t* = ¢{'¢5* - - - ¢3¢ for @ = *(ay, as, . . ., aq).

The ring of differential operators of the Laurent polynomial ring C[tfl .. til]

C[ﬁtla'”7t2it1]<817'-'78d>7 where al:atz

equals

Then the ring of differential operators of R4 (or on the affine toric variety defined by A)
can be given as a subalgebra of the ring of differential operators on the big torus:

D(Ry) ={P cC[ti',..., 501, ...,04) : P(Ra) C Ra}.

Let Dy(R4) be the subspace of differential operators of order less or equal to k in D(R4).
Then the graded ring with respect to the order filtration {Dy(R4)} is commutative:

G :=CrD(Ry) = @DkRA/Dk ((Ra) CCItE, ... t5, 6, &),

k=0

where &; denotes the image of 0;.
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3. FINITENESS

In general, the ring of differential operators on an affine variety may be neither left or
right Noetherian nor finitely generated as an algebra [1]. In this section, we give some
results on finiteness of D(R4).

Theorem 3.1 ([20]). D(R,) is a finitely generated C-algebra.

Theorem 3.2 ([18]). (1) D(RA) is right Noetherian.
(2) D(RA) is left Noetherian if NA is Ss.

In [18], we also gave a necessary condition for D(R4) being left Noetherian.

Definition 3.3. A semigroup NA is S, if NA = m [INA+Z(ANo).

o:facet of R»gA

The following is an example of NA that does not satisfy the S, condition.
Example 1 (non-Ss).

2 3 01
A:(al,a2,a3,a4):(0 01 1).Then

02

01

FIGURE 1. The semigroup NA

In this case,

1

NA=N2\<O

) ., whereas ﬂ [NA+Z(ANo)] = N

o:facet of R»gA

Theorem 3.4 ([19]).
Gr D(R4) is Noetherian <  NA is scored.

Let F be the set of facets of R>¢gA. For a facet ¢ € F, we define the primitive
integral support function F, of ¢ as the linear form on R? uniquely determined by
the conditions:

(1) F0<RZOA) Z O,
(2) Fa(0> - O,
(3) Fo(Z) = Z.

Definition 3.5. The semigroup NA is said to be scored if
NA= () {a€cZ": F,(a) € F,(NA)}.

o:facet
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Remark 3.6.
NA: scored = NA: S,.

Proof. For each facet o,
NACNA+Z(ANo) C{acZs: F,(a) € F,(NA) }.

Hence
NAC [(J(NA+Z(ANo)) C ({a€Z: F,(a) € F,(NA)}.

oeF oeF

Example 2 (Scored).
111
Ag = (abaz,ag) = ( 0 2 3 ) . Then

01

FIGURE 2. The semigroup NA3

f = {0'1 = Rzoal, 03 — Rzoa:g},
Fol (51, 82) = 89, F03(51>52) = 381 — So.
F, (NA) =N\ {1}, E,,(NA) = N,
We have
NA = {a € Z?| F,,(a) € N\ {1}, F},(a) € N}.
Hence NA is scored.

Example 3 (Sy but non-scored). As = (a1, as,a3) = ( (1) 1 ) . Then

2
0

02

01

F1GURE 3. The semigroup NA,

F = {01 = Rzoal, O3 = Rzoae }7
Fy (s1,82) = s2, Fyy(s1,82) = s1.
F, (NA) =N, F,,(NA) = N.
We have
NA C {a € Z*|F, (a) €N, F,,(a) € N} = N,
Hence NA is not scored.
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The Running Example-1.
d=1,n=2, A=(2,3).
This is the smallest non-trivial example; we use this as a running example.
We have the following:

e NA=1{0,2,3,4,...} =N\ {1}. RyA=Rs,.

o F={{0}}, Flo(s)=s; NAis scored.

o Ry =C[t? 7).

e D(R,) = {P € C[t*'](0) : P(C[t*,t}]) C C[t*,°]}.
e D(Ry) = @D(RA)Q, where

a€Z

D(Ra)a={P= Y cut*d' € D(Ra)}.

keZ,leN, k—l=a

4. THE SPECTRUM

By Theorem 3.4, the spectrum of Gr D(R,) is in question, when NA is scored.

4.1. Weight Decomposition. It is easy to see s; := t;0; € D(R4) (i=1,...,d).
For a = t(ay, as, ..., aq) € Z4, set

D(Rp)q :={P € D(R,) : [s;, P]=a;P fori=1,2,...,d}.

Then t; € D(Ry)e,, € =1%0,...,1,...,0).

Lemma 4.1. (1) D(R4) = @ 4eze D(RA)a-
(2) Di(Ra) = Dyeza Dr(Ra) N D(Ra)a.-
(3) GrD(R4) = @ ,ez0 Gr D(RA)a.

Theorem 4.2 ([11]).
D(Rp)q = t*1(2(a))  for all a € Z°,
where
Qa) = {beNA: b+a¢gNA}=NA\ (—a+NA),
I(Q(a)) = {f(s) € C[s] :=C][s1,...,5q4] : [ vanishes on Q(a)}.
In particular, D(Ra)o = Cls].

The Running Example-2.
A=(2,3), NA=N\{1}.
a€Z. Qa)=NA\ (—a+NA). D(Ra), = t*I(2(a)).

Note that |Q(—k)| = k if £ € NA.
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4.2. 7%graded Prime Ideals. From now on, we assume that NA is scored, and set
G = Gr D(R,). By Lemma 4.1, we work on Z%graded prime ideals of G.

Corollary 4.3 (to Theorem 4.2).

G = P t*I(Q(a)) =  P.Cls],

acz acz4

ra = |1 11 (Fy(s) —m).

0 mEF,(NA)\(—F,(a)+Fs(NA))
P, = t%pa(s),
Pa = o [ Fols) 0N R @B ma))

where

Since G = C[s] is a subalgebra of G, the following lemma is immediate.

Lemma 4.4. Let P = P, 74 Ba be a Z%-graded prime ideal of G. Then B is a prime
ideal of Go = C[s].

Given a prime ideal p of C[s], we shall classify all Z%-graded prime ideals 3 of G’ with
PBo = p.
4.3. Degree and Expected Degree. For 0 € F and a € Z¢, set
o deg,(a) :="* (F,(NA) \ (- F(a) + F,(NA))),

. des_(a) = 0 if Fy(a) >0
FKPEAD) =\ 1 Fo(a)| if Fy(a) <O.
Then
P, =t H Fdegs (@)
oeF
The Running Example-3.
A=(2,3), NA=N\{1}.
F{O}(S) = S.
o | ok|o |32 -1f0[1]2[3] -
expdegeoy(a) ||~~~ | kK |~~~ | 3 2] 1]0/0]0)0
deggoy(a) ||+ | Kk |-~ 3|2 ]2]0/1]00
G = D testem@Cls] € Cltt, €],  s=tE.
a€’Z

For a fixed prime ideal p of C[s]|, we define
F(p) = {oceF : F, ep},
Y(p) : the fan determined by the hyperplane arrangement { Ro : o € F(p) },
S(p) = {a€Z': |F,(a)| € F,(NA) (for Vo e F(p))}.
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The Running Example-4.
A=(2,3), NA=N\{1}.

e p=(s—[): afixed prime ideal of Cls]

e F((s=p)={oeF  Fe(s-p)}= { {8} Egt;el(r)v)vise).
R>0,10}, R<o p=0

e X((s—p)) = { s {{]R}i <) Eotherv)vise).

oo = { VY G0

Z (otherwise).

For a € Z¢, put
e degy(a) == >, c 7 deg,(a).
e expdeg,(a) := > .z, expdeg,(a).
Then deg,,(a) = deg(pg), where m = (s1, ..., Sq).

Proposition 4.5. (1) deg,(a) > expdeg,(a).
(2) deg,(a) = expdeg,(a) if and only if a € S(p).

4.4. Classification. For a cone 7 € X(p), we define an ideal B(p,7) = P cze B, 7)a
of G by

Ga actNS
PP, 7)a = { Gap Eotlferwise)@))

Proposition 4.6. The Z%-graded ideal B3(p, T) is prime.

Theorem 4.7 ([17]). Let B be a Z4-graded prime ideal with Bo = p. Then there exists
T € X(p) such that P = P(p, 7).

Proposition 4.8. P(p,7) CP(p’, 7’) if and only if p Cp' and 7 2 7.
Proposition 4.9. dim G/B(p,7) = dim C[s|/p + dim 7.

The Running Example-5.
A=(2,3), NA=N\{1}. Let a € Z.

o P((5):Rx0)a = { gzs E(C)Lt}ele?vv\is{ea})

o B((s), {0}) = { Cos (a20)
RGP i

PB((s): R>0) S P((s),{0}) 2 P((s), Reo)-
® ’B((S - ﬁ)’R)a = Ga(s - ﬁ) (VCL € Z) for ﬁ 7§ 0.
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5. CHARACTERISTIC VARIETY

5.1. Critical Modules. We denote by Kdim M the Krull dimension for the lattice of
Z%-graded D(R4)-submodules in the sense of Rentschler and Gabriel ([2], [13]).

The Krull dimension is defined inductively:

e KdimM =0 Cg' M: Artinian

e Kdim M = if
— Kdim M # §' for §' < 0.
— for every descending chain of Z?-graded D(R)-submodules
M:M02M12M2Q"'
Kdim M;/M;, < § for all but finitely many i.

Definition 5.1. For a Z%graded D(R4)-module M of Krull dimension &,

: .. def. Kdim(M/N) < § for all nonzero Z?-graded
M'is o-critical < D(R4)-submodules N of M.

Then the O-critical modules are exactly the simple modules. In this sense, a critical
module is a generalization of a simple module. The notions of Krull dimension and critical
modules enable us to use Artinian type method to Noetherian rings (see e.g. [5], [9], [10]).

Remark 5.2. Let R be a commutative Noetherian ring, and M a finitely generated R-
module. Then
M is critical < Jp € Spec(R) s.t. Ass(M) = {p}, and lengthp (M,) = 1.

Let p be a prime ideal of C[s], and let § = dim C[s]/p. Define a Z%-graded D(R4)-
module L(p) := D(R4)/I(p) by

D(R4)q ~pta
ta= { D prrie

where
o p~p+aSIQa)Zpand [(QA-a) Zp+a,
epta={f(s—a): f(s)€p}

Then L(p) is d-critical [16].

The Running Example-6.
A=(2,3), NA=N\{1}. Let 3 € C, a € Z.
.p:(3_6>7 0=0.
o Let 3¢ 7Z. Then (s— ()~ (s— )+ aforVa e Z.
I((s = 3))a = D(Ra)a(s — ) for Va € Z.
e Let € NA. Then (s—pf)~(s—f0)+a< 3+acNA.
(s = B))a = D(Ra)a(s —B) (B+a€NA)
“ D(R4)a (B+a ¢ NA).
o Let 3€ Z\NA. Then (s—f)~(s—08)+a< [f+a¢NA
(s = B))a = D(Ra)a(s — 3) (B+a ¢ NA)
“ D(RaA), (B +a € NA).

Theorem 5.3 ([16]). Let M be a 6-critical Z%-graded left D(R 4)-module singly generated
by v € Mo with Anncg)(v) = p. Then M is isomorphic to L(p).
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5.2. Characteristic Varieties. For a cyclic D(R4)-module D(R4)/1, the support of the
G-module G/GrI, where GrI = @, , INDy(R4)/INDy_1(R4), is called the characteristic
variety Ch(D(R4)/I) of D(R4)/I. For details about characteristic varieties, see any
textbook of the theory of D-modules, for example, [7], [8], etc.

Let p be a prime ideal of C[s] homogeneous with respect to sq,..., s,.

Define 7(p + 3) by
h+8) = () (F, >0)n N (F, <0).
o€F(p); Fo(B)EFs(NA) o€F(p); Fo(B)EL\F7 (NA)

Then 7(p + 3) is a union of cones in X(p).

Theorem 5.4 ([17]). (1) VGrI(p+B8) = Nrex@)rcrprs Bp, 7). Hence
Ch(Lp+8) = |J  Supp(G/B(r, 7).
TEX(P), TET(p+B)
(2) The characteristic variety of L(p+ 3) is irreducible if and only if T(p+ 3) € X(p).

In this case,
VGri(p+B) =B 7(p +8)).
(3) If F,(B) € Z for all o € F(p), then the characteristic variety of L(p + B) is

1rreducible.

(4) Gri(p) =P(p, 7(p)).

The Running Example-7.

A=(2.3), NA=N\{1}. Fo(s)=s (s)+0=(s—0)
R>o (8 € NA)
T((s = B) = { R<o (8 € Z\NA)
R (B¢Z).

o) NB((s),R0) (B ¢ 2Z).

Example.
111111
Let A= [0 2 3 0 2 3|. There are four facets: 014, 036, 0123, 0456. The primitive
000111
integral support functions are Fi4(s) = so, F36(s) = 3s1 — Sa, Flag(s) = s3, Fuse(s) =
S1 — S3.
F14(NA) = N \ {1}, Fgﬁ(NA) = N,
Flgg(NA) == N, F456(NA) == N

T(m+°[0,1,0]) = (Fua <0)N (F6 > 0) N (Fizz > 0) N (Fuse > 0)
= {0}, where m = (81, S2, 33)-

V/GrI(m+10,1,0]) = B(m, {0}).
Hence dim Ch(L(m +[0,1,0])) = 0.
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Theorem 5.5. Suppose that NA is scored. Then the following are equivalent:

(1) dim Ch(M) > d for all nonzero finitely generated Z*-graded D(R)-modules M.
(2) D(R4) is simple.
(3) For all B € C¢,

1 Fr(y) >0 (Vo F(B))
(5.1) {’YER B <0 (Yee F (8) }”’

where

Fi(B) = {oeF|F(B) € F,(NA)},
F(B) = {oeF|F(B) €Z\F,(NA)}.

Proof. (2) < (3). This is [15, Theorem 7.25].
(1) & (3). The condition (1) is equivalent to the condition:

5. im > d for all simple Z"-grade 4)-modules L.
2 dim Ch(L d for all simple Z¢ ded D(R dules L

Any simple Z?-graded D(R)-module is of the form L(m~+3) [12, Proposition 3.17], where
m = (sq, 89,...,54) and @ € C?. By Proposition 4.9 and Theorem 5.4 (1), dim Ch(L(m +
B)) = dim7(m + 3). Clearly dim7(m + 3) = d if and only if (5.1) is satisfied. O
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