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Mirror Symmetry for Weighted Projective Lines

0. INTRODUCTION

There are three constructions of Frobenius manifolds (Saito’s flat structures) from com-

pletely different origins and purposes; the Gromov-Witten theory, the theory of primitive
forms and the invariant theory of Weyl groups.

Our main purpose is to give isomorphisms among these Frobenius manifolds by study-
ing the Gromov-Witten theory for weighted projective lines, the theory of primitive forms
for cusp singularities and the invariant theory of extended affine Weyl groups. In particular,
we simplify and generalize the result given by Milanov-Tseng [3] and Rossi [4].

1. THREE CONSTRUCTIONS

Let (a, a2, a3) be a triple of positive integers such that aL) + al; + % 51
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2. STATEMENTS

The following theorem on the uniquness is motivated by the one in [7].

~
Theorem 1. There exists a unique Frobenius manifold M with flat coordinates

10,805 e+ s Hay=10 12,05+ o+ s Bag=1: 13,15 . - ., 13,051, 1 Satisfying
(i) There exists an isomorshism of complex manifolds:
M~ C x Cl-DHa-DHa-1) y o+
50 (100, 11.4(8), -+ -+ B.ay-1(5), €).
(ii) The unit vector field e and the Euler vector field E are given by
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e= 5[;, E= Ioa + ;
(iii) Non-degenerate symmetric bilinear form 5 satisfies
o 0y (3 8)
Nt o)~ "\or 36) =

(a a3 )_ 1/ay, ifiy = i and j, = aj, — ji.
. Oty j, Olnyy) | 0, otherwise.

(iv) The Frobenius potential ¥y satisfies EFg = 255,
Folg=0 € C[[’l.h oo bl <At v s Bl By s ~'13.a,-1,2’]]

(v) Assume the condition (v). In the frame 2, 52, ..., ‘-,-,;f:, £ of T M, the product
o can be extended to the limit 4y = #1; = -++ = f3,4,-1 = €' = 0. The C-algebra
obtained in this limit is isomorphic to

Clx1, %2, 3] /(mxz,xzx;.xax;,an’," - X3, a - X, 4y - arxy)

where 8/01,,1,0/0t,1, 8/ 0135 are mapped to x;, x», X3, Tespectively.
(vi) The term #1214, 1€’ occurs with the coeffcient 1 in 5.

‘We have another theorem on the uniqueness (see also [2] and [6]):

Theorem 2. A Frobenius manifold of rank a; + a; + a3 — 1 and of dimension 1
with the following e and E is uniquely determined by the intersection form:

3 0 wBQa-j 4 (1 1 1 ]
e—BTO,E—ioa'To'f';'j:Zl P 1,"]-5”—‘;-{'(;;1‘;;4';—1)5‘
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3. ISOMORPHISMS

o Calculate the orbifold cohomology ring of X and count the number of certain stable

maps of degree one.
* Calculate the “limit” of Jacobian ring in B.

o Culculate the intersection form in (B) by the period mapping of the primitive form

(see [5]) and by a classical geometric h.
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