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1. DEFINITIONS

# c RN : anintegral polytope of dimension
Ap = {(@, 1) e RN - 0 e Py N ZNHE

o We say thafP is normal if ¢ satisfies

Zzoﬂp = RZO\?‘P N Z\ﬂp.

« We say thaP is VEIy ampleif ¢ satisfies
|(Re0Ap N ZAp) \ ZsoAp| < oo.

the elements off.oAp N ZAp) \ Zs0Ap : the holesof»
Note : “normal = very ample”

For simplicity, we assume
N =n and ZAp = ZM,
Then
# is normal (resp. very ample=

P satisfies («) forll m> 1 (resp. forsufficiently large m) :

Ya e mPNZ",
(*) dag,...,dJame PNZ" s.t.
a=a1+ - +am.

& P is calledk-normal if P satisfies £) for all m > k.

2. BACKGROUNDS

From Commutative Algebra

K : field

Zs0Ap, RsoAp N Z" - affine semigroups

o K[P] = K[Zs0Ap], K[P] = K[Rs0Ap N ZM1] :
affinesemigroup gradeHl-algebras

= K[#] is thenormalizationof K[P].

o K[] and K[P] are graded byrading deg® =i,
wherea = (a4, ..., an, i) € RaoApNZML,
e P is normal (resp. very ample=
K[P] (resp.mK) is generated by degree one element
(resp. fork > 0, wherem = K[P],).

FromAlgebraic Geometry

X : toric varietyof dimn /K, L : ample line bundle oX
P c R": the corresponding integral polytope %6 ()
Then

HO(X’ L) = ®vePnZ“ Ke"
R L) := Do HO(X L) = K[P]

¢ £ is normal< L is normallygenerated
(in the sense of Mumford)
e P is very ample— L is very ample
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3. ExampPLES

Our main interesis the existence of

non-normal very ample
integral polytopes !!

EXAMPLE | (Bruns—Gubeladze '02)

(1,1,0,1,0,0)
(1.1,0.0.0.1)
3 (101100

N/
0

(0,1,1,0,1,0)
(0,1,1,0,0,1)
(0,1,0,1,1,0)
(0,0,1,1,0,1)
(1,0,0,0,1,1)

o non-normal (1,1,1,1,1,1) =
1/2((1,1,0,1,0,0)+(0,1,1,0,1,0) +(0,0,1,1,0,1) + (1,0,0,0,1,1))
overy ample {1,1,1,1,1,1) + (1,1,0,1,0,0) =
(1,0,1,1,0,0)+ (0,1,0,1,1,0) + (1,1,0,0,0,1) and so on...
o the number of holes 1

(0,0,0,1,1,1)
EXAMPLE | (Bruns—Gubeladze '09)

0 01 1 0 0 1
conv , dim =3,

0000111
1
° (1.14)= 5((0.0.1)+(1.0.2) + (0.1.3) + (1.1.2)

01 2 3 3 41
0(1,1,4)+(0,0,0)=(0,0,1)+(0,0,1) + (1,1,2) ......
o the number of holes 1

(Ogata 11

In [3], infinitely many non-normal very ample integral
polytopes of dim 3 are constructed.

4. MAIN RESULT
How about higher dimensions ?

Theorem
Let n andh be integers witm > 3 andh > 1. Then
there exists a non-normal very ample integral polytope
of dimensiomn having exactlyh holes.

(Katthan '12)

% : non-normal ery ample integral polytope
= K][P] is NEVER Cohen—Macaulay !!
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