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ON MIXED HODGE STRUCTURE OF CHARACTER VARIETIES
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Abstract |

In this poster, we study a variety, called character variety MR GL(n,C)
whose points parametrize representation of the fundamental group of k-
punctured Riemann surface of genus g into GL(n, C). In particular, we
igate the mixed Hodge structure of character varieties. There exists
y interesting conjectures. For example,

Conjecture 1.2.1 of [1] N
We have the following
(i)  The  compactly
H*(M’}; ar "O;.r.y,lj is a polynomial in zy and £, and is inde
pendent of Iho choice of generic eigenvalues of multiplicities ge.

(ii) Moreover,

supported ~ mixed ~ Hodge  polynomial

Ag Tn(MEX ) 1
H*(MB GLn,C) T Y- 1) = (ty/a) im(M61 i c) H,( ﬁ’ 1)
where ¢ := zy, and Hy(z, w) is the rational function defined in [1]

Here
HA(Xia,y.t) = dime(Grl Gl (30)C) byt

The main result
[Cnnjo(nn‘r 1.2.1 (i) is trme.

P
I A-connection |
Definition
Let 5 be a compact Riemann surface of genus g
Fix S
We fix
o k-distinct points py, ..., Pi in X,
op = (u' ... pb), where y' = (/I,i, <oy piy,) such that gy > py >
are non negative integers and ZJ /A‘/- =n for each 7,
e integers d,n with n. > 0
We put g =3\ {p1,....p}, and
=k iy1<i<k i
=1k () = (A, (gj’.)@}gr,) €CxCEn| M+ Y piei=0
ij
We take a member (X, &) € E,‘:‘k(d). where € =
Parabolic \-connection
We say (E,V, {]E«')}lgzgk) a &-parabolic A-connection of rank n and de-
gree d of type p if
(1) E is an algebraic vector bundle on ¥ of rank n and degree d,
(2) V:E— E@Qk(pi+-- +pp) is a A-counection, that is, V is a ho-
momorphism of sheaves satisfying V(fa) = Aa @ df + fV(a) for f € Oy
and a € E, and
(3) for each p;, 1 Vis a filtration Elp, = l1 ) 1) R lw o Z(r')~1 0
such that d|m(l“ /lﬂl) = //y and (Res, (V) — fjjdE‘M)( ] [« l 1 for
j=1...r
Moduli space
Moduli space N
There exists a relative coarse moduli scheme
I —H.k
T Mygdc.lmc — =)
(B, V{1, hai<) = (1, €)
of a-stable &-paraholic A-connections of rank r and degree d of type p.
Moreover, m is smooth and M””Md@u nC) is nonsingular.

Y
B . Y he A€gd . N
We denote the fiber of (A, &) by MHmI,(éL(u,rr‘,)' In particular, we put

Mﬁg CL(n.C) and Mgff,g(.:lli(u,(‘,) in the case of A = 1 and A = 0 respec-
tively.

Compactification of the moduli space

x
There exists a natural C*-action on MHnd( L(nC)°

(B, v, {1 = (B, v, {1},
The following C* action on :#’ (d) is well defined,
t- (X €)= (t\ tE).
— =K k(ll) is a C*-equivariant morphism

via € x =K (@) — =K (q),

Then, 7 : MHad \GL(n,C)

!
Let M’ be the base change of MHad CL(n,C)

given by (z, (A €)) = (zA,z€). Here the C*-action on C x Z¥(d) is
given by t-(x, (A, €)) = (tx ()\ 5) Then, the set U ¢ M/ of points u € U
such that lim¢ 00t - (E,V, {l }) does not exist is open, and there exists
a geometric quotient M = U//C* which is proper over E‘""k(d] via the
induce map 7 : M — = (d]

Theorem 1

B i —p,k B . L
The induce map 7 : M — = (d) is topologically trivial. Moreover
any two fibers of 7 have isomorphic cohomology, and the mixed Hodge
structure of the cohomology is pure

Sketch of proof.

/R (i) kg

0]
M I =k,
where (i) is a U(1)-bundle, and (ii) is topologically trivial. Then, we obtain
7 is topologically trivial
Note that
MM = {C((E£, 9. {11"}),0.(0. ) | Jlim ¢ (B9, {1y exists }
=00
is trivial over = k[d) Then we can show that any fibers of 7 have isomor-

nAE9.d *( pq1:0.9,d
Miorr nC) " (Mnol(vﬂn(l':))

phic cohomology; in particular, H*(
for all (), g) ).

Since MDaI (‘L[n 0 is a proper orbifold (in particular a rational homology
manifold), its cohomology has pure mixed Hodge structure. By standard
Morse theory arguments, H*(M” 09.d )= H (MK 0.9 ) is sur-

Dol,GL(n,C) Dol,GL(n,C)
ectivi *MHO9. : tur
,gm\c. Thus, H (MD”I (‘ (n.C) ) also has pure mixed Hodge structure.

Character variety

We now construct a variety, called character variety, whose points
parametrize representation of the fundamental group of & punctured Rie
mann surface of genus g into GL(n, C) with prescribed images in semi-simple
conjugacy classes Cp, ..., Cp, at the puncture. Assume that

k

Hrlvr Ci=1

i=1

and that (Cy,...,Cp) has type p = (i, ., u1F); that is. € has type 4!
for each i = 1,... k, where the type of a semi simple conjugacy class
C; © GL(n,C) is defined as the partition p' = (uf. ..., #y,) describing
the multiplicities of the eigenvalues of any matrix in C;.
Character Variety
For a k-tuple of conjugacy classes (Cy, ...,

Cy.) of type p,

i
Ag By X1, Xp) € GL(n.C% x [] ¢
i=1

nAg
Ul ={(An B

[ A1 Bi -+ [Ag, Byl Xy - -+ Xy, = Id}.

We call the affine GIT quotient by conjugation

M”')‘(’q

_ v _ . mA.g 1PGL(n,C)
BGLnC) = /PGL(n, C) = Spec(ClUg el ")

A9
uGL[n,C)/

a character variety of type p.

If (Cq,...,Cg) is a generic k tuple of semisimple conjugacy classes in
. i . g nAg -
GL(n,C) of type p, then the quotient 7, MB,(:L(n.C — U, Lnc) B
a principal PG (n, C)-bundle. Consequently, when nonempty, the affine

variety M*& is nonsingular.

RC (n.C)

Riemann Hilbert correspondence

For each member (E,V, U}"I b e Mgls? Ké.i(n C)’

local system on Y, where V" means the analytic connection correspond-
ing to V. The local system Ker(V*|5; ) corresponds to a representation of

71(Zp). Then, we obtain an analytic isomorphism,

Ker(V"|s,) hecomes a

pégd A g.d
RHg : MR ey = ME G

where )\j = cx]1(72ﬂ\/71£}) and we take & generic, that is, parabolic con-

nections and local systems are irredncible.

We consider the family {RHg} over the locus of generic elements in

E,‘:‘)‘Zl'k(d). then we obtain the following theorem by Theorem 1,
Theorem 2 S
The mixed Hodge structure of the cohomology of MB GLnC
dent of the choice of generic eigenvalues of multlpll(ltlcs I

|s indepen-

Mixed Hodge structure of character varieties

We  consider the cohomology of MRGT(n o Since M%’%ﬂ[n.f =
A, 2 /= o=
(Ml qg” o X (C* 129)/ /639, where vy, = {(2TV1d/n ], =2mV=Td/ny |

d=1,. we obtain that

A ~ A 2 2
(MBS 0) = H MBS o) ® H(C)).

P
g

Construction of generators of H*(M‘;} f]"m o)

(T) PGL(n, C)-principal bundle on M”

9 V‘
BSL(nc) X =0

U = (PGL(n. C) x UM x 50)/(m1(S) x GL(n, C)),

SL[nu

where X is the universal covering of Xy and the action is (p, g) - (h, p, z) =
(gp(p)h.g 1pg,p-x) The characteristic classes:

29

B € HAMES o) vig: 0k € MG )

(1) Let b; € O ](G X BG) be a singular cochain complex (G =
SL(n, C)) such that j*(b;) = 0, where j is the inclusion BG — G xg EG
as {e} xg EG, and generate the cohomology of the fibar G of filtration
G xg EG — G as aring. For

G . G x HCI -G
[
Xi) = [A, By -

(A1, By....,Ag, Bg. X1...., [Ag, BglX;--- X,

we can show that @G*(h,) = 0in Hé’fl(GZQ x [1;C). We take a; €
2((G? x T1,€)) @ EG) such that da; = @C*(b;). Then,

9%y A~ 1722 A,
oy 1= lafyuadd € HG T UEN) = B (Ml0).

(IT) We fix diagonal matrices Dy,--- . Dy in each conjugacy classes

GL(n,C)/H; - Ci; 9] = ¢”'Dig,

¢ S GL(L,C). (uh + -+ pb, = n : the
multiplicities of the eigenvalues of any matrix in C;). For a conjugacy class
C.

YA (A By,

o Ag. By Xi... My, Xp)

€ SL(n, €)% x M1¢; x GL(n, €) x T}_y, ¢,
9

[TTAn B Xy M7 DMy X = 1)
i=1

A natural map

RAGL A

DA
L -l LM, DMy ).

A —
We put Musun 0 =

action, which is a Hj-principal bundle on M#

’U”‘A 9! //PGI (n.C) bv a natural PGL(n, C)-

B q]_ noy Ve consider the

classifying map,

1Al
MRST("CJ

MEA

A, I ~ na \
fSilne) ~ BH = BGL(},C) x --- x BGL(},.C).

The characteristic classes

1 —
Ry,

Flansoa,) 0<k<u).

where ¢ € HZkf(B(JL(/A’/-. C)) and ¢g = 1.

~ Theorem 3

as: B s 1 . Y v
The classes ay, 3,7 j, and ik, generate H (MB SL(n.C )

The generators «;, B, 7 (resp Ei‘l K ) have homogeneous weight i
o

(resp. ky+ -+ -+ kp,). On the other hand, generators of H*((C*)29) have
also homogeneous weight. Then,

+ Theorem 4
The cohomology of MBAK is type (p,p)
BGL(nC) '8 WPE (PP

ie. dimg G!I-Glp“] (MZ.,?JVEW.C‘) =0unlessp=¢q

References
[1] T. Hausel, E. Letellier, F. Radriguez-Villegas, Arithmetic harmonic analysis on character and quiver
varieties, Duke Math. Journal, vol. 160 (2011) 323-400.

[2] T. Hausel, F. Rodriguez-Villegas, Mired Hodge polynamials of character varicties, with an appendix
by N. M. Katz, Invent. Math. 174 (2008), 555-624.

-160-




