0000000000000
200801 0 pp.134-134

Kotaro Kawatani
Osaka universty

On finite group actions on an irreducible symplectic 4-fold

1 Introduction

In this section, we will talk about background of our
study. At first, we define an irreducible symplectic
manifold.

Definition 1.1. Lel X be a compact Kdihler mani-
Jold. When following two lit: are satisfied, we
call X irr: educnhle symplcetic manifold.

1. X is simply connected.

. HO(X, Q%) = C{ox). where ox is an every-
where non-degenerate holomorphic 2-form.

In particular o x is said Lo be the symplectic form.

Remark 1.2. From existence of symplectic form,
dim X is even, and a canonical bundle Ky is triv-
ial. i.e.

dimX = 2n, Ky > Ox

We will introduce some famous examples. The

st example is a K3 surface. Kodaira proved that

a d< formation equivalent class of K3 aurfm e Is unique.
ln higher dimensional «

eh‘mvnls of each
low.

r Example Sy

(i) n-pointed Hilbert scheme of K3 surface,
Hilb™ (K'3) (|Beal)

(ii) Generalized Kummer variety defined by
Abelian surf: A. We denote it by Kum"(A)
([Beal). Definition of Kum™(A) is below.

T lli]h“”(g\) * Sym" L A) 24
Where g is Hilbert-Chow morphism. We define
Kum(A) == 771(0).

(iii),(iv) O'Grady’s six and ten dimensional ex-
ample (|Ogr2],|Ogr])

J
We don’t know whether above classes are all or
not. By the way, Beaville and Donagi found another

explicit example which is different from (i)~(iv). Let
Y be a smooth cubic 4-fold, and let F(Y') be all lines
contained in Y. Then F(Y) is an irreducible sym-
plectic 4-fold (|B-DJ). However, F'(Y) is deformation
equivalent 10 a 2-pointed Hilbert scheme of a certain
K3 surface Hilb?(K3).

n P Y)Y o
We could
not find it, but we met very inte rt'sllng phenomena.
We will introduce a part of them.

2 Preparation
In this section, we prepare some tools of our study.

Definition 2.1. Lel Y be a smooth cubic 4-fold. Let
F(Y) be all lines conlained in Y. i.e

P(Y) = {lC Y|l P degl = 1}

Remark 2.2. I°(Y) is a compact complex manifold
whose dimension is 4.

Proposition 2.3 (Beauville-Donagi, [B-D]).
F(Y)is an irreducible symplectic manifold. In par-
ticular, F(Y) is deformation equivalent to 2-pointed
Hilbert scheme of a certain K3 surface Hilb? K3.

Let G be a finite group;
G C PGL(5), G™Y.

Since we want to make an irreducible symplectic
manifold, first question is below.

Qustion 1. When does G™ F(Y) preserve the
symplectic form ¢

Let " be a universal family of F(Y).

T

{ly) e FY) x Yl 2y}

There are two natural projections p :
and ¢ : I' — Y. We define Abel-Jacobi map o :
HY(Y,C) — H(I(Y),C) as a(w) == pog*(w). Abel-
Jacobi map tells us whether G preserves the symplec-
tic form or not.

I — FY)

HAY,C) —= HAF(Y)

H3(Y) —— 200 (Y)

C(ResFh) ——> Clopy))

Whe Te Q is five form on C° defined as Q :=
Zidzo A+ dzi -+ A dzs. Since Abel-Jacobi
IT'Id].) o s (,-eqmvanam we get a following lemma.

Answer of Question 1.

Lemma 2.4. Notalions us above.

Q
G preserves apyy <= G preserves fles 7

In general, F(Y)/G may have singular points. So, we
have to take resolution of F(Y)/(. We require that
a resolution of F(Y)/G has a symplectic form. So,
second question is

Qustion 2. When does F(Y)/C have a crepant
resolution P(Y)/G ¢

It i sy to find group actions G F(Y) which pre-
serve the symplectic form, bul it’s o ult 1o find

group actions suel exisis.
We have two examples of “good™ actions. In this
poster, our topic is one of them.

3 First example

First example was found by Namikawa.
r A ion ~N

We consider special cubic 4-fold Y3

Y = {[f(z0,21,22) + g(23, 24, 25) = 0},

where [ and g are homogeneous polynomial with
degree 3.

Assume that G = Zs(order three cyclic group)
and 7 is a generator of Gt G = (1) ~ Zz. We
consider following group action;

TP as (2912

122 1Caa 1 (24 1 C25),

where (zg @ --- @ 25
of P°, and ¢ = exp(=R
on Y.

) is homogﬂ neous coordinate
= . In particular, G acts

A
, we know that the induced ac-
g plectic form. Next we
Y)/Zs.

From Lemma 2
tion on F(Y') pre:
consider singular pomls of

Does I )/l have a crepant resolution ?

(
{2

<,

} P

e curves defined as above. CUD
is fixed locus of Zy™ Y. Singular locus of F(Y)/Zy is
isomorphic to C'x D. Since Zgy pre: the symplec-
tie form, F(Y)/Zy has Az singulatities along C x ).
What is F(Y)/Zs ?

deoes

Answer

Proposition 3.1 ([Nam]). Notations as ehove.
F(Y)/Zs is birational to Kum?(C' x D)

-134-

Remark
and X' ar

If two irreducible symplectic manifold X
bllallom\] then X and X' are deformation

equivalent. So, I'(Y /Z, is not new example.

I’roof We construct birational map ¥ : F(Y')/Z3 --»
Kum?(C' x D). Instant picture of % is below.

1 4
J et

g

(72

Let {{, (1), 7%(l)} be in F(y / 3. Let Wy be a liner

space spanned by L 7(l) and 73(1).

Suppose that P {23 = 24
{z0 = 21 = 2z = 0}. If we choose | in general,
we may me that S MY is a smooth cu-
bic surface.  There arc lines in S(classical re-
sults). From the conliguration of 27 lines, we know

= O},P

thal. there st three lines miy,ma, my such that
each my; meets L7(1), 72() like above picture. Bach
m(i 3) meets C (resp D) at one point. So

we set notations as p; = my N C,g; :== m; N D. Since
three points {p1.p2, pa}(resp. {q1,q2,43}) are coliner,
p1tp2 -t ps =0 € Clresp. gr+qotqz =0 & D). So
we have a pair of three points {(pi.q:)},- ]

Where is the indeterminacy of ¢ ?

We determine the indeterminacy of ¥ and ="
Indeterminacy of 1 is

(1) == {t,7(1), 72()} € F(Y)/Zs ||| spans P?}.
This locus is 18 copies of P2, Indeterminacy of 3!
are two types. Iirst one is

Py = {{(p.a1): (p,g2), (p,43)} € Kum(C'x D)|3p = 0}
Second one is
Py = {{p1, @), (p2.0), (p3.9)} € Kum(C x D)|3g = 0}
Py and Py are isomorphic to 9 copies of P2

Let X and X7 be an irreducible symplectic '4-fold.
It is known that any birational map from X to X/

is decomposed into Mukai-flop. We have a [ollowing
theorem.

Theorem 3.3. The indeterminacy of ¥ can be re-
solved by Mukai-flop on 18 copies of P2.

Reference
|Bea] Beauville, A. Variélés kihleriennes dont la

premiére classe de Chern est nulle, J, of Diff.
Geometry, 18(1983), 755-782.

|B-D|  Beauville, A. Donagi, R. La variété des
droites d'une hypersurfoce cubique de di-
mension 4, C.R. Acad. Se. Paris, 301(1¢
703-706

[Nam|  Namikawa,Y. Deformation theory of singu-
lar symplectic n-folds, Mathematische An-
nalen 319(2001), 7

|Ogr| O'Grady, K. Desigularized moduli spaces of
sheaves on a K3, J. Reine Angrew. Math.
512(1999), 49-117.

[Ogr2]  O'Grady, K. A new siz-dimensional ir-
reducible sympleclic variety, ). Algebraic
Geom. 12(2003), no. 3, 435-505.



