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Abstract. We investigate the minimal theory of massive gravity (MTMG) recently intro-
duced. After reviewing the original construction based on its Hamiltonian in the vielbein
formalism, we reformulate it in terms of its Lagrangian in both the vielbein and the met-
ric formalisms. It then becomes obvious that, unlike previous attempts in the literature of
Lorentz-violating massive gravity, not only the potential but also the kinetic structure of the
action is modified from the de Rham-Gabadadze-Tolley (dRGT) massive gravity theory. We
confirm that the number of physical degrees of freedom in MTMG is two at fully nonlin-
ear level. This proves the absence of various possible pathologies such as superluminality,
acausality and strong coupling. Afterwards, we discuss the phenomenology of MTMG in the
presence of a dust fluid. We find that on a flat homogeneous and isotropic background we
have two branches. One of them (self-accelerating branch) naturally leads to acceleration
without the genuine cosmological constant or dark energy. For this branch both the scalar
and the vector modes behave exactly as in general relativity (GR). The phenomenology of
this branch differs from GR in the tensor modes sector, as the tensor modes acquire a non-
zero mass. Hence, MTMG serves as a stable nonlinear completion of the self-accelerating
cosmological solution found originally in dRGT theory. The other branch (normal branch)
has a dynamics which depends on the time-dependent fiducial metric. For the normal branch,
the scalar mode sector, even though as in GR only one scalar mode is present (due to the
dust fluid), differs from the one in GR, and, in general, structure formation will follow a
different phenomenology. The tensor modes will be massive, whereas the vector modes, for
both branches, will have the same phenomenology as in GR.
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1 Introduction

The idea that a spin-2 field such as the graviton might have a mass has been first put forwards
in 1939 by Fierz and Pauli [1]. However, the idea had to be put aside for some time due to
the presence of a ghost, the so-called Boulware-Deser (BD) ghost found in 1972 [2]. On top
of that, the theory of a massless graviton was so successful that it seemed unnecessary to
explore this exotic possibility.

However, thanks to the pioneering work by de Rham, Gabadadze and Tolly (dRGT)
in 2010 [3, 4], it became clear that not all the theories of massive gravity would suffer from
the presence of the BD ghost. Indeed, the dRGT theory has only five degrees of freedom,



two tensor, two vector and one scalar modes. While the original theory does not allow
for a flat or closed Friedmann-Lemaitre-Robertson-Walker (FLRW) solution [5], there exists
an open FLRW solution with self-acceleration [6]. If the fiducial metric is modified from
Minkowski to either de Sitter or more general FLRW one then all types of FLRW solutions
become possible [7]. However, it was soon realized that at the level of linear perturbation
on the FLRW background, only the gravitational waves are propagating, whereas the other
modes are merely Lagrange multipliers [7]. In fact, it was shown that for the same theory all
homogeneous and isotropic backgrounds are unstable, either due to the presence of a ghost at
nonlinear level which cannot be set to be massive enough [8] or due to the so called Higuchi
ghost at the linear level [9, 10], depending on the branch of solutions.

Therefore the dRGT massive gravity leads to non-trivial phenomenologies, as one has
to abandon the hypothesis of a homogeneous and isotropic space to describe our universe at
sufficiently large scales [5, 11, 12]. Another possibility to avoid the ghost instability consists
of extending the simplest model of the dRGT massive gravity by adding extra degrees of
freedom such as a scalar field [13-15], or studying its bigravity counterpart [16-18].

Recently the present authors have proposed a new theory of Lorentz-violating massive
gravity, which was constructed so that: 1) the number of physical degrees of freedom is
two at fully nonlinear level; 2) the FLRW background equations of motion are identical
to the dRGT theory [19]. These two conditions are sufficient to allow for stable FLRW
backgrounds: there is no BD ghost, no Higuchi ghost, no nonlinear ghost. Hence the new
theory serves as a stable nonlinear completion of the self-accelerating cosmological solution
of [6]. The two physical degrees freedom in this theory are simply two tensor modes, whose
quadratic Lagrangian on FLRW backgrounds is the same as that of the dRGT theory. In
particular, the kinetic term of the two modes are essentially given by the Einstein-Hilbert
term and thus its coefficient is always of order unity. In addition, the propagation speed of
the tensor modes are not modified. Therefore, this theory automatically avoids pathologies
known in the literature, such as superluminality, acausality and the above mentioned ghost
instabilities. While in the literature there have been classes of massive gravity theories with
modifications in the potential part of the action, the MTMG modifies the kinetic part as well
(see section 3). Thus, as far as the present authors know, this theory does not fall into any
one of the classes of theories considered in the past. We call this theory the minimal theory
of massive gravity (MTMG).

In Lorentz-invariant massive gravity theories (without the BD ghost), one scalar, two
vector and two tensor modes form a multiplet of 5 degrees of freedom. Therefore the first
of the two requirements imposed on the MTMG implies that Lorentz invariance should be
broken. In Lorentz violating theories, on the other hand, scalar, vector and tensor parts can
be independent from each other. This is the reason why it is possible to realize a theory
of massive gravity with only two physical degrees of freedom. Needless to say, the Lorentz
violation is in the gravity sector and disappears in the massless limit. Hence the Lorentz
violation induced on the matter sector via graviton loops should be suppressed by a minuscule
factor m?/M32, where m is the graviton mass.

There have been classes of Lorentz-violating massive gravity theories in the litera-
ture [20-25]. As mentioned above, however, previous attempts modify only the potential
part of the action and leave the kinetic part unchanged.! More importantly, none of them
fulfills the two requirements that we impose on the MTMG. The MTMG differs from the

'In the context of Lorentz-invariant massive gravity there have been some attempts to modify the kinetic
structure but all of them failed [26].



earlier attempts because it fulfills the two requirements stated above. The four-dimensional
Lagrangian for the MTMG is fully nonlinear, only has two degrees of freedom and, as we
shall see later on, it contains non-trivial constraints which modify not only the potential term
for the graviton but also the kinetic structure of the Lagrangian.

In general, one should expect that the phenomenology of the MTMG would be easier
with respect to the one of dRGT, because, being the scalar mode absent (as well as the vector
ones), one does not need to implement the Vainshtein mechanism at the solar system scale,
because no extra scalar force is present. On the other hand, it is of interest to explore the
phenomenology of this theory and try to find its differences from GR. In this paper we do
address this issue.

In the present paper we first review the MTMG introduced in [19] in the vielbein
formalism, and count the number of physical degrees of freedom. Afterwards, we find the
Lagrangian of MTMG by using the three-dimensional vielbeins. Third, we also write this
same Lagrangian in the metric formalism. This shows that the MTMG, which was introduced
in [19] by means of its Hamiltonian, so as to make sure that only two degrees of freedom
were propagating on any background, can be equally described in the Lagrangian formalism.

On using the Lagrangian of the theory written in the metric formalism, we discuss the
phenomenology of MTMG on a flat FLRW background in the presence of a dust matter fluid.
We confirm the existence of two branches: the normal branch and the self-accelerating one.
As already mentioned, the background equations of motion are, by construction, identical to
the ones in dRGT theory.

Furthermore, we study the behavior of the linear perturbations, and find: i) the self-
accelerating branch has a phenomenology which is identical to GR both for scalar and vec-
tor perturbations, however, the tensor modes, being massive, have a different propagation
dynamics; ii) the normal branch, on the other hand, has a different phenomenology with
respect to GR both in the scalar and tensor sectors. This makes this branch ready to be
tested against contributions to structure formation. In particular we find that, depending on
the dynamics of the fiducial metric, it is possible to have non-trivial values at late times for
the linear-perturbation observables, e.g. Geg, 1.

2 Construction

In this section we review the construction of the minimal theory of massive gravity (MTMG)
proposed in [19]. The construction consists of the following three steps: (i) to define a
precursor theory by substituting the ADM vielbein to the dRGT action (subsection 2.1); (ii)
to switch to Hamiltonian (subsection 2.2); and (iii) to add two additional constraints to define
the minimal theory (subsection 2.3). We then confirm that the number of physical degrees
of freedom in the minimal theory is indeed two at fully nonlinear level (subsection 2.4).

2.1 Precursor theory

The basic variables of the theory are the lapse function N, the shift vector N? and the spatial
vielbein e’ ;- The theory also contains the fiducial lapse function M, the fiducial shift vector
M? and the fiducial spatial vielbein Elj. While the first set of variables (N, N¢, elj) is
dynamical, the second set (M, M?, Elj) is fixed by the theory as a part of the definition of

the theory. It is convenient to introduce dual basis e Ij and B Ij so that

Ik _ I K_Jj_ gJ
epey =0y, e,ep =70, (2.1)



and , )
ELEf =61 EEEI =4 (2.2)

Out of the lapse functions, the shift vectors and the spatial vielbeins, one can construct
the spacetime vielbeins e and E“ﬁ in the so called ADM form, or in the triangular form, as

m
N 0
A _
Cu= (Nkelk €Ij> ) (2.3)
and
M 0
E.’j\i - <MkEIk Elj) : (2'4)
The corresponding dual basis e 4 and E ' are
B 1 _ N
el =¥, 2.5
A 0 eIJ (2:5)
and
i 1 M
Ef=|M "M 2.6
A 0 E/ (2.6)
They satisfy
e“‘}LeB“ = 0%, e“‘hej( =0, (2.7)
and
ELES =6F, E4Ef =0 (2.8)

Omne can also construct the two spatial metrics v;; and 7;;, and the two spacetime metrics
g and f,, as

vij = orse’se”;, Fij = 61,E"E7, (2.9)
gudatds’ = —N2dt* + ~;;(dz’ + N'dt)(da? + N?dt),
fudatde” = —M?dt* + 7;;(dx’ + M'dt)(dz? + M7 dt). (2.10)

We define the precursor theory by simply substituting the ADM vielbeins (2.4) to the
dRGT action,

Sarar = —- [ d*zv/=g R[guw] + —mQ Z/d“x cnln (2.11)
where R|[g,,] is the four-dimensional Ricci scalar for the metric g,

1
Lo = 46” EIVETsY Ot Ol O O

1
Ly = 66“ pJGABCDEAEB Ecp L.

1 ¢, D
Lo = 46“ pUeABCDEAE €05,

1
L3 = éeu”pUeAgcpEAe ecpea,
1 D
Ly = —246’“"’ E_ABCDGA B ecpe o (2.12)



and the Levi-Civita symbol is normalized as eyjo3 = 1 = —e?123. By choosing the ADM
form of the vielbeins, we have fixed the local Lorentz boost, have picked up a preferred local
Lorentz frame and thus have already modified the original dRGT theory. The precursor
action can be rewritten as

M 1:‘
Spre = 2P { V7 (Rlyij] + Kiy KV — K?)
—comQ\ﬁM — clm2\ﬁ(N + MYII)

- M
—02m2ﬂ |:NY[I + ? (Y[IYJJ — Y]JYJI):|
—czm? (M + NX ;1) - C4m2Nﬁ} : (2.13)

where we have defined X;7 and Y77 as
X[J :teEJj, Y[J :E[jejj. (214)

One can easily see that the graviton mass term in the precursor action is manifestly linear
in the lapses and does not depend on the shift variables. This is in sharp contrast to the
original dRGT theory.

2.2 Hamiltonian analysis of precursor theory

2.2.1 Primary constraints

Since the graviton mass term is manifestly linear in the lapses and shifts, we consider N and
N' as Lagrange multipliers. We then have 9 components of e - as basic variables. We define
canonical momenta conjugate to them in the standard way as

;08 ,
I/ = 22 =oni%s e, (2.15)
oé j
where
g 1
= P\F<KU Ky7), K= W(%j —D;N; — D;jN;). (2.16)

The fact that K% is symmetric leads to the following 3 primary constraints
P[IJ] %O, (217)

where
Py = 1o e’y (2.18)

and indices between the square brackets are anti-symmetrized as A, = Agp — Apa. The
remaining 9 — 3 = 6 relations between the canonical momenta and the time derivative of the
basic variables can be inverted as

k(sKL

1 1
Q(DiNjJrDjNi), Kij = Vvl 6 e — il el

(2.19)

(5[]6( ) NKZJ"F MPQ)\/—

Thus there are no more primary constraints associated with (2.15).



The Hamiltonian of the precursor theory, together with the primary constraints, is

pre

Hi) = / d*z [-NRo — N'R; + m* MHy + apy PN, (2:20)

where
Ro = Rg™ —m*Ho,

1 1
RG® = VAR — 7 (’Ynl’ymk - Q’Ynm’Ykz) gkl

Ri = RiGR = 2’yiij7rkj,
Ho = \/%’(Cl + ¢y Y[I) + \ﬁ(c?) X[I + C4) ,
— c
7‘[1 == \H [01Y[I -+ 52 (Y[IYJJ — Y]JYJI)} + 03\[')/,
PIMN] _ eMj 6N — eNj ;6™
D; is the spatial covariant derivative compatible with v;;, \/¥ = y/dety;;, and apnn (anti-
symmetric) are 3 Lagrange multipliers. Here and in the following we work in units for which
M2 =2.
The Hamiltonian is manifestly linear in the lapse N and the shift N* and does not

contain their time derivatives. Thus, as already stated, we consider N and N? as Lagrange
multipliers. Correspondingly, we have the following primary constraints in addition to (2.17):

Rg ~ O, RZ ~U. (221)

2.2.2 Secondary constraints and total Hamiltonian

In order to implement the conservation in time of the primary constraints, we need the
following Poisson brackets to vanish

PIMN] _ {p[MN]’HI(nl%} ~0, (2.22)
: _ IR
Ro = {Ro. H{ll} + =% =0, (2.23)
Ri = {Ri, H(L} . (2.24)

The partial time derivative in eq. (2.23) appears because of the choice of the unitary gauge,
so that R explicitly depends on time through the fiducial vielbein. Then eq. (2.22) leads to
three new secondary constraints, namely

YN~ 0, (2.25)
where we have defined

yMN — MLy, N (2.26)

This secondary constraints fixes YMY to be symmetric.

Since

{Ro(x), Ro(y)} ~ 0, (2.27)
{Ri(z),R;(y)} = 0, (2.28)
{Ro(2), Ri(y)} # 0, (2.29)



then we can use eq. (2.23) to find the expression of one of the components of N? (say N*=3)
in terms of the other variables. For the same reason we can solve one of the three egs. (2.24)
(say for i = 3) for the lapse variable N. Therefore the remaining two eqs. (2.24) give rise to
two secondary constraints, (say R1 ~ 0 and Ry ~ 0 after solving R3 ~ 0 with respect to one
of Lagrange multipliers). On naming these two constraints as C, (7 = 1,2), then we have
the total Hamiltonian

a2 = / d*zr[ = NRo — N'R; + m*MHy + aynPMN 4 gy 2N L X7C ] (2.30)

pre

Any further time-derivative of the constraints does not lead to any new (tertiary) constraints,
therefore eq. (2.30) represents the total Hamiltonian.

2.2.3 Number of physical degrees of freedom in precursor theory

It is straightforward to show that the determinant of the 12 x 12 matrix made of the Poisson
brackets among 12 constraints is non-vanishing. This implies that the 12 constraints are
independent second class constraints and that the consistency of them with the time evolution
uniquely determines all Lagrange multipliers without generating additional constraints. Since
each of these 12 second class constraints removes one single degree of freedom in the phase
space, we finally have %(9 X 2 —12) = 3 physical degrees of freedom on a generic background
at nonlinear level. This is consistent with the analysis of [23].

It can be proven that these degrees of freedom on FLRW cosmological backgrounds in
the so called normal branch reduce to the two tensor modes and an extra scalar degree of
freedom. In the self-accelerating branch, on the other hand, the scalar mode has a vanishing
kinetic term at the quadratic order and acquires its kinetic term only at higher order, meaning
that the scalar degree of freedom is strongly coupled in the self-accelerating branch.

So far, breaking Lorentz symmetry with the precursor Hamiltonian has removed the
vector modes present in the dRGT theory, but we should expect the remaining scalar degree
of freedom to be strongly coupled on some backgrounds such as the FLRW background in
the self-accelerating branch. Since our aims is to heal the dRGT theory, we then further try
to remove this unwanted degree of freedom, while keeping the same background equation of
motion of the dRGT theory.

2.3 Minimal theory

We have seen that, besides YIMN] ~ 0, the precursor theory possesses the two secondary
constraints C, (7 = 1,2), which are two linear combinations of the three quantities C; (i =
1,2,3) defined as follows

{RiGRa -Hl} ~ Cz )
where

H, = /d3wm2M’H1, (2.31)

and OHo /Ot is the partial derivative of Ho as a function of (¢, e’;) with respect to t. The
explicit t dependence of Hg is through the fiducial vielbein.
The minimal theory of massive gravity is defined by imposing the four constraints

Co~0, Ci~0, (2.32)



where

B,
{RSR H Y —m? &%0 ~Cp.

Since C; (7 = 1,2) are linear combinations of C;, only two constraints among the four in (2.32)
are independent new constraints. Therefore, the minimal theory is defined by the Hamiltonian

H = / d3aH, (2.33)
H = —NRSE — N'RER 4 m2(NHo 4+ MH;1) + XCo + NC;
MN [MN]
+aunPP + BunY , (2.34)
where
RGR:\ﬁR—L Nk _17..7 pa L
0 \ﬁ ik Vgl 9 ij Tkl )
RER — o D (”jk>
f J \/,7
Ho = VAler +ea Y1) + Az X1l +ca),
Hi = /7 [Clyll + %2 Yy ,7 - Y[JYJI)} +c3v/7,
PMN — M 16N _ N 11,i61M
yIMN] _ sMIy N _ sNTy, M
and

1 -
Co = m*MW;’ |:2(7ikEJkte + kB el — i Yo )m — ﬁHf,f”] :
Ci = mQ\/’VDj (MWIJYJKéKLeIieLj) . (235)

Here we have defined

Al

W]J =2 ¢c (5J—|—02 YKK5J —YIJ +C3XIJ7
L2 [t +eavi o ~ i)
(N1 1 19
H = —FE;"—FE",. 2.
J Mol (230

The main difference between the two Hamiltonians in eqs. (2.33) and (2.30) consists of
the presence of the four constraints Cy, C; rather the two constraints C~T. Furthermore the
constraints Cy, C; are the time-derivative of the primary constraints with respect to Hy (and
not H, although H ~ Hy).

2.4 Number of physical degrees of freedom in minimal theory

Having added the extra two constraints, we now have 14 constraints in the 9 x 2 = 18
dimensional phase space. Thus the number of dimensions of the physical phase space is less
than or equal to 18 — 14 = 4, where the equality holds if all 14 constraints are second class
and if there is no more constraint. Therefore, we conclude that (number of d.o.f.) < % 4=2
at the fully nonlinear level. On the other hand, in section 8 we shall explicitly show that
cosmological perturbations around FLRW backgrounds contain two tensor modes at the



linear level, meaning that (number of d.o.f.) > 2 at the nonlinear level. Combining the two
inequalities we conclude that (number of d.o.f.) = 2.

One can reach the same conclusion also in a more formal way. Since the actual calcula-
tion is somehow cumbersome, we shall simply give a brief outline. What we need to show is
that the consistency of the 14 constraints with the time evolution does not lead to additional
constraints but simply determines all Lagrange multipliers. For this purpose it is necessary
and sufficient to show that the determinant of the matrix {2 (z), Z292(y)} is non-vanishing,
where Z%1(z) (o0 = 1,---,14) represents the 14 constraints. In other words, we need to show
that, for a vector field v, the equation

/ dy{ 271 (), 27 (4) Yy () ~ 0, (2.37)

has the unique solution v, = 0. Once this proposition is proved, we can conclude that all
the 14 constraints are independent second class constraints and that the consistency of them
with the time evolution does not lead to additional constraints. Since we have 14 second-class
constraints in the 9 x 2 = 18 dimensional phase space, the number of physical degrees of

freedom in this theory is 3 - (9 x 2 — 14) = 2 at fully nonlinear level.

3 Lagrangian

The Hamiltonian equation of motion for e! j can be inverted to express 7 and I}/ in terms
of the extrinsic curvature as

i . oomEM ..
— KU _ KA T \QY 3.1
7 tAR R (3.1)
and
H]j = 27Tjk(5]J€Jk, (3.2)
where
0l = WK (e Ef + e Ej). (3.3)
Equivalently,
O, =W (6" ety el + ' ES). (3.4)

What is important here is that the relation (3.1) in MTMG differs from the corresponding
relation (2.16) in the precursor theory. This difference stems from the fact that the additional
constraints depend on the canonical momenta.

Hence the action of the theory is

S = /d4x [H[jélj — (H with ayn = Bun = 0)] , (3.5)

where we have dropped aynPMY and By nY ™Y from the Hamiltonian as they will auto-
matically come out (since © is defined as a symmetric tensor, and as we shall explicitly see
below) and it is understood that 7% and I1;7 are expressed in terms of the extrinsic curvature



using the above formulas. Explicitly,

m

4 2M .\ 1 ij okl
S = Spre — /d N/~ <4N)\> (%‘le - 2%3‘%1) RS
— / d*x ()\Co + AiCZ-)
2 M 2 1 ..
= Spre + /d49€Nﬁ TN (i — 57 ) ©707
4 N 2

- / d*z (\Co + N'C;) (3.6)
where Spre is the action for the precursor theory. It is understood that Cy is now defined as

1 .  mEM .
Co = m*M /AW’ [<%kE sel; — gyijyf ) <K” — Ky — 4N>\@”> — Y )f] , (3.7

while C;, PMN and YIMN] are defined as before. Finally, Cp is defined as
_ 1 y y
C() = CO’A:O = szﬁW]J |:<’yikEJk€Ij — 2'}’in][> (K” — K’y”) — Hgf)1:| . (38)

As a consistency check, let us calculate the Hamiltonian of the system defined by the
action and compare it with the Hamiltonian defined in the previous section. The system has
the following primary constraints

=0, m=0, =0, m =0, PMNM=p, (3.9)
where 7y, 7;, 7 and 771-)‘ are canonical momenta conjugate to N, N*, A and \!, respectively,

and PMN is defined in the previous section. The canonical momenta conjugate to el j is
then given precisely by (3.2). The Hamiltonian is then

H=H+ /d?’x (ANTFN + Al + Ay + Af\ﬂg\) , (3.10)

where H (with aMNP[M Nl and BMNY[M N] included) was defined in the previous section
and YIMN] has been added to the Hamiltonian as a solution to the secondary constraint
associated with the primary constraint PIMNI — (. Since H depends linearly on N, N%, A
and X!, it is obvious that 7y = 0, m; = 0, 7 = 0 and ﬂf‘ = 0 are first class. We can then
safely downgrade N, N* X\ and A to Lagrange multipliers, and drop my, m;, 7" and W;\
from the phase space variables. After that, the Hamiltonian H in (3.10) becomes manifestly
equivalent to H defined in the previous section.

4 Metric formulation

Let us introduce the Lagrangian of the theory in the metric formulation. In order to define
the theory in unitary gauge we need to introduce two explicitly time dependent external fields

Hij » ¢'j- (4.1)
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The meaning of these two fields can be better understood in the language of the fiducial
vielbein EM j as being

Yij = 01 BLEY (4.2)
- 1 .
¢ = MELlELj, (4.3)

where E;’ is the inverse vielbein. These two quantities are given functions of time (and
possibly of space).
Consider the tensor K™,,, such that

K™K = 3™ s (4.4)
and we define its inverse, £}, as
R™K, = 6™, (4.5)
In terms of the vielbein we can write

Kk, = Eyfe,, . (4.6)
&*, = ey"EM, . (4.7)

In the metric formalism, provided that Y;7 = E;%e’; is symmetric, we have

k
K= (Vi) ns (4.8)

k
&= (VIr3) s (4.9)
&Ky = 6% = KPR (4.10)

Let us build the following tensor
i _ [V il jj jlyi il jj iljciy _ 9 ij 4

oY = W{CM K1+ 47 KN) 4 o K(v Ky 447 KY) — 23]} + 2e397 | (4.11)

then we further define the four constrained imposed into the action in order to reduce the
degrees of freedom:

1 1 ’ ’
Co = sm* M (’Yik’le - %’ﬂkl) O (KY — K~")

2 2
—m? M <g[015 + eo(KE = K™l )] + c;:,ﬁmnf"m) , (4.12)
C" =m*M <£[C1K"¢ + e (KK — KK + c;;d"i) , (4.13)

where K% is the extrinsic curvature, K and ¢ represent K™, and (", respectively. The fol-
lowing is the action of the minimal theory of massive gravity written in the metric formalism:

M3 m? M\ 1 3
S = Spre + TP /d4ZL’Nﬁ <4 W )\> <’71k’7]l _ 27@]7]6[) @kl@l]
2

M, - )
T / d*z /7 [XCo — (DuA)) €] + Sina (4.14)
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where we have explicitly re-inserted standard units for the Planck mass, Mp, and integrated
by parts the constraint in A*. As it is well known, in the 143 formalism, it is possible to
write the action of General Relativity as

M
Sar = /d4xN\f[ R+ KK;; — K%, (4.15)
where
1
Kij = IN ('YZJ D;N; — DjNi)7 (4.16)
K = 9K . (4.17)
Therefore, we have
2 4
Spre = SGR 7P Z/d4l‘51, (418)

Sl = —m201 a (N + MIC) ’

Sy = _% m2co @ (2NK + MK? — M’Cijlcji) )
S3 = —m203ﬁ(M + Nﬁ) )

84 = —m2C4\/’>}/.

The contribution from Sy gives rise to a cosmological constant term. Furthermore, it is clear,
as expected, that also in the metric formalism the graviton mass term in the action, Z?Zl Si,
is linear in the lapses and does not depend on the shift variables. This is a consequence of
the Lorentz violations in the gravity sector.

The action for the minimal theory of massive gravity introduces four constraints associ-
ated with the four Lagrange multipliers A and \’, in addition to those associated with N and
N%. Tt is possible, in principle, to integrate out these Lagrange multipliers, e.g. the field )\,
leading to a non-standard contribution to the action since the dependence of the scalar Cy on
the extrinsic curvature. Therefore the action of minimal massive gravity cannot be written
as the sum of the Einstein-Hilbert term plus a general potential term.

As for the matter fields we will consider a pure dust component (see e.g. [27, 28]) as in

St = — / a4y =g p(n) + J°0ng] (4.23)
Pm = Hom, (4.24)

Jo B o 02NZ.N1 N2 2J0 zN I
o QB:\/(J)( );2” FIT% e
g —_

Where J% is a vector with weight 1, that is under a coordinate transformation it transforms as

j ax ,and J = det( 0z’ ) Instead, p,,, n and ¢ are scalar fields. The numerical

constant MO represents instead the mass of one dust particle. The 4-vector of the dust fluid,
u®, is defined via

J* =n\/—gu®, (4.26)

— 12 —



as this vector is normalized, u“u, = —1. On taking variation of the action with respect to

J%, one finds
1
Ug = — 0. 4.27
i (4.27)

As for dimensions of the new introduced quantities, we have [\] = M~ = [\], and [Cy] =
[Ci] = M3.

5 Friedmann background

From the Lagrangian approach, the Friedmann equation reads

Ey = 3M3H? — p — pg — pr =0, (5.1)
where
2M2
pp= 5 (eat 36X 430 X7 + e X7), (5.2)
. 3M§m4(01X2 +2co X + c3)?M?)\? 3M1§m2H(ch2 +2co X + c3) M\
Pr= 16N? - ON - (53)

The second Einstein equation reads

. 2H P, + Py
Ey =" +3H>+ ¢ =0.
1 N + + MI%
where
. [M(e1 X% +2c5 X + ¢3) + N(caX? +2c3 X + cq) m? M3

P, =— : (5.4)

g 2N
P - szE,M(chQ—i—ZcQ X+e3)\ N m4MF2,M2(01X2+262 X+e3)(c1 X2 —2c9 X —3c3)\?

A 2N?2 16N2

XM (lMX +coNX + oM +cuN) Hy | (1X? + 262 X + ¢) (VN — MN)
N2 2N3
xmZMEN. (5.5)

We also have introduced the quantity

a
=2 .
Na’ (5.6)
a
H: = .
r= 3 (5.7)
a
X = —. .
. (5.8)

We also have the equation of motion coming from variations of the Lagrangian with respect
to A, as in
2M (XHf—H) (c1X?+2c0 X + c3) M*m>\

By =m?(c1 X% 4 2c0 X + ¢3) N — SN =0. (5.9)

From this last equation, we can notice the existence of two branches.
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The matter satisfies the usual conservation equation

E,= %’“ +3Hpm =0. (5.10)

We can build a convenient non-trivial linear combination of equations as in

E 3M2 3M2
Ep = WO +3HEy — “F [ANH +m* M1 X2 + 26 X + ¢3) By + =

Eyx+E,=0.

Then we find that Ep can be written as a polynomial expression in A, given by

Ep = Cg)\g +C2/\2 +GA=0,

where
3M1%M3m6‘(ch2 +2c2 X +¢3)? (X201 —2Xcy — 303)
G =- TE , (5.11)
3MB(c1X? + 2cp X +c3)M?*m* (HX?c1 +2X?Hycy —2HXco+2 X Hypes — 3 Hes)
G =- V2 )
(5.12)
3m2M (X?%c1 4+ 2 Xeg + 3) [MEm? (X2 + 2 Xeg + ¢q) — 2P
G = SN
 3MEXMm? (Xey+c3) HHy  3MEMm? (XPc; — 2X ¢y — 3¢3) H (5.13)
N 4N

This equation should be used in order to find the background value for A in the Lagrangian
formalism.
We can introduce an effective equation of state parameter for the massive-gravity com-
ponent, as
M(61X2 + 202X + 63) + N(CQX2 + 263X + 64)

Pg
= te . 5.14
Y9 =0, N (ca + 3c3X + 363X2% + 1 X9) (5.14)

5.1 Self-accelerating branch

In this case we consider the case
1 X?4+2cX +¢35=0, (5.15)

which implies that X = constant. In this case we find

pr =0, (5.16)
pg = mQ;WPQ) (c4 — 3caX? — 2¢1X3) = constant,, (5.17)
Py = —pg, (5.18)
wy = —1, (5.19)
Py = X]frw(clx + ¢3) H\{ - X] m?MENH . (5.20)
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Furthermore, we have

M
Ep = 3m*MENH (c2X + c3) N [H—-XHs =0, (5.21)
for which we find for A the solution
A=0, (5.22)
which also implies
P,=0. (5.23)

In this branch, we have that at the level of the background we have a pure cosmological
constant. In this case we can summarize the equations of motion as

H pm

— = MEH? = p,, . 24
N ZMPQ) 9 3 P P + pg (5 )
5.2 Normal branch
In this case we have the solution
4(Hf X —H)N
A= . .2
m2(c1 X2 +2c X +c3) M (5.25)
Then we find that
Ep = —g [Mgm?*(coX? + 2c3X + ¢4) —2MpX°H} —2P)(H — Hy X) = 0. (5.26)

We now show that the first factor on the right hand side is non-vanishing and that
H=XHy,

is enforced. To prove this by contradiction is easy. For this purpose, let us suppose that
H # X Hy, then we find

SM_ (NX — M)  3[2MEX2Hy + M(P + p)]
XN °" NX(XH;—H) "~ NX

3SMEE, — =0. (5.27)

This condition would introduce a would-be extra dynamical constraint, in addition to the
Friedmann equation, which will not be in general satisfied. Therefore the only physical
solutions to Fp = 0 are those satisfying (5.2), which, in turn, leads to

A=0.
Therefore, no matter which branch we are in, we will always find:
px =0, P\, =0. (5.28)

However, if the self accelerating branch was leading to a pure cosmological constant, for the
normal branch, we have the possibility of a non-trivial dynamics for the background.
In fact, the Friedmann equation reads

3MEH? = pp + px + P,
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where we have found it convenient to split the total gravitational energy density p, into a
pure cosmological constant term (proportional to ¢4) and in a (non-trivially) dynamical term
px as in:

m2M2
px = 2P@%X+3@X2+qx%, (5.29)
2 2
cam” M
pA = 4345443, (5.30)
Pg = PA + Px - (5.31)

Indeed at the level of the background, there would be a dark component whose effective
equation of state would be given by:

M(61X2 +262X +63) +N(02X2 +263X)
N (303X + 3 X2 + 01X3)

which is, in general, a time-dependent quantity. We notice here that in the case the dynamics
leads to

X — Xy = constant, and M = XyN, then wx — —1, (5.33)

In other words, after choosing a specific dynamics for the fiducial metric, it is possible to
have also px behave as a cosmological constant component.

6 Scalar perturbations

Let us consider perturbing the metric in the following form

ds3 = a*[(1 + 2¢)d;; + 20;0;s] dx'da? (6.1)
N =N(t)1+a), .
Ni = N(t) 0ix, (6.3)

and let us perturb the dust components as follows

JY = Ny + 8o, (6.4)
t
wz—m/N@W—mw“ (6.6)

where Nj is a constant resulting from integrating the background equation of motion for

¢, which satisfies the relation p = poANp/a®, and corresponds to the total number of dust

particles. We can also verify that combining eq. (4.27) with eq. (6.6) leads to du; = —vp,.
We also need to perturb the Lagrange multipliers as follows

A=), (6.7)
i oY
N = 5 9500 (6.8)
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In the following, it will be useful to introduce the following gauge invariant variables

x 1d/[ad?
OogrX_ Lldfas 6.9
*tN Nﬁ(N)’ (6:9)
(I>:—C—Hx+a2H%, (6.10)
dpm
Sy = pL + 3Hu,, . (6.11)

The two potentials ¥, ® reduce to the Bardeen potentials in the Newtonian gauge.
Since we have that p,,, = p;,(n), on expanding it up to first order, we find that

5pm 5]0 2
== —3C - 9s, 6.12
ol N s (6.12)

so that, on using eq. (6.11), we can substitute djp in the Lagrangian for d,,.

6.1 Self accelerating branch

After expanding at second order the action, one finds that the perturbation field 6/ gives the
constraint ( = 0. Furthermore, the field 0\ gives the extra constraint s = 0. Therefore the
Lagrangian reduces to

k2,u,05j2 ,U,Qk2 -]\]']CQMOJ\/'OX2

2Na? N 202
3N 2
+ 2M2HNak?ax — 3 MEH2:Na*a® + 3 N HuppoNoa — ’W . (6.13)
P
Let us first integrate out the field 07, as
07 = —=No N (0 + X) - (6.14)
Then the Lagrangian reduces to
N
L = (0m — Na) poNodm + <2M1%HNaoz - W) k*x — 3MEH?Na3a?
N (2M3 k? + 3 pma?) poNov?
+3NH,LLON00(Um — 4a2MP2) m (6.15)
Next let us use the equation of motion for y to integrate out o. Then we find
. N pimv 1
L= <Um — 2%;) P> O — 3 Napmk%?n. (6.16)

Finally, we can integrate by parts ©,,, so that v,,, becomes a Lagrange multiplier which can
be easily integrated out. In fact, we find

aPpmd2  aPp2, NO2,

L= 6.17
2N k2 4MBK2 ( )
and the no-ghost condition reduces to p,, > 0. The equation of motion for d,, reads
1 d (om Om
_ _ _— = . 1
th(N) 2HN ATGN P Om =0 (6.18)

which corresponds to the standard GR equation of motion. Therefore the phenomenology of
this branch coincides with the one in General Relativity. In particular, this mode has ¢? = 0,
as expected.
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6.1.1 Phenomenology

Let us consider the equations of motion for the gauge invariant fields. Since (, s vanish, we
find that

X
U = 1
a—i—N, (6.19)
&= —Hy, (6.20)

On combining several equations of motion we find, without any approximation,

n=—=1, (6.21)

k2

which describes exactly the phenomenology of the dust fluid in General Relativity. Therefore
we conclude that, regarding the scalar sector, we should not see any difference between the
minimal theory of massive gravity and General Relativity. The difference only appears, as
we shall see later on, in the tensor sector, since the gravitational waves acquire in general a
NON-zero Mmass.

6.2 Normal branch

Here we discuss the behavior of the perturbations and their phenomenology for the normal
branch of the background solutions, namely the ones defined by

X
N H(r—1), (6.23)
where we have introduced the quantity
M
=——. 6.24
=Ny (6.24)

Therefore for » = 1, X is constant and its contribution reduces to a cosmological constant.
After expanding the equation of motion at second order in the fields, the Lagrange multiplier
0¢ gives the following constraint

¢=0. (6.25)

We then integrate out the fields §j and d\ (using their own equations of motion), and replace
djo in terms of

850 = No (6, — 3Hvy, — k%s) . (6.26)
Then one can solve the linear constraint of « for the field v,,. After this step we can integrate

out the field y, so that the Lagrangian takes the form

L= M3Na? : (6.27)

—C k' + <C’2 %m + C3 5m> k%s — Cy02,
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where

_ 2MB(m*Ty + H?)*k? N 2m*Ty (m°T' + H?) N 2MEm2Ty (m?Ty + H?)? (r — 1)

C1= 9a2H2p,, 3H?2 3H2p,, ’
(6.28)
2 (m?I'y + H?)
Cg=———2~ 6.29
? 3H ’ (6.29)
2(m?Iy + H*) k*  (2m?T, + H? 2m*Ty (r — 1) (m?T'y + H?
C3 — (m 1+ ) + ( m-1li ;_ )Pm + m-Li (T ) (m 1+ ) 7 (630)
9a2H? 3MzH? 3H?
pm k? P
Cy= 6.31
YT I8MZaPH? T 12MAE? (6.31)
where we have defined x
M= (1 X? + 202X +¢3). (6.32)
After integrating out the auxiliary field s, we find
1 .
L=MENa’Q D 02 +41Geog pm 02, (6.33)
where
C3
= — 6.34
C2*4C401 03(3*61+62+63)H
4nG = -3 - : 6.35
T eff P C22 02 ( )
e e G
VT NHC, T NHC, T NHCGy (6.36)
so that the no-ghost condition for the field §,, is equivalent to setting
Ch>0. (6.37)

6.2.1 Phenomenology

Let us consider the equation of motion for the variable §,,. The time-evolution of the variable
0 describes, at linear order, the growth of structures in our universe. It can be written as

%% (%) 2H Ci(t, 1) ‘;’V” — An Gl (£, k2) p 6 = 0, (6.38)
where )
s = % (3 + m?r@) | (6.39)
In the large k-limit, the coefficients of the differential equation reduce to
Cs =1+ 0(k™%), (6.40)
g]f = g;" +O(k™2), (6.41)
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where we have defined

Iy = %X (a1 X? —c3),
G %(" M4) {"‘; £ +3[[(2r+3)+ o (1—r ]} g +3[201 7+ Ta(1—1)| Fi +1803 (r—1)
Gn — )2

o (3F1 + 2M2 + mg’]y\ilg)

Here we have used the Friedmann equation 3M1;2,H 2= pm+ pg, in order to make appear only
the dust density and the dark energy density induced in the MTMG theory, pg.

We notice here that in the large-k limit, the leading term in Cj, which corresponds
to the no-ghost condition, is positive. On assuming that for some redshift interval we have
Pm = |m2\M}2), but still [pg| < pm, then one can find a non-trivial evolution for the matter
density profile, even in the case r = 1 (for which p, is a constant), as

Geff 2Pm +15 M}%mQFI Pm

6.42
GN (pm + 3M2m2F1) ( )
In this same case, if the following inequalities are satisfied
2pm
<T <0, 6.43
T 1502 m? (6.43)

then it is possible to have 0 < Geg < Gy, i.e. weak gravity regimes, together with a positive
mass for the gravitational waves, as will be explained in section 8.

It is possible to write down the expression for the fields ¥ and ® in terms of 8,, and d,y,.
On considering the quasi-static approximation, namely that k/(aH) > 1, and, at the same
time, 5m/N ~ H§,,, then we find that

1\ 3MET1m? + pm + G
N == — (BMELym® + pm + py) off (6.44)
¢ Pm + Pg Gn

k2
——3 ¥ = 47Cegt prm O . (6.45)

where we have also imposed that 3M3H? = p,,, + Pg-

Therefore, in general, at those redshifts for which H? < [I'ym?| is verified, it is indeed
possible to have a non-trivial phenomenology (compared to GR) in the normal branch, even
if no extra-scalar mode has been added into the theory. On the contrary, for those redshift for
which |Tym?| < H? holds, then the phenomenology will tend to agree with the one of GR.

7 Vector modes

On perturbing the action for the vector modes, we consider the metric perturbations as

follows
vij = a* (8 + 0,C] + 9;CY). (7.1)

Furthermore the shift vector will be split as

N, = N(t) VT, (7.2)
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and also the perfect fluid will possess vector modes u;‘F Finally the vector A\’ will have a
vector mode contribution as ' ‘
A= L%, (7.3)

with CiT , VZ-T, uZT and LiT all satisfying the usual transverse relation, e.g. 8ZCZT =0.
Treating the perfect fluid along the lines of [29], after expanding the action at second
order for the vector-mode variables, one finds that the constraint L7, sets

clr=o. (7.4)

(2

In this case the action exactly reduces to the action in General Relativity describing the
tensor modes. Therefore the phenomenology for the vector modes is exactly the same as in
General Relativity in both branches. In fact, we find

8 Tensor modes

The tensor modes for this theory have been already discussed before in the literature [19].
But it is easy to see that since the constraints coming from A and A’ have only scalar and
vector contributions, then the tensor mode action, at quadratic order, will be exactly the
same as in dRGT model. In particular we find

M2 h3  (Ohy)?
S = ?P Z /d4$Na3 [Nz - — 3|, (8.1)
A=+~
where 1
p? = 5 m? X [c2X + ez +7r X (aX + ). (8.2)

This expression is valid both for both the normal branch and the self-accelerating one. In
order to ensure stability, one requires ;> > 0.

In the case r = 1, in the normal branch, we find that u?> = —2I'ym? > 0, so that, in this
case, m? and T'; need to have opposite signs. In the same case, r = 1, in the self-accelerating
branch, since I'y = 0, actually p? vanishes. It should be mentioned that in both branches
the phenomenology of the tensor modes is different from General Relativity because of the
presence of the mass u for the gravitational waves.

9 Conclusions

After reformulating the minimal theory of massive gravity (MTMG) [19] in terms of its
Lagrangian in both the vielbein and the metric formalisms, we have studied the evolution of
the linear cosmological perturbations in both the self-accelerating and the normal branches
with a dust fluid. Solutions in both branches are stable as far as u? > 0. The strongest
phenomenological upper bound on g known to date is: fiyoday < 7.6 X 10720eV (Htoday <
1.8 x 107° Hz) from binary pulsar [30, 31] and poday < 1.2 X 10722 eV (ptoday < 2.9 x 1078
Hz) from the detection of gravitational waves by LIGO [32], where fisoday is the value of 1 in
the late time universe.

— 921 —



We have found that the phenomenology in the self-accelerating branch exactly coincides
with the one in general relativity (GR), except that the expansion of the universe acquires
acceleration due to the graviton mass term even without the genuine cosmological constant
and that the tensor modes acquire a non-zero mass. Therefore, the MTMG serves as a stable
nonlinear completion of the self-accelerating cosmological solution [6] found originally in the
de Rham-Gabadadze-Tolley theory [3, 4].

In the normal branch we have found that in addition to having massive tensor modes,
the scalar sector gets affected in a non-trivial way, leading to a modified dynamics (compared
to GR) for the only scalar dynamical field 6,,. In particular both the friction term and Geg
get modifications which depend on the parameters of the theory and on the time-dependent
fiducial metric.

Depending on the actual value of u, then it is possible to distinguish two different eras
of the normal branch: a) H > p (at early redshifts), and in this case the phenomenology
tends to coincide with the one in GR; b) H < u (at intermediate/low redshifts), and in this
case the dynamics of §,, gets, in general, significant modifications. In this case, though, also
the background will feel significant contributions from the MTMG sector. However, these
contributions depend on the dynamics of the fiducial metric. In fact, it is even possible to
choose the fiducial metric so that p, (the MTMG effective energy density in the Friedmann
equation) in the normal branch behaves as an effective cosmological constant.

We have studied the behavior of Geg and 7 in the large £ limit and found that in
the normal branch, there exists non-null parameter-space for which Geg < G, while the
background is stable, namely the graviton mass squared is positive. Nonetheless, at low
redshifts, when p,, ~ p4, then the evolution of Geg will be strongly parameter dependent. We
leave the study of consistency of the theoretical predictions with the data to a future project.

While the main focus of the present paper was on phenomenological aspects of MTMG,
here we point out some of theoretical issues to be explored in the future work. The identi-
fication of the strong coupling scale and the cutoff scale is among the most important ones.
Because of the existence of non-trivial constraints that are essential for the exclusion of the
scalar mode, the analysis in the previous attempts of Lorentz-violating massive gravity in
the literature does not necessarily apply to MTMG directly. In this respect, it is expected
to be insightful to see how helicity-0 and helicity-1 degrees are removed in the Stueckelberg
language that was introduced in the context of massive gravity in [33].

As already stated in the introduction, Lorentz violation in the matter sector induced
by graviton loops should be suppressed by a minuscule factor m? /Mg, where m is the gravi-
ton mass. It is worthwhile proving this by explicit computation. Calculation should be
straightforward, but one might need to deal with some complication due to the existence of
non-trivial constraints in the gravity sector.

As constructed in [19] and reviewed in section 2 of the present paper, MTMG was
obtained by imposing two additional constraints on the precursor theory. The additional
constraints are chosen carefully so that they do not over-constrain the system nor kill the
FLRW background solution. We conjecture that our choice, i.e. Cy and the linear combina-
tion of C; (i = 1,2,3) that is orthogonal to C; (7 = 1,2), is unique if we further demand
that the resulting theory should respect the spatial diffeomorphism invariance. One of the
reasons behind this conjecture is that for the FLRW background in the precursor theory, Cy
is essentially the time derivative of the primary constraint Rg. Another reason is that the
three components of C; (i = 1,2, 3) form a spatial vector and that C, (7 = 1,2) are two linear
combinations of them. It is worthwhile proving this conjecture in a more rigorous way.
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Last but not least, it would be interesting to seek a UV completion or a partial UV
completion of MTMG.
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A The canonical field for dust

In this paper, we have made use of an action for the perfect fluid, which is not commonly
used in the literature. Indeed, in order to study the scalar perturbations of a perfect fluid
with barotropic equation of state P = P(p) (dust in particular) it is sufficient to study the
action [34]

Spt = / d*z/—g P(X), (A1)
where X = —(00)?/2, and o is a scalar field. On defining

0,0
Uy = — \/’;7 , (A.2)
we find that, on studying the perturbations of such a field, du; = —9;v,, where N(t)do /o =
U, (assuming & > 0), then, for a general fluid, we find that, on choosing the gauge-invariant
combination v, — (/H as the canonical field, the action for the scalar perturbation tends to
blow up in the limit ¢? — 0, where ¢2 = Px/(2XPxx + Px). One may wonder why this
happens, as in this work, the action for the scalar modes remains always finite.

It is not a problem intrinsic of the action written in eq. (A.1l), rather it is a problem
of the choice of v, as the field which is supposed to describe the degrees of freedom of the
system. There are several ways to prove this statement. In fact, it is clear that for a dust
fluid in General Relativity, in the flat gauge (¢ = 0 = ), the equation for v, can be found
by taking variations of the Lagrangian (6.16) with respect to d,,, and reads as follows

Um Pm
m =0 A3
N oMZH' (8-3)

This same equation of motion can be found independently of the action one considers. For
example, on using the action given in eq. (A.1), it corresponds to combining the equation of
motion for the field x with oo = 9y, /N.

Most importantly, eq. (A.3) is a closed equation for the field v,,,. Therefore it completely
determines the evolution for v,,. In particular, the essential point here to notice, is that this
equation is only first order. Therefore, there is only one single initial condition which need to
be imposed in order to completely determine the dynamics of the field v,,. In this case, if it
were possible to choose v,, as the canonical field for the dust fluid, this would imply that the
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scalar sector of the dust fluid would have only 1 degree of freedom (rather than two). This is
impossible, as indeed the equations of motion coming from the Lagrangian in eq. (6.17) for
the field ¢, do require two independent initial conditions (or, equivalently, there is another
one independent initial condition to be imposed in the Lagrangian in eq. (6.16) for the field
dm). Therefore the canonical field for the dust fluid cannot be chosen to be proportional to
Um, but it can be chosen to be proportional, e.g. to d,,.

B Integrating auxiliary variable in & out

Let us consider a simple harmonic oscillator described by the Lagrangian

A B
L==¢—=¢. B.1
50— 54 (B.1)
This can be rewritten as
A AD? + BC?
L= 2702(6@ + Dq)* — %qQ + (total derivative). (B.2)

This Lagrangian is equivalent to the following one.

AD? + BC?
—_— 7(] .

= A
L= 55 [2Q(Cd+ Dq) - Q7] et

502 (B.3)

It is easy to see that the previous Lagrangian is obtained from the present one by simply
integrating out ). In other words, L is obtained from L by integrating-in the auxiliary
variable ().

Let us now integrating-out the original variable ¢ from the equivalent Lagrangian L. To

do this, we first perform an integration by part to obtain

2

P AD? + BC? A(CQ — DQ)
B 202 AD? + BC?
A2 . AB ) L
+2(AD2 B0 Q" — S(AD? 1 BC2)Q + (total derivative). (B.4)

By integrating-out ¢, we then obtain the following equivalent Lagrangian

_  A. B
L=20%-202 B.5
0 -5 (5.5)
where 2 y
_ _ B
A = B = B.6
AD? + BC?’ AD? + BC? (B.6)
For example, if we choose
A=1, B=¢, C=1, D=0, (B.7)
where € is a constant, then we obtain
_ 1 _
A= = B=1 (B.8)
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We thus have the equivalence
L=t -S¢ o L=l lo (B.9)
2¢2 277 ’

under the correspondence
Q=q. (B.10)

This is equivalent to the following canonical transformation

Q =D, P = —dq, (Bll)

where p = ¢ and P = Q /€ are momenta conjugate to ¢ and @, respectively. The Hamilto-
nians corresponding to the Lagrangians are equal to each other.

1 €2 €

1 _
— P24+ -Q*=H. B.12
5 5P 350 (B.12)
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