Cauer Circuit Representation of the Homogenized Eddy-Current
Field Based on the Legendre Expansion for a Magnetic Sheet
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Using the Legendre expansion of the magnetic field distribution, we derive the standard Cauer circuit representation of the
frequency-dependent properties of magnetic sheets and discuss its physical meaning. The representation of nonlinear inductors is
derived so as to apply the Cauer circuit in the dynamic hysteresis modeling of silicon steel. This circuit accurately reconstructs the
hysteretic property under pulse-width-modulation excitation using only one or two hysteretic elements.

Index Terms—Cauer realization, dynamic hysteresis, Legendre polynomial, pulse width modulation.

I. INTRODUCTION

PROGRESS in the semiconductor technology has resulted in
advanced power control with high-frequency switching
operations that induce complex dynamic hysteretic magnetic
fields in iron cores. Minor hysteresis loops and eddy-current
fields with thin skin depths are significant within these cores.

Several homogenization methods [1]-[5] have been
developed for efficient analysis of the laminated cores that
avoid the finite-element division along the stacking direction
of the silicon steel sheets. However, an accurate evaluation of
the eddy-current field in sheets displaying nonlinear magnetic
properties is difficult without a one-dimensional sub-analysis
along the sheet-thickness direction [1]-[4]. The sub-analysis
requires the division along the thickness direction to skin
depth scale. For example, if the skin depth is 0.5 mm at 50 Hz,
it becomes 0.05 and 0.01 mm at 5 kHz and 125 kHz,
respectively, resulting in a fine element grid for the steel sheet.

An efficient representation of the frequency-dependent
properties of magnetic sheets is achieved using the standard
and physical Cauer circuit representations [5]—[7] based on the
linear eddy-current theory. Although the standard Cauer
circuit is obtained directly from the linear theory, it has not
been applied to nonlinear eddy-current analysis because its
physical meaning is unclear. In contrast, the physical Cauer
circuit has been used in nonlinear analysis because of its clear
physical meaning. In the nonlinear case, however, the physical
Cauer circuit requires more inductive elements than expected
from the linear circuit, even after circuit optimization [5].

Ref. [8] discusses the meaning of the truncated standard
Cauer circuit with two inductors comparing the
homogenization method developed in Ref. [2], [3] based on
the Legendre expansion. Here we derive the standard Cauer
circuit directly from the Legendre expansion for the magnetic
field to consider the physical meaning of this circuit. The
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representation of a nonlinear inductor is derived to apply the
standard Cauer circuit to the dynamic hysteresis modeling of a
steel sheet.

II. DERIVATION OF CAUER CIRCUIT BY LEGENDRE
EXPANSION

A. Cauer realization

The magnetic field in the steel sheet of thickness d is
governed by
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where ¢ is the conductivity. A linear eddy-current theory for

the magnetic sheet gives the relationship between the average
magnetic flux density B,, and the surface magnetic field H; as
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where k = (—joop)"%, © is the angular frequency, and p the

permeability. By expanding tan(kd/2) or tanh(jkd/2), (2) is
represented by the infinite RL ladder circuit [6], [7] (see Fig.
1), where p and 4/cd” are replaced by the inductance L and
resistance R, respectively. This circuit is called the standard
Cauer circuit.

B. Legendre expansion

Refs. [2], [3] describes a homogenization method where the
magnetic flux density distribution along the thickness
direction is expanded as Legendre polynomials [9] P,,(x) (-1
<x<1,n=0,1,...)as
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This subsection derives the standard Cauer circuit using (3)
and the orthogonality of the Legendre polynomials below:
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Fig. 1. Standard Cauer circuit.
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Fig. 2. Truncated standard Cauer circuit: (a) with one inductor and (b) with
two inductors.
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Fig. 3. Physical Cauer circuit: (a) with one inductor and (b) with two inductors.
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(1) is rewritten as

2 T
proP_ a5 )
0z° dr

Using the relations,
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From (9) and the orthogonality (4),
Fr 2 gy (12)
dt od?
is obtained. As the surface magnetic field H; is given as
H0= LB =k O+ O+ h @+ (1)
U

(12) describes the equation of state for the standard Cauer
circuit of Fig. 1, where
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The physical meaning of the standard Cauer circuit was
discussed in [8] and is given as follows. When the frequency is
low, hy(?) (= Hy(?)) is the dominant current and the flux change
d®y/dt = Ldho/dt induces an eddy-current A,(¢) = (dB,/d?)/(3R).
Accordingly, the magnetic flux @, = (L/5)h, is regarded as the
secondary flux generated by the induced current /4,. This
explanation is supported by the Legendre expansion. The
uniformly distributed magnetic flux density byP, induces the
eddy current distributed linearly along the z-direction, which
yields the parabolically distributed b,P,.

Furthermore, (3), (6), and the orthogonality (4) give the
magnetic energy w(¢) per unit volume as
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Note that the energy associated with the flux distribution
Who(H)P>,(2z/d) in the magnetic sheet coincides with the
energy stored in the inductor L/(4n+1) of the Cauer circuit.
The physical magnetic energy in the magnetic sheet is
conserved in the Cauer circuit representation.

By truncating the standard Cauer circuit (Fig. 2), they can
be converted to equivalent types of RL ladder circuits (Fig. 3).
These circuits are called physical Cauer circuits because the
ratio of the inductances corresponds to the nonuniform
physical division [5]-[7] of the half thickness /2. The
truncated circuit shown in Fig. 2(a) is the same as the circuit in
Fig. 3(a), which in classical eddy-current theory represents
od’ dB,,

12 dt
The equivalence of truncated standard Cauer circuit to the
homogenization method in [2], [3] is proved in the Appendix.

When the Cauer circuit is truncated with (N+1) pairs of L /
(4n+1) and (4n+3)R (n = 0, ..., N), its impedance at high
frequency (@ >> R/L) asymptotically becomes 3R + 7R + ... +
(4N+3)R = (N+1)(2N+3)R Dbecause the inductors are
approximately open-circuited. This means that the iron loss for
the sinusoidal B with amplitude B, becomes
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From (2), the infinite Cauer circuit gives the iron loss as
w3/282
P~ ——% (wL>>R)- (18)
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Equating (17) with (18), the frequency range where the
truncated Cauer circuit is applicable is evaluated as
_(N+1)’Q2N+3)’R (19)
- 2L

Equation (19) implies that a small increase of N results in a
large increase of frequency range.

o< o,

C. Nonlinear inductors

If the static magnetic property of a steel sheet has
nonlinearity represented by Hy = Hpc(Bay), the first inductor L
is replaced by relation /1y = Hpc(®y). Magnetic fluxes ©,, @y,



. can be regarded as corrections to flux @,. If the flux
correction is small and Hpc is not a hysteretic function, one
obtains
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where pg = [dHpc(®o)/d®o] " is the differential permeability.
By setting
=L, 00,0 T e
Hq

and replacing p and L by pg, (7), (9), and consequently (12)
hold. By setting,

By (t) = Hpo (by (1)) s by, (1) = by, (1) 1, (m=1,2,...).(22)
(12), (13), and (14) describes the equation of state for the
standard Cauer circuit (Fig. 1) with the state variables @, (n =

..), where Lk is replaced by @, satlsfylng ho = Hpc(Dp).
The relatlon between Ay, and ®,, (n = ...) 1s given as
hy, (t) = (dn+ 1), (£)/ 11y (23)

where pq is a function of by = @,

If Hpc is hysteretic, however, the linear approximation (20)
does not hold because the past history of the input perturbation
affects the present hysteretic output. Instead of using (20), Ref.
[8] proposed a finite difference approximation

dn+1
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where ¢ is a constant and H,. is affected by the history of @,
and ®y+ed,,.

To represent the nonlinear inductor L/(4n+1) (n =1, 2, ...),
we propose a rough approximation using (20). By neglecting
hysteresis, Hpc is approximated by a single-valued function
HyB) to give the differential permeability as pg =

[dHy(Do)/dDo]™". To approximate Hpc, two types of single-
valued functions below are examined:
H,=H, (B)=—~ [H (B)+H_(B)]> (25)
H Hrev(B) (26)

where H,.(B) is given by the average of ascending curve
H.(B) and descending curve H_(B) of the major loop of
Hpc(B). The second function He.,(B) is the reversible
component of Hpc(B) used to approximate Hpc(B) under the
pulse-width-modulation (PWM) excitation. If the fundamental
frequency of the PWM waveform is low, the fundamental
component is not affected by elements of L/(4n+1) and
(4nt3)R (n > 1). The PWM carrier frequency yields small
minor hysteresis loops, which are affected by L/5 and 7R.
Accordingly, x4 can be given by the incremental permeability
(AB/AH in Fig. 4) of minor loops, which is roughly
approximated by dH,.,(B)/dB.

In the physical Cauer circuit, the k-th inductor L/ay can be
replaced by the relation &, = Hpc(ou®;) because Loy
corresponds to the magnetic flux passing through 1/0; of the
sheet's thickness. A similar interpretation for inductor L/(4n+1)
in the standard Cauer circuit is given by /,, = Hpc((4n+1)D,,),
which does not give more accurate results than (24) [8].

minor loop
(dHrev) 1 \

H  AH
Fig. 4. Permeability for the minor B—H loop.

III. NUMERICAL RESULT

B-H loops and iron losses of a non-oriented silicon steel
sheet, JIS: 35A300 were measured with a single sheet tester
using two-types of PWM waveforms, for which the
fundamental and carrier frequencies are 50 Hz and 10 kHz.
The static hysteretic property H = Hpc(B) for the steel sheet is
represented by the play model [10]. The measured B,, is given
to simulate the surface field H,.
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Fig. 5. Simulated B-H loops for 2 types of PWM waveforms where measured
iron losses per cycle are 458 and 252 J/m®: (a) classical eddy-current theory,
(b) standard Cauer circuit with finite-difference approximation (21) with € = 1,
(c) standard Cauer circuit with average approximation, (d) standard Cauer
circuit with reversible component approximation, (e) physical Cauer circuit,
and (f) finite element method.

Fig. 5(a) shows the simulated B-H loops produced by the
standard Cauer circuit, shown in Fig. 2(a), which is equivalent
to the classical eddy-current theory. Fig. 5(b)—(d) given by the
circuit shown in Fig. 2(b), where (b) the finite difference
approximation (24), (c) the average approximation H,., and
(d) the reversible component H,, are used to represent the
second inductor L/5. For comparison, Fig. 5(e) and (f) shows
the B-H loops given by the physical Cauer circuit shown in
Fig. 3(b) and the one-dimensional finite element eddy-current
analysis along the z-direction with 10 first-order elements.



Assuming that @,, is small, € in (24) is set to 1. Fig. 5(a)—(f)
presents the computed iron losses per cycle for the PWM
waveforms 1 and 2, which in measurements yield 458 and 252
J/m’. The PWM waveform 1 has 1.2 % of 200-th harmonic in
B,, due to the carrier wave whereas the waveform 2 has
0.17 % of (400+1)-th harmonics. If the linear magnetic
property is assumed with L =5 x 107 H/m and R = 12 Q/m,
wo/27 and /2w are 1.7 and 19 kHz from (19) and the ratio of
amplitude of b, to that of b, is 0.09 and 0.06 for the
waveforms 1 and 2. The classical eddy-current theory
overestimates the component of carrier frequency [Fig. 5(a)],
because the effect of secondary flux ®, is neglected even
though the carrier frequency is larger than oy/2n. The average
approximation underestimates the minor loops [Fig. 5(c)]
because the inductance L/5 given by [dH,y(Do)/dD,] ' / 5 is
too large for the minor B—H loops. In contrast, the reversible
component approximation achieves an accurate representation
as the finite-difference approximation and the finite-element
method (FEM) because dH (®y)/d®, gives a good
approximation for the permeability of the minor loops. Note
that the standard Cauer circuit using H., requires only one
hysteretic inductor whereas the Cauer circuit with the finite-
difference approximation needs two hysteretic inductors, and
the FEM requires as many hysteretic elements as the number
of finite elements. The physical Cauer circuit with two
hysteretic inductors results in a slightly inaccurate outer B-H-
loop representation, which is improved by increasing the
number of inductors because the physical Cauer circuit is
equivalent to the nonuniformly divided FEM.

IV. CONCLUSION

Using the Legendre expansion of the magnetic field
distribution, we derive the standard Cauer circuit
representation of the frequency-dependent properties of
magnetic sheets. The circuit representation provides us useful
information such as the applicable frequency limitation due to
the truncation. The representation of the nonlinear inductors is
derived and gives accurate dynamic hysteretic properties for
silicon steel under PWM excitation only with one or two
hysteretic inductors.

APPENDIX
From (8), one obtains that
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From (27), we have
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Using the truncated Legendre expansion

B(t,z) = ibu (t)PZH[%j

n=0
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Ref. [2], [3] integrates (1) twice with respect to z to obtain
B dB(t,z) _ &db,, (1) 2z (30
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Using (30), H(¢, z) is rewritten in the form
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If linearity is assumed for the magnetic property H(z, z) = B(t,
z)/u, the orthogonality of Legendre functions leads to
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where b4, is set to 0. Setting as in (14), (30) is rewritten as

Il oL@y, db,
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+ 1 (dCDanZ _ dq)Zn )
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Loyt = .0+ = @2 9P, (33)
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where @,y is set to 0. The equation of state for the standard
Cauer circuit truncated with N inductors is given by (33).
Using the linear approximation (20), the weak form of the
constitutive equation proposed in [3] for the nonlinear
property is similarly represented by the standard Cauer circuit.
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