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Abstract

The laser plasma interactions in the presence of strong magnetic field have received attractions recently due
to the success generation of kilo-tesla magnetic field. The introduction of perpendicular or parallel magnetic
field could potentially benefit many applications, e.g. the plasma based particle acceleration, the harmonic
generation, the tunable terahertz radiation generation and magnetically assisted fast ignition. This thesis is
thus devoted to study the effects of strong parallel magnetic field on the laser plasma interactions,
specifically on the various laser propagation modes and soliton formation by both the particle-in-cell (PIC)

simulations and theoretical analysis.

As an introduction, the relativistic dispersion relation and single particle orbit inside the relativistic laser
field in the presence of strong magnetic field are first discussed. Then the effects of strong magnetic field
on the laser propagation modes and heating in plasmas are studied by the PIC simulations. The various
linear propagation modes (left and right hand circularly polarized waves, electron cyclotron wave) and their
conversion in the inhomogeneous plasma areas are analyzed. A solitary wave with lower frequency
compared to the incident laser frequency is observed in a density well, which greatly enhances the heating
of the laser pulse. The parametric window of the laser intensity and magnetic field for the generation of

solitons is identified. The soliton properties and stabilities are investigated.

To have a better understanding of the solitons, the soliton formation in strongly magnetized plasmas is
analyzed systematically in the framework of relativistic, warm fluid model. Three nonlinear ordinary
differential equations describing the coupling between the longitudinal and transverse waves due to the
density perturbation and relativistic effects are obtained. By assuming appropriate dispersion relations, the
general criterion for the existence of solitons is found. Then the coupled soliton equations are solved
numerically through the shooting method or the rational spectral method. Based on the soliton equations
and numerical calculations, a variety of solitary waves including the continuous spectrum bright solitons,
single-hump and multi-hump dark solitons are identified. Their properties and appearance with different

magnetic fields and soliton frequencies are discussed.

For the case of bright solitons, the parametric region of the magnetic field and soliton frequency for the

existence of solitons are obtained in both cold and warm plasmas. The ion’s effects on the soliton formation



are investigated, where they are found to play an important role especially when the magnetic field is
opposite to the soliton propagation direction. The numerical calculations show that in the limit of immobile
ions, the bright soliton tends to be peaked and stronger as the magnetic field increases while it becomes

broader and smaller as the soliton frequency increases.

For dark solitons, the wavenumber is proved to be of great importance in determining the parametric region
of magnetic field and soliton frequency required for the existence of solitons. In warm plasmas, dark
solitons with multiple humps in both the scalar and vector potential profiles are observed. The numerical
calculations without ion’s motion show that the dark soliton amplitude decreases with increasing magnetic
field and decreasing soliton frequency. These tendencies are opposite to the bright solitons. However, for

both bright and dark solitons, the temperature effects suppress the soliton amplitude.

Keywords: propagation modes, dispersion relation, bright and dark soliton, dynamical systems theory, PIC

simulations
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1. Introduction

Plasma, usually referred as the fourth state of matter, is a matter with macro spatiotemporal scales which
contains enough free charged particles for its dynamics to be dominated by the electromagnetic forces. The
term “plasma” was coined by Langmuir in 1928 to describe the ionized regions in gas discharges. Though
on the earth, plasma only exists in limited areas such as the earth’s ionosphere, fire flames and lightning, it
is the most abundant form of ordinary matter in the universe. For instance, the sun and stars are made of
hot and dense plasmas and much of the interstellar space is filled with cold and rarefied plasmas. The
parameters of the plasmas, e.g. density and temperature, can vary many orders of magnitude as illustrated
by Fig. 1.1.

From the second half of the twentieth century, much of the development of plasma physics was
motivated by the pursuit of controlled thermonuclear fusion on the one hand and the astrophysical and space
physics on the other hand. Nowadays, the plasma physics has developed into many fields of research and
applications such as the space plasma physics, the low temperature industrial plasmas and the high
temperature fusion plasmas. Among these sub-disciplines, the laser plasma interactions have always been
one of the most active and exciting fields ever since the advent of laser in the 1960s. Specifically, in the
past three decades, due to the rapid development of chirped pulse amplification (CPA) [1, 2] and Kerr lens
mode-locking [3, 4] techniques, ultra-intense laser pulses with peak powers up to several petawatt (PW)
became available. As a comparison, the total power of sunlight striking earth’s atmosphere is estimated
around 174 PW. When such laser systems are focused onto micro spot sizes, they can generate
electromagnetic intensities up to 1022W /cm?. Such intensities can create novel states of matter and a
variety of phenomena can occur including the wake field generation, ultrahigh magnetic field generation,
relativistic self-focusing and transparency, nonlinear wave modulation, high harmonic radiation generation,

electron and ion acceleration and so on (see Fig. 1.2).

The ultra-intense laser plasma interactions can have many applications, e.g. the plasma based particle
accelerator, the compact radiation source and the laser inertial confinement fusion. To accomplish and
develop these applications, a profound and detailed understanding of the ultra-intense laser plasma

interactions is necessary.
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Fig. 1.2. Sketch of ultra-intense laser plasma interactions. The electrons are preferentially pushed

forward, followed by the ions, leading to a charge separation field. The plasma emits high energy

electrons, ions and various radiations including high order harmonics, X-rays, gamma rays, terahertz

radiation, etc. Also megagauss class magnetic fields can be produced by the enormous current density of
the hot electrons. [Adapted from H. Daido [6]].
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1.1 Ultra-intense laser plasma interactions

A key parameter in the discussion of the ultra-intense laser plasma interactions is the dimensionless laser

amplitude a, which is defined as the normalized quiver momentum of the electron in the laser field,

eFE,
a=—"2 (1.1)
Mew(C

Here w, and E, are the round frequency and electric field of the laser, —e and m,, are the electron charge

and mass and c is the speed of light. Another commonly used expression is,

1/2
123

4= 137 x 1018W /cm? - um?

(1.2)

Here a linearly polarized laser is assumed and the laser intensity I = (c/8m)EE is in unit of W /cm? and
the wavelength A, is in unit of microns. For circularly polarized laser, the value of the denominator in Eq.
(1.2) is two times larger. For a 1um wavelength laser, the intensity is around 10W /cm? when a~1. In
this regime, the electron motion inside the laser field becomes relativistic. Note that the dimensionless
amplitude a; = eE,/(m;wyc), where m; is the ion mass, remains much less than unity. The intensity value
corresponding to a;~1 for a 1um wavelength laser is about 5 x 10%* W /cm?. Hence, for all the
experiments performed up to now and nearly all the theoretical calculations the ions are non-relativistic. At
even higher intensities, e.g. on order of 102°W /cm? for a 1um wavelength laser, the work done by the
laser field over a Compton wavelength (A = h/m,c with h the Planck constant) is comparable to m,c?. In
this case, electron-positron pair can be produced from the vacuum. In this thesis, we only consider a is of

order unity, e.g. I is around 1017 — 102°W /cm?.

1.1.1 Basic physical concepts

Basically, there are two kinds of interactions between the charged particles and the intense laser waves. The
first one is the laser single-particle interactions, e.g. the scattering of electromagnetic wave by a particle.
The second is the laser plasma interactions where collective effects come to play. For illustrative purpose,
we consider a laser propagating in the z direction with the amplitude E = E|, [cos(koz — wot) b€, +
sin(kyz — wyt) Syey]. Here w,, k, are the frequency and wavenumber of the laser and e,, e,, are the unit
vectors in the x and y directions. (d,,6,) are the factors describing the polarization direction, e.g.
(6,,8,) = (1,0) is for linearly polarization in the x direction and (&,,8,) = (vV2/2,v2/2) is for

circularly polarization. Note that 67 + &5 = 1.
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In the laser single particle interactions, the electron motion inside the laser field is governed by the
Lorentz equation,

Z-f:—e(E+§xB) (1.3)

with p, v the electron momentum and velocity and E, B the laser electric and magnetic field. In the non-
relativistic regime, e.g. a « 1, the electron motion inside the laser field is an oscillation at the laser
frequency along the laser polarization direction. However, the magnetic field of the laser wave becomes
significant when a = 1 and the electron will develop a motion along the laser propagation direction due to
the v x B force. For linearly polarized laser, this longitudinal motion oscillates at double of the laser
frequency and the amplitude is proportional to a? whereas the transverse motion scales as a. Hence, when
a > 1 the longitudinal motion dominates the transverse one. In the frame moving at the average electron
velocity, this electron motion is an “8-figure” as shown in Fig. 1.3(a). For circularly polarized laser, the

electrons do not oscillate in the propagation direction and the transverse motion is a circle. [7]
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One of the consequences of this relativistic “8-figure” motion is the harmonic generation, or nonlinear
Thomson scattering. According to the classical electrodynamics, electrons with this kind of motion should
emit radiations at multiples of the laser frequency. In other words, the incident laser wave is scattered by
the electrons and the frequency of the first harmonic of the scattered radiation is same as the incident one
in the reference frame where the electrons are at rest. Hence, if the electrons are initially from an energetic
electron beams, the scattered wave can be up-shifted to the X-ray regime due to the Doppler effects. This
mechanism provides a way to generate X-rays which can be used to resolve various physical, chemical or

biological reactions with ultrashort spatiotemporal scales.

For the plane laser wave, the electron returns to rest with some displacement in the z direction after
the laser pulse passes over it. However, when the laser pulse has spatial or temporal dependences, e.g. the
Gaussian laser pulse E = E, exp(—12/1¢) cos(kyz — wyt) as shown in Fig. 1.3(b), the electrons can get
energy from the laser field irreversibly by the so called ponderomotive force. Here ry is the laser spot size.
The mechanism of ponderomotive force is simple. Imaging an electron is initially at the optical axes r = 0,
it will accelerate outwards in the first half of the laser period but never return to the original position at the
second half of the laser period due to the decrease of the laser intensity. Hence, electrons will gradually be
expelled from the high intensity region and the ponderomotive force can be viewed as a radiation pressure.
The derivation of ponderomotive force can be found by rewriting Eq. (1.3) in the form of vector potential
A and scalar potential ¢,

dp edA v
dt c ot eve ym,

e
X (V X EA) (1.4)

Here E = —(1/c)0A/dt — V¢, B =V x A have been used and y =./1+ (p/m,c)? is the electron
relativistic factor. If VX (p —eA/c) = 0 is satisfied, e.g. p = eA/c + Vf with f an arbitrary function,
using d/dt = d/dt + v -V, Eq. (1.4) can be written as [9],

d
%(p_gfl) evd)_wIZLe % [VX (EA)] - (W’;e-v)p (1.5)

edp )
mec? Y

Here the identity Vp2/2 = p x (V X p) + (p - V)p has been used in obtaining the second equation. In one

meCZV(

dimensional (1D) or three dimensional (3D) with broad laser spot size ry > A, cases, the transverse
canonical momentum is conserved or p, = eA/c. Hence the left hand side of Eq. (1.5) represents the
change of longitudinal momentum while on the right hand side eV¢ is the electrostatic field force produced

by the charge separation. Thus, the generalized nonlinear ponderomotive force is expressed as,



Chapter 1: Introduction

(@) (b) (©)

.‘r ar “r

kz

.

( ¢
\\.

: ol
\

\J \J \J

Fig. 1.4. (a) The laser intensity versus radial direction; (b) The phase velocity of the laser depends on the
laser intensity; (c) The distortion of wave front due to different phase velocities. [Adapted from D.
Umstadter [14]].

F = —m,c?Vy (1.6)

For a linearly polarized laser, the relativistic factor is related to the dimensionless laser amplitude asy =
1+ a?/2 and the ponderomotive force becomes F = —m,c?V(a?/2). It is proportional to the negative
gradient of the laser intensity. Since a is inversely proportional to the particle’s mass, the ponderomotive
force acting on the electrons is much larger than on the ions. Hence the electrons are easily to be pushed

out of the high intensity laser region.

In plasmas, one of the immediate effects of the ponderomotive force is the wake field generation. [10]
The electrons are first pushed forward by the ponderomotive force until the laser pulse overtakes them and
pushes them backwards. Due to the mass difference between the electrons and ions, density variation or
charge separation will be generated as shown in Fig. 1.3(c). The restoring force causes the electrons to
oscillate at the plasma frequency which leads to an electrostatic wake wave with its phase velocity nearly
equals to the group velocity of the laser. In low-density plasmas, this velocity is close to the speed of light
and electrons can be continuously accelerated in the wake wave. This acceleration mechanism is called as
the wake field acceleration. Usually, the accelerated electrons are of quasi-thermal spectrum. However, by
carefully controlling the laser and plasma parameters, in particular, matching the acceleration length to the
dephasing length, high quality electron bunches with high average energy, narrow energy spread and low
divergence can be generated. [11, 12, 13] The major advantage of this wake field acceleration is its ability
to sustain extremely large acceleration gradients. For instance, the acceleration gradient (~100GeV /m) can
be three orders of magnitude greater than that obtained in the conventional radio-frequency linacs
(~100MeV /m).
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In addition to the wake field generation, other effects may occur in the relativistic laser plasma

interactions such as the relativistic self-focusing. At high laser intensities, the electron mass increases due

to the relativistic effects and the plasma frequency @,, = a),{,e/yl/2 = J4nnye?/(ym,) varies with the
laser intensity. Here n, is the unperturbed electron density and wy,, = (4mnge?/m,)'/? is the plasma

frequency without relativistic effects. In unmagnetized plasmas, the dispersion relation for an

electromagnetic wave is,
w? =k*c* + @}, L7

As a result, the index of refraction n = ck/w = (1 - 5,2,6/(»2)1/2 increases at higher laser intensity
regions. Since the phase velocity of the wave is determined by vy, = w/k = c/n, the variation of phase
speed will distort the wave front. For a Gaussian type laser pulse, this effect results in a self-focusing of the
laser pulse as shown in Fig. 1.4. Meanwhile, since the ponderomotive force tends to expel the electrons
forwards and radially to the lower intensity areas, it leads to a decreasing of electron density and an
increasing of refractive index on the axis. This effect further enhances the self-focusing. The threshold
power P, for the relativistic self-focusing can be found when the focus effects are balanced by the diffractive
spreading, which isP, = 17.4 wz/wzz,e GW. [15, 16] When the laser power P > P, relativistic focusing
overcomes the diffractive effects and pulse filamentation may occur. Depending on the laser pulse and
plasma conditions, the whole laser pulse can be self-focused or it may split into several filaments and each

of them undergoes self-focusing. [17].

One of the immediate applications of the refractive index variation is the optical guiding in plasmas.
A laser can be guided if the refractive index has a maximum on the axis or dn/dr < 0. Such kind of
refractive index profile can be achieved by modifying the relativistic factor y, e.g. through the relativistic
self-focusing, or the density profile, e.g. through the preformed density channel or self-channeling.
[12,18,19] Furthermore, the dependence of plasma frequency on the relativistic factor makes it possible for
the ultra-intense laser to propagate into the over-dense plasmas. This is usually referred as the relativistic
transparency. It can be seen from Eq. (1.7) that a laser can penetrate into the plasmas only when its
frequency is larger than the plasmas frequency. Hence, for ultra-intense laser pulse, the cutoff frequency of
the electromagnetic wave decreases as the laser intensity increases and relativistic transparency happens

when w > @,
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1.1.2 Magnetic field in laser plasma interactions

During the intense laser plasmas interactions, not only the electric fields but also the various configurations
of magnetic fields can be generated spontaneously. Simulations [20,21] and experiments [22] have shown
that a poloidal magnetic field is generated by the current of relativistic electrons driven by the laser radiation
in the laser propagation direction. These magnetic fields are quasi-static with amplitude the same order of
the laser magnetic field and thus can affect the laser propagation, e.g. they can lead to a magnetic focusing
in addition to the usual ponderomotive and self-focusing mechanisms. [23, 24] Furthermore, an axial
magnetic field may be induced by a circularly polarized laser via the inverse Faraday effects [25] and a
toroidal magnetic field is generated through the thermoelectric effects when there is a temperature gradient
orthogonal to a density gradient. In these cases, magnetic field with strength up to kilotesla can be driven.
Hence, plasmas are always magnetized during the laser plasma interactions. In additional to the self-
generated magnetic field, recently kilotesla external magnetic field has been demonstrated in a laboratory
by a high power laser irradiated to a capacitor-coil target. [26] By applying such kind of strong and shaped

magnetic fields, new frontiers in plasmas physics, solar physics, material science, etc. can be explored.

The introduction of various configurations of magnetic field can affect the propagation of the laser
pulse and the transport of the particles [27,28], which can benefit many potential applications. For instance,
in laser fast ignition scheme, the collimation of the relativistic electron beam by an axial magnetic field has
shown an increase in the coupling efficiency between the laser and fusion core. [29, 30, 31]. Also terahertz
radiation [32,33,34] or harmonic radiation [35,36,37] can be generated when longitudinal or transverse
magnetic field is imposed. In addition, it is proved that the magnetic field can provide some other
mechanisms for particle acceleration. [38, 39, 40] Hence, the study of ultra-intense laser plasma interactions

with self-consistently generated or externally imposed strong magnetic fields is of much importance.

Despite the various configurations of the magnetic field, throughout this thesis we only consider the
case where the external magnetic field is applied along the laser propagation direction. Such kind of
magnetic field is of special importance in laser fast ignition, electron and ion acceleration, terahertz

radiation, etc.

1.1.3 Ultra-intense laser propagation in magnetized plasmas

During the ultra-intense laser plasma interactions, the plasma parameters are altered by the wave.
Meanwhile, the wave fields are also modified by the plasmas. Hence, the propagation of an intense
electromagnetic wave should be studied consistently with all the dynamics including the wake field

generation, self-focusing, pulse modulation, magnetic field generation, etc. Due to the complexity of the
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problem, the theory on the evolution of an electromagnetic wave in a plasma is always studied by various
simplifications, e.g. the quasi-static approximation or the weakly relativistic approximation. On the other
hand, for intense laser pulse, the superposition principle to the waves is no longer applicable, say, the
linearly polarized laser cannot be described as a linear combination of right and left hand circularly
polarized waves, since the there is no way of generating the oscillations in the propagation direction by the
circularly polarized waves alone. Hence, linearly polarized waves are especially complex compared to the
circularly polarized case where the simplification of no harmonic contents cannot be made. Thus, particle-
in-cell (PIC) simulation becomes the very useful and important tool for understanding the various dynamics

during the ultra-intense laser plasma interactions.

In magnetized plasmas, the laser propagation modes strongly depend on the plasma densities, the
magnetic field as well as the intensity and polarization of the laser pulse, e.g. if the magnetic field is along
the wave propagation direction, the propagation modes can be the high frequency left and right hand
circularly polarized waves (LCP and RCP), the electron cyclotron wave (Whistler mode), the Alfven waves,
etc. When the magnetic field varies, these propagation modes can co-exist and convert to each other, which
leads to abundant laser magnetized plasma physics. One of the important phenomena of the laser
propagation is the soliton formation. [41, 42, 43] The solitons are finite size, self-trapped electromagnetic
waves which consist of synchronously oscillating electric and magnetic fields plus a steady electrostatic
field arising from the ponderomotive force of the oscillating fields. In laser plasma interactions, the solitons
are usually generated in the wake of the laser pulse with strong plasma depletion. Inside the solitons, the
dispersion effects are balanced by the nonlinearities due to the density redistribution and relativistic effects.
Solitons in unmagnetized plasma have been observed in experiments by a proton imaging technique [41]
as well as in PIC simulations [42, 43], where people find up to 30~40% of the laser energy can convert into
the soliton or soliton-like structures. Hence, the soliton generation which represents an effective energy

transfer process deserves special attentions.

1.2 Solitons in laser plasmas interactions

The solitary wave or soliton, first observed by the Scottish engineer John Scott Russell in 1834, is a
localized wave which persists its shape and velocity during the propagation and interaction with other
solitons. At that time, Russel’s observations contradicted the shallow water theory of Airy (1845) in that
the solitons did not change their form. Later, Joseph Boussinesq (1871) and Lord Rayleigh (1876) showed
that this was due to the cancellation between the dispersion and nonlinearity. In 1895, Korteweg and de

Vries [44] developed the famous Korteweg-de Vries (KdV) equation describing the propagation of waves
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(@) (b)
Fig. 1.5 (a) A morning glory cloud formation between Burketwon and Normanton, Australia [image
credit: Wikipedia]; The morning glory cloud is a rare atmospheric solitary wave. (b) Recreation of a
solitary wave on the Scott Russell Aqueduct on the Union Canal. [Photograph courtesy of Heriot-Watt
University [47]]

on shallow water surfaces, which had the soliton solution and periodic cnoidal solutions. On the other hand,
E. Fermi, J. R. Pasta and S. M. Ulam (FPU) [45] found a quasi-periodic behavior instead of the ergodic
behavior when they were simulating the vibrating string in 1955. N. Zabusky and M. Kruskal [46] argued
that it was the fact that soliton solutions can pass through one another without affecting the shapes that
contributed to the quasi-periodicity of the waves in the FPU experiment. Soliton are solutions to many
famous equations including the KdV equation, the nonlinear Schrodinger (NLS) equation, the coupled NLS
equations and the sine-Gordon equation. Although solitons were originally discovered in water waves and
lattice dynamics, they also appear in many other systems, such as the optical fibers, the magnets, the

meteorology and the plasmas, e.g. see Fig. 1.5.

1.2.1 Bright and dark solitons

Generally, solitons evolve from the nonlinear change in the refractive index of the plasmas induced by the
laser intensity distribution and electron density perturbation. When the nonlinear effects compensate the
dispersion (in the case of temporal solitons) or diffraction (in the case of spatial solitons) effects, the pulse
can propagate without change in shape. In this thesis, we mainly focus on the two different types of solitons
in the plasmas: the bright soliton and the dark soliton. The bright and dark solitons are well-known in optics,
where bright solitons are generated in optical fibers with negative or anomalous group velocity dispersion
and dark solitons are formed in optical fibers with positive or normal group velocity dispersion. [48] The

first observation of bright optical solitons was in 1980 by Mollenauer et al. [49] whereas by 1987 dark
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Fig. 1.6. Intensity and phase as function of normalized coordinates x for bright and dark solitons.
[adapted from W. J. Tomlinson et al. [51]]

solitons were formed in laboratory experiments [50]. In the moving frame with the soliton, the bright soliton

envelop can be written as, [51]
u(x) = Ag sech(x) (1.8)

Here A, is the soliton amplitude and sech x is the hyperbolic secant function. Hence, bright soliton
describes a localized wave with intensity maximum at the center and zero at the infinity (see Fig. 1.6). For

the dark soliton, it has the form,

u(x) = Ao[B~% — sech? (x)]"/? explip (x)]

s 0s)
¢ [1 — B2 sech?(x)]1/2

Here |B| < 1 is a parameter represents the darkness and tanh x is the hyperbolic tangent function. In the
limiting case of B = +1, Eq. (1.9) is reduced to u(x) = +A4, tanh x which is referred as the fundamental
dark soliton or black soliton. For |B| < 1, the minimum intensity does not drop to zero and it is called as
the grey soliton. Hence, dark solitons appear as holes of the intensity on a continuous wave background.
One of the major differences between the bright and dark solitons is their phase dependence as shown in
Fig. 1.6. The bright solitons are symmetric with a constant phase across the entire pulse, while the dark

solitons undergo a phase jump 2 sin™* B. For the black soliton, the phase jump is .

11
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1.2.1 Researches on solitons in unmagnetized plasmas

The solitons in laser unmagnetized plasma interactions have been studied by many authors in experiments
and simulations. In the uniform plasmas, the soliton velocity is much smaller than the group velocity of the
laser and in fact it is almost zero. [42] The typical size of the soliton is of the order of the collisionless
electron skin depth ~c/w,,. Eventually, the soliton decays due to the interaction with fast electrons. In non-
uniform plasmas, the soliton can propagate to the low density direction with an acceleration proportional
to the gradient of the plasma density. [52] When the soliton approaches the plasma-vacuum interface, it
will radiate away its energy in the form of low frequency electromagnetic waves due to the non-adiabatic
interaction with the plasma boundary, resulting in a burst of electromagnetic radiation, which makes it
possible for the detection of soliton generation and various applications. [53] Since the time of soliton
generation is much shorter than the ion’s response time, ions can be assumed to be at rest during
approximately 27/ w,,; time scale. Here w,,; = +/4mn,e?/m; is the ion plasma frequency and m; is the ion
mass. At later time, the ponderomotive force starts to dig a hole in the ion density and the parameters of the

soliton change. Such kind of slowly expanding solitons are referred as the post-soliton. [43, 53]. We

mention that all the solitons observed in the simulations are of bright type.

The theory of relativistic electromagnetic solitons in a cold plasma was first studied by Kozlov et al
[54] in an envelope approximation. They proved the existence of small amplitude solitons under quasi-
neutral approximation and found that relativistic amplitude solitons only existed when the charge separation
was essential and the large amplitude solitons could have a discrete velocity spectrum. Their work has been
extended by Kaw et al [55], Poornakala et al [56] and Farina et al [57, 58, 59] where ion’s motion effects
are investigated and different types of solitons are demonstrated. In the limit of quasi-neutral approximation,
bright solitons exist when the soliton group velocity V exceeds a threshold and below which dark solitons
occur. Collisionless electromagnetic shock waves are also found at critical velocities. Large amplitude
solitons with several humps in the vector potential profile and one hump in the scalar potential profile are
also observed and the soliton spectrum varies with different number of humps. Solitons can break up at
certain velocities and the breaking of solitons provides an additional mechanism for particle acceleration,
e.g. the estimated ion energy could reach the order of 70Mev [58].The soliton in warm plasma case was
treated by Lontano et al [60] in a quasi-neutral approximation and Poornakala et al [61] in a weakly
relativistic approximation. It was found that temperature effects played a crucial role when the soliton group
velocity was small, e.g. comparable to the thermal speed of the particles. Specifically, the finite temperature
effects made it possible for the existence of the non-drifting solitons and this kind of soliton was prohibited
in cold plasma if ion’s motion was taken into account. In the absence of ions, the exact solution for non-

drifting solitons in cold plasmas was given by Esirkepov et al [62]. Sanchez-Arriaga et al. [63] studied the
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parametric domain for the dark solitons and also their stabilities. A review can be found in Ref 59, where
different types of solitons and their properties under different soliton velocities are shown. Note that all of

these works mentioned above are constrained to the relation Vg = c?, where Vg = w/k is the soliton

phase velocity and w, k are the soliton frequency and wavenumber. Sanchez-Arriaga et al [64] first consider

the case when this relation breaks up and find that a phase modulation exists.

The stabilities of the solitons in unmagnetized plasmas were also studied in the past. [65, 66, 67] It
was found that, in 1D geometry, single hump bright solitons without ion’s motion were stable and multi-
hump bright soliton could break up due to the forward Raman scattering. [68, 69] In 2D simulations, all

solitons suffered from the transverse instabilities. [70]

1.2.2 Researches on solitons in magnetized plasmas

Compared with the systematic and abundant research results in unmagnetized plasmas, the studies of
solitons in magnetized plasma are much less and insufficient. Pioneering works were mainly on the
nonlinear propagation of electromagnetic waves parallel to the magnetic field in plasmas. Karpman et al.
[71, 72] derived the nonlinear Schrodinger equation for the envelope of a high frequency wave modulated
by the effects of low frequency perturbations. The relativistic nonlinearities and parallel electron flow
contributions were later incorporated by Berezhiani et al. and Shukla et al. [73,74]. Hasegawa [75]
developed the coupling equations governing the electron cyclotron wave by the reductive perturbation
method. Shukla et al. [76] studied the nonlinear coupling of Whistler wave with ion cyclotron oscillations.
In general, a pair of nonlinear equations coupling the wave amplitude and electrostatic density perturbations
can be derived from these models by assuming a slowly-varying envelop approximation. As a result, a
stationary soliton solution can be obtained. Rao et al. [ 77] adopted this method to discuss the parameter
domain for large amplitude solitons in cold plasmas, however they neglected the longitudinal momentum
of the electrons and the ion current density effects. The standing bright soliton solution without ion’s motion
effects in cold plasmas was considered by Farina et al [ 78]. Different from the above researchers, Borhanian
et al [79] employed a multi-scale perturbation method to solve the Maxwell-fluid equations in the weakly
relativistic limit, where they also obtained a nonlinear Schrodinger-type equation to govern the soliton

vector potential.

1.3 Outline of the thesis

As discussed in the previous sections, the ultra-intense laser plasma interactions in the presence of strong

parallel magnetic field are of great importance in many applications including the magnetically assisted fast
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ignition, the wake field acceleration, terahertz radiation, etc. In all of these applications, the laser pulse

needs to propagate a long distance in the under-dense plasmas. However, the details about the propagation

modes, specifically the soliton formations in magnetized plasmas still remain unclear. Since a substantial

part of the laser energy can be transformed into the solitons before it can interact with the target, it is very

important and necessary to figure out the underlying physics of the solitons.

In this thesis, the effects of strong magnetic field on the laser plasma interactions, specifically on the

various laser propagation modes and soliton formations are studied numerically through a PIC simulation

and analytically by solving the soliton equations. The uniform external magnetic field is applied along the

laser propagation direction. The outline of the thesis is as follows,

In chapter 2, we first introduce the single particle orbit inside the relativistic linearly and circularly
polarized laser field in the presence of strong parallel magnetic field. Then the relativistic dispersion
relation for the electromagnetic waves is discussed. Specifically, the shrink and disappearance of the
Whistler mode under the ultra-relativistic regime is investigated.

In chapter 3, the simulation results performed by the extended particle based integrated code (EPIC3D)
are shown. We mainly focus on the laser heating efficiency and soliton formation with different
magnetic fields and laser intensities and polarizations. The linear propagation modes, namely the right
hand circularly polarized wave (RCP), the left hand circularly polarized wave (LCP) and the Whistler
wave are analyzed theoretically in the inhomogeneous plasmas areas. The soliton mechanism and
properties, e.g. the stabilities and the position dependence are studied.

In chapter 4, the coupled soliton equations are derived in the framework of relativistic warm fluid
model. Different dispersion relations for bright and dark solitons are assumed from the boundary
conditions and the Hamiltonian of the system is found. The theory of dynamical systems as well as the
concepts of fixed point, bifurcation, homoclinic and heteroclinic orbit and manifold are interpreted at
the end of the chapter.

In chapter 5, the bright soliton generation in magnetized plasmas is systematically studied based on
the coupled soliton equations. The parametric domain of magnetic field and soliton frequency for the
existence of bright solitons is identified in cold and warm plasmas, respectively. lon’s effects on this
parametric domain are investigated and the small amplitude soliton solution is obtained under the
quasi-neutral limit. The numerical methods, namely the shooting and rational spectral methods, are
presented to solve the soliton equations and compute the manifolds. Based on the numerical
calculations, the dependences of soliton amplitude and density on the magnetic field, soliton frequency,

temperature and ion’s motion are investigated.

14
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In chapter 6, the dark soliton formation in magnetized plasmas is presented. The parametric domain of
the magnetic field, soliton frequency and wavenumber for the existence of dark solitons is identified
in both and warm plasmas. Specifically, the temperature effects on the single hump and multi-hump
dark solitons are investigated.

In chapter 7, the meaning of our research is pointed. The main results are concluded and several open
problems are proposed for the extension of this work.

In the appendix, the validity of the Hamiltonian of the system and the existence conditions of the
additional fixed points for the bright and dark solitons are shown. We also benchmark the shooting

method with the rational spectral scheme to confirm their correctness.
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2. Single particle orbit and dispersion relation in

magnetized plasmas

The introduction of magnetic field can affect the charged particle’s motion and thus the plasma’s response
to electromagnetic perturbations. In principle, the theory of laser plasma interaction should simultaneously
treat the interactions between the field and particles self-consistently. However, due to the complexity of
this problem, some simplifications should be made. One of the simplifications commonly used is to neglect
the forces among the particles, and the reaction of the particles on the field, e.g. the particle’s radiation,
which leads to the single particle orbit theory. Since the collective effects of the plasma are ignored, the
single particle orbit theory can only be used to the weakly coupled plasmas in short time scale. However,
the charged particle’s motion is the basis of understanding the various physical processes in plasmas and it
is also very important to the physics of particle accelerator, electron optical imaging and so on. In this
chapter we first introduce the single particle motion inside the relativistic laser field in the presence of
parallel magnetic field. The Lagrangian mechanics is used and the system is completely integrable. Then
the linear dispersion relation in strongly magnetized plasmas with the inclusion of relativistic effects is
discussed in the framework of fluid model.

2.1 Single particle motion in relativistic laser field

The single particle orbit inside the relativistic laser field without magnetic field is well known. [7] For
linearly polarized laser, the particle has the “8-figure” structure in the average rest frame, while for
circularly polarized laser, the orbit is a circle. In the presence of magnetic field, the particle’s motion will
be changed.

2.1.1 Linearly polarized laser

Considering a linearly polarized laser represented by E = E; cos(kyz — wyt) &,, propagates in an uniform
cold plasma with density n, in the presence of a constant magnetic field B, applied parallel to the direction
of the propagation z, where E;, k,, w, are the amplitude, wavenumber and frequency of the laser field

respectively. The corresponding vector and scalar potentials can be chosen as A = (cE, /wy) sin(kyz —
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wot) &, + Byxeé, and ¢ = 0. Notice that the electric and magnetic fields can be calculated by E =

—(1/c)0A/0t — V¢ and B = V x A. The Lagrangian of the particle in this field is,

(2. 1)

2
) v qE vy

c? Wy

v
sin(kyz — wot) + qc—yBox

Here g, m, v, v, c, are the particle charge, mass, velocity, relativistic factor and speed of light. Note that
the particle charge is defined with sign, e.g. for electrons g = —e . Since the Lagrangian doesn’t depend on
y and it only depends on the combination of n = kyz — wot = ko(z — ct), we have,

c’)L_
ay_

_dp, oL oL dH  dP,

0= at oz FTT

Here P = p + (q/c)A is the canonical momentum and p = ymwv is the kinetic momentum with y =

(1—-v?%/c®)~Y2and H = /m2c* + c2p? is the Hamiltonian. In deriving the above equations we have
used the relation dL/dt = — dH/dt since the Hamiltonian H does not contain t explicitly. The above

equations give two integrals of motion,

q
Pyt Box =0 (2.2)

H —cP, = \m?c* + c?p? — cp, = ¢, (2.3)

¢; and ¢, are two constants depending on the initial conditions. Meanwhile, the equations of motion in the
x and z directions are,
dP, d ( qE; ) 0L qv,

Ex_ 2y, + Lk =1y 2.4
dt dt px+a)0 ST = 5% = ¢ Bo 24)

dP, dp, OL qEpv,
dt dt 9z ¢

cosn (2.5)

Using wy?, kg1, mc and mc? to normalize the time, space, momentum and energy, Egs. (2.2) — (2.5)

become,

py + bx = cy; Y — Dz =Cy;

dpy dn by dp, _apy (2.6)
P acosndt+ Y b; .
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Here a = qE./(mwyc) and b = gB,/(mwyc). Note that we have the identify dn/dt = (p, —v) /v =

—c,/y. Hence, Eq. (2.6) is reduced to the forced oscillation equation,

d’py b .
d_r)2+gpx = asinny (2.7)

Depending on different values of b/c,, this equation may have resonance and non-resonance solutions. In

the next, we assume the particle is initially located at the origin and at rest, e.g. c; = 0and ¢, = 1.

a) Non-resonance solution

If b # +1, we can have the non-resonance solution,

Dx = b7 ? 1smn + c3sinbn + ¢4 cos by
Here c3, ¢, are undetermined factors and they can be determined by the initial condition, p,, = 0 and
% - = —acosn — bpy|n:0 =—a= ] ¢ ] +c3b
Hencec, = 0, c; = —ab/(b? — 1). Then the particle’s momenta are,
ab
Px = b2 (smn b sin bn); Py ="737_7 (cosn — cos bn); 29
Dy = %(bza_ 1)2 [sin?n + b%cos?n + b? — 2b(sinn sin bn + b cosn cos bn)].

The momentum in x-y plane has two frequencies: the laser frequency and the cyclotron frequency. The

particle’s orbit can be integrated directly using the relation p = y dr/dt = — dr/dn to get,

.
{V 1( ) oty

(cosr) — cosbn); y = (b sinn — sin bn);

bZ

1'2 b2 Lsine - 1) +b_1'(b+1)]
sin 2 S Sin N+ 5 sin n|t.
2.9)

Obviously, the motion is no longer planar. If b = 0, Egs. (2.8) and (2.9) reduce to the zero magnetic field

case, which describes an “8-figure” motion in the average at rest frame,

: 1 22
px = —asinn; py =0; Pz = 5 assinm;
1 1 (2.10)
x = —a(cosn — 1); y=0; z=—Za2 (n—zsinZn).

b) Resonance solution

The resonance case happens when b = +1 or the cyclotron frequency equals to the laser frequency. In
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Fig 2.1. The electron’s trajectory for the non-
resonance case (a), the resonance case (b) and zero
magnetic field case (c) in the linear polarized laser
field. The electron is initially at rest at the origin.
The parameters are a) b=—-0.5; b) b=-1;
c)b =0and a = —1 for all plots. Notice that the
orbit in the x-y plane is periodical only when b is a

rational number.

this case, the particle will get energy from the laser continuously. The momenta and orbit can be calculated

in the limit of b — +1 of Egs. (2.8) and (2.9),
2

a a a
!px=—z(ncosn+sinn); py = —5nsing; pz=§(n2+51n271+7751n27]);
a _a, _ _a n3+r) ncos2n
Lx—znsmn, y—z(smn n cosn); z=—2|37+3 5 .
(2.11)

The comparison of particle’s orbit for the resonance and non-resonance as well as the zero magnetic
field cases are shown in Fig 2.1. It can be seen that the usual “8-figure” plane motion (Fig 2.1(c)) in
unmagnetized case has now changed to 3 dimensional. Notice that the particle’s orbit in the x-y plane is

closed or periodical only when b is a rational number.
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2.1.2 Circularly polarized laser

A similar calculation can be made for the circularly polarized laser. Here we take the right hand circular
polarized laser as an example. In this case, the vector potential becomes A = (cE;/wg)sinn &, +

[Box — (cEL/w,) cosn]é,, and the scalar potential ¢ remains zero. The Lagrangian is

Eyv v cE
L(r,v,t) = —mc?\/1—v%/c% + Msinn + q—y<Box ——Lcos r)). (2.12)
wo c wo

There are also two integrals of motion similar to Egs. (2.2) and (2.3), and the equations of motion become,

dp,y .
Czd—=bpx—aCzSIHTI: Y =Pz = Cy;
i (2.13)
dpx b . dp; _ .
Cy W = —bp, — acC, COSN; Cy dn = —a(px cosn + p,, sin 77).
Then the forced oscillation equation for p,, is,
d*p, b? by .
d_r]2+¥px = a(l +g) sinn. (2.14)

For the left hand circularly polarized laser, the sign of the second term in the parentheses of the right hand

side of Eq. (2.14) is negative. Again we assume the particle is initially at rest at the origin, then ¢, = 1.

a) Non-resonance solution

For the non-resonance solution, b # 1. The particle’s momenta and orbit are,

a _ _ a \2
Px =77 (sinn — sin bn); Py = b — (cosn —coshn); p,= (m) [1 —cos(b — 1)n];
_a ( 1 b) ( b) _ ( a )2 sin(b — 1)n
| =5 =7 \cosn —cosb siny smn z=—{3—7) | 1 .
(2.15)
For the zero magnetic field case b = 0, Eq. (2.15) is reduced to,
px = —asinn;  p,=a(cosn—1);  p, =a*(1—cosn);
{ (2.16)
X = —acosn; y = —a(cosn —n); z = —a%(n —sinn).

It describes a circle with moving center at (0, an) in the x-y plane. Interestingly, a special case happens

when b = —1,
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Fig 2.2. The electron’s trajectory for the non-resonance case (a), the special case (b), the resonance case
(c) and zero magnetic field case (d) in the right hand circularly polarized laser field. The electron is
initially at rest at the origin. The parameters area) b = —0.5;b)b=—-1;¢)b=1;(d) b=0anda =
—1 for all plots.

2

a
Py = —asinn; py=0;, p,= I(l — cos 2n); o1

a? 1
kx=a(1—cosn); y =0; Z=—I<r)—zsm2n).
Eqg. (2.17) is exactly the same as (2.10). Hence, in the average at rest frame, the motion is the “8-figure”
structure which is same as the linearly polarized laser without magnetic field. In this case, the circularly

polarization effects are canceled by the cyclotron effects of the particles.

b) Resonance solution

If b = 1, resonance happens and the particle’s momenta and orbit are,
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Dy = —ancosn; py = —ansinn; P, = a’n*/2;

1 (2.18)
x=a(msinn +cosn) —a; y=—a(ncosn —sinn); Z=—ga2n3.

In Fig 2.2, we show the electron’s orbits for various magnetic fields in the right hand circularly
polarized laser field. The figures (a), (b), (c) and (d) correspond to the general case, the special case, the

resonance case and the zero magnetic field case, respectively.

One of the applications of these exact expressions for the particle’s orbit is to calculate the radiation
from this relativistic motion, e.g. the scattering of a laser pulse by the electrons. Such radiation becomes

non-ignorable when the laser intensity is ultra-high, say, I > 1023W /cm?2.

2.2 Electromagnetic waves in magnetized plasmas

When there is some perturbations in the plasmas, the electromagnetic field can propagate away in the form
of waves. In this section, we introduce the waves propagating parallel to the constant external magnetic

field in the linear regime.

2.2.1 Dispersion relation

The field in the plasmas should satisfy the Maxwell equations and the fluid equations, which are,

on
>+ V- (ngvg) = 0; (2.19a)
ot
d 1
£s+vs-Vps=qs(E+zvst); (2.19b)

1 0%E 'y )

—VE4+——— = —— L. 2.19c

VOVE)=VE+—5—F=——— (2.19¢)
Ps

=) nyqs—— 2.19d

g ZS A5 yem, (2199

Here the sum Y stands for a summation over particle speciess. In 1D case V= &,(d/0z). The density,
velocity, relativistic factor, momentum, charge, mass are denoted as ng, v, ¥s, Ps, 45, M for s particle as

usual and the current, electric and magnetic fields are J, E and B.

Introduce the symbols £, = f, £ if, for f = E, B, v, Eq. (2.19) has the following two exact solutions,
[80]
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) ikc _ ig.E. (w — kv 2.20a
E+ — ELeil(wt—kz); B+ — i—E-H Vey = F qs i( sd) ; ( )
- - w - N ysmsw((‘) - kvsd + ch/ys) (2_20b)
E,=0; B, = By; VUsz = Vsq;
wis/¥s) (@ — kvsq) 2.20
= N = (1—v2/c?)" V2 2_k22:2( ps/ Vs sd) (2.20c)
n Nso Vs ( Vs /C ) w c o — kad + ch/ys
s
or
—. ikc iqsE+ (0w — kvgg) (2.21a)
E.=F +l(wt—kz); B, =+4+—F : -+ sb+ ;
+ L€ + T w + Vst _ysmsw(w - kvsd - -ch/ys)
(2.21b)
E,=0; B, = By; Vsz = Vsqs
2
((U s/ys)(w - kvsd)
n = ng; =1 —-v2/c?)V? wz—k2c2=z L . (.
s0 Vs s 4 W — kvgg — Qs / Vs (2.21¢c)

Here E;, B, are arbitrary constant electric and magnetic field amplitudes, vy, and Q.; = qsBo/(mgc) are
the constant drift velocity and cyclotron frequency for s'" particle, respectively. Solutions (2.20) and (2.21)
describe a right or left hand circularly polarized wave with electric field E; and an external magnetic
field B, in the plasmas. In different frequency limit, the electromagnetic wave can be the Whistler wave,
the Alfven wave or the high frequency electromagnetic waves (RCP or LCP). Notice that the frequency w

and wavenumber k should satisfy the dispersion relation,

w2 — k2c? = Z (a)zZ)S/YS)(w - kvsd) (2.22)

w = kvsd + ch/ys .
Here the plasma frequency w,,s is denoted as wjs = 4mngqs/ms.

The verification of solutions (2.20) and (2.21) is easy. We take solution (2.20) as an example. First
notice that y, is constant since v2? = vy, v,_ + vZ; is constant. Hence Eq. (2.19a) is always satisfied.

Meanwhile, the longitudinal and transverse components of Eq. (2.19b) become,

op op 1
a:z + v, G;Z =qs [EZ + z (vsty - vSyBx)] ; (2.23a)
dp op i
a;+ vsza_;- = (s [E+ + E (_vS+BZ + vszB+)] H (2.23b)
Ops- 0ps-— i
5 Vs =0s [E_ +=(v5-B, stB_)]. (2.23¢)

The left hand side of Eqg. (2.23a) is zero and the right hand side of Eqg. (2.23a) is also zero, since
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1 kc
Vsx By — Vsy By = > (—vssB_ +vs_B,) = o (ve+E_+vs_E) = 0.
Hence, Eq. (2.23a) always holds. On the other hand, the left hand side of Egs. (2.23b) and (2.23c¢) is,

QSEi (w - kvsd)2

L=+i(w—kv = : (2.24)
( Sd)pSi w(w - kvsd + -ch/ys)
The right hand side of Egs. (2.23b) and (2.23c) is,
Ro=ake|l= C(?)S(ZO(—wkI_J kv-}s-df)l /v ijd
YsMs sd cs/Vs (2.25)

(w— kvsd)z

155+ w(w - kvsd + ch/ys)

Thus, Eqg. (2.19b) also holds. Notice that the longitudinal component of Eq. (2.19c) is always zero and the

transverse component of Eq. (2.19c¢) is,

1 9%E, w? 4Amngqg 0V,
~V2E;+——— =|k?*——=|E =—z S
i+c2 o0t? < c2> + s 2 ot

w_z%s (w — kvgg)
s €2 Ys(w — kvsg + Qcs/Vs) +

B (2.26)

Hence, if the dispersion relation (2.20c) is satisfied, Eq. (2.20) is the solution to Eq. (2.19). Similar
procedure can used to prove that Eq. (2.21) is also the solution to Eqg. (2.19).

2.2.2 Relativistic effects

Now let’s look at the case when ion’s motion is negligible and the drift velocity v, is zero. In this case,

the relativistic factor and the dispersion relation are,

2,.2
Ye WE
2 _ 1 . 227
N RS (227)
2
w? — k2c? = — 2, (2.28)

Here wg = eE; /(m,.c) and w,, = —Q., = eBy/(m.c). Eq. (2.27) is a fourth-order equation of y, .
Combining Egs. (2.27) and (2.28), we find,

1/2

w(w? — k2c?) [1 B ( ek} )2 <0)2 - k2C2>2] =yt (2.29)

Z T 2 _p2p2y 2
Whew F Wee(w? — k2c?) mewc Whe
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kec/ Wo

Fig. 2.3. (a) The dispersion relation in the nonrelativistic case without ion’s motion; The high frequency
right and left hand side circularly polarized electromagnetic waves (RCP and LCP) as well as the electron
cyclotron wave are shown. (b) The comparison of relativistic and nonrelativistic dispersion relations with
different laser amplitudes. Here a = wg/w,. The black line is for non-relativistic case and red and blue

lines are for a = 0.1 and 0.5, respectively. The parameters are w., = 1.53w, and wy, = 2wy.

For infinitesimal perturbations, e.g. E;, = 0, EQ. (2.29) returns to the usual non-relativistic dispersion

relation,

2
w e
w? — k2c? = p

=7 (2.30)
1+ (‘)ce/w

In Fig. 2.3(a), the non-relativistic dispersion relation Eg. (2.30) for w,, = 2wy and w., = 1.53w,
with w, the laser frequency is plotted. The high frequency right and left hand side circularly polarized
electromagnetic waves (RCP and LCP) and the electron cyclotron wave (Whistler) are all shown. Since we
have neglected the ion’s motion, Alfven branch is not included. In Fig. 2.3(b), we compare the dispersion
relations in the relativistic and nonrelativistic cases with the same parameters. It is shown that with the
inclusion of relativistic effects, both the frequencies of RCP and LCP components decreases and the RCP
is more affected than the LCP component. This is because the rotation of electric field of the RCP wave is
the same direction as the electron’s motion. Hence, relativistic effects are more likely to appear.
Interestingly, the electron cyclotron branch is found to shrink dramatically and in the ultra-relativistic

regimes totally disappears. In the weakly relativistic regime, a new branch with larger wavenumber
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compared to the electron cyclotron mode appears and it connects to the electron cyclotron mode at some

critical point. Beyond this point, both the new branch and Whistler mode do not exist.

The shrink of the electron cyclotron mode is due to the relativistic increase of the electron mass. To
see this, we expand Eq. (2.27) in the regime of y, > 1, [81]

Ye = (fwee + wp)/w > 1. (2.31)

Substituting Eq. (2.31) into Eq. (2.28), we find the dispersion relation becomes,

4 1/2 2
o= (Z’p N k2c2> 4 Yre, (2.32)

2
Wg 2wg

Clearly, the electron cyclotron branch disappears since these two modes described by Eq. (2.32) are the
LCP and RCP components in the ultra-relativistic approximation. The cut off frequency for LCP drops to

zero whereas the cut off frequency for RCP becomes a)zz,e /wg due to relativistic transparence. Both of them

approach the asymptotic line w = kc at large wavenumbers.

To verify the above results, we performed a PIC simulation to check the propagation modes. The
simulation is done by the extended particle based integrated code (EPIC3D). The EPIC3D code is a three-
dimensional (3D), fully relativistic electromagnetic particle-in-cell code in which various atomic and
relaxation processes, such as the field and impact ionizations, Coulomb collision as well as the radiation
reaction are involved. [82,83] These physical components can be turned on or off independently for
different research purposes. Here, the EPIC3D code ignoring the ionization and collision processes is
adopted. The simulation is set up as follows. The system size is 15.36um in the y direction, which
corresponds to L, = 3072 in normalized unit of 0.005um. A continuous plane laser wave with the
wavelength of 1, = 0.82um and the frequency of w, = 2.3 x 10*°rad/s is excited by the antenna
current near the boundary. The laser is linearly polarized in the x direction. The intensity of the laser wave
varies from 5.1 x 10> W/cm? to 2 x 108 W/cm?, corresponding to normalized values from a = 0.05
to a = 1.0. A fully ionized carbon plasma with electron and ion temperature 0.5kev is initially set in the
region between y = 1024 and 2048. The plasma is uniform with density n, = 6.64 x 1021cm™3 which
corresponds to four times of the cut off density n, = 1.66 x 10**cm™ or wy, = 2w,. The external
magnetic field is also applied in the y direction with amplitude B, = 20kT and the corresponding electron
cyclotron frequency is w.. = 1.53w,. Under these conditions, the electron ion collision frequency is
about v,;~103s~1, which is much smaller than the laser frequency as well as the cyclotron frequency.

Hence, neglecting the collision process is feasible in our simulations.
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Fig. 2.4. The electric field of the laser and electron density at t = 120.3f's with laser intensities (a) a =

0.05;(b)a =0.1;(c)a =0.5;and (d) a = 1.

In Fig. 2.4, we show the propagation of the wave and density for different laser intensities att =
120.3fs. It can be seen that when the laser intensity is small, e.g. a = 0.05 and 0.1 in Fig. 2.4(a) and (b),
the laser can propagate into the over-dense plasma as short wavelength waves. And at the rear plasma-
vacuum boundary, the wavelength returns to the incident laser wavelength. Notice that the amplitude of the
transmitted wave is about half of the incident laser, hence in the non-relativistic or weakly relativistic
regimes, half of the linearly polarized laser can penetrate into the over-dense plasma as the right hand side
circularly polarized electron cyclotron mode. When the laser intensity becomes large, e.g. a = 1 in Fig.
2.4(d), there is no propagation mode. At the intermediate regime with a = 0.5 in Fig. 2.4(c), only a small
portion of the laser wave can propagate into the over-dense plasma. In fact, such penetration only happens
at the early time. At later time, e.g. t > 170fs, this propagation mode disappears. These observations are
qualitatively consistent with the predictions.

To further investigate the propagation modes, we have shown in Fig. 2.5(a) the fast Fourier
transformation (FFT) results of the electric field depicted in Fig. 2.4(a) and (b). The FFT region is between
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Fig. 2.5. (a) The spectrum of the wavelength for the propagation modes depicted in Fig. 2.4(a) and (b).
The spectrum analysis is done between the region y = 1400 and y = 2000 (b) The enlarged plot of the
dispersion relations for a = 0.05/+/2 and a = 0.1/+/2. Notice that in the simulation the laser is linearly

polarized, hence the effective intensity for the right hand circularly component should be divided by a

factor of v/2.

y = 1400 and y = 2000. In Fig. 2.5(b), the enlarged plot of the dispersion relations for a = 0.05/+/2 and
0.1/+/2 are shown. It should be mentioned that in the simulation the laser is linearly polarized, hence the
effective intensity for the right hand circularly component should be divided by a factor of v/2. It can be
seen from Fig. 2.5(a) that the propagation modes have the 3.0k, component for both a = 0.05 and a = 0.1.
Also there is another peak at around 4.4k, when a = 0.1. On the other hand, the theory predicts that in
both cases there are two propagation modes: one with longer wavelength at around k; = 2.93k, which fits
the simulation very well; and the other with shorter wavelength at k, = 9.2k, for a = 0.05, which is not
found in the simulation and k, = 6.4k, for a = 0.1, which is a little different from the simulation. These
differences may come from the difficulty for PIC simulations to resolve the very short wavelength waves

on the one hand and the non-applicable of the fluid model in the intense laser regime on the other hand.

2.3 Summary

In this chapter, we have obtained the exact expressions of the charged particle’s orbit inside the relativistic

laser field in the presence of strong parallel magnetic field. Such expressions can be used to calculate the
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radiations from the particles which become important when the laser intensity exceeds 1023W /cm?. Then
the relativistic dispersion relation for the magnetized plasmas are discussed. Specifically, a new branch is
found in the weakly relativistic regime and the electron cyclotron mode shrinks and totally disappears in

the ultra-intense regimes. Our PIC simulations qualitatively fit the theoretical predictions.
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3. Simulation of laser plasma interactions in the

presence of strong magnetic field

In this chapter, we investigate the various propagation modes in strongly magnetized plasmas in both the
linear and nonlinear regimes by the EPIC3D code. The conversion of the propagation modes and their
polarizations as well as the effects on plasma absorption rate are studied. Both 1D and 2D simulations are
performed with different magnetic field strengths and laser polarizations and intensities. The linear
propagation modes namely the left and right hand side circularly polarized (LCP and RCP) modes and
electron cyclotron mode (Whistler mode) are analyzed in the inhomogeneous density areas. Specifically,
the nonlinear propagation mode—soliton in magnetized plasmas is observed, which greatly enhances the
laser heating efficiency. The laser intensity and magnetic field regions where the electron cyclotron
resonance heating (ECRH) and soliton induced enhanced heating dominate respectively are identified. By

the end of the chapter, the characteristics and stabilities of the solitons are investigated.

3.1 Laser heating in magnetized plasmas

To investigate the laser plasma interactions in the presence of strong magnetic field, we have employed the
EPIC3D code [82, 83] as introduced in the previous chapter. In this section, we mainly present the 1D

simulation results and the 2D results are discussed in the last section.

3.1.1 Simulation setup

The simulation is set up as follows. The system size is 15.36um in the y direction, which corresponds to
Ly, = 3072 in normalized unit of 0.005um. The Gaussian shaped laser pulse with the wavelength of 1, =
0.82um, the frequency of w, = 2.3 X 10> rad/s and the duration of 40fs is excited by the antenna
current near the left boundary. The laser is plane wave and linearly polarized (LP) in the x direction unless
otherwise specified. The peak intensity of the laser pulse varies from 2.1 x 101® W/cm? to 8.2 x
1018 W/cm?, corresponding to normalized values from a = 0.1 to a = 2.0. A fully ionized carbon plasma

with electron and ion temperature T, = T; = 0.5kev is initially set in the region between y = 500 and
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2500 and a pre-profile of density with n,(y) = 0.63n. exp[(y — 1500)/164] is assumed from y = 500
to 1500, as shown in Fig. 3.1. Here, n, = 1.66 x 1021cm™3 is the cut off density for the laser wave.
Periodic boundary conditions are employed for particles in both x and y directions as well as the waves in
the x direction, and in the y direction the waves are outgoing. The external strong uniform magnetic field
B, is applied along the y direction. The minimum adopted magnetic field is 2kT corresponding to an
electron cyclotron frequency at w., = 0.15w,. Notice that the collision frequency between the electrons
and ions are v,;~1013s~1, which is much smaller than the laser frequency as well as the smallest cyclotron

frequency. Hence, in the simulations we have neglected the collision processes.

3.1.2 Plasma absorption rate and polarization

The laser absorption rate is used to evaluate the laser heating efficiency during the propagation of the laser
pulse in the magnetized plasma, as summarized in Fig. 3.2. The absorption rate is calculated by the ratio of
the energy increment of electrons and ions to half of the antenna energy. It is found that, the dependence of
heating efficiency on the laser intensity is different with the magnetic field. Generally, larger amplitude
laser in the plasma with strong magnetic field has higher heating efficiency. However, for not so strong
magnetic field, there exists a region of moderate laser intensity where enhanced heating occurs, e.g. a =
0.4~0.8 for B, = 3.8kT, as shown in Fig. 3.2(a). The enhanced laser heating region moves towards the
lower intensity direction as the magnetic field increases and disappears as the magnetic field approaches
the value where the electron cyclotron resonance happens. Afterwards, the heating efficiency is almost
independent of the laser intensity. Hence, the absorption is characterized mainly by the ECRH in the high
magnetic field regime. This is also evidenced by Fig. 3.2(b) in which, for high power laser, (a = 2.0), the
heating efficiency increases up to a peak as the magnetic field increases. Note that there is a little decay at

the beginning when the magnetic field is weak. The corresponding magnetic field of the peak is consistent
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with the electron cyclotron resonance. Theoretically, it is estimated around B, = 13kT, which is slightly
lower than the observation in Fig. 3.2(b). The difference may result from the relativistic correction of the

electron cyclotron frequency.

In Fig. 3.2(b), the cases of LCP and RCP laser pulses with intensity a = 0.707 are also plotted to show
the polarization effects on the heating efficiency. The total energy of the LCP and RCP lasers is the same
as the linearly polarized one with a = 1.0. In the absence of magnetic field, i.e., B, = O0kT, linearly
polarized laser has slightly higher heating efficiency compared to the LCP or RCP laser because of the
ponderomotive oscillations in the longitudinal direction. However, when the magnetic field is present, the
heating efficiency decreases with magnetic field for LCP lasers due to the easier penetration, whereas the

RCP laser has an increasing heating efficiency since the ECRH effects become more and more significant.

Interestingly, the enhanced heating efficiency peak appears again around B, = 3.8kT for the laser
pulse with moderate amplitude, i.e., a = 0.5, as shown in Fig. 3.2(b). In the 1D simulations, the peak
efficiency is about 37%, comparable to the ECRH efficiency. In fact, a localized mode, namely a solitary
wave is observed at this parameter. Fig. 3.3 shows the time evolution of the laser magnetic field amplitude

with a = 0.5 at the pre-plasma (y = 1000), uniform plasma (y = 2000) and vacuum (y = 2750) regions
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Fig. 3.3. Time evolution of laser magnetic field amplitude at the pre-plasma y = 1000 (solid), the
uniform plasma y = 2000 (dash), and the vacuum y = 2750 (dash-dotted) for (a) B, = OkT; (b) By =
3.8kT, (¢) B, = 10kT and (d) B, = 18kT with a = 0.5. The time oscillations imply the linearly

polarization of the incident laser field.

for different magnetic fields. The Fig. 3.3(a) is without magnetic field for comparison. While the time
oscillations of the laser field at y = 1000 (black solid lines) in each plot exhibit the linearly polarization of
the incident laser pulse, their disappearance at y = 2000 (red dashed lines) and 2750 (blue dash-dotted
lines) in Fig. 3.3(c) signifies a polarization conversion from linearly to circularly polarized one. Note that
the blue dash-dotted lines indicate that the laser pulses have passed through all the observation locations
with pulse length of 40fs. The prolonged red dashed lines in Fig. 3.3(b) imply that part of the laser wave
has converted into the solitary wave. Meanwhile, since there is no peak at y = 2750 after ¢t = 140 fs, the
solitary wave has been trapped at y = 2000 for a long time and totally absorbed, which contributes to the
peak of heating efficiency in Fig. 3.2(b). In Fig. 3.3(d), the laser passes through all the points and the
oscillations at y = 2000 and 2750 imply that the laser has changed to elliptically polarized compared to
Fig. 3.2(a) and Fig. 3.2(c).
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Fig. 3.4. The initial and final velocity distributions for different magnetic fields with a = 0.5. (a) By =
2kT ; (b) B, = 3.8kT; (c) By = 7kT and (d) B, = 15kT . The initial distributions are Maxwell-

Boltzmann for v,, v, and v,. The final distributions are taken at a long enough time when the laser or

solitons disappear. In (b), the soliton induced enhanced heating is dominant and in (d) the ECRH is

dominant.

3.1.1 Velocity distribution

To further investigate the plasma absorption rate with magnetic field, we have shown in Fig. 3.4 the

comparison of initial and final velocity distributions with different magnetic fields for a = 0.5. The initial

distribution is Maxwell-Boltzmann. The four figures in Fig. 3.4 (a)-(d) correspond to the no heating case
(Bo = 2kT); the soliton induced heating case (B, = 3.8kT); the transition from soliton to ECRH case (B, =

7kT) and the ECRH dominated case (B, = 15kT). It can be seen that when where is weak magnetic field,

the energy is first deposited in the longitudinal direction and as the magnetic field increases the energy

starts to deposit in the transverse direction. Furthermore, the distribution function in the x direction is

exactly the same as the one in the z direction due to the cyclotron effects. Notice that the total heating
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efficiencies for Fig. 3.4(b) and Fig. 3.4(d) are almost the same. In the ECRH dominant regime, e.g. Fig.
3.4(d), the main body of the distribution function is Maxwell and there is energetic tails. This means small
portion of the electrons are heated to very high velocities. In the region where soliton is generated, e.g. Fig.
3.4(b), the distribution function strongly deviates from the Maxwell. In this case, more electrons are heated

to moderate energies.

As discussed in the previous chapter, the propagation modes of the laser pulse in magnetized plasma
strongly depend on the magnetic field strength. In the next two section, we will analysis the various linear

and nonlinear propagation modes in magnetized plasmas.

3.2 Linear propagation modes

The linear propagation modes of the laser pulse along the magnetic field direction can be described

generally by following the wave equation in the limit of cold plasmas, [84]

0%E, w3 Whe
—+ —|1——|E, =0. 3.1
8y ' e < wo(wo £ Q) ) G

Here Q.. = q.By/(m.c) and q, = —e. The electric field component is written as E;. = E, + iE,,, inwhich
‘X’ represent the RCP and LCP waves, respectively. This equation can be solved exactly in the pre-plasma
region (y = 500~1500) with density profile of n, = ngexp[(y —y,)/L]. Here, y =y, is the left
boundary of the plasma and n, is the uniform plasma density. In the simulations, y, = 500, L = 164 and

ny = 0.63n,. Using the variable transformation,

wolL Wpeo Y — Yo
=2 .
=2 oy £ P L) 2
Eqg. (3.1) can be rewritten as the modified Bessel equation in form,
0%E, ) 43 l?
2 = 4 = 2 _ YV E. =0. 3.3
fi afi gi afi <§i c? ) x ( )
Here a)geo = 4mnyq2/m,. The general solution of Eq. (3.3) is,
Ey = c141,(81) + 21K, (§1) (3.4)

€14+, C24 are integration constants depending on the boundary conditions. I,,(§;) and K, (§;) are the
modified Bessel functions of the second kind with the order v = +i 2wyL/c. Eq. (3.4) describes the linear

propagation and polarization properties of the electromagnetic waves in strongly magnetized
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inhomogeneous plasmas. With different magnetic field, the laser propagation and absorption behaves

differently depending on the linear propagation modes characterized by the polarizations.

3.21 LCP and RCP modes

In the case with weaker magnetic field strength, i.e., |Q..| < wg, the laser cannot access into the high

density plasma. As &, — oo, it gives I, (£,) — e%*/,/2m&, and K, (&) — e =%+ /m/2&,. Hence ¢,y = 0.
Assuming a linearly polarized laser with E, =0 and E, = E, at y = y, initially, the electric field

components can be written as,

( E[KE) | KE]
!E" = [K o) (K Go)|
; EO[K@) k(]
Ry raow e

(3.5)

Here €19 = 2(woL/c){wpe/[wo(wo + Qce)]*/?}. It should be emphasized that the boundary conditions
used here are artificial since the polarization direction keeps rotating as the laser propagates. As a result,
the laser field at y = y, also rotates due to the reflection. However, there still exists a moment probably
taken as an initial time when the imposed boundary conditions are satisfied. Eq. (3.5) shows that E, = 0
when By, = 0, so that the laser keeps linearly polarized. However, when By # 0, E, increases or the

Faraday rotation takes place. The rotating angle of the polarization direction can be calculated through the
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ratio between E, and E,. Note that in the over-dense area, both the RCP and LCP components decay as
\/TZEJ_re‘Ei. However, the RCP component decays faster than the LCP since &, is always larger than &_.
Resultantly, for a proper high density plasma only the LCP component may be able to propagate into the
main plasmas. Hence, the incident linearly polarized propagation mode may convert into the LCP wave
with E, = —iE,. This analytical result is consistent with the numerical observation on the disappearance
of the time oscillations at y=2000 and 2750 in Fig. 3.3(c). Furthermore, such decay and conversion
characteristics of different propagation modes may be helpful to understand the dependence of the laser
heating efficiency on the magnetic field strength observed in Fig. 3.2(b), where the heating efficiency

decreases in the weak magnetic field region due to the above mode conversion.

To further verify the solution Eg. (3.5), a PIC simulation for By = 2KT or |Q..| = 0.153w, is
performed with the same initial density profile as in the analysis. The pre-plasma area is extended to y =
2000 to examine the cutoff of linearly polarized continuous laser so that the uniform plasma becomes over-
dense (the uniform plasmas density is 13.3n.). A rather weak laser intensity is chosen (a = 0.05) to avoid
the nonlinearity in the simulation. Fig. 3.5 clearly exhibits that E, is amplified and both the RCP and LCP

components cut off successively as the density increases.

3.2.2 Electron cyclotron mode (Whistler mode)

In the case with stronger magnetic field |Q..| > wy, &_ is real for the LCP wave. Then, c¢;_ remains zero.
However, for the RCP wave, &, is imaginary so that both I,,(£,) and K,,(¢..) are kept. For simplicity, an
initial condition with E, = 0 and E,, = E, at y = y, is still assumed, then the electric field can be written

as,

)

(. E[K,) IRKI—KRI  KRIR—IRKR ]
=— i
2 K@) oKy — oKy 1K — LKy (36)
B[ K, IRKL-KRIL KRIR—IRKE '

= - + + i ez,
2= 2 | K Goy) T IR K — I KR, zﬁoxao—zaoxfo]

Here IR = Re[l,(&.)], I, = Im[1,,(&,)], KE = Re[K,(¢,)], Kl = Im[K,(&,)]. The subscript ‘0’ stands
for the value taken at y = y,. The superscripts ‘R’ and ‘I’ denote the real and imaginary parts, respectively.
Eqg. (3.6) shows that the linearly polarized laser converts into an elliptical one and the ellipticity varies
spatially. This is consistent with the results shown in Fig. 3.3(d). As §; — oo, the RCP wave decays with
1/\/5_, while the LCP wave decays with e‘i—m. Hence, in the over-dense plasma, the RCP

component can propagate much deeper than LCP component. In this case, the linearly polarized laser may
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convert into an electron cyclotron mode which oscillates in space as e!l5+!. The laser wave behaves more

like a right hand circularly polarized one since E, = iE,.

To validate the theoretical analysis, a PIC simulation for B, = 18KT and with other parameters same
as in Fig. 3.5 is carried out as shown in Fig. 3.6. It can be seen that the laser wave penetrates into the over-
density plasma area as a short wavelength electron cyclotron mode. At y = 2000, the laser wave can be
extended approximately in the propagation direction with a relation of E, o« ei%237Y |t is comparable to
the theoretical prediction E, o« e'0228Y  The difference for E, at the left boundary results from the

assumption of the artificial boundary conditions in Eq. (3.6).

EQ. (3.1) describes the linear propagation modes with different magnetic fields in the limit of cold
plasmas. However, the nonlinear dynamics may become dominant under certain conditions even if the laser
intensity is not very strong, as exhibited in the parameter window for moderate laser intensities in Fig. 3.2,
where solitary waves are generated in the uniform density area. This is because in the presence of magnetic
field, the ponderomotive force depends on not only the laser intensity but also the magnetic field. In the

next section, we will discuss the nonlinear propagation mode - soliton in magnetized plasmas.
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3.3 Nonlinear propagation modes (soliton)

The soliton is generated due to the cancellation between the nonlinearities and the dispersion effects due to
the finite electron inertia. Generally, the nonlinearities in laser plasma interactions come from the
relativistic correction of particle’s mass and the redistribution of plasma density due to the ponderomotive
force. In the presence of magnetic field, both of the two nonlinearities are affected by the magnetic field

(see Chapter 4). Hence, solitons can be generated at relatively weak laser intensity region.

3.3.1 Soliton generation in magnetized plasma

To clarify the soliton formation mechanism, the spatiotemporal evolution of the soliton is depicted in Fig.
3.7 witha = 0.5 and B, = 3.8kT. It can be seen that a standing soliton is generated at y = 2000 with a
plasma density cavity. The soliton is long-lived in 1D simulations with almost zero propagation velocity
and a quite narrow width, e.g., about one laser wavelength. The mechanism of the soliton generation is as
follows [59]. First the density perturbation is generated after the laser pulse due to the ponderomotive force

and the laser starts to lose energy. Meanwhile, the laser frequency decreases (see Fig. 3.9) because this
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energy transfer is an adiabatic process and the ratio between the wave energy density and the frequency is
conserved. Once the laser frequency falls below the plasma frequency, the laser wave becomes trapped in
the density cavity, forming a solitary wave. In magnetized plasmas, the group velocity v, of the laser pulse
is,

dw 2kc?

“dk 20— WheQce/ (W + Qce)? (3.7)

Vg

In the weak magnetic field regime [Q./w| < 1, dv,/dw < 0, the group velocity decays with the
frequency. Hence, the soliton wave propagates with very low velocity. In fact, in the simulations it is almost
zero in the uniform plasmas. As a result, the laser can be absorbed efficiently in the standing density well.
In the case of weakly relativistic limit, the frequency downshift is approximately proportional to the density
perturbation and laser intensity. Meanwhile it has a positive correlation with the magnetic field strength
[71]. Hence, as the magnetic field increases, the laser intensity needed for the soliton formation reduces. In
some cases, e.g. when the soliton is generated in the inhomogeneous areas, the density perturbation is not
large enough to trap the laser wave and the soliton can collapse after its generation or moves away. In this
case, the heating efficiency decreases compared to standing soliton cases. In Fig. 3.8, we show an example

of the moving soliton generated near the pre-plasma region for B, = 4.5kT and a = 1.0.
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3.3.2 Soliton spectra

To study in detail about the soliton structures, we have plotted in Fig. 3.9 (a) and (b) the spatial profiles of
the electric fields and densities for a = 0.5 and B, = 3.8kT. It can be seen that, at the initial phase of the
soliton formation, only the electrons are able to response to the field and there is strong electrostatic field
inside the soliton. Afterwards, the ponderomotive force starts to dig a hole in the ion density and the quasi-
neutrality state is achieved. In Fig. 3.9(c), the frequency spectra of the laser field at y =1000, 2000 and
2750 are analyzed. At y = 1000 and 2750, there is only one peak round the incident laser frequency.
However, a broad lower frequency spectrum appears besides the laser frequency at y =2000. Note that the
intensity of this low frequency peak is higher than that of the incident laser frequency. Meanwhile, the
intensities corresponding to the laser frequency at y = 2000 and 2750 have almost the same level. Hence,
the results show that while small part of the incident laser propagates through the plasma, the major part is

converted into a standing solitary wave. Notice that the solitons have harmonic frequencies.
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3.3.3 Soliton position

The soliton position in the uniform density area is an interesting and meaningful issue, since we may
potentially use the soliton generation to control the energy deposition position in the plasmas. Some factors
relevant to the soliton position are studied as shown in Fig. 3.10 and Fig. 3.11. Fig. 3.10 shows the soliton
position dependence on the laser intensity and magnetic field. The soliton position shifts from the rear

boundary to the front one when one increases the laser intensity or magnetic field. This may result from the
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dependence of the frequency downshift on the magnetic field and laser intensity, which may be
characterized by a threshold for the soliton formation: one of the two factors increases, the other needed for
soliton generation decreases. On the other hand, we have extended the system size to L,, = 4096 and
changed the characteristic length of the pre-plasma, as shown in Fig. 3.11. The “L1”, “L2” and “L3” in Fig.
3.11(b) represent the cases without pre-plasma, with pre-plasma of characteristic length 82 and 164,
respectively. It is observed that the soliton position is independent of the system size, but shifts towards the
front boundary as the characteristic length of the pre-plasma increases. The detailed mechanism of the

soliton positon on the density profile still remains unknown and needs to be resolved in the future.

The dependence of soliton position on laser intensity and magnetic field helps us to understand the
shape of the curve for B, = 10kT in Fig. 3.2(b), where it starts like a soliton induced enhanced heating
region but shifts to ECRH. Generally, there are two mechanisms contributing for the heating: ECRH and
the soliton induced enhanced heating. When the laser intensity is weak, both the ECRH heating and the
enhanced heating is small. (The magnetic field for ECRH is about 13KT, which is larger than 10kT). As the
laser intensity increases, the nonlinear effect or soliton induced enhanced heating comes to play. Since the
magnetic field is so strong that the soliton position is now expected to be in the pre-plasma area. In fact, we
do observe some cavity-like density perturbations in the pre-plasma area around a = 0.3 or 0.4 for B, =
10kT (which is similar to Fig. 3.8(c)). However, due to the inhomogeneity of pre-plasma, the laser pulse is
not well-trapped and these perturbations disappear or move away and they do not develop into the standing
cavities as shown in Fig. 3.9(a). Hence, the enhanced soliton heating reduces as the laser intensity increases.
However, the ECRH becomes more and more significant since the electron cyclotron frequency decreases

due to the relativistic effects.

3.4 Solitons in 2D simulations

We have also studied the soliton dynamics associated with the laser heating efficiency in 2D simulations.
The system size in the x direction is extended to 4um and 8um to include the transverse effects. The laser
pulse is the plane wave and the other parameters are the same as 1D cases. Fig. 3.12 shows the comparison
of the heating efficiencies in the 1D and 2D (Lx =4um) simulations with different magnetic fields for a =
0.5. It can be seen that the soliton induced enhanced heating efficiency decreases slightly, however the
ECRH efficiency remains the same. In fact, in 2D simulations, the soliton breaks up into some individual
small ones soon after its generation. This is different from the 1D case where the soliton can survive for a

long time before dissipating in the plasma.
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In Fig. 3.13, we plot the spatiotemporal profiles of the electric field of the solitons for Ly =8um, where
the upper and right subplots correspond to the intersections of the y and x directions, respectively. A strip-
like soliton is observed at around t = 139f's at the same positon as in the 1D case (see Fig. 3.7) and after
that it breaks into some small ones, as shown by the right subplots in Fig. 3.13(b). The width of these small
solitons is about 1.6um, nearly twice of the laser wavelength and they radiate their energy in the form of
electromagnetic wave quickly. Note that, this cloud of soliton formation is different from the solitons in the
usual unmagnetized case, where the laser pulse first changes its form due to the nonlinear processes such
as self-focusing and energy depletion and afterwards solitons are formed at the position of filaments. In our
simulations, a quite uniform strip-like soliton can be obtained at the early time due to the relatively low
laser intensity and small solitons are formed probably by some transverse instabilities. Moreover, the 2D
simulations with Ly =4pum or 8um have shown a converged wavelength of the solitons in the x direction.
Hence, it could be bravely postulated that the 1D model is qualitatively available to explore the soliton
dynamics in strongly magnetized plasmas. In the next chapter we will derive the coupled soliton equations

in the 1D geometry.

3.5 Summary

In this chapter, the absorption mechanism and various propagation modes of the laser pulse under different
laser intensities in strongly magnetized plasma have been studied based on PIC simulations and theoretical
analyses. Results generally show that Faraday rotation can take places in weakly magnetized plasmas and
the polarized laser wave may convert into an electron cyclotron mode as the magnetic field increases. For

linearly polarized incident laser, the polarization changes with both the electron density and magnetic field
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due to the different decay rates of the LCP and RCP components. As a result, the laser heating efficiency
strongly depends on the magnetic field. Most interestingly, it is found that for some certain magnetic fields
and laser intensities, a solitary wave with a very short width and a lower frequency compared to the incident
laser may be formed in a density well, which can greatly enhance the absorption of the laser energy. 2D
simulations also confirmed this enhancing effect. As the magnetic field increases, the parametric window
for the solitons moves towards the lower laser intensity. This may result from the frequency downshift due
to the nonlinear effects. Once the laser frequency falls below the plasma frequency, the laser pulse becomes

trapped in the density cavity, forming a solitary wave.

The soliton properties and some relevant factors to soliton position are also studied. It is found that the
soliton position depends on the characteristic length of the pre-plasma rather than the uniform plasma length.
Furthermore, the soliton position moves from the rear boundary to the front one as the laser intensity or
magnetic field increases. In 1D simulations, the soliton is of long-living time, however in 2D simulations

the soliton can break up into some individual small ones soon after its generation. As a result, the heating
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efficiency decreases compared with the 1D simulations. Considering the high efficiency of energy transfer
by the solitons, the soliton generation in strongly magnetized plasmas may play an important role in fast

ignition, laser-plasma based particle acceleration as well as other potential applications.

47



Chapter 3: Simulation of laser plasma interactions in the presence of strong magnetic field

48



4. Soliton equations in magnetized plasmas

In this chapter, we deduce the coupled soliton equations in magnetized plasmas with finite temperature and
ion’s effects taken into account. The soliton is treated in the framework of relativistic fluid model, where
the scalar potential ¢, the vector potential A and the phase modulation 6 are used to describe the
longitudinal and transverse waves with appropriate boundary conditions. The Hamiltonian of the system is
obtained and different dispersion relations for the bright and dark solitons are derived according to the
boundary conditions. Based on the dynamical systems theory, the soliton solutions in phase space are
actually the homoclinic or heteroclinic orbits of the four-dimensional (4, A’, ¢, ¢") reversible autonomous
Hamiltonian system. Since the homoclinic or heteroclinic orbits lie in the intersection of the stable and
unstable manifolds of the same or different fixed point(s), the general criterion for the existence of solitons
is obtained. In this chapter, the theory of dynamical systems as well as the concepts of some important
terminologies, e.g. the fixed point, bifurcation, homoclinic and heteroclinic orbit, stable and unstable

manifold, are introduced.

4.1 Coupled soliton equations

The coupled soliton equations can be derived from the Maxwell equations (Coulomb gauge V- A = 0)

and the fluid equations,

Ap = —4m(neq. + 1;q;); (4.1)
10°4 10 4n (4.2)
A= 557 "5 VP =~ (MeleVe + 1iq); :
P, , qs )
P —V(qs@ + ysmsc?) + v X [V X Pg] + — Vs X B, — myviVinng; (4.3)
an
ats + V- (ngvg) = 0. (4.4)

Here P, = ps + (qsA) / c is the canonical momentum for s species (s = e, i). A and ¢ are the vector and
scalar potential, and ng, mq, qs, Vs, Ps, Vs, Vss, are the density, mass, electrical quantity, relativistic factor,

kinetic momentum, velocity and thermal velocity, respectively. B is the ambient magnetic field and c is
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the speed of light. g, = —e, q; = e. Assuming the wave propagation and external magnetic field B, are
along the x direction and in y and z directions the system is uniform, then d,, = d, = 0. For localized
soliton wave, the Coulomb gauge gives 4, = 0. The transverse component of Eq. (4.2) becomes,

0%°A; 10°A, A4me
ax2 2 9tz

(neveJ. - nivij_)- (4.5)

The subscript “L” stands for the transverse components f, = f,, + if, with f = A,ps, vs and P;. The

longitudinal and transverse components of Eq. (4.3) are,

apsx 2 Ds1 aPsJ_ p;J_ aPSJ.) 2 alnns
_ _ mg2 s 46
ot (qsgo Frsmse®) +3 2 (ysms 0x + Ysms 0X sVts Tgx (4.6)
0 d qs ds Psi
24 —A —iBy— 4.7
T (PsJ_ +— J_) —Vsy [ax (PsJ_ + c J.)] 0 Yoy 4.7)

Here the superscript “+” represents the conjugate. The soliton solution can be generally expressed as,

A ~A(explint +i0(9)], psi~psi(expliwt + i6(8)] and p~¢(§)

withé =x —Vtand t =t — kx/w, where V is a velocity (for bright solitons it is the group velocity
however for dark solitons it is not) and k, w are the soliton wavenumber and frequency and 8(¢) is the
phase modulation. Note that this kind of solution requests the solitons to be right hand circularly polarized.

Egs. (4.4) and (4.6) give two integrals of motion,

0
% [ns(_V + st)] =0 (4.8)
0 oPg
=5 (qs0 + Vsrnsc2 —Vpsy + msvtzslnns) - Pst = = 0 (4.9)
a¢ s 0§
The real and imaginary parts of Eq. (4.7) are,
q
(=¥ +ve) 5 (pSJ_ +A)=0; (4.10)
(—V+v )(pJ_+ A)a—+w( E)(pl+%A)=—BO% Psi (4.11)
SX S af xw S c c ysms

For unmagnetized plasma, the canonical momentum in transverse direction is conserved, e.g. ps, +
qsA/c = 0 and the soliton can have different propagating velocities. However, for magnetized plasma, we

choose V = v, from Egs. (4.10) and (4.11), which means the particles are traveling with the solitons in the
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propagation direction. This condition implies the solitons are of the standing type in the reference frame

moving with the plasmas. For static plasmas, V = 0. Egs. (4.9) and (4.11) can be written as,

qsp & vtzs ng 1 ( Ps1 )2 quO/mSC
—_ —In—=4 - = t: 4.12
mgc? + ]/5( cz> T nno *3 Yemsc/ w—kV const; (412)
k qs qsBo bs.
1-— V—) —A)=— —_—. 4.13
o(1-V ) (por + T a) =~ T2 (4.13)

Here n, is the unpertubed plasmas density. Eq. (4.12) describes the force balance among the ponderomotive
force, the thermal pressure and the electrostatic field in the longitudinal direction. If V = 0, it is reduced to

Rao’s result.[77] Note that the ponderomotive force density in magnetized plasmas is,

lquo/mSC( Ps1 )2] (4.14)

F = -mgc?V|ys(1 = v /c?) + 5
mscC [ys( Vsx/ € )+2w—kvsx Yomec

For v, = 0 and unmagnetized plasmas, it gives the well-known result F = —mc?Vy, as shown in Eq.

(1.6). The wave propagation Eq. (4.5) is also separated into the real and imaginary parts,

VZ n’ 14 k V !
1-—](24'6'+6 A)—2w<———2)A = 0; (4.15)
c w c

V2 k Vv k% 1 4me ;
<1 - —2> (A" — 46"%) + 20 (— - —2) 6'A— (— - —) WA = (n Per P ) (4.16)
C w C

e
w? c? c T,m, rm;

Here the superscript " ' " denotes the derivation with respect to €. Integrating Egs. (4.15) once, we obtain,

_ A2
6" = (1 - A—S); (4.17)

V2 * A3 2
" 1,2
<1 _C_2> A+ C_Z_ k <_2>

with k = y2(k —Vw/c?), @ = y2(w — kV) and y, = (1 — V?/c?)~1/2. Here the boundary conditions

4me i
A} - (ne Per o, Pit ) (4.18)
C eme mm;

QX (A, A", 0,¢") = (+4,,0,0,0) at § — —oo are adopted. For simplicity, in the following we use the symbol
QS—’ to represent the boundary conditions. Note that Eq. (4.17) is decoupled from Eg. (4.18) and the phase
modulation becomes constant at & — —co. Using w,', wye, N, €, MsC, mec?/e to normalize the time,
space, density, velocity, momentum and potential, where a)ﬁe = 4mngye?/m, is the unperturbed plasma

frequency, we rewrite Egs. (4.1), (4.12), (4.13), (4.17) and (4.18) as,
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2
I _ 7, Qo .
9" = <1 —?>, (4.19)
" =n,—n; (4.20)
a’+ GZ—EZa—g a= z(n pil—n-pi)' (4.21)
at Yo e Te i ri /)’ '
_ o PelL _ ,DiL
Pes —a=ayd—;  piL+pa=—payd— (4.22)
Ye Yi
1 _ pZ ]/ _ pz y
viInn, = @ +@yi 5 — 5 —cCoo; VEINN; = —pp —spayi—>——=—cyo  (4.23)
2 Ye Yo 2 Yi v

Here a = eA/(mec?), ag = eAo/(Mec?), ¥s = yo(1 + p3) ™%, @ = Wee /B, wce = €Bo/(MeC), p =
M /My, Cog = AYEDE01/(2YE0) = Yeo!/VS and cio = —pa@y§pi./(2vh) — Vio/¥6 - ¥so and pgo are the
relativistic factor and transverse momentum for the electron and ion at the left boundary ¢ — —co. Notice
that & can be negative, which means the magnetic field is opposite to the laser propagation direction. The
above equations together with the boundary conditions Qg—r give the whole description of soliton formation

in magnetized plasmas.

4.2 Dispersion relation for bright and dark soliton

The dispersion relation of the bright and dark soliton is different due to the boundary conditions. For bight
solitons ay = 0, @ = k& + 6,. The total wave phase has the simple form exp[iw(t — xV /c?) +i6].
Hence, the actual wavenumber of the soliton is k = @V /c?. Using @ = y&(w — kV),wefind@ = w, k =
0and @ = w../w = a. To distinguish the bright and dark solitons, from now on we use the symbols
without “—" for bright solitons and symbols with “—" for dark solitons. Similarly, the boundary condition
Q, is for bright solitons and QS—’ are for dark solitons. The Maxwell-fluid model only admits bright solitons

with normalized dispersion relation,
Vw = k. (4.24)

Note that the boundary condition Q,(a, a’, ¢, ¢") = (0,0,0,0) is also a trivial solution to the system. Hence
Q, is the equilibrium or fixed point (determined by a’ = a"’ = ¢ = ¢"’ = 0). In the real space, the soliton
envelop goes from zero (left boundary) to a maximum and return to zero (right boundary); correspondingly
in the phase space the solution starts from the fixed point Q, and returns to Q,. Mathematically, the bright

soliton solution represents a homoclinic orbit which connects the fixed point to itself.
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For dark solitons, a, # 0, the soliton can have nonlinear phase modulation given by Eq. (4.19). If we

assume the boundary Q;—r = (%ay, 0,0,0) is also the fixed point of the system, we have,

2 2
62 — EZ + yO + pyO
Yeo — @¥¢  Vio + pavé

(4.25)

The physical meaning of Eq. (4.25) is clear if we write the dispersion relation in the laboratory frame,

1 p

w? =k + + :
Yeo — wce/(w - kV) Yio + wci/(w - kV)

(4.26)

Here w.; = pw, IS the ion cyclotron frequency. Hence, Eq. (4.25) describes a right hand circularly
polarized wave in magnetized plasmas with relativistic electron and ion effects. Since y,.q > v, if we

neglect the ion’s effects, Eq. (4.25) implies,

1

Only solitons with @ and k satisfying inequality (4.27) are physically meaningful. For the dark soliton, the
solution starts from QS—’ (left boundary) and ends at Qg, Qg_f or other fixed point (right boundary) which
depends on whether the solution is symmetric, antisymmetric or asymmetric. Hence, dark soliton solution
represents a homoclinic (or heteroclinic) orbit which connects the same (or different) fixed point(s).

Furthermore, it is easy to prove that for each Q& — Qg connection, there exists a counterpart Q5 — Qg one.

4.3 Hamiltonian and dynamical systems theory

To have an overview of the solutions in phase space, it is better to use the Hamiltonian of the system. The

Hamiltonian H can be derived by integrating Egs. (4.20), (4.21) once.

4.3.1 Hamiltonian and symmetry

Integrating Eqgs. (4.20) and (4.21), we find the Hamiltonian, (see Appendix A)
4

! 1 i — —, a ’ 2'
H(a,a',p,—vé¢p) = E(a 2+ w%a%+ kza—g —véop 2) + 2 [vtze(ne -1+ %(ni - 1)]. (4.28)

Here Qq,, = a, ¢ are the generalized coordinates and P, , = a’, —y4¢' are the corresponding generalized
momenta. They satisfy the Hamilton’s equations dQ /dé = dH /AP and dP/d& = — dH/dQ. Since H does

not depend on ¢ explicitly, the system is autonomous or H = H,,.
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Chapter 4: Soliton equations in magnetized plasmas

The symmetry of the system can help us to get some information about the soliton solutions. First, H
is invariant under the reflection symmetry, a - —a, a’ - —a’, ¢ - ¢ and ¢’ - ¢'. Hence, if (a(¢), ¢ (£))
isasolution, (—a(§), ¢ (&)) is also a solution. In other words, for any homoclinic orbit Q¢ — Q4" there exists
an identically shaped Q; — Q, one. Second, note that H is &-reversible, e.g. invariant under simultaneously
changing the sign of & and the generalized momenta a’, —yZ¢’. As a result, (a(—=¢), ¢(=§)) is a solution
too. Thus, homoclinic orbit Qg—r — QS—’ can either be symmetric (a(¢) = a(—¢), (&) = @p(—¢&)) or come in
asymmetric pairs with &-reversal; heteroclinic orbit QS—’ — Qg_f can either be antisymmetric (—a(§) =

a(=£&), (&) = p(—=£&)) or come in asymmetric pairs with &-reversal.

For autonomous Hamiltonian systems, it is well known that the trajectories in phase space of the same
Hamilton value don’t intersect expect at the fixed points. Hence, it is important to figure out the existence

and properties of the fixed points.

4.3.2 Fixed points and bifurcations
The soliton equations (4.19) ~ (4.23) can be written in the form of a system of ordinary differential equations,

dx _ 4.29
d_f_f(x)' (4.29)

Here x = (a,a’, ¢, ¢"). Then the fixed points are determined by f(x) = 0, which yields n, = n; = n with

a, @, n satisfying,

gt 2 2
<62 - k2—2> a= n( Vo_ >+ p]/o_ 2) a (4.30)
a Ye— @Yy Vit pays
2 2 2
Cs 1 <1 2 Per Ve ) 1 < 1 2 bi1 Vi )
S0 =——|zsaV§—S — S —Ceo | TS| —zpPVs S —=—¢ (4.31)
Vi Ve v \2 v g ) R\ 200 g
1_,peL Y. 1 _,ph i
¢t Inn = p<§ay3%——§— Ce0> + (—Epayé%——;— Cio (4.32)
Ye¢ Yo Yi Yo

Here c, is the ion acoustic velocity with cZ2 = pvZ, + vZ. Obviously Q, (QS—’) is the fixed point. Since Eqgs.
(4.30) - (4.32) are symmetric for a, there may exist other even number solutions and we regard them
as Qf (+a*,0,¢*,0). Note that at the fixed points Q, or QZ, the plasma is neutral. Taking the derivative of
Eqg. (4.32) with respect of a, we find,

on Pe Di —.a
2.2 — 2 (Le l) =2 220
YoCs 5 = ~PNYo (ye—yi)——p<w —k a4>a-
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Hence at the fixed points the density is,

_ag
<62a2 R —2> 4.39)
a

Now let’s discuss the existence condition for Q. Assuming ion is nonrelativistic, for the bright soliton

we find QF exists if y,a is in the following interval (see Appendix B.1),

4
—1/p < ay, <o whenwzs%;
4)/’/’) (4.34)
—1/p < ay, <p-, By < ayo, <o when w? >1-Ii),0

Here 5, = [p —1+J(p+12—4p(p+ 1)y0/w2]/(2p). In the limit of immobile ions (p = 0), B, =

1 — y,/w? and condition (4.34) is reduced to 1 — yo/w? < ay, < . Eq. (4.30) has the exact solution for

bright solitons,

-1/2

(a[

(1 + aa)z)z]

4 (4.35)
| %y aw*
Up 2 o Yo 2)/0 1+ aw?)?
For dark solitons a* satisfies,
2
* Y 1
a*? = 0 —~ — (4.36)

(@2 —k2at/a*)’ [a(@® - k2al/a**) +1]°

Heread = (y2/vé — D1 — avé/Yeo): Yeo = vé|a + 1/(@* —k?)] and @, k, @ should satisfy
inequality (4.27). Notice that the dark soliton amplitude at the infinity is totally determined once the
magnetic field, soliton frequency and wavenumber are fixed. In Fig. 4.1 we show the fixed points solutions
for bright and dark solitons with respect of a (@), where Q, is the blue line and QI are the red lines.
Mathematically, Fig. 4.1 represents the bifurcation diagram of the system with a (&) the bifurcation
parameter. The bifurcation happens at the point where the number or stability properties of the equilibria
change as the system parameters vary [85]. The topology of the phase space is usually different before and
after the bifurcation, which will result in dramatic change of the solution structure and properties around
the bifurcation. Thus the stability properties or types of the fixed points play an important role in
determining the existence of solitons. The fixed point types are determined by the eigenvalues of the

Jacobian matrix J at Q,, Q,
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1.5
— Q

10f @

0.5 !

-0.5 \

-1.0

_15 @)
10 205

Fig. 4.1. The bifurcation diagram for bright (a) and dark (b) solitons with respect of a(&) in the immobile

ions limit. The parameters are (a) w = 0.8; (b) @ = 0.1, k = 0.75 and y, = 1 for all plots.

0 1 0 O
_9(d,a",¢',9") _[J21 0 J23 O 437
= g =0 0 0 1 (4.37)
0(a,a’,0,9") 4,02
41 0 ]43 0
Here the nonzero Jacobian matrix components are expressed as,
—ag\ n 3 3 1 p2 z
Ja1=— [(52 + 3k? _2> _:< 3 )/e_ 773 i - 4)] —ny§ <_2pe;2l +£2P;2¢>; (4.38)
a a\Ye — aYy Yi + payy Vte Ve Vi Vi
Jur = _n<ipe;i+£&>. (4.39)
H 17tze Ye vtzi Vi '
1 Per | P PiL
Js = ny2 <__ LR (4.40)
23 0 17tze Ye vtzi Vi
1 p
]43 =n o +_2 . (441)
Vte Vg

Note that we have used the condition a’ = 0 at the fixed points and the relations,

56



Section 4.3: Hamiltonian and dynamical systems theory

pl — La/_ y, — ygpeJ_ p, ] (pLJ->, _ y_gp, .
U —and °T oy, oY ve) ¥
3 2 ' 2 (442)
b=t =y () 2Ly
T ey T e T ) R
The eigenvalues of J are,
2, =t |2 VA (4.43)
A 4==% 5(5 +VA). .

With & = Jo1 + Jaz, A= (J21 — Jaz)? + 4/23/41. For the convenience of future discussion, we regard 1, 3
as the eigenvalues with positive real part and 4, , as the eigenvalues with negative real part and 13 = 43,
A3 = 2Z. The dynamical systems theory [86] states that, 1) when A> 0, the fixed point is a focus in the

region § < —/A< 0; a saddle in the region § >+/A> 0; and a saddle-center in the region |§| < VA; 2)

when A< 0, the fixed point is a saddle-focus.

4.3.3 Stable and unstable manifolds

In the next, we introduce an important terminology from the theory of dynamical systems: the stable and
unstable manifolds. The stable manifold W*(Q) and unstable manifold W*(Q) of a fixed point Q is a set

of trajectories in phase space which satisfies the following condition,

We(Q) = {x & R*| im ¢¢() = 0]

(4.44)
W) = {x € RY Jim ¢¢(x) = 0}

Here ¢¢ (x) is the flow of Eq. (4.29) and x = (a,a’, @, @"). Hence, trajectories on the stable or unstable
manifold converge to Q at the positive or negative infinity. In our case, the fixed point Q, represents the
boundary conditions, thus it is obvious that the soliton solutions should on both stable and unstable
manifolds. Mathematically, the homoclinic or heteroclinic orbit lies in the intersection of the stable
manifold W* and unstable manifold W% of the same or different fixed point(s). As a result, from
mathematic point of view, solving this set of coupled soliton equation system with boundary conditions
QO(Q;—r) is equal to find the homoclinic or heteroclinic orbits of a four-dimensional (a, a’, @, ') reversible

autonomous Hamiltonian system.

Knowing the manifolds is crucial for understanding the overall dynamics of Eq. (4.29). For example,

if the fixed points of are of the saddle type then they come with global stable and unstable manifolds. The
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Chapter 4: Soliton equations in magnetized plasmas

stable manifold may form boundaries of basins of attraction and the intersection of stable and unstable

manifold lead to complicated dynamics and chaos.

The stable and unstable manifolds are closely related to the fixed point types. For 4D Hamiltonian
system, the stable, unstable and center manifold theorem [85] states that when the fixed point Q is of the
saddle or saddle focus types, there is a 2D stable manifold and a 2D unstable manifold in the neighborhood
of Q; when @ is of the saddle center type, there is a 1D stable manifold and a 1D unstable manifold; when
Q is of the focus type, there is no stable or unstable manifold. Obviously, the existence and dimension of
the manifold determine the possibility of the intersection of the stable and unstable manifolds and then the
existence of soliton solutions. Since the Hamiltonian is fixed H(a, a’, ¢, ¢") = Hy, the system is actually
3D, e.g. constraint to a 3D energy manifold. Hence, simply counting the dimensions, one find for 2D stable
and unstable manifold they are generally expected to intersect in the 3D phase space. Thus soliton solutions
are general in the saddle or saddle-focus domain. For 1D stable and unstable manifold, the intersection is

rare, e.g. only happens at particular system parameters (&, w, E). As a result in the saddle-center domain,

the solitons will have discrete spectrum (5, E) or they do not exist. For the focus domain, it is obvious that

there is no soliton solution at all.

For certain conditions as will discussed in the next chapter, the 4D Hamiltonian system can be reduced
to 2D. In this case, the fixed point can only be the saddle or center type. There is a 1D stable and unstable
manifold in the former case and no stable or unstable manifolds in the latter case. In the saddle regime, the
stable and unstable manifolds always intersect in the 2D phase space since they are the same orbit. Hence,

for simplified 2D systems, soliton solutions only exist in the saddle regime.

4.4 Summary

In this chapter, the coupled soliton equations (4.19) — (4.23) in magnetized plasmas are derived. The soliton
is treated in the framework of relativistic fluid model, where the scalar potential ¢, the vector potential A
and the phase modulation 6 are used to describe the longitudinal and transverse waves with appropriate
boundary conditions. In 1D geometry, this model assumes the soliton to be circularly polarized and the
amplitude of the potentials ¢,A4 and the phase 6 only depend on the combination of § = x —Vt.
Substituting this kind of solution into the Maxwell-fluid equations, one can obtain three nonlinear ordinary
differential equations for ¢, A and 6 respectively. The equation for 8 is decoupled and can be solved once
@ and A are known. The potentials ¢, A are governed by two second order nonlinear differential equations

which describe the nonlinear coupling between the longitudinal electrostatic wave and transverse
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electromagnetic wave due to the density perturbation and the relativistic effects. This set of equations is
solved with zero or non-zero boundary conditions, which correspond to bright or dark solitons, respectively.
By assuming appropriate dispersion relations from the boundary conditions, these soliton solutions become
the connections between the same or different fixed point(s) of the equation system in the phase space.
Using the dynamical systems theory, the existence of soliton solutions to the equations turns out be
searching for the homoclinic or heteroclinic orbits of the system. Since these orbits lie in the intersection
of the stable and unstable manifolds, the types of the fixed points and associated manifolds play an
important role in determining the existence and properties of the solitons. Based on the soliton equations,

the general criterion for the existence of solitons is obtained.
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5.  Bright solitons in magnetized plasmas

From this chapter on, we will systematically analysis the bright and dark soliton formations in cold and
warm plasmas, respectively. In this chapter, the bright soliton is studied. The ions are first assumed to be at
rest. Based on the discussion in chapter 4, the existence conditions and properties of the bright solitons are
investigated. In cold plasmas where the system is reduced to 2-dimensional (2D), an additional restriction
on the soliton frequency is obtained from the non-negative condition of the electron density as discussed
by Farina et al [78]. However, this restriction disappears in warm plasmas. Then the ion’s effects on the
soliton properties are investigated through the quasi-neutral approximation. The coupled soliton equations
are solved numerically by either the shooting method or the rational spectral algorithm [63, 87]. By the end
of the chapter, we describe in detail about the two numerical methods we have employed. For the sake of

convenience, we rewrite the bright soliton equations,

¢ =n, —n; (5.1)
a’ + w?a =yé (ne Pei _ n; pi) (5.2)
Te Ti
Per Pi1
Per —a=ayi—;  pi+pa=—payd— (5.3)
Ye Yi
2 2
per Y 1 piL Vi
vEInne =g +oayf S -5 —co; vilnm=—pp-payi-s--co.  (54)
e Yo Vi Yo

Here a = w../w With w., = eB,/(m,c) the electron cyclotron frequency and p = m,/m; the electron-
ion mass ratio. y3 = 1/(1 —V?/c?). We mention again that w., can be negative which means the

magnetic field is opposite to the laser propagation direction.

5.1 Bright solitons in cold plasmas

We first discuss the cold plasma case where v;, = 0. Assuming ion is at rest, then the scalar potential ¢
and electron density n, can be eliminated by Egs. (5.1) and (5.4). The soliton equation and the Hamiltonian

H(a,y2/yZ a’) become,

61



Chapter 5: Bright solitons in magnetized plasmas

3 0.6
2 0.4
© 0 © 0.0 @/ ®
-1 -0.2
_2 -04
_3i(a) -0.6}(b)
-2 -1 0 1 -15 -10 -05 00 05 10 15
a
15 04

1.0
0.2
05
w 0.0 [ /’\_’:'_;\ w® 00 >
R— ==
-0.2
-10

d
-1.50¢) -0.4( )
2 1 0 1 2 -0.06 -0.04 -0.02 0.00 002 004 006

a a

Fig. 5.1: The phase portraits of the system for a = 1.2 (a), « = 0.1 (b) and & = —0.5 (c¢) with w = 0.9
and y, = 1. The enlargement of (a) around Q, is shown in (d). The fixed points Q, and QF are marked

by round dot and asterisks, respectively.

2 2 2
]/_(;a,, +w2q=—10 > <1 +— Yo n a’2> a; (5.5)
Ye Te — Y Ye — QY
2 2 2
Yo ,) 1<y0 2 2 2) <1 2]/0 )
Hla—=Sad |=-|=ad*+wa*|—|zavi S5+ 7Ve | (5.6)
< vé 2\yé 270y
Here y, and a satisfy
2.2
Ye Q
2 _ .2
ye =y5 |1+ —] (5.7)
o [ (e — ard)?

Now the system is reduced to 2D and the fixed point of the system is either a saddle or a center (see Fig.
5.1). As discussed before, there is a 1D stable and unstable manifold in the former case and a 2D center

manifold in the latter case and the solitons only exist in the saddle region.

For unmagnetized plasmas @ = 0 and y, = y,V1 + a?, Eq. (5.5) has an exact standing solution given
by [62],
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cosh(vV1 — w?¢)
cosh?(V1 — w?¢) + w? — 1

a=2yJ1-w? (5.8)
For magnetized plasmas, generally it is difficult to solve Eq. (5.5). However, in the ultra-relativistic limit,
Ye = ayé + ay, and in the weakly relativistic limit y2 ~ y4[1 + a?/(1 — ay,)?]. Hence, Eq. (5.6) can be

integrated in terms of the elliptic integrals to obtain an implicit function & = &(a).

5.1.1 Phase portrait

At the fixed point Q, the Jacobian matrix J of the system is,
Vs

Ye —ayy

J= ( 0 1) with A% = —w? + (5.9)

We/v$H22 0
Here ¥, = ¥, at Qo(0,0) and y, = y&(a + 1/w?) > y, at QL (+a*, 0) with a* given by Eq. (4.35).
Notice that QF exist only when ay, > 1 — y,/w?. In this region, QF are always centers since we

have y3 > y.yé = ayg + y¢/w?, thus A2 < 0. On the other hand, for fixed point Qy it is either a saddle

type (A2 > 0) or a center (1% < 0) type. Hence, the existence condition for bright soliton is,
Yo
1- 2 <ay, <1 (5.10)

In Fig. 5.1, we plot the phase portraits of Eq. (5.6) for various magnetic fields, where Q, and Q are marked
by round dot and asterisks, respectively. The structure around the origin in Fig. 5.1(a) is enlarged and
displayed in Fig. 5.1(d). Notice that there is a singularity at y, = ayZ in Eq. (5.5) when ay, > 1, which
corresponds to the a = 0 axis in Fig. 5.1(a). Table 5.1 summarizes the fixed point types for different

magnetic fields.

Table. 5.1. The fixed point types for different magnetic fields.

Qo QF
ay, > 1 center center
1—yo/w? <ay, <1 saddle center
ay, < 1—y,/w? center Do not exist
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5.1.2 Density constraint

Though expression (5.10) gives the condition for the soliton solution to Eq. (5.5) mathematically, a physical
restriction on the magnetic field and soliton frequency can be found from the non-negative condition of the

electron density. Using Egs. (5.1) and (5.4), one finds,

l; ZaIZ a
n,=1+¢" =1+ (p—ea') -1+ 0% a. (5.11)
3 4 2

Ye Ye — @Yo Ye — @Yo

The minimum density of the bright soliton happens at the center where a’ = 0. Using Eq. (5.5), when the

density drops to zero we have,
Ye = ayg + w?a’. (5.12)
Substituting Eqg. (5.12) into Eq. (5.3), we can eliminate a to get the critical y,,
¥s = 0?(ve — ay§) (X —v§/vé) (5.13)

Meanwhile, the invariance of H gives,

1 1 _yd 1
~We—avd) —savd S +7v.|=— (—0%2 + Vo)- (5.14)
2 2% 2
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Combine Egs. (5.13) and (5.14), we find y,, and the critical frequency w., when the density at the soliton
center becomes zero satisfying [78],

Yo
Ye = = Yo 5.15
2= (ayo+vo/wE) T’ .19
Y ? Y
ayo (“Vo + —2 - 2) =2 <ay0 + —2) - 3. (5.16)
wCT wCT
Notice that ay, < 1, hence ay, + y,/w?. are in the range,
5-+5
<ayo+1><2. (5.17)
2 Wey

Eq. (5.16) is a cubic equation for y,/w?- and the discriminant is a3y3(27ay, — 32). When ay, < 0,
it has one real root and two complex conjugate roots; when 0 < ay, < 1, it has three distinct real roots.

Writing explicitly, they are,

2 +2 ! S ECICH P 0<ay,<1
ay, 3aye cos |zarccos| 7 |— 3 ayo
Yo _
a2 : !
“ , . 1 8 1 1 8 1 “0
-« - - - — a
\ Yo 4a’y§  27a3y3  2ay, 4a?y¢  27a3y;  2ay, Yo
(5.18)

In Fig. 5.2, we plot the parametric domain of (a, w) for the existence of bright solitons. The solitons
with physical significance can only exist in the shaded area. The solid and dotted lines come from the saddle
condition for the fixed point and the dashed line comes from the non-negative condition for the electron
density. Here the negative « means the magnetic field is in the opposite direction of the laser field. It can
be see that for each magnetic field a, there is a lower limit of the soliton frequency w,,., beyond which the
density at the soliton center is negative. In other words, there exists a maximum of the soliton amplitude.

The maximum of the soliton amplitude and other physical quantities can be calculated by Eq. (5.15),

2 (avot+vo/wi—1)(3-ayvo—vo/w2,) ay?
Pe == y—ez—lzi\/ 5 ; a=pe<1— yo) (519)
Yo 2 = (ayo +vo/wér) Ye

Let S = ay, + yo/w2 and take the derivative of Eq. (5.16) with respect of ay,, one finds 0S/
d(ay,) = (S —2)*/(5 — 45). It is always smaller than zero in the range of condition (5.17). Hence, S is a
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| @

a[em /c?]

Fig. 5.3. The bright soliton a) envelope, b) scalar

0.0+ . . .
potential and c) electron density at the critical

frequencies for different magnetic fields. The

n/n,-1

-0.5 parameters are y, = 1 and, ClL: a = —0.2, w. =

0.764, w., = —0.153; C2: « = 0, w,, = 0.817,
-1.0 Wee=0; C3: a=02, w,=0882, we, =
-10 5 0 5 10  0.176.

decreasing function of ay, and thus w,, is an increasing function of ay,. Meanwhile, y,, a are both

decreasing functions of ay, and the minimums of them are reached at ay, = 1. Assuming y, = 1, we find

the minimums of the quantities are y, = (V5 + 1)/2, p, = ,/(vs+1)/2and a = V5 — 2.

We have numerically solved the soliton Egs. (5.3) and (5.5) by the shooting method. The procedure is
as follows: for fixed a and w, we integrate Eq. (5.5) in the direction of increasing ¢ with boundary
condition a’(—¢&,) = €, where € is sufficiently small and &, is far away from the soliton center. We vary €
until at & = &, both a and ¢ vanish simultaneously. In Fig. 5.3, the soliton amplitude, scalar potential and
density at the critical soliton frequencies are shown for different magnetic fields. It can be seen that the

maximum soliton amplitude decreases with increasing magnetic field, which is consistent with the analysis.

5.1.3 Soliton envelops

An analytical expression of the soliton solution can be found in the limit of small amplitude. Using the
variable transformation p,, = sinhu with sinhu the hyperbolic sine function and expanding all the

physical quantities to the third order of u in the limit of u « 1, we have,

66



Section 5.1: Bright solitons in cold plasmas

0.84 (b) - l
0.6
)
Nou
E 0.4
S
0.2
0.0
-10
"\.' "-.\.
. -
Fig. 5.4. The bright soliton a) envelope, b) scalar
\r'::_0.3_ !‘ " ] potential and c) electron density for different
c hwe
l,‘\l! —oa= magnetic fields in the cold plasmas. The
1 - - -0=0.1
-0.6 '\ i o Z=0_2 1  parametersare w = 0.9 and y, = 1.
]
-10 5 o 5 10
g,
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Pe~ut i YerVo|1+ =) a~(1—ayo)u + (1 +Zayo);
) (5.20)
u
a'~ [(1 —ayy) + 7(1 + Zayo)] u; a'~1—ayyu” + (1 + 2ayy)uu'?.
The soliton equation (5.5) becomes,
i ﬂuu’z = 2%u — pud. (5.21)
1—ay, '

Here 12 = —w? +y,/(1 — ay,) and B = [—4y, + w?(7 — 4ay,)]/[6(1 — ay,)] . Notice that A is
exactly the eigenvalue at Q,. Neglecting the nonlinear term of u'2, Eq. (5.21) has the solution,
u = Ay/2/pB sech(A¢). (5.22)

The peak amplitude of the soliton is A{/2/8 and the soliton width is approximately inversely

proportional to A. Since both A and A,/2/p are increasing functions of ay,, thus the soliton tends to be
peaked as the magnetic field increases. Fig. 5.4 and Fig. 5.5 show the numerical calculations of the soliton

amplitude, scalar potential and density profile as a function of space under different magnetic fields and
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Fig. 5.5. The bright soliton a) envelope, b) scalar
potential and c) electron density for different
soliton frequencies in the cold plasmas. The

parameters are w., = 0.7 and y, = 1.

soliton frequencies. It is observed that the soliton amplitude increases with magnetic field and the soliton
width becomes narrower. For fixed magnetic field, the soliton amplitude decreases with increasing soliton
frequency. These tendencies are consistent with the analytical predictions. Note that on the soliton wings,
density hump appears due to the attraction of fixed background ions.

5.2 Bright solitons in warm plasmas

In warm plasmas, the scalar potential ¢ cannot be eliminated and the system remains 4D. The Hamiltonian
in this case is,

14 1 i !
H(a,d',@,—v5e") = E(a 2+ w?a? —y¢e'?) + yévi(n. — 1) — ¢l. (5.23)

Note that H does not depend on & explictly, it is constant along the orbit in phase space. As discussed in
chapter 4, the dynamics of the system are constrained to the 3D energy surface H = H,(Q,) and the solitons

only exist when the stable and unstable manifolds intersect within this manifold.
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5.2.1 Bright solitons with continuous spectra

We first discuss the fixed point Q,. The eigenvalues are determined by Eq. (4.43), which is

[EN

2B_,=1%|=(6 £ VD). (4.43)

N

Wlth 6 =]21 + ]43, A= (]21 - ]43)2 + 4]23.]41'.]i,j (l = 2,4,] = 1,3) are eXpI’eSSQd as,

3 , g n yipéL n Per
o=\ == J23 = Vo——

Ye — Vo) Vie Ve Vte Ve (5.24)
Jar = _ 1 Pes, )i -
41 Utze ye ) 43 vtze

At Qo, Per =0, ne =n=1. Hence J4; = J3 =0, J1 = —w* +vo/(1 — ayo), Jaz = 1/vf, and the
eigenvalues at Q, are,

Ba=—>0. (5.25)

Qo is either a saddle-center (43, < 0) or a saddle point (1, > 0). If 22, > 0, both the stable manifold
W, and unstable manifold W are 2D and they are tangent to the linear subspaces spanned by X; ,

and X3 4. Here X;_, are the eigenvectors corresponding to 4;_, with expressions given by,

1/2 1/2

, Aa/(1+22,)7%, 0, 0)

X4= (0 0 1/(1+ 230", La/(1+434)"7)

Xi2 = (1/(1 +1,) (5.26)

Notice that 4, = —A4,, 43 = —A4. In the saddle domain, the soliton solutions are general or they have a
continuous w spectrum since the two manifold generally intersect. In Fig. 5.6, we show a typical plot of the
2D stable and unstable manifolds in the saddle domain for w = 0.9, @ = 0.1 and v;, = 0.8. The manifolds
are projected in the (a, a’, ¢) subspace. The visualization of the stable and unstable manifolds is a challenge
and interesting technical task and one can read Ref 88 for a survey of the numerical methods. Here the
continuation package AUTO [89,90] is used for the calculation of the manifolds. The method implemented
in AUTO is the boundary value problem (BVP) continuation of trajectories, which will be discussed in
section 5.4. In the (a, a’, ¢ ) subspace, both the stable and unstable manifolds look like the twisted trousers
legs with different directions and they intersect at the waist of the trousers to form a closed orbit — the
homoclinic orbit. It should be mentioned that these “legs” extend above the waist and in Fig. 5.6 (a) and (b)

we only plot the lower halves for clarity. The intersection of the stable and unstable manifolds is further
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0.6

Fig. 5.6. The 2D (a) stable and (b) unstable

manifolds projected in the (a, a’, ¢) subspace; (c)

0.4+

. the intersection of the stable and unstable
| manifolds projected in the (a, a’) subspace. Both
the stable and unstable manifolds look like the
twisted trousers legs with different directions and
they intersect at the waist of the trousers to form a

—0.4

closed orbit. The parametersare w = 0.9, a = 0.1

and v;, = 0.8.

projected in the (a,a’) subspace in Fig. 5.6(c). In this subspace, the phase portrait resembles the 2D
Hamiltonian with a saddle at the origin, e.g. Fig. 5.1(c). Therefore, the soliton has a continuous spectrum if

ay, and w satisfy,
1—yo/w? <ay, <1 (5.27)

It is the same as Eq. (5.10), however due to the finite temperature effects in Eq. (5.4), the restriction Eq.
(5.16) on the magnetic field and soliton frequency disappears. If the magnetic field is fixed, then the soliton

frequency should satisfy,

YoWee < W < Whyr o Whenwg >0
{ B (5.28)

0<w<wiyte when w,, < 0
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Fig. 5.7. The bright soliton a) envelope, b) scalar

nJ/n-1

potential and c) electron density for different
electron temperatures in the warm plasmas. The

parameters are @ = 0.1, w = 0.9 andy, = 1.

Here wgy; o = <y0wce + /yozwcze + 4—y0> /2 is the cutoff frequency for the RCP wave in magnetized

plasmas with only electron’s effects.

In Fig. 5.7 and Fig. 5.8, we show the bright solitons with different electron temperatures and magnetic
fields in the saddle domain. It can be seen that while the soliton amplitude and width vary slightly with
temperature, the scalar potential and electron density are much more sensitive to the temperature. As the
temperature decreases, the density cavity becomes narrower and deeper. However, it can never become
negative due to the thermal pressure term. As the magnetic field increases, the soliton envelop tends to be
peaked and stronger, which is the same as the cold plasma case.

5.2.2 Bright solitons with discrete spectra

When 4%, < 0, the fixed point Q, is a saddle-center. In this case, the stable and unstable manifolds are 1D.
They are not generally expected to intersect in the 3D energy manifold. If they interest, one would
expect W5, = Wy, , which could only be satisfied by specific (yo, a, ). In other words, the soliton will

have discrete spectrum.
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Fig. 5.8. The bright soliton a) envelope, b) scalar
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potential and c) electron density for different

01 magnetic fields in the warm plasmas. The

parameters are v, = 0.8, w = 0.9 andy, = 1.
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We have also used the shooting method to search for the bright solitons in the saddle-focus domain.
However, in our detection of parameter regions, the soliton solutions do not exist. Further investigations
are needed.

5.2.3 Connection orbit with Q-

The additional fixed points Q£ (+a*,0, ¢*, 0) exist when ay, > 1 — y,/w? with a* and ¢* given by Eq.
(4.35). Thus there is a possibility of a heteroclinic connection between Q, and Q.. Since the right boundary
(¢ —» o) Q1 is different from Q,, the soliton solution is asymmetric. The eigenvalues at Q} can be
calculated by Egs. (4.43) and (5.24). Note that y, = yZ(a + 1/w?) at Q. Then ¥ > y,y3 = ay§ +

Y5/ w?, or,

22 =—w?+ <0, (5.29)

Ye — C(]/g

Meanwhile one has,
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1—ygpoL/vé

§=2%+ > (5.30)
Vie
1+ 2 1-— 2
A= |22 — ( Vopzel/)’e) ] [/12 _ ( VopzeJ./ye) >0 (5.31)
Vte Vte

Hence 82 — A= 4% /v% < 0. The fixed points QF are always saddle-centers. The heteroclinic orbits

involving @, and QX do not generally exist.

5.3 Bright solitons with ion’s motion

Now let’s discuss the bright solitons with ion’s motion. Due to the huge mass difference between ions and
electrons, the ions are assumed to be non-relativistic. This approximation is generally applicable for current

laser systems.

5.3.1 lon’s effects

At the fixed point Qy, p.;, = p;iL =0, n, =n; = n = 1, the eigenvalues are,

Yolp +1) 1 p
Ba=—F+—

A2, =—w?+ ;
12 (1 —ayo)(1 + pay,) T Vie Vg

> 0. (5.32)

Hence Q, can be either a saddle or a saddle-center. The existence of continuous bright solitons requests,

—1/p<ay, <1 when w? < 4 1+
{ /p < ayy Yop/(1+ p) (5.33)

—1/p<ay,<pf., PBy<ay,<1l when w?>4y,p/(1+p)

Here g, = [p —1+(p+1D2—4p(p+ 1)y0/w2]/(2p). Comparing Eg. (5.27) with Eq. (5.33), it is
found that, when ion’s motion is taken into consideration, the requirement for magnetic field turns out to
be different with soliton frequencies. When soliton has a lower frequency, the range is one whole interval,
otherwise it breaks into two small intervals. If p — 0, condition (5.33) returns to condition (5.27). On the

other hand, if the external magnetic field is given, the soliton frequency can be deduced as,

{yowce <w<wl: whenwg, >0 (5.34)

Yowei < 0 < Wl whenwg <0

Here w(,; = [(1 —P)Y Wee + \/(p + D2y w?, + 4y,(p +1)| /2 is the cut off frequency for RCP wave

with ion’s motion and w; is the ion cyclotron frequency. It returns to condition ((5.28) when p — 0. The
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physical meaning of inequality (5.34) is clear: when the magnetic field is along the propagation direction
the electron’s motion plays a role, otherwise ion’s contribution is dominant. Once the soliton frequency
exceeds wi,;, the solitary wave can propagate as the usual Whistler mode. Since p is much smaller than
unity, the soliton can reach rather low frequency when the magnetic field is opposite to the propagation

direction.

The additional fixed points Q% exist when condition (4.34) is satisfied and the stabilities can also be

calculated by Eq. (4.43). It can be proved that Q are always saddle-centers. Actually let,

3

_ n Ve
t:_(‘)2+_< 3_ 4 .3 4
a\Ye —ay, Vi tpay

- 5.35
o+ P10 —ard) (.33)

yi ) o vore(L+ pay))(vs —vé)

Here y; = y, and Eq. (4.30) have been used. Then t < 0 and the following two inequalities hold,

g =-cenf () (5
. te \ Ve &\ Vi 65.39)
YoPel , P YoDiL
<Utze Ve UtZi Yi > 2341
§2—A  =4(35Jis —J33Jin)

: ! )2 5.37
=4[tn<—2+£2>_n2y5_2£2<pel_&)]<0 (5.37)

Vte  Vii Vie Vii \ Ye Yi

Here the superscript “*” represents the value taken at Q. So A= (J3; — Ji3)? +4/33J4, > 0 and |5| < VA.

The fixed points Q are always saddle-centers. Hence, heteroclinic connections with Q are not general.

5.3.2 Quasi-neutral approximation

If we assume in the neighborhood of the fixed points the quasi-neutral approximation holds. Then the 4D
Hamiltonian is reduced to 2D. Using the transformation p,, = sinhu, then a = sinhu — ay,tanhu

and p;;, = —pa/(1+ pay,). The Hamiltonian becomes,

2.,,2
CsYo

1
Hu,u') = > [(coshu — ay, sech? u)?u'? + w?(sinhu — ay, tanhu)?] + (n—1) (5.38)

Here n is given by,

1+payo , (5.39)

1
YocZInn ~ p(1 — coshu) + 5PYo tanh? u — 5 PiL

We mention that (u, u") are not the canonical variables. The soliton equation is,
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2 \
—3 O
=2 (b) [\

Fig. 5.9 Phase portraits of Eq. (5.38) in the (u, u") plane when w? < 4py,/(p + 1) witha) a = 0.5 and
b) @ = 2. The parameters are w = 0.04,p = 1/1836,c, = 0.05 and y, = 1. The fixed points @, and

Q= are marked by round dot and asterisks, respectively. In (a) and (b), Q always exist since ay, >
—-1/p.

n
% (tanhu + p sinh u) (5.40)
)

inhu — ay, tanhu)” + w?(sinhu — ay, tanhu) =
(sinhu — ay,tanhu)”" + w*(sinhu — ay, tanhu) 1T pa

The fixed points Q, and QF are the same as before. Furthermore, the existence condition for bright solitons

remains the same as inequality (5.33). However, Q% change to centers.

In Fig. 5.9 and Fig. 5.10, we give the phase portraits of Eq. (5.38) in the (u, u") plane for different
magnetic fields and soliton frequencies. The fixed points Q, and Q* are marked by round dot and asterisks,
respectively. Note that in Fig. 5.9 w < [4py,/(p + 1)]*? = 0.047 and in Fig. 5.10 w > 0.047, which
corresponds to different conditions in (5.33). In Fig. 5.9, there are always 3 fixed points since ay, > — 1/p;
in Fig. 5.9(a), Q, is a saddle point since ay, < 1 and in Fig. 5.9(b) Q, is a center. In Fig. 5.10(a), — 1/p <
ayy < B_ = —1834.4, there are 3 fixed points and Q, is the saddle; in Fig. 5.10(b), B_ < ay, < B+ =
—0.563, there is only one fixed point Q, and it is a center; in Fig. 5.10(c), B+ < ay, < 1, there are 3 fixed
points and @, changes to a saddle point; in Fig. 5.9(d), ay, > 1 > B, there are 3 fixed points and Q, is a

center. In all the plots QF are always centers. Soliton solutions can be found in Fig. 5.9(a), Fig. 5.10(a) and

(©).
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Fig. 5.10. Phase portraits of Eq. (5.38) in the (u, u") plane when w? > 4py,/(p + 1) witha) a« = —1835;
b) a = —-0.8; ¢) a = 0.5 and d) @ = 2. The parameters are w = 0.8,p = 1/1836,¢; = 0.05and y, = 1.
The fixed points Q, and Qi are marked by round dot and asterisks, respectively. In (a) —1/p < ay, <
S, QZ exist; in (b) f_ < ayy < B4+, QF do not exist; in (c) and (d) ay, > B, QF exist.

5.3.3 Soliton envelops under quasi-neutral approximation

The small amplitude soliton solutions under quasi-neutral approximation can be derived following steps in

section 5.1.3,
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Fig. 5.11. The a) soliton envelope, b) scalar
potential and c) density for different electron
temperatures in quasi-neutral approximation. The
parameters are w = 0.8,p =1/1836, a =0.2,
vy = 0.001 and yy = 1.

3 2
p—payo . pu’l+2ay, 1 (p - payo)
i~ = + ; ~Yo |1+ =(———) u?|. 5.41
Pi (1 + pay, YT 1 pay()) Yo [ 2\1 + pay, ¢ (541)
Then the density can be calculated from Eq. (5.39),
1+ - pa
n~1-— ,(;p PaY0 2. (5.42)
2yocs 1+ payy
Substitute n into Eq. (5.40), we obtain,
14+ 2a
il (B L pus. (5.43)
1—ayy
2__ YotPVo 2 _ ¥o(2-p) vop _(1+p)? | w?(1+2ay,)
Here 1% = (tpayo)i-ayy) & and 6(1+payo)(1-ayo) ~ 2¥oci (1+pay,)? * 6(1-ayy) Note that

the existence condition for localized soliton solution requires A2 > 0, which returns to condition (5.33). If

we neglect the nonlinear term of the first derivative of u, Eq. (5.43) can be integrated to get,

u(€) = 1/2/B sech(1¢) (5.44)
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The soliton width is approximately inversely proportional to A which is an increasing function of ay,
in the region [— 1/p, (2p — 1)/2p] and a decreasing function of ay, in the region [(2p — 1)/2p, 1]. The
peak of soliton amplitude is A\/m. Notice that it increases with increasing temperature, which is different
from the ion fixed case, where the temperature effects suppress the soliton amplitude. In Fig. 5.11 and Fig.
5.12, we show the effects of electron and ion temperature on the solitons properties. It is found that
compared with the soliton amplitude, the density and scalar potential profiles are more closely related to
ion’s temperature than electron’s temperature. This is due to the quasi-neutral approximation, where
electron’s motion follows with ion’s motion. Moreover, the density hump on the soliton wings disappears
compared to the ion fixed case. It is interesting to notice that the scalar potential increases with temperature,
however the density cavity becomes slightly smaller. This can be verified by Eq. (5.42), where the density
perturbation is about sn~u?(1+ p)(p — paye)/[(2yo c2)(1 + pay,y)]. It is a decreasing function of
temperature. Fig. 5.13 and Fig. 5.14 show the soliton profiles under different magnetic fields and soliton
frequencies. Similar to the ion fixed case, under our numerical parameter (o = 1/1836 — 0) the soliton
becomes more peaked and stronger as the magnetic field increases and it decreases with increasing soliton
frequency.

78



Section 5.3: Bright solitons with ion’s motion

Fig. 5.13. The a) soliton envelope, b) scalar

. potential and c¢) density for different magnetic

W fields in quasi-neutral approximation. The
] \ :I Zi'oz parametersare w = 0.8, p = 1/1836, v,, = 0.05,
-0.8- Vo T Toes ]
1 © A —-—- a=0.4 vy = 0.001and y, = 1;
40 5 0 5 10
Elco,’]
0.25
0.20
3 0.15]
oﬂ)
E
< 0.10]
0.05
0.00
0.0_ T T T
-0.2 ) )
Fig. 5.14. The a) soliton envelope, b) scalar
I
049 ! potential and c) density for different soliton
) I
£ -0.64 i Vi frequencies in quasi-neutral approximation. The
\ I
0.8 1_\ “ Ll —m075 ] parameters are w., = 0.15, p = 1/1836, v, =
L [ I
10l @ \ ST 0,05, v, = 0.001andy, = 1.
-8 -I4 6 :1- 8
E[co,,]

79



Chapter 5: Bright solitons in magnetized plasmas

5.4 Numerical methods

In this section, we introduce the numerical methods we have used in solving the soliton equations and
computing the manifolds: shooting and rational spectral methods Basically, for simplified 2D Hamiltonian
system, the shooting method can give a sufficiently accurate result; however for 4D systems the accuracy
decreases due to the temperature effects. As a result, the electron density is usually difficult to calculate
correctly. Hence, in 4D systems, we adopt the combination of shooting and rational spectral methods to get
a high accuracy. In addition, when the temperature is low, the initial guesses for the shooting method should
be close enough to the real values to ensure convergence, which is generally too difficult to get. In this case,

we use the numerical continuation of temperature based on the implicit function theorem.

5.4.1 Numerical continuation of temperature for shooting method

Mathematically, computing the homoclinic or heteroclinic orbits involves solving the nonlinear differential
equations (4.19) — (4.23) with boundary conditions at the infinity space. It is frequently replaced by one on
a finite domain and then the system is solved by the standard method such as multiple shooting methods or
the spline collocation methods. In this work, we reduce the system to the solution of an initial value problem

by the shooting method. Let Y = (¢, a) then Y satisfies,

Ne — N
Y@ =|_ <52 _ g2 Z_é) a+y? (Tle% _ nil%l) (5.45)

with boundary conditions,
Y(§) =4 Y() =B (5.46)

If the solution is symmetric, &; , = +o0, A, B — (0, ay); If the solution is antisymmetric, {; —» —o0, 4 —

(0,—ay) and & — +oo, B — (0,a,). Now we assume Y is the solution of Eq. (5.45) with initial conditions,
V(ﬁ) =A4; 7'(51) =C. (5.47)

Let F(C) = Y(&,;C) — B. Thenif F(C*) = 0, Y is the also solution of Eq. (5.45) with boundary condition
(5.46). The €* can be found through the Newton’s method,

Cc"tl = ¢ — [F'(C™)]1F(CM) (5.48)

This is the general idea for shooting method. For 2D Hamiltonian systems, e.g. Eq. (5.5) or Eq. (5.40),
this scheme works well since the requirement for the initial guess €° is undemanding. However, for 4D

systems, the guess €° becomes rigorous due to the presence of temperature term, e.g. vZ Inn, in Eq. (4.23).
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C.T)
[
|~
(C.T,) _—— Fig. 5.15. Sketches for different possibilities for the
curve c(s). Along the curve K(C,T) = 0.
—
T=Tm T=T,

Any numerical error induced on the right hand side of Eq. (4.23) will be amplified by v2 and the
exponential function. Hence, €° should be close enough to the real values to ensure convergence. To find
a good guess of €%, we use the method of numerical continuation of temperature [91]. The basic idea is
simple: we first use a large enough temperature T; to get the C7; then the temperature is decreased step by
step to the desired value T,; we search €%, , in the neighbor of €% accordingly. Mathematically, we can

choose the global homotopy,

T—T,
K(€,T) = F(C) = z—7-F(C) (5.49)

Here C, is the initial conditions for temperature 7; and the desired temperature is T,,. Notice that
K(C4,T;) = 0and K(C,T,,) = F(C). Hence we can trace the implicitly defined curve c(s) by K(C,T) =
0 from (C4,T;) to (C,T,,). The existence of c(s) is ensured by the Implicit Function Theorem, namely if
(€4, Ty) is a regular zero point of K, then a curve c(s) with initial value c(0) = (€4, T;) and tangent
¢(0) = 0 will exist at least locally on some open interval around zero. Here the curve c(s) is parametrized
with respect to the parameter s, e.g. the temperature T. At each temperature step Ty, 1, the value of C,

can be calculated by the Newton’s method using C}, as starting values,
Cr+1 = Ci — [K'(Cy, Tes1)] K (Cy) (5.50)

Some sketches of the curve c¢(s) are shown in Fig. 5.15. Along the curve K(C,T) = 0. Generally, there
should be some boundary conditions which prevent the curve from running to infinity before intersecting
the homotopy level T = T,,, or returning back to level T = T;. Furthermore, this scheme will fail when the
turning points of the curve with respect to the parameter T are encountered. This is attributed to the fact
that the parameterizable with respect to T is not good enough. In this case, other suitable parameters e.g.
the arclength of the curve s, may be chosen. However, in this work, we find the parameterizable with respect

to T works well even without any boundary conditions.
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Fig. 5.16. The first nine plots of R (§). k = 0,1, -+ 8.

5.4.2 Rational spectral method

Though we have used the continuation of temperature to find the good guess of €°, sometimes the density

is still difficult to calculate accurately, specifically at the shooting boundary where the scalar potential is

usually small. (E.g. see Fig. C. 1 in Appendix C) In this case, the rational spectral methods are used and the

shooting result is used to build up an initial input for the rational spectral scheme. The rational spectral

scheme can transfer the two coupled second order nonlinear differential equations into nonlinear algebraic

equations. The nonlinear algebraic equations are then solved by the Newton’s method. The principles of

the rational spectral method are as follows: assuming at certain collocation points ; (0 <j <M +1,

where M is an integer), the solutions can be expressed as, (we have neglected the ion’s motion)

M+1

P = ) Ru(®);

k=0

M+1

Pes(§) = ) exRe(®);

k=0

M+1

a®) = ) diRe(®).
k=0

M+1

AGEDWANGE
k=0
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Here R () is basis, e.g. the mapped Chebyshev polynomials,
R (&) =cos(kcot™¢); k=012.M+1 (5.52)

It can return to the usual Chebyshev polynomials T}, (t) through the transformationt = &/4/1 + &2. R (¢)

is orthogonal since,

T m . . (2 n=0 -
| TR @R = S dibs withd, = F 120 553)

Here 6,,, ,, is the Kronecker delta. The first nine plots of R, (£) are shown in Fig. 5.16. It can be seen that

R (&) well reproduce the soliton structures and that is the reason why we use them as the bases. The

collocation points are chosen as,

T
£ = cot(M]+ 1); 1<j<M (5.54)

Note that &, = +o0 and &1 = —0; R (&) = 1 and R, (§4,41) = (=1)%. Hence, by choosing this kind
of collocation points, we do not need to truncate the differential equations into finite intervals. Using Egs.
(5.51) and (5.54), we find,

M+1 M+1 M+1

p(¢) = Z Ck Mjy; a(¢;) = Z di My; per(§) = Z exMjy ;
k=0 k=0 k=0

M+1 M+1 M+1 (5.55)
Ye(§)) = z feMi; @"(&) = z Ck Dji; a'(§)=- Z d Dj.
k=0 k=0 k=0
Here m;;, and Dy, are expressed as,
kjim
mj, = cos( )
M+1 (5.56)

Dy = kfjecos (s757) + 2000 () s (e 7)o (755)
pe= BN 1) T ) w1 et

Substituting the above equations into Egs. (4.20) - (4.23) and use the boundary conditions, we can change

the second order nonlinear differential equations into 4(M + 2) nonlinear algebraic equations,
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s M+1
pl+) =

k=0
M+1 . M+1 Ezaé’ , M+1
k=0 k=0 kmjk k=0

M+1
pl-0) =) (=D,

k=0
M+1
a(+e0) - ag = Z i =
M+1 M+1
d Zk Zik=0 €Mk
ekmjk k Myk — ZM+1 Femin
]
M+1

a(—e0) — ag = Z (~D¥dy — ay
k=0

M+1
peJ_(+oo) — Peo = Zk—o €k — Peo

Zk 0 exMjk

ZM+1fkm]k

k=0

M+1
Pen(=) =P = ) (~D¥er—pug
M+1 -

Ye (+0) — Yeo = Z fik —Yeo
k=

M+1 M+1
Yo |1+ (Z ekmjk> (Z fkm]k>

k=0

k=0

M+1

Ve(=) = Veo = ) (~D*fu = Veo
k=0

M+1 M+1 2
vZ In Z ¢, D Z cm 10.’)/ <Zk . ekm]k) + Zg:ol Jiem +c
t k Vjk | — Kk Mjk — 0 0
¢ g g ZM+1fkm]k Voz ¢

(5.57)

Here 1 < j < M and ag, peo, Yeo are the boundary values. The last but one equation in Eq. (5.57) comes

from the identity y3 (1 + p2,) = yZ2. Eq. (5.57) consists of 4(M + 2) nonlinear algebraic

equations with

4(M + 2) unknowns xj, = (cg, dg, ek, fr) (0 < k < M + 1). It can be solved by the Newton’s iteration,

0 = <[ ()] o)

(5.58)

Notice that we have imposed the symmetric boundary conditions ¢(+o) = 0,a(+x) = a, and the

symmetry of the solutions can help us to reduce the coefficients by a factor of two. For example, for

symmetric solutions, the coefficients with odd indexes are zero; for asymmetric solutions all the coefficients

should be calculated. The Jacobi matrix is,
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G'(x) =
1 0 0 0
_ [Z(ek_dk)mjk] | =2 3k2ag 1-Y, Cijk 1-Y Cijk
@ Dji - Dji 0"+ (Edemji)* t— Ji @ ji 0
(-1)¢ 0 0 0
0 1 0 0
a @yo X exMmjx
0 —m; (1_ aro ) o ToTeme
mi; S frme) (kamjk)z m;
0 (-1)¢ 0 0
0 0 1 0
—vieDji _ e Y(ex—dimj _ Xlex—didmjy mji
1-Y cxDji It avg Jt avg It Yo
0 0 (-1)¢ 0
0 0 0 1
0 0 2(2 ekmjk)mﬁ —2(2 fk m]k)mﬂ
0 0 0 (-1

(5.59)

Here the summationisonk (0 <k<M+1)and0<i<M+1,1<j<M. In our calculations, we

found M around 200~250 can give a good result.

As discussed before, using the Newton’s method needs a good initial guess of the solution to ensure
convergence. In this scheme, the initial guess for single hump solitons is built up by the shooting results
and throwing away high order coefficients; for multi-hump solitons (which will be discussed in chapter 6),
the initial guess is built up by single hump soliton results. Once we have a good initial guess, this scheme

gives an accurate solution that can be used to build up guesses for other parameters. (See Appendix C)

5.4.3 Computing the manifolds

In section 4.3.3 and Fig. (Fig. 5.6), we have shown the definition and examples of the stable and unstable
manifolds. In this section, we introduce the general method for the numerical calculation of these manifolds.
For illustrative purpose, we consider the case of the manifolds of a saddle point. Furthermore, we only
present the calculation of the unstable manifold. The stable manifold can be computed as an unstable
manifold when ¢ is reversed. The definition of unstable manifolds Eq. (4.44) suggests a direct method for

computing W*(Q,,). That is integrating Eq. (4.29) by the initial conditions,

(a,a’,p,9") = Qp + &, X1 + £,X5 (5.60)
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Here X, 3 are the unstable eigenvectors of @, corresponding to the positive eigenvalues 4, 3 given by Eq.
(5.26). &, &, are small parameters controlling the distance of the initial position to the fixed point in the
linear subspace spanned by X; 5. &, &, are usually taken as &; = esinf and &, = € cos 8 with £ a small
parameter. Then the initial points form a circle around Q,. In principle, computing solutions for a sufficient
number of 8 will result in an approximation of the unstable manifolds. For 1D manifold, e.g. X; = 0, this
method works well since it boils down to evolving two points at distance & from Q, under the flow ¢¢ (x).
However, for 2D or higher dimensional manifold, the above method usually gives very poor results. This
is because the initial points will typically deform dramatically under ¢¢(x), specifically they will stretch
out along the strong unstable directions. Hence, spacing the initial points around the circle is important. In

this case the pseudo arclength continuation is adopted and one can read Ref88 for the details.

5.5 Summary

In this chapter, we have systematically studied the bright soliton formation in strongly magnetized plasmas.
Based on the dynamical systems theory, the parametric regions of magnetic field and soliton frequency for
the existence of solitons in both cold and warm plasmas are identified. In cold plasmas, where the system
is reduced to 2D, an additional restriction on the magnetic field and soliton frequency arises from the non-
negative condition of the density. This condition disappears in warm plasmas. The ion’s effects on the
soliton formation are also investigated. It is found that for the RCP soliton, the ion’s motion plays an
important role in determining the lower limit of the soliton frequency, especially when the magnetic field

iS opposite to the laser propagation direction.

The coupled soliton equations are then solved numerically by the shooting method in the cold plasmas
and the combination of shooting and rational spectral algorithm in the warm plasmas. The numerical
calculations show that in the limit of immobile ions, the soliton tends to be peaked and stronger as the
magnetic field increases and it becomes broader and smaller as the temperature increases. However, under
the quasi-neutral approximation, it is found that the soliton increases with increasing temperature. Moreover,
the quasi-neutral approximation removes the density humps on the soliton wings appeared in the ion fixed

case.
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6. Dark solitons in magnetized plasmas

Unlike the bright solitons which are spontaneously excited during the laser plasmas interactions, the
generation of dark solitons remains an open problem. However, the Maxwell-fluid model presented in
chapter 4 also supports the dark soliton solutions, which could give us some clues for the excitation of dark
solitons in experiments. Sanchez et al [64] suggested that dark solitons could be generated by the
interactions between a long pulse laser and a bright soliton excited by a short pulse laser. In theory, the dark
solitons have been studied by several authors in unmagnetized plasmas, where the small amplitude dark
soliton solutions [57] are obtained and solitons with one hump in the scalar potential profile and multi
humps in the vector potential profile are observed [64]. However, to the author’s best knowledge, the dark
solitons in magnetized plasmas appear here for the first time. In this chapter, the dark solitons without ion’s
motion in cold plasmas are first discussed. In this case the system is simplified to 2D. The parametric region
of magnetic field and soliton frequency and wavenumber for the existence of dark solitons is identified.
The discussion is then extended to the warm plasmas case, where dark solitons with multiple humps in both

the scalar and vector potential profiles are observed. We rewrite the dark soliton equations,

2
I _ 7, Qo .
o' = <1 —?>, (6.1)
o' =n, —n; (6.2)
"y —2_]220'_g — 2( Per __ piJ_), (63)
a a) a4 a -_ yo ne? Tllr—L ) .
_ o PelL _ ,DiL
Pes —a=ayd—;  pi+pa=—payd— (6.4)
Ye Yi
2 2
_ ,PeL Y 1 _,piL Vi
vieInne = ¢ +-ays _yeez —é —Ceo; VG Inm = —pp — > payg y;lz — y—oé - Cio- (6.5)

Here @ = w../@ With w. = eBy/(m,c) the electron cyclotron frequency; @ = yZ(w —kV), k =
v (k — Vw/c?) are the modified soliton frequency and wavenumber; p = m, /m; is the electron-ion mass

ratio; a,, ¥so and pgo, are the soliton amplitude, relativistic factor and transverse momentum for s'" particle

(s =e,i) at the left boundary & » —oo. cog = ayépZo.1/(2v2) — Yeo /Y, cio = —pavipi./(2vh) —
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Yio/vé and yZ = 1/(1 — V2 /c?). Notice that for dark solitons V is not the group velocity since the phase
modulation @ is non-trivial.
6.1 Dark solitons in cold plasmas

In cold plasmas, neglecting the ions the scalar potential ¢ and electron density n, can be eliminated and

the dark soliton equations are simplified to,

gt 2 2
y—ga”+< k2—2>a= ]/o_ 2<1+ 5 )/o_ 4a’2>a. (6.6)
Ye a Te — Yy Ye — @Yo
The Hamiltonian H(a, a'y& /y2) is,

2 2 4 2

Yo , 1<V0 2 —2 2 —2a0> <1_ 2]/0 )
Hla,—=a |=z|=ad*+w‘a“+k=|—|zayvs—*+7Ve | (6.7)

< % ) 2\y2 az) \2770y2 "

6.1.1 Parametric domain for the existence of dark solitons

Since the system is 2D, the existence of dark solitons requests the fixed points Qa—r, Qi to be saddles. The

corresponding eigenvalues are,
(6.8)

Yol V(g +3k2)]

VO ye a]/() Q(‘)—",Q;—"

At QE, Ve = Yoo = V2 Sla+1/(@% —k?)]; at QF, y2 = v¢[1 + a**yZ/(y. — ayd)] with a* satisfies Eq.

(4.36).

First let’s discuss the fixed point Q(;—r. The saddle condition requests,

! >(a) +3k?) > 0. (6.9)
véla+1/(@* - k)] - '

Notice that for unmagnetized plasmas, condition (6.9) is never satisfied. This can be verified by setting @ =

0 in Eq. (6.8). Since @ = k2 + y& /.o in this case, we find at Q,

2 2
pololB(1 ) g
Yo LYeo yeO

<0 (6.10)
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connection Q;—r — Q£ does not exist.

Hence dark solitons in unmagnetized cold plasmas do not exist. For magnetized plasmas, it can be proved

that if k = 0 the dark soliton solution also does not exist. In this case ¥ > y,y& = ayg + y§/@?, thus,

2 4
22 _]/_e Yo — &2

e - ayd

<0, (6.11)

Therefore, in cold plasmas with immobile ions dark solitons only happen with k # 0 and @ # 0.

For the fixed points QZ, it is difficult to determine their types directly from Egs. (4.36) and (6.8),

however we judge their types from the phase portraits (see Fig. 6.1). In Fig. 6.1, we show the phase portraits
around Qg—r when QS—’ are centers (Fig. 6.1(a), (c)) and saddles (Fig. 6.1(b)). Here the transformation a =
sinhu — ay, tanh u has been used and QS—’ are marked by round dots. Notice that only half of the phase

portrait (u > 0) is plotted and the other half (u < 0) is symmetric to u = 0 axis. Also it should be
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0.3 for the existence of dark solitons in cold
I3 ; ' plasmas with different wavenumbers. y, =
0.2 1. As k decreases, the shaded area moves
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mentioned that there are more than two additional fixed points Q (see Fig. 4.1) and we only plot the phase
structures near Qg. This is fine since we are expecting to find the heteroclinic connections Qg—r — Q% which
request both QS—’ and QF to be saddles at the same time. It can be seen that though Qi can be saddles
sometimes (Fig. 6.1(c)), the heteroclinic connection Q;—r — Q% does not exist. The soliton can only exist in
Fig. 6.1(b).

In Fig. 6.2, we plot the parametric domain of (&, @) for the existence of dark solitons in cold plasmas
with different wavenumbers k. The dark solitons can only exist in the shaded areas. Compared with Fig.
5.2 where the bright solitons have large volume in the parametric domain, the parametric volume for dark

solitons is relatively small. For fixed soliton frequency @, the magnetic field required for dark solitons

increases as k decreases. If k — 0, the dark soliton does not exist which is consistent with Eq. (6.11).

6.1.2 Soliton envelops

In Fig. 6.3 and Fig. 6.4, we show the dark soliton envelop, scalar potential, density profile and the phase
under different magnetic fields and soliton frequencies. The dark soliton amplitude at the infinity
(background amplitude a,) is totally determined by the magnetic field, soliton frequency and wavenumber
through the relations a§ = (y2/v§ — 1)(1 — @y /¥eo) Withyee = ¥&[1 + 1/(@? — k?)]. It can be seen
that the dark soliton “amplitude” decreases with increasing magnetic field and decreasing soliton frequency.

These tendencies are the opposite to the bright soliton case. Here the soliton “amplitude” is referred as the
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Fig. 6.3. The dark soliton a) envelope, b) scalar potential, c) electron density and d) phase for different
magnetic fields in the cold plasmas. The parameters are @ = 0.1, k = 0.75 and y, = 1. Notice that
though dark soliton with larger magnetic field has a smaller soliton amplitude, it has a higher background
amplitude. Here the soliton amplitude is referred as the difference between the background amplitude at

the infinity and the minimum at the center.

difference between the background amplitude at the infinity and the minimum amplitude at the center. The
dependences of the soliton “amplitude” and background amplitude on the magnetic field are different, .e.g.
though solitons with larger magnetic fields have smaller soliton *“amplitudes”, they possess higher
background amplitudes.

In the presence of magnetic field, the ponderomotive force is F ~ —[(y2 — ayg)/(vévE)1Vy. (see Eq.
(4.14)). In the weakly relativistic approximation y2~y2 [1 +a?/(1- &yo)z]. Hence,

o Yv-arvg .,
274 (1 — @y,)?
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Fig. 6.4. The dark soliton a) envelope, b) scalar potential, c) electron density and d) phase for different

soliton frequencies in the cold plasmas. The parameters are @ = 3.30, k = 0.75 and y, = 1

For bright solitons ay, < 1, the ponderomotive force is always along the lower intensity direction; however

for dark solitons, y3 — @y can be negative, leading to an accumulation of the electron density at the larger

laser intensity areas.

6.2 Dark solitons in warm plasmas

For warm plasmas, the Hamiltonian H(a, a’, ¢, —y3¢") is,

1
H(a,a'\ ¢, -v5¢) =5 <a’2 + @?

6.2.1 Temperature effects

_.a
a’+ kza—(z)—yggo’z

The eigenvalues can be calculated from Eqgs. (4.38) — (4.41),

92

) [t (ne — 1) — o]

(6.12)



Section 6.2: Dark solitons in warm plasmas

0.25! saddle
0.20
Fig. 6.5. The parametric domain of (&, @)
I3 0.15) for the existence of dark solitons in warm
plasmas with k = 0.75, v, = 0.548 and
0.10}
yo == 1
0.05}
0.00L. — . . . . =
325 330 335 340 345 350 355
a
1
Biy=+ |2(5£E) (443)

with § and A expressed as,

(5 =Jo1 4+ Jaz =1 +vE/(WEYE)
{A = (- k) — 2 (6.13)

62— = an /v,

Here n = y¢/(vé — ayg) — (@2 + 3k%a¢/a*) and pi = (yoper/ve = 1)%/vE . A simple calculation
shows that, the fixed points can be saddles, saddle-centers and saddle-foci but the focus type is impossible.

This is because, the focus type needs § < —/A < 0, which cannot be satisfied simultaneously. In the case
of saddle and saddle-focus, both the stable and unstable manifolds are 2D, hence the soliton solutions are

general. A = 0 gives the condition that separates the saddle-focus and saddle domains and §2 = A gives the

separation condition between saddles and saddle-centers. At fixed points Q(;—r they are,

4 2
Y _ — 1
" -ana* - (@ +38) = < 11—y /v2 + 1) ; (6.14)
e e
Yo
———— (@*+3k?) =0. 6.15
Ve30 — ayg (a) ) ( )
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Fig. 6.6. The single hump dark soliton (a) envelop, (b) scalar potential, (c) density and (d) phase with
different electron temperatures in warm plasmas for @ = 0.1, k = 0.75, @ = 3.31 and y, = 1. Notice
that the background soliton amplitude does not depends on the temperature. The parameter positions in

(&, w) space are marked by round dots in Fig. 6.5.

In Fig. 6.5 we show the parametric domain of (&, @) for the existence of dark solitons in warm plasmas
with k = 0.75, v, = 0.548 and y, = 1. Comparing with Fig. 6.2, it is found that the saddle domain where
the soliton exist in cold plasmas breaks up into one saddle-focus and two saddle domains. As the
temperature increases, the left-upper saddle domain expands while the right-lower saddle domain shrinks.
As v,, - oo, both the right-lower saddle and saddle-focus domains disappear and the left-upper saddle
domain occupies the whole original saddle domain. If v;, — 0, the left-upper saddle and saddle-focus

domains vanish and the situation recovers to the cold plasmas case.
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Fig. 6.7. The single hump dark soliton (a) envelop, (b) scalar potential, (c) density and (d) phase with

different magnetic fields in warm plasmas for @ = 0.1, k = 0.75, v;, = 0.548 and y, = 1. The

parameter positions in (&, @) space are marked by round dots in Fig. 6.5.

6.2.2 Single hump dark solitons

In Fig. 6.6, Fig. 6.7 and Fig. 6.8 we have shown the numerical calculations of dark soliton envelops with
different electron temperatures, magnetic fields and soliton frequencies, respectively. It can be seen that the
temperature effects suppress the soliton amplitude which is the same as the bright soliton case. However,
the temperature does not affect the background soliton amplitude. Furthermore, as the magnetic field
decreases or soliton frequency increases, the soliton amplitude increases. This tendency is same as the cold
dark soliton case and opposite to the bright soliton case.
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Fig. 6.8. The single hump dark soliton (a) envelop, (b) scalar potential, (c) density and (d) phase with
different soliton frequencies in warm plasmas for @ = 3.35, k = 0.75, v, = 0.548 and y, = 1. The

parameter positions in (&, @) space are marked by round dots in Fig. 6.5.

6.2.3 Multi-hump dark solitons

It is well-known from the dynamical systems theory that, in the saddle-focus domain, the existence of one
prime transverse symmetric homoclinic orbits implies the existence of infinitely many others. The extra
homoclinic solutions look like the multiple copies of the prime one. In this case, it means that if a one-hump
soliton solution exists, there is a family of multi-hump solitons. In Fig. 6.9, we plot an example of the
comparison of one-hump, two-hump and three-hump solitons for the same parameters at the saddle-focus
domain. Note that the multi-hump dark solitons in magnetized plasmas is different from the unmagnetized
case in that the scalar potential can also have humps and each hump introduces a jump in the phase. In the
saddle domain, the homoclinic orbit is usually unique, however, there are some mechanism which can make
the multiplicity of the homoclinic solutions. [92] We mention that multi-hump solitons are also observed

in the saddle domain.
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Fig. 6.9. The comparison of single-hump, two-hump and three hump dark soliton (a) envelop, (b) scalar
potential, (c) density and (d) phase at the saddle-focus domain with the same parameters @ = 0.1, k =

0.75, @ = 3.35, v, = 0.548 and y, = 1. Each hump introduces a jump in the phase.

6.3 Summary

In this chapter, we have studied the dark soliton formation in magnetized plasmas. The parametric regions
for the existence of dark solitons are identified in both cold and warm plasmas. It is found that the
temperature effects suppress the soliton amplitude which is the same as the bright soliton case. Furthermore,
the temperature makes it possible for the existence of multi-hump solitons. These solitons have multi humps
in both the scalar and vector potential profiles, which are different from the solitons in unmagnetized
plasmas where they only have multi humps in the vector potential profile. The numerical calculation shows
the dark soliton amplitude increases with decreasing magnetic field and increasing soliton frequency. These
tendencies are opposite to the bright soliton case.
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7. Conclusions and future work

In the previous six chapters, we have presented the research work on the laser plasma interactions in the
presence of strong parallel magnetic field, specifically, the various linear and nonlinear propagation modes
including the LCP, RCP, electron cyclotron mode as well as the bright and dark solitons. In this chapter,
we point out the meaning of our research and give a conclusion about the results. Further, some of the ideas

which may be used to extend our research are proposed.

7.1 Conclusion

The ultra-intense laser plasma interactions in the presence of strong parallel magnetic field are of great
importance in many applications. Our research aims at understanding the details of the propagation modes
and their effects on the laser plasma interactions under different laser intensities, polarizations and magnetic
fields. Specifically, the generation condition for the bright and dark solitons is one of our main concerns.
Since a significant fraction of the laser energy is converted into solitons, the understanding of the soliton
dynamics makes it possible for us to choose the plasma and laser parameters as well as the magnetic field
to generate solitons in a controllable manner. One of the potential applications of our research is the
magnetically assisted fast ignition where the laser propagates a long distance in the magnetized plasmas. In
this case the soliton induced heating may play a role in the energy conversion efficiency. Also there is a
possibility of the ultra-short electromagnetic pulse generation by the interactions between the solitons and
plasmas wake waves [93,94]. In this case, the electron density modulations in the wake wave serve as
parabolic relativistic mirrors and the synchronously oscillating electric and magnetic fields inside the
solitons can be reflected in the form of highly compressed and focused electromagnetic pulse with an upper-

shifted frequency due to the Doppler effects.
For the sake of convenience, the main results of this research are summarized as follows:

® The exact expressions of the particle’s orbit inside the intense linearly and circularly polarized laser

field in the presence of strong magnetic field are obtained. Both of the two cases have the resonance
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and non-resonance solutions. In linearly polarized case, this orbit is a combination of “8-figure” motion
and cyclotron motion. In circularly polarized case, a special situation happens when the cyclotron
effects are canceled by the rotation effects of the polarization. In this case, the orbit is the same as the
one in linearly polarized laser field without magnetic field, e.g. the “8-figure” structure.

® The relativistic effects on the linear dispersion relations are checked by the PIC simulations. [80, 81]
Both the high frequency RCP and LCP branches go down in the dispersion relation plot. Furthermore,
in the weakly relativistic regime a new branch appears and the electron cyclotron mode shrinks and
totally disappears in the ultra-relativistic regime. The simulation qualitatively matches the theoretical
predictions.

® The effects of strong magnetic field on the laser propagation modes and heating in plasmas are
investigated with different laser intensities and polarizations by the PIC simulations. The expressions
for the linear propagation modes, namely the RCP, LCP and electron cyclotron waves are obtained in
the non-uniform plasma areas. Due to the inhomogeneity of plasma, the linearly polarized laser can
convert into different propagation modes under different magnetic fields. In the uniform plasmas, the
solitary wave together with a density well are observed under certain laser intensity and magnetic field
regions. This region shifts to the lower intensity direction as the laser intensity or magnetic field
increases. The generation of solitons can greatly increase the heating efficiency up to 37% in 1D
simulations, which is comparable to the ECRH heating efficiency. In 2D simulations this enhancement
decreases due to the breakup of solitons. The soliton has a very short width and a lower frequency
compared to the incident laser and its position shifts as the magnetic field, laser intensity or pre-plasma
density profile changes.

® The coupled soliton equations as well as the Hamiltonian of the system are derived in the framework
of relativistic, warm fluid model, where the scalar potential ¢, the vector potential a and the phase
modulation 6 are used to describe the longitudinal and transverse waves with zero and non-zero
boundary conditions, which correspond to bright or dark solitons, respectively. Different dispersion
relations for bright and dark solitons are assumed from the boundary conditions. Using the theory of
dynamical systems, the soliton solutions in phase space become the homoclinic or heteroclinic orbits
of the 4D (a, a’, ¢, ') reversible autonomous Hamiltonian system, which lie in the intersection of the
stable and unstable manifolds. Then the general criterion for the existence of soliton is obtained.

® The coupled soliton equations in cold and warm plasmas are solved numerically through the shooting
method and the rational spectral method.

® The parametric regions of the magnetic field and soliton frequency for the existence of bright solitons
are obtained in both cold and warm plasmas. In cold plasmas, an additional constraint on the magnetic

field and soliton frequency arises from the non-negative condition of the electron density and this
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condition disappears in warm plasmas. The numerical calculations show that in the limit of immobile
ions, the bright soliton tends to be peaked and stronger as the magnetic field increases and it becomes
broader and smaller as the soliton frequency increases. The temperature effects suppress the soliton
amplitude. The ion’s effects are found to play an important role in determining the lower limit of the
soliton frequency, especially when the magnetic field is opposite to the RCP solitary wave propagation
direction. The analytical expressions for the small amplitude soliton envelops are obtained under the
ion fixed limit and quasi-neutral limit, respectively.

® The parametric regions of the magnetic field, soliton frequency and wavenumber for the existence of
dark solitons are obtained in both cold and warm plasmas. The wavenumber is proved to be of great
importance in determining the parametric region for dark solitons, e.g. there is no dark solitons when
k = 0. Dark solitons with multiple humps are observed in warm plasmas. These solitons have multiple
humps in both the scalar and vector potential profiles, which are different from the solitons in
unmagnetized plasmas where they only have multiple humps in the vector potential profile. The
numerical calculations of dark solitons without ion’s motion show that the dark soliton amplitude
decreases with increasing magnetic field and increases with increasing soliton frequency. These
tendencies are opposite to the bright solitons. For warm plasmas, the dark soliton amplitude decreases

as the temperature increases, which is the same as bright soliton case.

7.2 Extensions of this PhD study

During the PhD, many ideas and results are found but have not been explored further due to the time

restrictions. In the following, some ideas are summarized which may be used as an extension of the research.

7.2.1 Chapter 2: The radiation from particle motion and relativistic electron cyclotron

mode

® Since the exact expressions for the particle’s orbit in the presence of strong magnetic field are obtained,
the radiation from this relativistic motion can be calculated. When laser intensity exceeds 1023W /cm?,
such kind of radiation damping effects become important. [95] In this case, the radiation differs from
the usual nonlinear Thomson scattering or the cyclotron radiation. It might be a combination of both
effects.

® |t has been preliminarily verified by the PIC simulations that the electron cyclotron mode shrinks in the

relativistic regime. The details of this phenomena need to be investigated.
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7.2.2 Chapter 3: Soliton position dependence and breakup of solitons

® The soliton position dependence on the plasmas density profile, laser intensity, magnetic field, etc.
should be further studied.

® The mechanism about the instabilities which lead to the breakup of solitons in 2D simulations needs to
be resolved.

® 3D simulations are needed.

7.2.3 Chapter 4: The moving soliton and stability analysis

® In homogeneous plasmas, it seems that the Maxwell-fluid model only admits standing solitons or
moving solitons with group velocity equals to the drifting velocity of the plasma. The more generalized
case where solitons have arbitrary velocities is needed. Furthermore, the theoretical model in
inhomogeneous plasmas should also be developed.

® A theoretical analysis on the soliton stabilities is needed.

7.2.4 Chapter 5: The existence or nonexistence of discrete spectrum soliton

® The theoretical model predicts the potential existence of discrete spectrum solitons under certain
parameters (saddle-center regime). Such kind of soliton has been observed in unmagnetized plasmas
numerically. [57]. Hence, how to find (or prove the non-existence of) it remains an open problem. This

may need more sophisticated numerical calculations.

7.2.5 Chapter 6: The multi-hump dark soliton in the saddle domain

® Generally, the homoclinic orbit is unique in the saddle domain. However, we do observe the multi-
hump soliton in the saddle domain. The mechanism which make the multiplicity of the homoclinic

solutions should be investigated.
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A. Hamiltonian of the soliton system

In this appendix, we validate of the obtained Hamiltonian H. Instead of showing the tedious derivation

processes of H, here we simply check its validity by the Hamilton’s equations. The obtained Hamiltonian

of the system is,

1 __ag 2
H(a,d',9,—v§¢") = <a’2 +@%a® + kza—(z) - V02<P'2> +76 [Utze(ne — 1)+ - 1)] (A1)

with ng, n; and p. ., p; 1, Ye, ¥; Satisfying,

2
pPer VY 1 _ ,ph Vi
viInn, = @+ sayi —5 — = —cCeo; VAN =—po —payi—5——=—cjo. (A.2)
2 e 0 2 L 0
— zpeJ. Zle_ (A 3)

Per —a = ayg ]/_; piL +pa=—payy—

e i

Here ¢, and c;, are two constants determined by the boundary conditions. The Hamiltonian

H(a,a', o, —yE¢") should satisfy the following Hamilton’s equations,

. oH . oH A4
=3 Y = AN )
da I(=v59")
yo aH. 2 0H (A.5)
a - aa ] }/0 (p - a(p "

Note that n,, n; and P, i1 Ye,¥; are just functions of a and ¢, hence it is easy to verify that Eq. (A. 4)

is correct. On the other hand, one find,

oH __ag on, vZon,
%:<52—k2a>a+y0<vteae+fa—al>; (A. 6)
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JH on, vz on;
— =2 v+ A7
a(p y0<vt€ a(p +— p a(p> ( )
From Egs. (A. 2) and (A. 3), we have,
0 2 9n.
vie O _ ,  afth_ (A. 8)
ne dp n; 0p
v_tzeane _ay? 2Pey 0 (peJ.) 1oy _Pe1 (ape 1) 1 VopeJ. 0pe _ _PeL
ne da Ye Oa ¢ Oa da Y5 Ye Oa Ve (A. 9)
vion o aPi (Pu.) 19y _pu (6101 N ) 1v8pudp _ppu '
n; da Vi Oa ¥s 9a da v vi da v

Note that we have used the relation dy,/da = (y3ps/vs)(0ps/0a) with s = e, i. Combining Egs. (A. 6)-
(A. 9), we find,

oH __ag Per P
— =@ -k 2 (— = ‘l) —a"; A. 10
oa <a) a4>a+y0 e Ye 7 " 7 “ ( )
oH ;
Frie Y5 (e —n) = —(=v59"; (A 11)

This verifies the validity of the Hamiltonian.

B. Additional fixed points of the Hamiltonian

In this appendix, we calculate the additional fixed points Q& of the system besides QO(QS—’). Q= should
satisfy the following equations,

4 2 2
mz—kza—2=n< o, _ 1o ) ®.1)
a Ye— @VE Vi + pavé
_ o PelL Pi1
Pes — a = ay? —ye ; pitpa=—payl— (B.2)
e l

withn = 1 — p(@%a? + k%a§/a*)/(2yéc2). Here a, is the dark soliton amplitude at the infinity space,

p = m,/m; is the electron-ion mass ratio and the ion acoustic velocity c, is denoted as c2 = vZ + pv?.

a. Bright solitons
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For the bright solitons @ = w, k = 0 and @ = a. Assuming ions are nonrelativistic and using the
variable transformation p,, = sinhu, where sinhu is the hyperbolic sine function, we have p;;, =

—pa/(1+ pay,) with a = sinhu — ay, tanhu. Then at QF Eq. (B. 1) becomes,

2

w
w?(1+ payy)(1 — ayy sechu*) = yo(p + sechu*) |1 — pz > (sinhu* — ay, tanhu*)?
0Cs

(B. 3)

Notice that the right hand side (RHS) of Eqg. (B. 3) is always larger than zero (n* > 0), which

requires — 1/p < ay, < coshu”. Furthermore, in this region the derivative of RHS of Eq. (B. 3) is,

pw?
2

YoCs

Dp = —sinhu” [yon* sech? u* + (1 + pcoshu*)(1 — ayy sechu*)(1 — ay, sech? u*)]

It is smaller than zero when u* > 0 and larger than zero when u* < 0. Hence the RHS of Eq. (B. 3) has a

maximum given by,

{ Yolp+1) when ay, <1
Yolp +1/(ayo)]  whenay, =1

On the other hand, the derivative of LHS of Eq. (B. 3) is,
D, = ayow?(1 + pay,) sechu* tanh u*

If ay, > 0, the left hand side (LHS) of Eq. (B. 3) is an increasing function of |u|. It has the following

minimum,

{a)z 1+ payy)(1—ay,) whenO<ay,<1

0 when ay, = 1
Thus, Eq. (B. 3) always has two solutions when

If 0 < ay, < 1, Eq. (B. 3) will have two solutions when y,(p + 1) > w?(1 + pay,) (1 — ay,) is satisfied.

Then it gives,

{0 <ay, <1 whenw? < 4y,p/(1+p) (B.5)

i <ay, <1 when w? > 4y,p/(1+ p)

Here B = [p —1+/(p+12—4p(p+ l)yo/wz]/(Zp). If —1/p < ayy < 0, the LHS of Eq. (B. 3) is

also a decreasing function of |u| and it has a maximum w?(1 + pay,)(1 — ay,). The comparison of the

decreasing rate between RHS and LHS can be calculated by,
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|Dr| = DL
2

> |sinhu*| (1 + pcoshu*)(1 — ayysechu*)(1 — ay, sech®u*) + w?(1 + payy)ay, sech® u*

2
0Cs

> |sinhu*|[{w?(1 + payy)[(1 — ay, sechu*)(1 — ayy sech3 u*) + ay, sech? u*]}
= w?(1 + payy)|sinhu*|{1 — ay, sechu* [1 — sechu* + sech? u* (1 — ay, sechu*)]}
>0

Note that we have used the inequality p/(y, c2) > 1. This is because y, cZ/p represents the square of
electron acoustic velocity and it should be smaller than the speed of light. Hence, the RHS decreases faster
than the LHS. Then the existence of Q requests y,(p + 1) > w?(1 + payy) (1 — ayy), or,
—1/p<ay, <0 whenw? < 4y,p/(1+p)
(B. 6)
—1/p < ayy <pB- when w? > 4y,p/(1+ p)
Combining (B. 4)-(B. 6), we find that for the bright solitons the system has two additional fixed point Q*
if ay, is in the following interval,
—1/p < ayy < when w? < 4y,p/(1 + p)
(B.7)
—1/p<ayo<B-, Bi<ayy<o when w®>4yyp/(1+p)
For immobile ions (p — 0), condition (B. 7) is reduced to 1 — y,/w? < ay, < . In this case, n* = 1 and

Eqg. (B. 1) has the exact solution,

-1/2
ot (14 aw?)?
(B. 8)
|y %y 1 1 N aw*
\? =272 Yo 2v¢(1+ aw?)?

b. Dark solitons

For the dark soliton, it is difficult to get the simple conditions for Q% as shown by (B. 7). For simplicity,

we only consider the immobile ion case, then y; = y¢[a + 1/(@* — k? a§/a**)] and a* satisfies,

*2 yg 1

a“c = - .
(@2 —k?at/a*)’  [a(@? - k?at/a*) +1]°

(B. 9)

Here af = (y2,/vé — D1 — @y§/Veo), Yeo = vé|@ + 1/(@* — k?)] and @, k, @ should satisfy,
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Fig. C. 1. The benchmark of shooting and rational
spectral methods. (a) Soliton envelop, (b) scalar

potential and (c) density for @ = 3.31, @ = 0.1,

= ! |" ,: k = 0.75 and y, = 1. The black solid, red dashed
'°-°4_ shooting '. : 1 and blue dot-dashed lines represent the shooting
0.06 . iﬁiﬁiﬁ: ?rru‘r:t:)o ‘|,' 1 result, the initial input for spectral scheme and final

6 4 2 0 2 4 g resultofspectral scheme, respectively.

g lca,

vola +1/(@* —k*)] > 1

(B. 10)

C. Benchmark for the numerical methods

The coupled soliton equations are solved by the shooting method and rational spectral method. Since they

are totally different schemes, they can be used to benchmark each other. In this appendix, we show the

benchmark for the numerical calculations.

For simplified 2D Hamiltonian systems, e.g. cold plasmas, both the shooting and rational spectral

schemes can be applied and they give the same accurate results. When temperature effects are included, the

accuracy of shooting scheme decreases. This is due to the temperature term vZ Inn, in the longitudinal

force balance equations,

1_,pé V.
2 1 — =2 el e
VieINNe = @ + 5 ayg _Ve v
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Note that v2, < 1. Any numerical error of density induced by the right hand side of Eq. (C. 1) will be
increased by the factor 1/v?2, and further amplified by the exponential function. This error becomes non-
negligible at the boundary where the scalar potential tends to zero (e.g. see the black solid line of the density
profile in Fig. C. 1(c)). Hence, in 4D Hamiltonian systems, we used the rational spectral method after the
shooting results. The minimum and maximum of the shooting profiles are used to build up the initial input
as shown by the red dashed line in Fig. C. 1, where the comparison of shooting and rational spectral results
are plotted. Here the back solid line represents the shooting result, the red dashed line is the initial input for
the rational spectral scheme and the blue dot-dashed line is the final result. As we can see, while the soliton
envelop is calculated correctly by both schemes, there is significant difference in the density and scalar
potential profiles at the place far from the soliton center. For the rational spectral scheme, the density and
scalar potential converge to the boundary values correctly. The consistence of the two methods shows the

validity of the numerical calculations.
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