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Error Characteristic of the Fourier—-Legendre Method
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Synopsis

Error characteristics of the Fourier expansion of the Legendre polynomials are

examined in the computation of the Gaussian latitudes and weights and in the Fourier—

Legendre scaling factor for associated Legendre functions. The Fourier—Newton method

yields values accurate enough for practical use up to 10000 nodes. Because the relative

error grows in O(n) and the computational complexity in O(n?), alternative methods

may be required for larger calculation. There is a room for improvement in the

computation of the Fourier—Legendre coefficients. The Fourier—Legendre scaling factor

is not necessary in the computation of the Gaussian latitudes and weights, but for

associated Legendre functions. The accuracy can be improved significantly by use of

alternative equations or the asymptotic series of the Gamma function.
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Fig. 1 The relative maximum (broken) and maximum
relative (solid) error (ordinate, in common logarithm) for
Gaussian colatitude 6 (black), cos@ (blue) and weights
(red) computed with a Gawk version of gaqd in
SPHERPACK against the number of nodes n (abscissa).

The grey line represents the slope for n.
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Fig. 2 As in Fig. 1 but for Fourier-Legendre coefficients
any Wwithout the scaling factor for the Legendre
polynomials (blue) and their derivatives (red). The grey

lines represent the slope for n and for the constant.
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Fig. 3 As in Fig. 1 but for the wall-clock time in common
logarithm using gaqd of SPHEREPACK (Fortran). The

grey line represents slope for n?2.
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Fig. 4 As in Fig. 1 but for the Fourier—Legendre scaling
factor an, for (10) (black), (19) (red) and (20) (blue).

The grey lines represent the slope for n, for ¥n and for
the constant.
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function abs(x)

{

return (x >0) ? x : -x

function cpdp(n, cp, dcp, t1,12,t3, t4, ncp, i, j)
# computes the Fourier coefficients of the Legendre
polynomial

{

# p_n?0 and its derivative.

# n: degree. must be even

# cp: coefficients. 0..ncp = (n+1)/2

# dcp: coefficients. 1..ncp

tl =-1
2=n+1
t3=0

td=n+n+1
ncp = int((n+1)/2)

cplnep] =1
for (i=0; 1< ncp; i++) {
j=ncp-i
t14++; t1++
t2--
t3++
t4--; t4--
cplj-1]1 = (t1*t2)/(t3*t4) * cplj]

b
for (i=1;1i<=ncp; i++) {
depli] = (i + 1) * cp[i]

}

function tpdp(n, theta, cp, dcp, pb, dpb, cdt, sdt,
kdo, cth, sth, chh, i)

# computes pn(theta) and its derivative dpb(theta)

{

cdt = cos(theta + theta)
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sdt = sin(theta + theta)

kdo = int(n/2)
pb[0] = 0.5 * cp[0]

dpb[0] =0
cth = cdt
sth = sdt

for (i=1;1<=kdo;i++) {
pb[0] += cpli] * cth
dpb[0] += -dcpl[i] * sth
chh = cdt * cth - sdt * sth
sth = sdt * cth + cdt * sth
cth = chh

function dzeps(x, a,b,c,eps)

# estimate unit roundoff in quatities of size x

{
a=4/3
b=a-1
c=b+b+b

eps = abs(c - 1)

return eps * abs(x)

function gaqd(nlat, theta, wts, eps, pi, pis2, nhalf,
zero, i, nix, zlast, zhold, zprev, ddpb, sum)
{

eps = dzeps(1)

eps = sqrt(eps)

eps = eps * sqrt(eps)

pi = atan2(0, -1)
pis2 =0.5 * pi
nhalf = int(nlat/2)

cpdp(nlat, cp, dcp)

# estimate first point next to pi/2

zero = pis2 - 0.5 * (pi / nlat)

for (i = 0; i < nhalf; i++) {

nix = nhalf-i-1

# Newton iteration

zlast = zero

tpdp(nlat, zero, cp, dcp, pb, dpb)

zero += -pb[0]/dpb[0]

while (abs(zero - zlast) > eps * abs(zero)) {
zlast = zero
tpdp(nlat, zero, cp, dcp, pb, dpb)
zero += -pb[0]/dpb[0]

¥

theta[nix] = zero

zhold = zero

# Yakimiw's formula permits using old pb and dpb
ddpb = dpb[0] + pb[0] * cos(zlast)/sin(zlast)
wts[nix] = (nlat + nlat + 1) / (ddpb * ddpb)
if i==0){

zero = 3 * zero - pi
}else {

ZEr0 = Zero + zero - zprev
¥

zprev = zhold

# Extend points and weights via symmetries
for (i = 0; i < nhalf; i++) {
wts[nlat - i] = wts[i]
theta[nlat -i] = pi - theta[i]
¥
sum =0
for (i=0;1i<nlat- 1;i++) {
sum += wts[i]
¥
for (i=0;1i<nlat-1;i++) {

wts[i] *= 2/ sum
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