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The antisymmetrized quasi-cluster model (AQCM) is a method to describe transitions from the α
cluster wave functions to jj-coupling shell model wave functions. In this model, the cluster–shell
transition is characterized by only two parameters: R representing the distance betweenα clusters
and� describing the breaking of α clusters. The contribution of the spin–orbit interaction, very
important in the jj-coupling shell model, can be taken into account starting with the α cluster
model wave function. In this article we show the generality ofAQCM by extending the application
to heavier regions: various 4N nuclei from 4He to 100Sn. The characteristic magic numbers of
the jj-coupling shell model, 28 and 50, are described starting with the α cluster model. The
competition of two different configurations is discussed in 20Ne (16O + one quasi-cluster and
12C + two quasi-clusters) and 28Si (pentagon shape of five quasi-clusters and 12C+16O). Also, we
compare the energy curves for the α+40Ca cluster configuration calculated with and without the
α breaking effect in 44Ti.
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1. Introduction

General description of shell and cluster structures is a dream of nuclear structure physics. Describing
cluster states starting with shell models, including modern ab initio ones, is a big challenge of
computational nuclear science [1–3]. In general, we need huge model space in order to describe
spatially correlating nucleons located at some place with some distance from the origin, when the
single particle wave function is expanded with respect to the origin [4,5]. On the other hand, if we
start with the cluster model, we can easily describe cluster states with much less computational effort,
but the contribution of non-central interactions, very important in nuclear structure [6,7], vanishes
if we assume simple (0s)4 configuration at some localized point for each α cluster. The real systems
have both natures of shell and cluster structures, and quantum mechanical mixing of these two plays
a crucial role in many cases [8–10], thus it is quite intriguing to establish a unified description for the
nuclear structure. Our strategy is to start with the cluster model side, contrary to standard approaches
that start with the shell model side, and try to extend the model space to include shell correlations,
particularly for the contribution of the spin–orbit interaction.

As is well known, there is a certain overlap between the shell and cluster model spaces. When we
take zero limit for the relative distance between clusters, the model space coincides with the lowest
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shell model configuration owing to the antisymmetrization effect. This is called the Elliot SU(3)
limit [11,12]. For instance, if we put four α particles in the form of a tetrahedron and take the zero
limit for the relative α–α distances, the wave function coincides with the closed shell configuration
of the p-shell. In this way, for N = Z nuclei with magic numbers of a three-dimensional harmonic
oscillator, cluster model wave functions can describe the doubly closed shell configurations of major
shells. Here both spin–orbit-favored (j-upper) and -unfavored (j-lower) single particle orbits are
filled and the contribution of the spin–orbit interaction cancels. However, it is necessary to break
α clusters to take into account the spin–orbit contribution, if only spin–orbit-favored orbits of the
last major shell are occupied. This is crucial for nuclei corresponding to the subclosure of the major
shells. In addition, the “real” magic numbers of nuclear systems (beyond 20) indeed appear as a
result of strong spin–orbit interaction, which is different from those corresponding to the closed
shell configurations of three-dimensional harmonic oscillators.

To overcome this difficulty of the cluster model, we proposed the antisymmetrized quasi-cluster
model (AQCM) [9,10,13–16], which enables us to describe the jj-coupling shell model states with the
spin–orbit contribution starting with the cluster model wave function. In the AQCM, the transition
from the cluster- to shell-model structure can be described by only two parameters: R represent-
ing the distance between α clusters, and � which characterizes the transition of α cluster(s) to
quasi-cluster(s) and quantifies the role of the spin–orbit interaction. In Ref. [9], we have shown
that the AQCM wave function in the limit of R → 0 and � = 1 corresponds to the (s1/2)

4(p3/2)
8

closed shell configuration of 12C, and the strong attractive contribution of the spin–orbit interac-
tion can be taken into account. The optimal AQCM ground state of 12C is an intermediate state
between the three-α cluster state and the shell model state with the p3/2 subshell closure config-
uration. From a comparison with the antisymmetrized molecular dynamics (AMD) model, where
all nucleons are treated independently, we found that the AQCM result is consistent with the AMD
result (the overlap is about 99%). This result is quite surprising, since the number of degrees of
freedom in the AQCM trial wave function is significantly fewer than that in the AMD. In AMD,
the Gaussian center parameters of all the nucleons are treated independently, and the number of
degrees of freedom for the spatial part is 3 (three dimensions) × 2 (complex number) × A (num-
ber of nucleons), which is equal to 6A, and they are variationally determined. In our model, we
have only two control parameters, R and �. Nevertheless, these two approaches give similar results
for 12C.

The purpose of the present work is to show the general applicability of the AQCM framework
in heavier regions. In this article, we apply AQCM to various 4N nuclei from 4He to 100Sn, where
characteristic magic numbers for the jj-coupling shell model, 28 and 50, which are different from
those of a three-dimensional harmonic oscillator, are included. We show that starting with the cluster
model wave functions, we can generate jj-coupling shell model wave functions with the spin–orbit
contribution. The competition of two different configurations is discussed in 20Ne (16O + one quasi-
cluster and 12C + two quasi-clusters) and 28Si (pentagon shape of five quasi-clusters and 12C+16O).
We also compare the energy curves for the α+40Ca cluster configuration calculated with and without
the α breaking effect in 44Ti.

2. The model

In this section, we describe the AQCM wave function in this work.
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2.1. Single particle wave function (Brink model)

In conventional α cluster models, the single particle wave function has a Gaussian shape [17],

φi =
(

2ν

π

) 3
4

exp
[
−ν

(
�ri − �Ri

)2
]
ηi, (1)

where ηi represents the spin–isospin part of the wave function, and �Ri is a real parameter representing
the center of a Gaussian wave function for the ith particle. In this Brink–Bloch wave function,
four nucleons in one α cluster share a common �Ri value. Hence, the contribution of the spin–orbit
interaction vanishes.

2.2. Single particle wave function in the AQCM

In the AQCM, α clusters are changed into quasi-clusters. For nucleons in a quasi-cluster, the single
particle wave function is described by a Gaussian wave packet, and the center of this packet �ζi is a
complex parameter,

ψi =
(

2ν

π

) 3
4

exp
[
−ν

(
�ri − �ζi

)2
]
χiτi, (2)

where χi and τi represent the spin and isospin part of the ith single particle wave function, respec-
tively. The spin orientation is governed by the parameters ξi↑ and ξi↓, which are in general complex
parameters, while the isospin part is fixed to be “up” (proton) or “down” (neutron):

χi = ξi↑| ↑ 〉 + ξi↓| ↓ 〉, (3)

τi = |p〉 or |n〉. (4)

The center of the packet �ζi has the form

�ζi = �Ri + i��espin
i × �Ri, (5)

where �espin
i is a unit vector for the intrinsic-spin orientation, and � is a real control parameter

describing the dissolution of the α cluster. As one can see immediately, the � = 0 AQCM wave
function, which has no imaginary part, is the same as the conventional Brink–Bloch wave function.
The AQCM wave function corresponds to a jj-coupling shell model wave function, such as a subshell
closure configuration, when � = 1 and �Ri → 0. The positive and negative � values correspond to
the transformation to j-upper and j-lower orbits of the jj-coupling shell model, where the spin–orbit
interaction acts attractively or repulsively. The mathematical explanation for it is summarized in
Ref. [9]. For the width parameter, we use the value of b = 1.46 fm, ν = 1/2b2.

2.3. AQCM wave function of the total system

The wave function of the total system is the antisymmetrized product of these single particle wave
functions:

 = A{ψ1ψ2ψ3 · · · ·ψA}. (6)

The projections onto parity and angular momentum eigenstates can be performed by introducing the
projection operators PJ

MK and Pπ , and these are performed numerically in the actual calculation.
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2.4. Superposition of different configurations

Based on the generator coordinate method (GCM), the superposition of different AQCM wave
functions is possible:

� =
∑

i

ciP
J
MK Pπi. (7)

Here, {i} is a set of AQCM wave functions with different values of the R and� parameters, and the
coefficients for the linear combination {ci} are obtained by solving the Hill–Wheeler equation [17],

{〈PJ
MK Pπi|Ĥ |PJ

MK Pπj〉 − E〈PJ
MK Pπi|PJ

MK Pπj〉}cj = 0, (8)

where E stands for the energy eigenvalue. We obtain a set of coefficients for the linear combination
{cj} for each eigenvalue of E. In general, superposition of states projected to different K quantum
numbers is also possible.

For the simplest case, we regard R and � as generator coordinates and superpose AQCM wave
functions with different R and� values. However, more complex superpositions of different cluster
configurations can be performed rather easily. We superpose different configurations, 16O + quasi-
cluster and 12C+α+α in 20Ne (where both the jj-coupling shell model and three-α configurations for
the 12C part are mixed) and a pentagon shape of five quasi-clusters and 12C+16O in 28Si.

3. General applications of AQCM for various 4N nuclei

In this section, we show how we transform the cluster wave function to the jj-coupling shell model
one in various nuclei from 4He to 100Sn.

3.1. 4He and 8Be

The 4He nucleus is a closed shell configuration of the lowest s shell in the shell model description,
and this agrees with the simple α cluster model wave function.

In 8Be, four additional nucleons occupy p3/2 orbits in the jj-coupling shell model, and we describe
it by starting with a wave function of two α clusters and transforming it. Suppose that in the intrinsic
frame, two α clusters are set on the x-axis with the relative distance R. This is realized by giving
Gaussian center parameters [�Ri in Eq. (1)] in the following way: �R1 = �R2 = �R3 = �R4 = −R�ex/2,
and �R5 = �R6 = �R7 = �R8 = R�ex/2, where �ex is a unit vector in the x direction. Here, �R1 and �R5

are parameters for proton spin-up, �R2 and �R6 are for proton spin-down, �R3 and �R7 are for neutron
spin-up, and �R4 and �R8 are for neutron spin-down nucleons. Based on Eq. (5), we transform two α
clusters to quasi-clusters. Gaussian center parameters for the four protons are given in this way:

�ζ1 = −R( �ex + i� �ey)/2, (9)

�ζ2 = −R( �ex − i� �ey)/2 = �ζ ∗
1 , (10)

�ζ5 = R( �ex + i� �ey)/2 = −�ζ1, (11)

�ζ6 = R( �ex − i� �ey)/2 = −�ζ ∗
1 , (12)

where �ex and �ey are unit vectors in the x and y direction, respectively, and these are the same for
the neutron part, �ζ3 = �ζ1, �ζ4 = �ζ2, �ζ7 = �ζ5, and �ζ8 = �ζ6. When � is set to zero, the wave function
consisting of two quasi-clusters agrees with that of two α clusters.
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Fig. 1. (color online) Density plots of 8Be on the z = 0 plane (xy-plane) as a function of R and�. (a) R = 3 fm,
� = 0; (b) R = 0.01 fm, � = 0; (c) R = 0.01 fm, � = 0.5; and (d) R = 0.01 fm, � = 1. The integrated
density is normalized to the number of nucleons.

Table 1. The expectation values of one-body spin–orbit operator
∑

i
�li · �si in units of �

2 (one-body ls) and
principal quantum number (n) of 8Be together with R (fm) and � values.

R (fm) � one-body ls n

3.00 0.00 0.00 5.39
0.01 0.00 0.00 4.00
0.01 0.50 1.60 4.00
0.01 1.00 2.00 4.00

The density distributions of 8Be as a function of R and� are shown in Fig. 1, where (a) R = 3 fm,
� = 0; (b) R = 0.01 fm,� = 0; (c) R = 0.01 fm,� = 0.5; and (d) R = 0.01 fm,� = 1. In Fig. 1(a),
we can recognize two distinct peaks due to the α clusters. The relative distance R is set to 3 fm, and
α clusters are not dissolved (� = 0). These two peaks can still be clearly identified even if we take
the zero limit for the relative distance R, owing to the antisymmetrization effect (Fig. 1(b) is the
case of R = 0.01 fm). This is called the Elliot SU(3) state and is the first step in transforming the
cluster model wave function to a shell model one. Then we transform α clusters to quasi clusters
by changing � from zero to finite values; keeping R = 0.01 fm, the � value is increased to 0.5 in
(c) and 1.0 in (d). Figure 1(c) is an intermediate state between the two-α cluster state and the shell
model state, where the α cluster structure partially remains but it starts melting. In Fig. 1(d) we can
see only one peak and the α cluster structure is washed out. Here the wave function is transformed
to a jj-coupling shell model one.

The expectation values of the one-body spin–orbit operator in units of �
2 (one-body ls) and principal

quantum number of the harmonic oscillator (n) of 8Be are listed in Table 1, together with R (fm) and
� values. When R = 3 fm, the value of n is 5.39, and this value becomes 4.00 at R = 0.01 fm, which
is the lowest possible value, where four of the nucleons are excited from the s shell to the p shell. The
one-body spin–orbit operator (

∑
i
�li · �si) is a good tool to see this transition, since the expectation

value becomes zero at � = 0, and this value becomes 2.00 at � = 1. This is because the four

5/19

 at L
ibrary of R

esearch R
eactor Institute, K

yoto U
niversity on D

ecem
ber 21, 2016

http://ptep.oxfordjournals.org/
D

ow
nloaded from

 
A Self-archived copy in

Kyoto University Research Information Repository
https://repository.kulib.kyoto-u.ac.jp

http://ptep.oxfordjournals.org/


PTEP 2016, 093D01 N. Itagaki et al.

0 2 4 6

−50

−40

R (fm)
en

er
gy

 (M
eV

)

Fig. 2. The 0+ energy curves of 8Be. The dashed curve is for α–α as a function of parameter R representing
the distance between two α’s, and in the solid line, change into quasi-clusters is allowed. The optimal� value
which gives the lowest energy is selected for each R value in the solid line. The dotted line at −55.14 MeV
shows the threshold energy of two α clusters.

nucleons in the px shell are changed to p3/2 orbits of the jj-coupling shell model. The expectation
value for one nucleon in p3/2 (in this case an eigenvalue) is

〈�l · �s〉 = {j(j + 1)− l(l + 1)− s(s + 1)}/2 = {15/4 − 2 − 3/4}/2 = 1/2,

and the value of 2.00 can be obtained by multiplying by 4, the number of nucleons in this orbit.
Next we show the 0+ energy curve ofα–αwhenα clusters are allowed to change into quasi-clusters.

For the Hamiltonian, we use Volkov No. 2 [18] as an effective interaction for the central part, and the
Majorana exchange parameter is set to M = 0.60, which is known to reproduce the scattering phase
shift of two α clusters without breaking [19]. For the spin–orbit part, we use G3RS [20], which is
a realistic interaction determined to reproduce the nucleon–nucleon scattering phase shift. We use
the original strength of 600 MeV for the repulsive term and −1050 MeV for the attractive term. The
angular momentum projection is numerically performed by rotating both the spins and Gaussian
center parameters of the nucleons using Euler angles and integrating the wave function over these
rotating angles. In Fig. 2, the dashed curve shows the 0+ energy of α–α as a function of parameter R
representing the distance between two α’s. The spin–orbit interaction does not contribute since the
α clusters are not broken. In the solid line, change into quasi-clusters is allowed, and the optimal �
value which gives the lowest energy is selected for each R value. Although the spin–orbit interaction
works in the solid line and this effect reduces the height of the repulsive core at R = 0 fm by
about 3 MeV compared with the dashed line, the breaking of α clusters is rather limited in small-R
regions. The energy curves of quasi-clusters are essentially not so different from the α clusters, which
reproduce the scattering phase shift.

3.2. 12C

The transformation of the three-α cluster wave function to the subclosure configuration of the p3/2

shell in the jj-coupling shell model is discussed in Ref. [9] in detail. The basic idea is the following:
oneα cluster comprised of spin-up proton, spin-down proton, spin-up neutron, and spin-down neutron
is placed on the x-axis; this is changed into a quasi-cluster as in the 8Be case, and the second and
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Fig. 3. (color online) The density plots of 12C on the y = 0 plane (xz-plane) as a function of R and �. (a)
R = 3 fm, � = 0; (b) R = 0.01 fm, � = 0; (c) R = 0.01 fm, � = 0.5; and (d) R = 0.01 fm, � = 1. The
integrated density is normalized to the number of nucleons.

third quasi-clusters are introduced by rotating both spatial and spin parts of the first quasi-cluster
around the y-axis by 120◦ and 240◦, respectively.

The density distributions of 12C on the y = 0 plane (xz-plane) as a function of R (distance between
quasi-clusters) and � are shown in Fig. 3, where (a) R = 3 fm, � = 0; (b) R = 0.01 fm, � =
0; (c) R = 0.01 fm, � = 0.5; and (d) R = 0.01 fm, � = 1. In Fig. 3(a), we can recognize three
distinct peaks due to the α clusters. The relative distance R is set to 3 fm and � = 0. These three
peaks are changed into a donut shape if we take the zero limit for the relative distance R owing to
the antisymmetrization effect (Fig. 3(b) is the case of R = 0.01 fm). Then we change � from zero
to finite values; keeping R = 0.01 fm, the � value is increased to 0.5 in (c) and 1.0 in (d). We can
see that the middle part of the donut is gradually filled, the α cluster structure is washed out, and the
wave function is transformed to a jj-coupling shell model one.

It is quite instructive to compare the density distributions on the y = 0 plane (xz-plane) in Fig. 3
with the ones on the z = 0 plane (xy-plane). Figure 4 shows the density plot of 12C on the z = 0
plane (xy-plane) with R = 0.01 fm and (a) � = 0, (b) � = 1. Here, Fig. 3(b) and Fig. 4(a) are the
same case of R = 0.01 fm and� = 0, and the only difference is the axes of the figures; however, they
look quite different. This means that even if inter-cluster distances are very small (R = 0.01 fm), the
nucleus is deformed and not spherical in the Brink model description for 12C. On the other hand, if we
introduce� and transform α clusters to quasi-clusters, we can describe spherical 12C corresponding
to the subshell closure configuration; Fig. 3(d) and Fig. 4(b) are the same case of R = 0.01 fm and
� = 1, and the distributions on the y = 0 plane (xz-plane) and on the z = 0 plane (xy-plane) are
very similar. The nucleus has spherical symmetry.

The expectation values of one-body spin–orbit operator
∑

i
�li · �si in units of �

2 (one-body ls) and
principal quantum number of the harmonic oscillator (n) of 12C are listed in Table 2 together with R
(fm) and � values. When R = 3 fm n = 11.22, and this value becomes 8.00 at R = 0.01 fm, which
is the lowest possible value because eight nucleons are excited to the p shell. The one-body ls values
are zero at� = 0, and this value becomes 4.00 at� = 1, interpreted as 0.5 (eigenvalue for a nucleon
in p3/2) times 8 (number of nucleons in this orbit).
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Fig. 4. (color online) The density plot of 12C on the z = 0 plane (xy-plane) as a function of R and �. (a)
R = 0.01 fm,� = 0; (b) R = 0.01 fm,� = 1. The integrated density is normalized to the number of nucleons.

Table 2. The expectation values of one-body spin–orbit operator
∑

i
�li · �si in units of �

2 (one-body ls) and
principal quantum number of the harmonic oscillator (n) of 12C together with R (fm) and � values.

R (fm) � one-body ls n

3.00 0.00 0.00 11.22
0.01 0.00 0.00 8.00
0.01 0.50 3.33 8.00
0.01 1.00 4.00 8.00

Recently, D3h symmetry has been intensively discussed in 12C, which reflects the equilateral
triangular shape of three α clusters [21]. The presence of the 3− state at 9.6415 MeV is known, and
for a long time this state has been considered as the band head of the Kπ = 3− band, which reflects
this symmetry. In addition, other members of this band, the 4− and 5− states, have been observed.
In this article we have discussed that although the spin–orbit interaction plays a significant role that
breaks the α clusters, there is a way to incorporate the spin–orbit effect without breaking the threefold
symmetry of three-α clusters.

3.3. 16O

For 16O, which corresponds to the doubly closed shell of the shell model, it is not necessary to
introduce quasi-clusters with�. If we take the zero limit for the relative distances of α clusters with
a tetrahedron configuration, the wave function corresponds to the doubly closed shell configuration
of the p shell of the jj-coupling shell model, where both p3/2 and p1/2 orbits are occupied.

3.4. 20Ne and 24Mg

There have been numerous works for 20Ne based on the cluster models [22–25]. In addition to
the ground Kπ = 0+ band, the negative parity band (Kπ = 0−) starting with the 1− state at
Ex = 5.787726 MeV has been observed, and existence of this “low-lying” negative parity band is
strong evidence that the simple spherical mean field is broken. Recently the “container picture” has
been proposed to describe the non-localization of the α cluster around 16O [26]. However, according
to the shell model, four nucleons perform independent particle motions around the 16O core, which
corresponds to the doubly closed shell of the p shell, and the spin–orbit interaction acts attractively
on them. In our model, breaking of the α cluster can be easily done by introducing the� parameter
for an α cluster outside the 16O core. The change of the level structure as a function of the strength of
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Fig. 5. The 0+ energy levels of 20Ne: (a) obtained with the 16O+α model space; (b) obtained by coupling (a)
with the basis states, where α is changed to a quasi-cluster; (c) 12C+α+α states are coupled to (b), and the 12C
part is an equilateral triangular shape of three α clusters; (d) the breaking effect of α clusters in 12C is taken
into account by introducing the � parameter for 12C. “Exp.” stands for the observed 0+ states.

the spin–orbit interaction within the 16O + one quasi-cluster model space has already been discussed
in Ref. [16].

Also, there have been discussions that the 12C+α+α configuration plays an important role in the
third 0+ state. In Refs. [27–31], the 12C+α+α cluster states have been coupled to 16O+α; however,
the 12C part has been limited to three α clusters and the jj-coupling shell model state has not been
introduced. Inclusion of all of these configurations can be done by applying AQCM, namely, the α
cluster part of 16O+α can be changed into a quasi-cluster and the 12C cluster part of 12C+α+α can
be changed into a jj-coupling shell model wave function.

The Majorana exchange parameter of M = 0.62 for the Volkov interaction has been adopted to
obtain a reasonable binding energy. For the spin–orbit part (G3RS interaction), we use the original
strength of 600 MeV for the repulsive term and −1050 MeV for the attractive term. The size parameter
of the Gaussian wave packet is chosen as b = 1.6 fm (ν = 1/2b2). Figure 5(a) shows the 0+ energy
levels obtained with the 16O+α model space, where the distance parameter between two clusters
has been chosen as R = 1, 2, 3, 4, 5, 6, and 7 fm. In this case, both the ground and second 0+ states
have 16O+α configuration; however, it has been discussed that the observed second 0+ state does not
have large α clustering. Next we allow the breaking of the α cluster and (b) is the result, obtained by
coupling (a) with the basis states with� = 1/3, 2/3, and 1. The α breaking components mix both in
the ground and second 0+ states; the energy of the ground state decreases by 2.5 MeV, and the wave
function of the second 0+ deviates from the higher nodal α–16O cluster configuration. In Fig. 5(c),
12C+α+α states are coupled with (b), where the 12C part is described as an equilateral triangular
shape of three α clusters with α–α distances of 0.5, 1, 1.5, 2, 2.5, and 3 fm. The positions of the
other two α clusters are randomly assigned (the number of basis states for this configuration is 32).
We can see that the energy of the third 0+ state strongly decreases. Finally, the breaking effect of
α clusters in 12C is taken into account in Fig. 5(d) by introducing the � parameter for 12C, and the
energy of the third 0+ state further decreases. Here again the positions of the other two α clusters
are randomly assigned, and the number of basis states for this configuration is 40.

We can conclude that the energy of the third 0+ is most affected by the inclusion of 12C+α+α
model space. However, the energies of the first and second 0+ states also decrease and coupling of
two different model spaces is found to be important (the excitation energy of the second 0+ state is
therefore almost constant in spite of enlarging the model spaces), and unfortunately, the excitation
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(a) (b)

Fig. 6. (color online) Schematic figures for 28Si. Spheres represent α clusters, and blue ones are changed into
quasi-clusters. (a) Five quasi-cluster are placed in a pentagon shape on a plane at a distance R from the origin,
and two α clusters are set on the vertical axis at R/2 and −R/2. (b) 12C+16O shape. The parameter D is set for
the distance between 12C and 16O. 12C consists of three quasi-clusters and 16O consists of four α clusters with
a tetrahedron shape.

energy of the third 0+ state is still higher than experiment, since the binding energy of the 12C
cluster part is underestimated in the framework. This is related to a fundamental problem of the
interactions in microscopic cluster models that the 12C cluster becomes under-bound when 16O is
reproduced [32].

The jj-coupling shell model wave functions of 24Mg are easily generated by adding one quasi-
cluster to 20Ne. A simple application can be found in Ref. [16].

3.5. 28Si

For 28Si, there are two ways to transform the α cluster wave function to the subclosure configuration
of d5/2 in the jj-coupling shell model. One configuration is a pentagon shape of five quasi-α clusters
on the xz-plane with two α clusters placed on the y-axis [Fig. 6(a)]. Another configuration consists
of a tetrahedron shape of four α clusters whose center of gravity is at the origin and a triangle shape
of three quasi-α clusters on the xy-plane surrounding four α’s [Fig. 6(b)]. For the former case, as
schematically shown in Fig. 6(a), one α cluster comprised of spin-up proton, spin-down proton, spin-
up neutron, and spin-down neutron is placed on the x-axis and this is changed into a quasi-cluster
by giving � as in the 8Be case, and the second, third, fourth, and fifth quasi-clusters are introduced
by rotating both spatial and spin parts of the first quasi-cluster around the y-axis by 72◦, 144◦, 216◦,
and 288◦, respectively. In addition, we place two α clusters on the y-axis. The latter configuration is
the combination of 12C and 16O wave functions described in the previous subsection [Fig. 6(b)], and
here the 12 nucleons of 12C are excited to the sd shell due to the antisymmetrization effect. If we take
the zero limit for the relative distances among α clusters and quasi-clusters, these two configurations
become identical and give the lowest shell model configuration of (s1/2)

4(p3/2)
8(p1/2)

4(d5/2)
12 at

� = 1.
The expectation value of the one-body spin–orbit operator

∑
i
�li · �si for 28Si is shown in Fig. 7 in

units of �
2. The five quasi-α clusters form a pentagon shape on the xz-plane as in Fig. 6(a) with the

distance R = 0.01 fm, and � is changed from 0 to 1. The eigenvalue for the one-body spin–orbit
operator is 1 for a nucleon in the d5/2 orbit, and for 28Si, the value should be 12 because of the 12
nucleons in d5/2; this is achieved at � = 1.

The 0+ energy curves of 28Si as functions of the distance parameter R are shown in Fig. 8. Here,
the Majorana exchange parameter of M = 0.62325 for the Volkov interaction has been adopted to
obtain a reasonable binding energy. For the spin–orbit part (G3RS interaction), we use the original
strength of 600 MeV for the repulsive term and −1050 MeV for the attractive term. The dashed line
is the case of � = 0 for the quasi-clusters, which is equivalent to α clusters. For the solid line, the
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Fig. 7. The expectation value of the one-body spin–orbit operator (
∑

i
�li · �si) for 28Si in units of �

2. The five
quasi-α clusters form a pentagon shape on the xz-plane with the distance R = 0.01 fm, and two α clusters are
set on the y-axis at R/2 and −R/2 as in Fig. 6(a). The � value is changed from 0 to 1.
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Fig. 8. The 0+ energy curves of 28Si with the pentagon shape as functions of the distance parameter R. Five
quasi-clusters are placed with a pentagon shape at the distance of R from the origin and two α clusters are set
on the vertical axis at R/2 and −R/2, as in Fig. 6(a). The dashed line is the case of� = 0 for the quasi-clusters,
which is equivalent to α clusters, and for the solid line, the optimal� value giving the lowest energy is chosen
for each R.

optimal � value giving the lowest energy is chosen for each R. At R = 0.1, the breaking effect of α
clusters due to the spin–orbit interaction is quite large; the optimal� value giving the lowest energy
is 0.31, and the energy difference of two lines is about 34 MeV. When R gets larger and becomes
2 fm, the energy of the solid line is higher than the lowest one by 10 MeV, and in this region, the
breaking effect of α clusters is rather limited.

For the 12C+16O configuration, the 0+ energy curves as functions of the distance parameter D
between 12C and 16O are shown in Fig. 9. Here, 16O consists of four α clusters with a distance of
0.1 fm between their centers of mass, whereas 12C consists of three quasi-clusters whose distances
should be slightly larger than the 16O case, and now they are set to 0.2 fm as shown in Fig. 6(b). When
� is small, three quasi-clusters form a triangular shape, and the 16O is placed in a perpendicular
direction to the plane of this triangle; however, three quasi-clusters are transformed into a spherical
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Fig. 9. The 0+ energy curves of 28Si with the 12C+16O shape as functions of the distance parameter D between
12C and 16O, as in Fig. 6(b). Here, 12C consists of three quasi-clusters which have a distance of 0.2 fm between
their centers of mass, and 16O consists of four α clusters with a distance of 0.1 fm between their centers of
mass. The dashed line is the case of � = 0 for the quasi-clusters, equivalent to α clusters, and the optimal �
value giving the lowest energy is chosen for each D in the solid line.

density distribution with increasing � value. The dashed line is the case of � = 0 for the quasi-
clusters, which is equivalent to α clusters, and for the solid line, the optimal � value giving the
lowest energy is chosen for each D. When D is small, the breaking of α clusters is quite important
due to the subclosure configuration of d5/2, and the energy of the solid line (the optimal � giving
the lowest energy is chosen) is about 30 MeV lower than the dashed line (� = 0). At D (12C–16O
distance) = 0 fm, the selected � value in the solid line is 0.46. However, a local energy minimum
point appears around D = 3 fm and the solid and dashed lines give almost equivalent energies around
this region. Here, the 12C (3α) + 16O cluster configuration plays a dominant role.

In our previous study on 28Si based on the seven-α model, the spin–orbit interaction was not taken
into account, and the ground state was a prolate shape with the 12C (3α) + 16O configuration [33].
If we compare the lowest energy of the pentagon shape in Fig. 8 and the local minimum energy of
12C (3α) + 16O in Fig. 9, we can conclude that the spin–orbit interaction is shown to play a big role
for the lowering of the pentagon shape, which is oblate.

Next, we mix these two configurations, the pentagon shape and 12C+16O. If we perform a GCM
(generator coordinate method) calculation by superposing basis states on the energy curves of Figs. 8
and 9, the first 0+ is obtained at −238.0 MeV and the second one is obtained at −226.5 MeV. The
main component of the first one is the pentagon shape. This energy difference is much larger than the
experimental value of 4.979928 MeV, and fine-tuning of the spin–orbit interaction is necessary; how-
ever, without the spin–orbit force, the energy of the 12C+16O configuration is lower than the pentagon
shape, and this energy difference is really sensitive to the strength of the spin–orbit interaction.

3.6. 40Ca
40Ca corresponds to the doubly closed shell of the sd shells, and the cluster model and jj-coupling
shell model give the same representation without introducing quasi-clusters with �. Starting with
the α cluster model, this is achieved by taking the zero limit for the distance parameter R of ten α
clusters; one α is centered at the origin (the yellow sphere in Fig. 10), six α’s are on the x-, y-, and
z-axes at R�ex, −R�ex, R�ey, −R�ey, R�ez, −R�ez (the blue spheres in Fig. 10), and the last three α’s are
on the xy-, yz-, and xy-planes at R(�ex + �ey)/

√
2, R(−�ey + �ez)/

√
2, and −R(�ex + �ez)/

√
2 (the red
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(a) (b) (c)

Fig. 10. (color online) Schematic figure for the ten α clusters for 40Ca. (a) One α cluster at the origin. (b)
Adding six α clusters on the x-, y-, and z-axes (two α clusters for each axis). (c) Adding three α clusters on
the xy-, yz-, and xz-planes. R represents the distance between each α cluster and the origin.
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Fig. 11. The expectation value of the principal quantum number of the harmonic oscillator for 40Ca as a
function of the distance parameter R between each α cluster and the origin.

spheres in Fig. 10), where �ex, �ey, and �ez are unit vectors in the x, y, and z directions, respectively.
Here, R represents not the relative distances of α clusters but the distance from the origin.

The expectation value of the principal quantum number n of the harmonic oscillator for 40Ca is
shown in Fig. 11 as a function of the distance parameter R (the distance between each α cluster and
the origin). At R = 0 fm, the value converges to 60, reflecting the fact that the 12 nucleons are in the
p shell and 24 nucleons are in the sd shell.

3.7. 44Ti and 52Fe

For 44Ti, the 40Ca+α cluster structure has been widely discussed in many theories and experiments
[34–37]. Also, in 52Fe, the possibility of a three-α structure around the 40Ca has been suggested
[38,39]. The transition from such α cluster states to the lowest jj-coupling shell model state can be
easily discussed within the present AQCM approach.

The jj-coupling shell model wave functions of 44Ti are easily generated by adding one quasi-cluster
around the 40Ca core. This is performed just by replacing the 16O core in our analysis for 20Ne and
24Mg in Ref. [16] with the 40Ca core introduced in the previous subsection. The expectation value
of the one-body spin–orbit operator (

∑
i
�li · �si) for 44Ti is shown in Fig. 12 in units of �

2 (solid line).
One quasi-cluster is placed on the x-axis with a distance of R = 0.1 fm from the 40Ca core, and �
is changed from 0 to 1 (R in Fig. 10 for the 40Ca core part is set to 0.01 fm, smaller than the value
for the quasi-cluster). The expectation value for the one-body spin–orbit operator (in this case the
eigenvalue) is 3/2 for a nucleon in the f7/2 orbit,

〈�l · �s〉 = {j(j + 1)− l(l + 1)− s(s + 1)}/2 = {63/4 − 12 − 3/4}/2 = 3/2,
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Fig. 12. The expectation value of the one-body spin–orbit operator (
∑

i
�li · �si) for 44Ti in units of �

2 (solid
line). One quasi-cluster is placed on the x-axis at a distance of R = 0.1 fm from the 40Ca core, and � is
changed from 0 to 1. The value for 52Fe is shown by the dotted line, and the distance parameter R for the three
quasi-clusters is set to 0.25 fm. For the 40Ca core part, R in Fig. 10 is set to 0.01 fm, smaller than the value for
the quasi-cluster(s).
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Fig. 13. The 0+ energy curves of 44Ti comprised of 40Ca and one quasi-cluster as functions of the relative
distance D′. The dashed line is the case of � = 0 for the quasi-cluster (40Ca+α model), and for the solid line
the optimal value of � giving the lowest energy is chosen for each D′ value. The energies are measured from
the 40Ca+α threshold (dotted line).

and for 44Ti, the value should be 6 because of four nucleons in f7/2. In Fig. 12 (solid line), we can
recognize that this situation is achieved at � = 1.

Next we show the energy curve of 44Ti and discuss the cluster–shell competition. It has been
known that we have to increase the value of the Majorana exchange parameter with increasing mass
number, and here M = 0.65 has been adopted. This parameter gives a reasonable binding energy of
one α cluster around 40Ca before taking into account the α breaking effect. The 0+ energy curves of
44Ti comprised of 40Ca and one quasi-cluster as functions of the relative distance D′ between them
are shown in Fig. 13. The value of R in Fig. 10 for the 40Ca core is set to 0.1 fm. The dashed line is
the case of � = 0 for the quasi-cluster, which is equivalent to an α cluster, and for the solid line, the
optimal value of� giving the lowest energy is chosen for each D′ value. The energies are measured
from the 40Ca+α threshold (dotted line). We can see a very large difference between these two curves,
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Fig. 14. The 1− energy curves of 44Ti comprised of 40Ca and one quasi-cluster as functions of the relative
distance D′. The dashed line is the case of � = 0 for the quasi-cluster (40Ca+α model), and for the solid line
the optimal value of � giving the lowest energy is chosen for each D′ value. The energies are measured from
the 40Ca+α threshold (dotted line).

about 10 MeV around D′ = 1 fm, because of the contribution of the spin–orbit interaction in the
solid line, and the optimal � value giving the lowest energy here is 0.69. Although fine-tuning of
the interaction is needed for precise spectroscopy, at the moment we can say that the effect of the
spin–orbit interaction is quite large and that is clearly described by transforming α cluster states to
the jj-coupling shell model. one.

On the other hand, the effect of α breaking is limited around the energy minimum point of the 1−
state, as shown in Fig. 14. Theα clustering has been known to play an essential role for the lowering of
the negative parity states, and the discovery of negative parity states and inversion doublet structure
in the low-lying region of this nucleus were the keys to establishing the concept that the cluster
structure is not limited to very light nuclei and is more general. We can see that the optimal energy is
obtained around the distance parameter D′ between quasi-cluster and 40Ca of 3.5 fm and clustering
is really important, where the decrease of the energy is limited to be about 1 MeV when breaking of
α clusters to quasi-clusters is allowed, and the optimal � value giving the lowest energy is 0.08.

For 52Fe, the jj-coupling wave function is easily prepared by placing our 12C (three quasi-clusters)
around the 40Ca core introduced in the previous subsections. Here, 12 nucleons of 12C are excited
to the pf shell (f7/2) due to the antisymmetrization effect. The details for changing three α clusters
into three quasi-clusters are shown in Ref. [9], and here we just add the 40Ca core introduced in the
previous subsection in the center of the three quasi-clusters.

The expectation value of the one-body spin–orbit operator (
∑

i
�li ·�si) for 52Fe is shown in Fig. 12 in

units of �
2 (dotted line). The distance parameter for the three quasi-clusters is taken as R = 0.25 fm

(R in Fig. 10 for the 40Ca core part is set to 0.01 fm, smaller than the value for the quasi-clusters), and
� is changed from 0 to 1. The eigenvalue for the one-body spin–orbit operator is 3/2 for a nucleon
in the f7/2 orbit, and for 52Fe, the value should be 18 because of the 12 nucleons in f7/2. In Fig. 12,
this is achieved at � = 1.

3.8. 56Ni and 100Sn

With increasing mass number, the magic numbers of the jj-coupling shell model deviate from those
of the three-dimensional harmonic oscillator. Using AQCM, we can transform wave functions of the
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Brink model first to the three-dimensional harmonic oscillator (by taking the limit of R → 0) and
next to the jj-coupling shell model (by taking the limit of� = 1) for nuclei corresponding to magic
numbers of 28 and 50.

For the magic number 28, the nucleus of 56Ne is described by preparing four quasi-clusters around
the 40Ca core. Describing the closed-shell configuration of (f7/2)8 can be achieved by placing four
α clusters in the form of a tetrahedron and changing them to quasi-clusters. However, placing four
α clusters on a two-dimensional plane and changing them to quasi-clusters is even simpler. When
placing on a plane, note that it is necessary to place the in a trapezoidal shape. If we place them
in the form of a square, two of the quasi-clusters are excited not to pf shell orbits but to sdg shell
orbits due to the symmetry of the shape. This situation is explained in the following way. Suppose
that two α clusters are set on the x-axis and the 40Ca core stays at the origin. By taking linear
combinations of the wave functions of nucleons in these α clusters, four nucleons occupy the pf
shell orbits as expected; however, the other four nucleons are excited to the sdg shell orbits because
of the orthogonal condition to the wave functions of the first four nucleons. The same thing happens
for the nucleons placed on the y-axis. We can avoid this risk by placing them in a trapezoidal shape.
For instance, one of the α clusters around the 40Ca core is placed on the x-axis, where the imaginary
parts of the Gaussian center parameters are given in the y direction and the spin is quantized in the
z direction. The other α clusters are introduced by rotating both the spatial and spin parts of the first
cluster about the y-axis by 90◦, 210◦, and 240◦, respectively. The 16 nucleons in 4 quasi-clusters
correspond to f7/2 orbits at the limit of R → 0 and � = 1.

The expectation value of the one-body spin–orbit operator (
∑

i
�li · �si) for 56Ni is shown in Fig. 15

in units of �
2. The eigenvalue for the one-body spin–orbit operator is 3/2 for a nucleon in the f7/2

orbit, and the value for 56Ni becomes 24 because of the 16 nucleons in f7/2 at R → 0 and � = 1.
In this way, the characteristic magic number of 28 in the jj-coupling shell model can be described
starting with the Brink model.

For the magic number 50, we show the result for 100Sn. At first we prepare an 80Zr core by
placing 20 α clusters in a similar way to 40Ca (first we construct the 40Ca core as in the previous
subsections and add ten α clusters around it). The nucleus 80Zr corresponds to the doubly closed shell
configuration for the principal quantum number N = 3 in the three-dimensional harmonic oscillator.
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Fig. 15. The expectation value of the one-body spin–orbit operator (
∑

i
�li · �si) for 56Ni in units of �

2. The �
value is changed from 0 to 1.
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Fig. 16. (color online) Schematic figure for 100Sn. The five blue spheres representα clusters, which are changed
into quasi-clusters. The big sphere in the middle represents the 80Zr core described by 20 α clusters.
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Lambda

Fig. 17. The expectation value of the one-body spin–orbit operator (
∑

i
�li · �si) for 100Sn in units of �

2. The �
value is changed from 0 to 1.

For 100Sn, the jj-coupling wave function is easily prepared by placing five α clusters around the 80Zr
core in a pentagon shape, as in Fig. 16. Here, 20 nucleons in α clusters are excited to the sdg shell
due to the antisymmetrization effect. One of the α clusters around the 80Zr core is placed on the
x-axis, where the imaginary parts of the Gaussian center parameters are given in the y direction and
the spin is quantized in the z direction. The other quasi-clusters are introduced by rotating both the
spatial and spin parts of the first cluster about the y-axis by 72◦, 144◦, 216◦, and 288◦, respectively.
These 20 nucleons correspond to g9/2 orbits at the limit of R → 0 and � = 1.

The expectation value of the one-body spin–orbit operator (
∑

i
�li · �si) for 100Sn is shown in Fig. 17

in units of �
2. The distance parameter for the five quasi-clusters is taken as R = 0.25 fm, and � is

changed from 0 to 1. The eigenvalue for the one-body spin–orbit operator is 2.0 for a nucleon in the
f9/2 orbit, and the value should be 40 because of 20 nucleons in g9/2. In Fig. 17 this is achieved at
� = 1.

4. Summary

We have shown that AQCM, which is a method to describe transitions from α cluster wave functions
to the jj-coupling shell model wave functions, can be extended to heavier regions. In this model,
this cluster–shell transition is characterized by only two parameters: R representing the distance
between α clusters and � describing the breaking of α clusters. The contribution of the spin–orbit
interaction, very important in the shell model, can be taken into account starting with the α cluster
model wave functions. The jj-coupling shell model states are realized at the limit of R → 0 and
� → 1. We have shown the generality of this model in various 4N nuclei from 4He to 100Sn,
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including characteristic magic numbers of the jj-coupling shell model, 28 and 50, different from
those of the three-dimensional harmonic oscillator.

For sd shell nuclei, we discussed, for instance in 28Si, that there are two ways to transform the
α cluster model wave function to the closed d5/2 configuration of the jj-coupling wave function,
which become identical at the limit of R → 0 and � → 1; however, a difference appears when
the distance parameter becomes finite, and it has been shown that the 12C(3α)+16O configura-
tion has a local energy minimum around the relative distance of 3 fm. In our previous study on
28Si based on the seven-α model, the spin–orbit interaction was not taken into account, and the
ground state was a prolate shape with the 12C(3α)+16O configuration[33]. In the present analysis,
we find that the spin–orbit interaction plays a big role for the lowering of the pentagon shape, which
is oblate.

Furthermore, this method can be extended to pf shell nuclei. The α cluster states have been widely
discussed in 44Ti and 52Fe, and smooth transition of the wave functions of these nuclei from α

cluster states to the lowest jj-coupling shell model configurations can be straightforwardly described.
Although the effect of α breaking is quite large for the 0+ state of 44Ti, it is rather limited for the 1−
state. The discovery of negative parity states and inversion doublet structure in the low-lying region
of this nucleus were the keys to establishing the concept that the cluster structure is not limited to
very light nuclei and is more general. The optimal energy of the 1− state is obtained around the
distance parameter between quasi-clusters and 40Ca of 3.5 fm, and clustering is really important,
where the decrease of the energy is limited to about 1 MeV when the breaking of α clusters and the
change into quasi-clusters is allowed.

In this article, we applied AQCM to various 4N nuclei from 4He to 100Sn, where characteristic
magic numbers for the jj-coupling shell mode, 28 and 50, which are different from those of the
three-dimensional harmonic oscillator, were included. The nuclei corresponding to the subclosure
configuration of j-upper orbits, 6 (12C), 14 (28Si), 28 (56Ni), and 50 (100Sn), have been successfully
described within this model.

Finally, we would like to comment on the tensor interaction, which was omitted in the present
analysis. If we switch on the tensor term in the Hamiltonian, the first-order type tensor contribution
can be taken into account. We can discuss the attractive or repulsive effect between nucleons in
j-upper orbits or j-lower orbits discussed in Ref. [40] within the present framework. However, to
take into account the second-order (two particle–two hole type) tensor, which is much stronger, we
need a different model. We have introduced a simplified method in our previous study to take into
account this second-order tensor [41], but a more efficient method would be needed.

As future work, we will apply this model to even heavier regions for the purpose of microscopic
understanding of α decay. The α cluster is formed in the surface region of the nucleus, but it should
be broken inside the surface. In general, shell models underestimate the decay probabilities (because
of the small model space for the description of α formation around the surface) and cluster models
overestimate (because of the absence of α breaking components). Here, mixing the shell and cluster
components is essential to obtain the experimental width [42]. Since our model gives a transparent
view of smooth transition, it could simplify the quantitative description of α decay.
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