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Introduction

Mirror symmetry gives an identification between two objects coming from dif-
ferent mathematical origins. It has been studied intens by many mathe-
maticians for more than twenty years since it yields important, interesting and

unexpected geometric information.

The use of orbifold constructions is the
cornerstone of the original mirror construction. The orbifolds under study in
that context are so called Landau-Ginzburg orbifolds. Here we want to find
an orbifolded version of a Frobenius algebra to a pair (f, G) of a polynomial f
and a certain group of symmetries of f. Certain work was also done previously
by R. Kaufmann ([K03],[K06]) and M. Krawitz ([Kr]).

Preliminaries

o flayg,..., )
non-degenerate
algebra

< isolated singularity at the origin < The Jacobian

sac(f) = Gl oooonl (a1 o1

is a finite-dimensional algebra over C.
— invertible: non-degenerate weighted homogeneous polynomial in N vari-
ables which contains N monomials, i.e.
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a; € C*, Ejj non-negative integers, E = (Ej;) invertible over Q.
o Qg = QN(EN)/(df AQNTI(CY))
© Oy is naturally a free Jac(f)-module of rank one, namely, by choosing a
nowhere vanishing N-form we have the following isomorphism
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Definition 1. Let G be a finite subgroup of SL(N;C) and of the group
of mazimal diagonal symmetries of f
L‘N)} .

Gpe= {0 Aw) € ©)Y [ fuan, - Awe) = S,

The pair (f, G) is often called a Landau-Ginzburg orbifold.
For g € G we define

e age(g) = E?\;l a; for g = (270, e2maN) (< a; < 1,
o Fix(g) := {x € CV | g-x = x} the fixed locus of g,

® Ny = dim Fix(g) its dimension,

o f9:= f‘ﬁxw) the restriction of f to the fixed locus of g.

Proposition 1. f9 has an isolated singularity at the origin and there
is a natural surjective C-algebra homomorphism Jac(f) — Jac(f9) by
setting variables not fived by g equal to zero.

Corollary 1. For each g € G, Qg is naturally equipped with a struc-
ture of Jac(f)-module.
Definition 2.

Aut(f, G) = {g € Aut(Clay, ..., zx]) | @(f) = f, pogop™' € GVg € G}.

It is obvious that G is naturally identified with a subgroup of Aut(f, G).

Definition 3. Define a Z/2Z-graded C-module

@. Qg @ = (Q’fﬂ)ﬁ® (Qlf-G) T

9€eG
N=N,=0 (mod 2)

Qo=

(mod 2)

where Sl’f‘,] := Qg and for cach g € G with Fix(g) = {0} we define Qy
to be the C-module of rank one generated by the symbol 1. Aut(f,G)
acts on each Qg by the pull-back of forms via its action on Fix(g).

G
Let Qf,G = (Q//L,) be the G-invariant part

The orbifold residue pairing is a non-degenerate Z/27Z-graded symmetric
C-bilinear form Jy g == @geq Jr O,fc ®c Q/f.G — C, where Jg
is a perfect C-bilinear form Jy ; : Q//'.q ®C Q/f.y , — C defined by

Tig ([d)(x)dﬁ,‘ Ao Ay ] [ )i, A A df,k\,”])
ddri A A dili”q
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where K is the maximal subgroup of G fixing the space Fix(g).

Jac(f, G)

Definition 4. A G-twisted Jacobian algebra of f is a Z/2Z-graded C-
algebra Jac(f,G) = Jad(f,G)5 @ Jad'(f,G)q satisfying the following
axioms:

1.For each g € G, there is a C-module Jac/(f, g) isomorphic to Q’f_ g
as a C-module. In particular, for the identity id of G, Jac'(f,id) =

Jac(f).We have
)

=
N,=0 (mod 2)

)

Jac(f, Gy = Jad(f,g),

Jad(f, G)y= Jac(f, g).

Remark 1. Under the isomorphism (1), the residue pairing endows the Jaco-
bian algebra Jac(f) with a structure of a Frobenius algebra, see also [AGVS5),

Tp(6-1,0) = Jp(9,00-9) 6,9, € Jac(f).

9eG
N—N,=1 (mod 2)

2. The Z/2Z-graded C-algebra structure o on Jac'(f, G) satisfies

Jac(f, g) o Jac(f,h) € Jad(f,gh), g,h € G,

and the C-subalgebra Jac/(f,id) = of Jac'(f, G) as C-algebras.

The purpose is to generalize these results to pairs (f, G), where G C SL(N; C)
is a finite abelian subgroup leaving f invariant. If f is weighted homogeneous,
such a pair so called an orbifold Landau-Ginzburg model because f is the
potential of such a model.

Example

Let us take the polynomial f := xf —+ 13 + x‘; and as the group

Gi=1{g), g:= ((tzml/i;'(grr&/fi) 1) .

Jac(f) = Clzy, 29, 23] /(3.

25) = (1), o). 2] [o122])

1
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Jac(f, G) = ([1], [z122])c & <eg. PT‘>C

Jpia ([dzy Adxg A das], [oyaday A dag A dag]) =3 - % = é

11 1
Jf g ([dzs], [ds]) = =1 336
2 2
= egoeg1=—[rm), ey =0, €g1=0

We have that there is an isomorphism of Frobenius algebras
Jac(f, G) = Jac(F),

for the polynomial f = y% + y;y% + y-zy:% This f we get by describing ex-
plicitly the geometry of vanishing cycles for the proper transform of f’](l))/G
in a crepant resolution of C‘I‘/G The singularity of the proper transform is
contained in the zero locus of f on one chart isomorphic to C?, see also [ET].

3. The C-module fo.G has a structure of G-equivariant Jac/(f, G)-module
Jad(f,G) @ Q/f.G — Q‘,f.Gv XQw— X w

Moreover, by choosing a nowhere vanishing G-invariant N-form we have
the following isomorphism
Jad(f,G) — O/IF b 0-C,

where ¢ is the residue class in Q jq = (&ij‘l)c = (Q/)G of the N-form,
such that

Definition 5. The Z/2Z-graded commutative Frobenius algebra

Jac(f, G) == (Jac(f, G))G is called the orbifold Jacobian algebra of (f,G).

(a) the restriction to Jac/(f,id) = Jac(f) coincides with (1),
(b) for any g, h € G we have

Jad'(f.9) - Xy ), C QL g

and the Jac'(f,id)-module structure on €, coincides with the
Jac(f)-module structure on Qs given by Corollary 1
(c) for homogeneous elements X € Jac'(f,G), w,w’ € Q//L" we have

JpaX -w,W) = (*UTJJ/:(;(%X'W/)v

where X and @ are the Z/2Z-grading of X and w

pectively.
1.0n Jac/(f,G) we have the induced action of Aut(f,G) on Jac'(f,G)
given by

X)) = (X0 o € Au(f,C), X € Jad(£,G).

We require that the algebra structure of Jacd'(f,G) is Aut(f,G)-
invariant, namely,
Px(X)opuY) = pu(X oY), ¢ € Aut(f,G), X,Y € Jac(f,G),

and it is G-twisted Z/2Z-graded commutative, namely, for any g, h € G
and X € Jad(f, g). Y € Jac/(f, h) we have

Xo¥ =(=1)Xg,()o X,

where gy is the induced action of g considered as an element of

Aut(f, G).

4 )

Let f = f(x1,22,23) be an invertible polynomial and G a
subgroup of Gy N SL(3; C).

Theorem

Then the orbifold Jacobian algebra Jac(f,G) is a Frobenius
algebra and is uniquely determined by the axioms in Definition 4.

More precisely, there exists a G-twisted Jacobian algebra
Jac'(f,G) and Jac(f, G) is independent of the choice of Jac/(f, G)

Qd uniquely determined by (f, G) up to isomorphism.
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