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1. Introduction

Mori’s solution of Hartshorne’s conjecture [19] asserts that any pro-
jective manifold with ample tangent bundle is a projective space. As
a generalization of Mori’s result, Campana and Peternell conjectured
the following:

Conjecture 1.1 (Campana-Peternell Conjecture [3]). Fano manifolds
with nef tangent bundles are homogeneous.

In this report, we explain about the following result obtained by the
author:

Theorem 1.2 ([9, 10]). Conjecture 1.1 is true for n-folds with Picard
number ⇢ > n� 5.

The same result in the case of ⇢ > n � 4 is independently obtained
by Kiwamu Watanabe [28].
We will work over the field of complex numbers and mainly in the

category of smooth projective varieties.

I. By a theorem of Borel and Remmert [2], every homogenous mani-
fold is isomorphic to a product A⇥G/P , where A is an abelian variety
and G/P is a rational homogeneous manifold with a semisimple alge-
braic group G and a parabolic subgroup P of G. Of course an abelian
variety has a trivial canonical bundle. On the other hand a rational
homogeneous manifold G/P has an ample anticanonical divisor, i.e. it
is a Fano manifold. Hence the a�rmative answer to Conjecture 1.1 im-
plies that every Fano manifold with nef tangent bundle is isomorphic
to a rational homogenous manifold.

II. By a theorem of Demailly, Peternell and Schneider [7], every man-
ifold with nef tangent bundle admits a smooth Fano fibration onto an
abelian variety after taking a finite étale base change. Then the fibers
have nef tangent bundles. Hence the a�rmative answer to Conjec-
ture 1.1 gives a decomposition theorem for manifolds with nef tangent
bundles.
Note that there is a manifold with nef tangent bundle which is not

an étale quotient of homogenous one [7, Example 3.5].
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III. Conjecture 1.1 is known to be true in some cases. For example, as
for lower dimensional cases, Conjecture 1.1 is known to be true for

(1) 3-folds or 4-folds with Picard number ⇢ > 1 [3, 4],
(2) 4-folds with Picard number one [8, 18],
(3) 5-folds with Picard number ⇢ > 1 [26].

Modulo the above known results, our proof of Theorem 1.2 is divided
into three parts:

(1) ⇢ � 3,
(2) 6-folds with Picard number ⇢ = 2,
(3) 5-folds with Picard number ⇢ = 1.

The case ⇢ � 3 is discussed in Section 2. In Sections 3 and 4, we
explain the case of 5-folds with Picard number one.

IV. Recently, a characterization of complete flag manifolds G/B is
obtained by Muñoz, Occhetta, Solá Conde, Watanabe and Wísniewski
[20, 23]:

Theorem 1.3 ([23]). A Fano manifold M is a complete flag manifold if
and only if every elementary contraction of M is a smooth P1-fibration.

Moreover they proposed the following conjecture which is equivalent
to Conjecture 1.1:

Conjecture 1.4 ([20, Conjecture 2], [23, Conjecture 6.3]). For any
Fano manifold X with nef tangent bundle, there exists a contraction
f : M ! X from a complete flag manifold M .

In our proof of Theorem 1.2, Theorem 1.3 plays an important role
to study manifolds with two P1-fibrations in Section 3 and Section 4,
and to prove homogeneity of certain Fano manifolds with nef tangent
bundles in Proposition 4.8 (1).
For further results or background materials about Conjecture 1.1,

we refer the reader to the article [22] and references therein.

Acknowledgements

This article was written for the proceedings of Kinosaki symposium
held in October 2015. The author wishes to express his gratitude to
the organizers Professors Yoshinori Gongyo, Akira Ishii and Nobuyoshi
Takahashi . He is also grateful to Professor Keiji Oguiso for helpful
comments about Lemma 4.5. The author is a JSPS Research Fellow
and supported by the Grant-in-Aid for JSPS fellows (JSPS KAKENHI
Grant Number 15J07608). This work was supported by the Program
for Leading Graduate Schools, MEXT, Japan.

141



2. CP manifolds with large Picard numbers

In this section, we explain our inductive approach to prove Theo-
rem 1.2. The key proposition is the following Proposition 2.1.

Proposition 2.1 ([10, Theorem 4.1]). Let X be a CP manifold. If
n  2⇢X + 1, then X is one of the following:

(1) Y ⇥M , where Y is a CP manifold and M is a complete flag
manifold.

(2) X is homogeneous.

In the first case, the homogeneity of X is reduced to that of Y .
Furthermore we have dimY � ⇢Y  dimX � ⇢X . Hence, by induction
and modulo known results, the proof of Theorem 2.1 is reduced to the
case of 6-folds with ⇢X = 2 and 5-folds with ⇢X = 1.

-

6

�
�

�
�

�
�

�
�

�
�

��

������������������

n

⇢X

d d d d dd d d d dd d d d dd d d d dd d d d dd d d d d

t tt tt
t

tt
tt tt

tt

For a more precise statement and the detailed proof of Proposi-
tion 2.1 we refer the reader to the original article [10, Theorem 4.1].
Here we only mention that the key to the proof of Proposition 2.1 is
Theorem 1.3 and the following proposition.

Proposition 2.2 ([20, Proposition 5]). If a CP manifold X admits
a contraction onto a complete flag manifold M , then X is a product
Y ⇥M .

In the rest of this paper, we will explain the proof of Conjecture 1.1
for 5-folds with Picard number one.

3. Manifolds with two smooth P1
-fibrations

The result of this section (=Theorem 3.1) will be used twice in the
proof; first to prove the existence of the morphism p and q in Theo-
rem 4.6 (2), and second to prove Proposition 4.8 (1).
Let U be a manifold with two smooth P1-fibrations ⇡ and e. Note

that here we do not assume neither ⇢M = 2 nor M is Fano.
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Then the image of ⇡-fiber on W defines a half line RS ⇢ NE(W ).

Theorem 3.1 ([9, Theorem 2.2]). RS is an extremal ray and the con-
traction of RS is smooth.

Hence there exists the following diagram, where f = fRS is the con-
traction of the ray RS:

U
e���! W

⇡

??y
??yf

S
g���! Z.

For the detailed proof, we refer the reader to the paper [9, Section 2].
The key point is the following:

(1) Every S-rationally chain connected equivalent class has the
same dimension. Hence S-rationally chain connected quotient
map W 99K Z is a morphism, which proves that RS is a ray [12,
I. Theorem 3.17 and Theorem 3.21] or [1, Proposition 1]. For
accounts of rationally connected quotients, we refer the reader
to [6, Chapter.5], [12, Chapter IV] [13, Section 1].

(2) e⇤TW (resp. ⇡⇤TS) is ⇡-nef (resp. e-nef). Hence, by a similar ar-
gument of [25, The proof of Theorem 4.4] (cf. [7, Theorem 5.2]),
one can show that the contraction of the ray RS is smooth..

4. CP 5-folds with ⇢X = 1

In this section we explain our proof of Conjecture 1.1 for 5-folds
based on [9].

Definition 4.1. LetX be a CP manifold with Picard number one. The
pseudoindex of X is defined to be the minimum anticanonical degree
of rational curves on X:

iX := min{�KX .C | C is a rational curve on X }.
By Mori’s bend and break lemma, the pseudoindex iX is not greater

than n+1 and, by theorems of Cho, Miyaoka and Shepherd-Barron or
Miyaoka [5, 17], X is a projective space or a hyperquadric if iX � n.

On the other hand the pseudoindex is not less than two and X is
isomorphic to P1, P2, Q3 or K(G2) if iX  3 [8, 18].
Hence the Conjecture 1.1 for the case of dimension 5 is reduced to

the case of CP 5-folds with Picard number one and iX = 4.
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4.2. Family of minimal rational curves. We fix a CP manifold
X with Picard number one and denote by RatCurvesn(X) the nor-
malization of the scheme parametrizing rational curves on X [12, II,
Section 2].

Definition 4.3. A family of minimal rational curves is an irreducible
component V ⇢ RatCurvesn(X) which parametrizes rational curves of
minimum anticanonical degree iX .

For a family of minimal rational curves V , there exists the following
diagram:

U
e���! X

⇡

??y

V,
where ⇡ : U ! V is the universal family of the minimal rational curves
and e : U ! X is the evaluation morphism of the minimum rational
curves. In particular, ⇡ is a P1-fibration [12, II. Corollary 2.12].

The pseudoindex determines the dimension of the family of minimal
rational curves:

Proposition 4.4 ([12, II. Theorem 1.2, Proposition 2.14, Theorem 2.15
and Corollary 3.5.3], [14, Corollary 1.4]). In the above notation, e is a
smooth projective morphism with connected fibers of dimension iX � 2
and V is a smooth projective manifold of dimension n+ iX � 3.

From now on, we assume that the pseudoindex iX is four. Then we
have the following lemma by the isotriviality of smooth projective fam-
ily of minimal surfaces over P1 due to Migliorini, Oguiso and Viehweg
[16, 24] and a similar argument as in [18, Lemma 1.2.2]:

Lemma 4.5 ([9, Lemma 3.5]). Let X be a CP manifold with Picard
number one and pseudoindex four. Then there exists a KU -negative
extremal ray R ⇢ NE(U/X).

Hence there exists the contraction of the ray R ([11] or [15]) and the
detailed study of the contraction gives the following:

Theorem 4.6 ([9, Theorem 3.3]). One of the following holds:

(1) e is a smooth P2-fibration.
(2) we have the following commutative diagram with properties (a)

and (b):

U
f
//

⇡
✏✏

e

##
W

g
//

q
✏✏

X

V
p
// Y

(a) f and g are smooth P1-fibrations,
(b) p and q are smooth elementary Mori contraction.
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4.7. Conjecture 1.1 for 5-folds. The following completes the proof
of Conjecture 1.1 for 5-folds.

Proposition 4.8 ([9, Section 4]).

(1) If Theorem 4.6 (1) occurs, then X is homogeneous.
(2) If Theorem 4.6 (2) occurs, then dimX 6= 5.

Proof. (1) The proof is based on the strategy described in Section 1 IV.
Set M := P(Te) and let p : M ! U be the projection. Then,

(1) e � p-fiber is isomorphic to P(TP2),
(2) ⇡ � p-fiber is isomorphic to P1 ⇥ P1 since Te|C ' OP1(�1) �

OP1(�1) for a ⇡-fiber C.

Hence, by [25, Theorem 4.4] (cf. [7, Theorem 5.2]), there exists the
following diagram with smooth P1-fibrations q and r:

L
r ��� M

q���! N
??y p

??y
??y

V
⇡ ��� U

e���! X.
Then Theorem 3.1 implies that M is Fano and every elementary con-
traction of M is p, q or r. Hence M is homogeneous by Theorem 1.3
and so is X.
(2) To obtain a contradiction, we assume that dimX = 5.
For a ⇡-fiber C, we have

�Kf .C = �Kg.f(C) = �1.
The fiber of h := q � f = p � ⇡ is a complete flag manifold with

Picard number ⇢ = 2 by Theorem 1.3 and, since �Kf .(⇡-fiber) = �1,
all f -fibers are the same and isomorphic to P2, Q3 or K(G2) by the
classification of rational homogeneous manifolds (see also [21, 27]).
First assume that q is a smooth P2-fibration. Then we have

b4(W ) = 1 + b2(Y ) + b4(Y ),

b6(W ) = b2(Y ) + b4(Y ) + b6(Y ).

On the other hand, since g is a smooth P1-fibration, we have

b4(W ) = b2(X) + b4(X),

b6(W ) = b4(X) + b6(X).

Combined with duality b4(X) = b6(X) and b2(Y ) = b6(Y ), we have
b4(Y ) = 0. This gives a contradiction.

Next assume that the relative dimension of q is not less than 3. Then
dimY  3. Let H be the g-pullback of an ample divisor on X and ⌧ a
real number which satisfies that �Kg+ ⌧H is nef but not ample. Then
the non-nefness of �Kg gives ⌧ 6= 0.

On the other hand, a direct computation with numerical relations

(�Kg + ⌧H)4 = · · · = (�Kg + ⌧H)6 = 0.
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and the Chern-Wu relation (K2
g ⌘num g⇤Z for Z 2 N2(X)) gives ⌧ = 0.

This gives a contradiction. For the detailed calculation, we refer the
reader to [9, Proposition 4.4]. ⇤
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