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ring of conical symplectic resolutions
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Abstract

Aܕ Springer fiberͷίϗϞϩδʔͷهड़ʹؔ͢ΔDeConcini-Procesi, Tanisaki
ͷ݁ՌΛ conical symplectic resolutionͷίϗϞϩδʔͷهड़ʹҰൠԽ͢Δ༧Λ
ఆࣜԽ͢Δ. ༧ͷఆࣜԽʹ Braden-Licata-Proudfoot-WebsterʹΑΓఏএ͞Εͨ
symplectic dualityͱݺΕΔରੑΛ༻͍Δ.

1 Introduction

୯७ Lieͷදݱ͔͘ݹΒΑ͘͞ڀݚΕ͖͕ͯͨ, Ͱ͜ΕΛۙ࠷ conical sym-
plectic resolutionͱݺΕΔͷͷྔࢠԽͷදݱʹҰൠԽ͠Α͏ͱ͢Δ͕ڀݚΜʹߦ
ΘΕ͍ͯΔ. ྫ͑ Lieͷ Langlands dualΛऔΔͱ͍͏ૢ࡞ͷ conical symplectic res-
olutionͷҰൠԽͷΑ͏ͳͷͱͯ͠, symplectic dualͱݺΕΔผͷ conical symplectic
resolution͕ଘ͢ࡏΔͱظ͞Ε͍ͯΔ. ຊߘͰ conical symplectic resolutionͷίϗϞ
ϩδʔΛ symplectic dualΛ༻͍ͯهड़͢Δ༧ʹ͍ͭͯड़Δ. ͜ͷ༧ͷܕݪͱͳ
Δ݁Ռͱͯ͠, Aܕ Springer fiberͱݺΕΔଟ༷ମͷίϗϞϩδʔͷهड़ʹؔ͢
ΔDeConcini-ProcesiͱTanisakiʹΑΔ݁Ռ͕͋ΔͷͰ, ·ͣ͜ͷ݁Ռʹ͍ͭͯ؆୯ʹઆ໌
͢Δ.

1.1 Springer fibers of type A

গ͠ه߸Λ४උ͢Δ. ː1ͰG = SLnͱ͢Δ. ͜͜ͰGC্ͷ܈ͱΈͳ͢. gΛ
GͷLie, B ⊂ GΛ্ྻߦ֯ࡾશମ͔ΒͳΔBorel෦܈, bΛͦͷLie, T ⊂ BΛ
ର֯ྻߦશମ͔ΒͳΔCartan෦܈, tΛͦͷLieͱ͢Δ. N ⊂ gΛႈྵྻߦશମ͔Β
ͳΔด෦ଟ༷ମ (ႈྵਲ਼)ͱ͢Δ. e ∈ N ʹରͯ͠, eʹਵ͢Δ Springer fiber BeΛ

Be = {gB ∈ G/B | Ad(g)−1e ∈ b}

Ͱఆٛ͢Δ. ͜Εضଟ༷ମG/Bͷด෦ଟ༷ମͰ͋Γ, ༰қʹΘ͔ΔΑ͏ʹ Be

ࣗવͳಉܕΛআ͍ͯ eͷڞྨͷΈʹґଘ͢Δ. ࣗ໌ͳ߹Λআ͍ͯBe smoothͰͳ͘,
.Ͱͳ͍ط

Springer fiberͷΑ͏ͳଟ༷ମΛ͑ߟΔಈػͱͯ͠දݱͱͷ༷ʑͳϨϕϧͰͷ
.Δ͕͋ؔ ྫ͑ͦͷ͏ͪ࠷جຊతͳͷͱͯ࣍͠ͷ SpringerରԠ͕͋Δ.

Theorem 1 (Springer). H∗(Be,C)ʹࣗવʹ n࣍ରশ܈Sn͕࡞༻͠, eͷ Jordan block
ͷ type͕ λ ⊢ nͷͱ͖, Snͷදݱͱͯ͠H2 dim(Be)(Be,C) ≃ LλͱͳΔ. ͜͜Ͱ Lλ λʹ
ରԠ͢ΔSnͷطදݱͰ͋Δ.
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Α͘ΒΕ͍ͯΔΑ͏ʹSnͷطදݱ nͷׂͱ 1ର 1ʹରԠ͍ͯ͠Δ. ҰํͰႈ
ྨڞͷྻߦྵ Jordanඪ४ܗͷཧʹΑΓ nͷׂͱ 1ର 1ʹରԠ͍ͯ͠Δ. Springer
ରԠႈྵྻߦͷڞྨͱSnͷطදݱͷؒͷରԠΛ nͷׂΛܦ༝ͤͣʹ༩͍͑ͯΔ
ͱ͑ݴΔ.

G͕Ұൠͷ୯७ͳC্ͷ܈ͷ߹ʹಉ༷ʹ Springer fiberఆٛͰ͖, ͦͷί
ϗϞϩδʔʹWeyl܈W͕࡞༻͢Δ. Wͷطදݱͷྨಉ༷ʹͰ͖Δ͕, Aܕͷ
߹ͱൺͯগ͠ෳࡶʹͳΔͨΊৄࡉলུ͢Δ.

Example 2. e͕ regularͷͱ͖, ͢ͳΘͪ Jordan type͕ (n)ͷͱ͖, Be = ptͱͳΓ,
H0(Be,C) ≃ triv = L(n).

Example 3. e = 0ͷͱ͖, Jordan type (1n)Ͱ Be = G/B ضଟ༷ମશମʹͳΔ.
ଟ༷ମͷίϗϞϩδʔ༨ෆมࣜض C[x1, . . . , xn]/

(
C[x1, . . . , xn]

Sn
+

)
ͱ͖࣍ͱ

ͯ͠ಉܕͰ͋Γ, ༨ෆมࣜʹ Sn ͕ࣗવʹ࡞༻͢Δ. ∏ͷίϗϞϩδʔࠩੵ࣍ߴ࠷
1≤i<j≤n(xi − xj)ͰுΒΕΔ ,෦ۭؒͰ͋Γݩ࣍1 H2 dim(G/B)(G/B,C) ≃ sgn = L(1n)ͱ

ͳΔ.

Example 4. e͕ subregularͷͱ͖, ͢ͳΘͪ λ = (n− 1, 1)ͷͱ͖, Be n− ͷݸ1 P1ͷ

chainͱͳΔ. ͜ͷͱ͖H2(Be,C) n− ͱͯ͠ݱͷද܈Ͱରশݩ࣍1 t ≃ L(n−1,1)ͱಉܕ,
·ͨH0(Be,C) ≃ trivͱͳΔ. ͪͳΈʹ BeAn−1ܕಛҟͷ࠷খಛҟղফͷྫ֎ू߹

ͱҰக͓ͯ͠Γ, GΛଞͷ୯७܈ʹऔΓସ͑ΕADEܕಛҟͷ࠷খಛҟղফͷྫ
֎ू߹͕ग़ͯ͘Δ.

1.2 Cohomology ring of Springer fibers of type A

Ұൠʹ Springer fiberͷح࣍ͷίϗϞϩδʔফ͑Δ͜ͱ͕ΒΕ͍ͯΔ (DeConcini-
Lusztig-Procesi [9]). ΑͬͯͦͷίϗϞϩδʔՄʹͳΔ. Aܕ Springer fiberͷ
߹ࣗવͳ४ಉ૾ࣸܕH∗(G/B,C) → H∗(Be,C)͕શࣹͱͳΓ, ͜ͷՄ༨ෆมࣜͷ
ͱͯ͠۩ମతʹهड़͢Δ͜ͱ͕Ͱ͖Δ.

λ ⊢ nʹରԠ͢ΔႈྵيಓΛOλͰද͠, OλΛͦͷดแͱ͢Δ. λT Ͱ λͷసஔΛද͢͜
ͱʹ͢Δ.

Theorem 5 (DeConcini-Procesi [10], Tanisaki [22]). e ∈ Oλͱ͢Δ. ͜ͷͱ͖͖࣍
ͱͯ͠

H∗(Be,C) ≃ C[t ∩OλT ].

͜͜Ͱ t∩OλT  gͰͷεΩʔϜతڞ௨෦Ͱ͋Γ, ͦͷ࠲ඪͷ࣍C∗ ! g, s ·X =
s−2X, ͔Β༠ಋ͞ΕΔ t ∩OλT ͷC∗ʹΑΓఆ·Δ.

C[t∩OλT ]ʹࣗવʹSn͕࡞༻͠, ͜ͷಉܕH∗(Bλ,C)ͷSn࡞༻ͱ compatibleʹ
ͳΔ. Aܕͷ߹, ႈྵيಓͷดแͷఆٛํఔࣜͱͯ͠ྫ͑ [22]Ͱ༧͞ΕWeyman
([24])ʹΑͬͯূ໌͞Εͨͷ͕ΒΕ͍ͯΔ. ͦΕΛ༻͍ΕఆཧͷӈลΛΑΓ۩ମతʹ
දࣔ͢Δ͜ͱͰ͖Δ.

Example 6. e = 0ͷͱ͖, λ = (1n)Ͱ͋Γ λT = (n), Αͬͯ OλT = N Ͱ͋Δ. X =
(xij)i,j ∈ gͱͨ͠ͱ͖, N ⊂ gͷఆٛํఔࣜ det(tI −X) = tnʹΑͬͯ༩͑ΒΕΔ. ͜Ε
Λର֯͢ݶ੍ʹྻߦΔͱ (t−x11)(t−x22) · · · (t−xnn) = tnͱͳΓ, t∩N ⊂ tͷఆٛํఔࣜ
xiiͨͪͷجຊରশࣜͰ༩͑ΒΕΔ. ΑͬͯC[t∩N ] ≃ C[x1, . . . , xn]/

(
C[x1, . . . , xn]

Sn
+

)
≃

H∗(G/B,C).
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Remark 7. ଞͷܕͷSpringer fiberͷҰൠԽʹؔͯ͠෦తͳ݁Ռͱͯ͠ྫ͑ [7]͕
ΒΕ͍͕ͯͨ, Ұൠʹ͖࣍ͱͯ͠ͷಉܕͱ͍͏ܗͰͷఆࣜԽʹͳ͍ͬͯͳ͍.

Ұൠʹ Springer fiber Slodowy varietyͱݺΕΔ conical symplectic resolutionͱϗ
ϞτϐʔಉͰ͋Δ͜ͱ͕ΒΕ͓ͯΓ, ಛʹͦͷίϗϞϩδʔಉܕͰ͋Δ. ຊߘͰ
্ͷDeConcini-Procesi-Tanisakiͷ݁ՌΛΑΓҰൠͷ conical symplectic resolutionʹ֦ு
͢Δ͜ͱΛࢼΈΔ.

2 Conical symplectic resolutions

͜͜Ͱ conical symplectic resolutionͷఆٛੑ࣭, ۩ମྫʹ͍ͭͯ·ͱΊΔ.

2.1 Definition

MΛ smooth algebraic symplectic variety, ωΛͦͷ্ͷ symplectic formͱ͢Δ.

Definition 8 (conical symplectic resolution). Mͱͦ͜ͷ S = C∗࡞༻ͷ (M, S)͕
conical symplectic resolutionͰ͋Δͱ,

1. ℓ ∈ Z>0͕ଘͯ͠ࡏ s∗ω = sℓω, s ∈ S,

2. π : M → M0 := SpecC[M] projective birational,

3. C[M]0 = C, C[M]<0 = 0,

͕Γཱͭ͜ͱΛ͏ݴ. ͜͜ͰC[M]i S-weight͕ iͷ෦Λද͠, C[M]<0 = ⊕i<0C[M]i
Ͱ͋Δ.

M0 normalͰ͋Γ, །Ұͷ Sݻఆ oΛͭ࣋. ຊతͳج conical symplectic resolution
ͷੑ࣭ͱͯ͠ྫ͑࣍ͷΑ͏ͳͷ͕͋Δ.

Proposition 9. (M, S)Λ conical symplectic resolutionͱ͢Δ. ͜ͷͱ͖͕࣍Γཱͭ.

1. Rπ∗OM ≃ OM0 , ͭ·ΓM0༗ཧಛҟΛͭ࣋.

2. Mͱ L := π−1(o)ϗϞτϐʔಉ, ಛʹH∗(M,C) ≃ H∗(L,C).

3. L ⊂ M Lagrangian subvariety.

ྫ͑M͕࣍ʹड़Δ Slodowy varietyͷ߹Λ͑ߟΕ, L Springer fiberͱҰக
͢Δ.

2.2 Springer resolutions and Slodowy varieties

ຊతͳج conical symplectic resolutionͷྫͱͯ͠, Springer resolutionͱݺΕΔͷ͕͋
Δ. GΛC্ͷ୯७܈, BΛͦͷBorel෦܈, UΛBͷႈ୯ࠜج, T ⊂ BΛCartan
෦܈, NG ⊂ g := Lie(G)Λႈྵਲ਼ͱ͢Δ.

ÑG := {(gB,X) ∈ G/B × g | Ad(g)−1X ∈ Lie(U)}

Λ Springer resolutionͱݺͿ. g্ͷGෆมͰඇୀԽͳੵΛݻఆ͠, gͱ g∗ΛಉҰ͢ࢹΔ
ͱ ÑG T ∗(G/B)ͱಉܕʹͳΓ, ैͬͯ smoothͰ͋Γ, ͔ͭ symplectic formΛͭ࣋. ͞
Βʹୈ 2ͷࣹӨ π : ÑG → NG projective͔ͭ birationalͰ͋Δ. ÑGͷ S࡞༻
s · (gB,X) = (gB, s−2X)ʹΑΓ༩͑Δ.
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Proposition 10. ÑG conical symplectic resolutionͰ, ͦͷ affinizationNG.

ΑΓҰൠʹ B ⊂ P ⊂ GΛ์ܕ෦܈ͱͨ͠ͱ͖, T ∗(G/P ) conical symplectic
resolutionʹͳΔ. ͪͳΈʹM Λ smooth algebraic varietyͱͨ͠ͱ͖, T ∗M ͕ conical
symplectic resolutionʹͳΔͳΒ, ͋ΔGͱ P ʹ͍ͭͯM ≃ G/P ͱͳΔͩΖ͏ͱ͍͏
༧͕͋Δ (Demailly, Campana, Peternell).
·ͨ, Springer resolutionΛႈྵيಓͷ sliceʹ੍͢ݶΔ͜ͱͰผͷ conical symplectic

resolution͕ಘΒΕΔ. e ∈ NGΛႈྵݩ, (e, h, f)Λ eΛؚΉ sl2-tripleͱ͢Δ. zg(f)Λ gͷ
தͰͷ f ͷ centralizerͱ͢Δ. ͜ͷͱ͖ Se := (e+ zg(f))∩NGΛ Slodowy sliceͱݺͼ, ͦ

͜ͷ Springer resolutionͷ੍ݶΛ π : S̃e → Seͱॻ͘. S̃eΛ Slodowy varietyͱݺͿ. S̃e

ͷ S࡞༻ s · (gB,X) = (shgB, s−2Ad(sh)X)ʹΑΓఆΊΔ. ͜ͷ࡞༻ e ∈ Se͕ Seͷ

།Ұͷ SݻఆʹͳΔΑ͏ʹఆΊ͍ͯΔ.

Proposition 11. S̃e conical symplectic resolutionͰ, ͦͷ affinization Se.

2.3 Properties of conical symplectic resolutions

ΑΓඇࣗ໌ͳ conical symplectic resolutionʹؔ͢ΔҰൠతͳੑ࣭ͱͯ͠, ʹͷKaledin࣍
ΑΔ݁Ռ͕ΒΕ͍ͯΔ.

Theorem 12 (Kaledin [13]). 1. ༗ݸݶͷ strataʹΑΔ stratification M0 = *αMα Ͱ

֤͋ͬͯMα͕ smooth symplecticʹͳΔͷ͕ଘ͢ࡏΔ.

2. ҙͷ p ∈ Mαʹରͯ͠ formal symplectic variety Ŷp͕ଘͯ͠ࡏ, M0ͷ pͰͷࣜܗ
ۙMαͷ pͰͷۙࣜܗͱ ŶpͷੵʹಉܕͱͳΔ.

3. π semi-small, ͭ·Γ codimM0{x ∈ M0 | dim π−1(x) ≥ d} ≥ 2d͕ҙͷ d ∈ Z≥0

ʹରཱͯ͢͠Δ.

4. Hodd(M,C) = 0.

ΕΔMαΛM0ͷݱʹ্ symplectic leafͱݺͿ. ྫ͑M = ÑGͷ߹, symplectic
leafႈྵيಓʹͳΔ. ·ͨ͜ͷͱ͖ Ŷp Slodowy sliceͷۙࣜܗͰ༩͑ΒΕΔ. ح

,ͷίϗϞϩδʔ͕ফ͑Δͱ͍͏ओு࣍ M = S̃eͷ߹Λ͑ߟΕઌड़ͷ Springer fiber
ʹର͢ΔDeConcini-Lusztig-Procesiͷ݁ՌΛ͢ݱ࠶Δ. ·ͨ π͕ semi-smallͰ͋Δ͜ͱ
Rπ∗CM[dimM]͕ perverse sheafʹͳΔ͜ͱͱ͍͑ݴΔ͜ͱͰ͖, දݱతͳԠ༻Λߟ
͑Δ্ͰॏཁͰ͋Δ (ৄ͘͠ [8]Λࢀর).

2.4 Quantization of conical symplectic resolutions

ωʹΑΓOM PoissonͷߏΛͭ࣋. M0ͷ smooth locus্ʹ͋Δ symplectic form
Λ༻͍Δͱ, smooth locus্ͷPoissonߏ͕ఆ·Δ͕, M0͕ normalͰ͋Δ͜ͱ͔Β͜Ε
M0શମʹԆͼΔ. ͜ͷPoissonͷྔࢠԽͱͯ͠, ༷ʑͳදݱతʹڵຯͷ͋Δ
.ΕΔ͞ݱ࣮͕

Definition 13 (quantization). (M,ω)ͷྔࢠԽͱ

1. Q : M্ͷ݁߹తͳฏୱC[["]]-ͷ (ZariskiҐ૬ʹؔ͢Δ)Ͱ͋ͬͯ "-ਐҐ૬ʹ
උͳͷͯؔ͠
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2. Q/"Q ≃ OM : ͷಉܕ

ͷͰ͋ͬͯQ/"Q͕ՄʹͳΔ͜ͱ͔Β༠ಋ͞ΕΔPoissonͷߏ͕ಉܕQ/"Q ≃
OMͱ compatibleʹͳΔΑ͏ͳͷΛ͏ݴ.

Q(M,ω)Ͱ (M,ω)ͷྔࢠԽͷಉྨܕͷू߹Λද͢͜ͱʹ͢Δ. ͜ͷͱ͖࣍ͷ݁Ռ͕
ΒΕ͍ͯΔ.

Theorem 14 (Bezrukavnikov-Kaledin [2]). ࣗવͳશ୯ࣹ (noncommutative period mapͱ
(ΕΔݺ

Per : Q(M,ω)
∼−→ H2(M,C)[["]]

͕ଘ͢ࡏΔ.

Per(Q) = 0ͱͳΔྔࢠԽΛ canonicalͳྔࢠԽͱݺͿ. ·ͨ, S࡞༻Λ༻͍Δͱ Sಉม
ͳྔࢠԽͷ֓೦Λఆٛ͢Δ͜ͱ͕Ͱ͖Δ. ͨͩ͠ "ͷ S-weight ℓͱ͢Δ. Q(M,ω)SͰ S
ಉมͳྔࢠԽͷಉྨܕͷू߹Λද͢͜ͱʹ͢Δ. ͜ͷͱ͖͕࣍ΒΕ͍ͯΔ.

Proposition 15 (Losev [17]). Per࣍ͷશ୯ࣹΛ༠ಋ͢Δ

Q(M,ω)S
∼−→ H2(M,C)

Q ∈ Q(M,ω)Sͱ͢Δ. D := Q["−1/ℓ]ͱ͓͖, D(m) ⊂ DΛD(0) := Q["1/ℓ], D(m) :=
"−m/ℓD(0)ʹΑΓఆΊΔ. A := Γ(M,D)Sͱ͢Δͱ͜Ε filtration A(0) ⊂ A(1) ⊂ . . . ⊂ A
(A(m) := Γ(M,D(m))S) Λͪ࣋, grAC[M]ͱ͖࣍ Poissonͱͯ͠ಉܕʹͳΔ.
ͭ·Γ A C[M]ͷྔࢠԽΛ༩͑Δ. ྫ͑M = ÑG ͷͱ͖ H2(ÑG,C) ≃ t∗ Ͱ͋Γ,
Per(Q) = λ ∈ t∗ͳΒA ≃ U(g)/(Kerχλ)ͱͳΔ. ͜͜Ͱ U(g) gͷීวแབྷͰ͋Γ,
Z(g)Λͦͷத৺ͱ͢Δͱ χλ : Z(g) → C highest weight λ− ρͷVermaՃ܈ͷத৺ࢦඪ
Ͱ͋Δ (2ρશͯͷਖ਼ϧʔτͷ). ͕ͨͬͯ͜͠ͷ߹ conical symplectic resolutionͷྔ
Δ͜ͱ͑ߟΛݱԽͷදࢠ gͷදݱΛ͑ߟΔ͜ͱʹ૬͢Δ.

2.5 Other examples

ଞʹ

• S3-variety : Slodowy varietyͷ์൛ (ಛʹ S̃e T ∗(G/P )ΛؚΉ)

• hypertoric variety : C2nͷτʔϥεʹΑΔHamiltonian reductionͰ͋ͬͯ smoothͳ
ͷ

• C2্ͷ nͷHilbertεΩʔϜHilbn(C2), ͋Δ͍ΑΓҰൠʹC2/Γͷ crepant res-

olution্ͷ nͷHilbertεΩʔϜHilbn(C̃2/Γ) (Γ ⊂ SL2 : ༗ݶ෦܈)

• P2্ͷ framed torsion-free sheafͷmoduliۭؒ

• affine GrassmannnianG((ϵ))/G[[ϵ]]ͷG[[ϵ]]-يಓͷดแͷதͰͷผͷG[[ϵ]]-يಓͷ transver-
sal sliceͷ resolution (ଘ͢ࡏΕ)

• quiver variety

ͳͲ͕ conical symplectic resolutionͷྫͱͯ͠ΒΕ͍ͯΔ.
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2.6 Poisson deformation

ͷύϥϝʔλܗͷมํड़ͨΑ͏ʹMͷඇՄʹط t∨ := H2(M,C)Ͱ༩͑ΒΕͯ
͍͕ͨ, ಉ༷ʹՄͳํͷมܗͷύϥϝʔλ t∨Ͱ༩͑ΒΕΔ͜ͱ͕ΒΕ͍ͯΔ. ͜
͜Ͱͷมܗ PoissonߏͷσʔλࠐΈͰ͑ߟΔ.

(X, {, })ΛPoissonεΩʔϜͱ͢Δ. ArtCΛہॴArtinC- (A,mA)Ͱ͋ͬͯA/mA ≃
CͱͳΔͷͷͳ͢ݍͱ͢Δ. (A,mA) ∈ ArtCʹରͯ͠, (X, {, })ͷ S = Spec(A)্ແݶখ
Poissonมܗͱ, ฏୱࣹX → Sͱ S্ relativeͳ Poissonߏ {, } : OX ×OX → OX ͷ

Ͱ͋ͬͯmAʹରԠ͢Δʹ੍ͨ͠ݶͱ͖ (X, {, })ͱҰக͢ΔΑ͏ͳͷͷ͜ͱΛ͏ݴ.
PDX Ͱ (A,mA)ʹରͯ͠ S্ͷ Poissonมܗશମͷू߹ΛରԠͤ͞Δ ArtC͔Βू߹ͷݍ
ͷؔखΛද͢. ͜ͷͱ͖, MM0ͷPoissonมܗʹؔͯ͠ྫ͑࣍ͷΑ͏ͳ݁Ռ͕Β
Ε͍ͯΔ.

Theorem 16 (Namikawa [19], [20], [21]). ҎԼͷੑ࣭Λຬͨ͢Մਤ͕ࣜଘ͢ࡏΔ.

M !!

f

""

M0

g
""

t∨
h !! t∨/W

1. W༗܈ݶ (Namikawa Weyl܈ͱݺΕΔ)Ͱ, W t∨ʹ࡞༻͢Δ.

2. M → t∨, M0 → t∨/WͷݪͰͷ formal completionPDM, PDM0Λ pro-represent
͢Δ. ಛʹ f−1(0) ≃ M͔ͭ g−1(h(0)) ≃ M0.

3. t∨ͷ༗ݸݶͷ༨ݩ࣍ 1ͷઢܕ෦ۭؒH∨ = {H}͕ଘͯ͠ࡏ, t ∈ t∨ʹର͠, f−1(t) $
g−1(h(t))Ͱ͋Δ͜ͱͱ, t ∈ ∪H∈H∨HͱͳΔ͜ͱಉ.

2.7 Grothendieck simultaneous resolutions

M = ÑGͷ߹, ্ͷఆཧʹݱΕΔՄਤࣜGrothendieck simultaneous resolutionͱ͠
ͯΑ͘ΒΕͨͷʹͳΔ. ͜ͷͱ͖ t∨ ≃ t∗ͱͳΓ,ੵΛҰͭݻఆ͢Ε t∨ ≃ tͱ͑ࢥ
Δ. ·ͨNamikawa Weyl܈௨ৗͷWeyl܈ͱҰக͢Δ. M0 ≃ gͰ͋Γ, ࣹM0 → t∨/W
ࣗવͳࣹ g → g//G ≃ t/WʹΑΓ༩͑ΒΕΔ. M

g̃ := {(gB,X) ∈ G/B × g | Ad(g)−1X ∈ b}

Ͱ༩͑ΒΕ, ࣹM → t∨ Ad(g)−1X ͷ b/[b, b] ≃ tͰͷ૾ΛରԠͤ͞Δ͜ͱͰಘΒΕΔ.
M → M0ୈ 2ͷࣹӨͱ͢Δ. ͜ͷͱ͖, H∨ coroot͕ఆΊΔ hyperplaneͱҰக
͢Δ (͜͜Ͱ t∨ = t∗ͱΈͳ͍ͯ͠Δ). ͕ͨͬͯ͠Ұൠͷ conical symplectic resolutionʹ
ର͢ΔH∨ coroot hyperplaneͷྨࣅͰ͋Δͱ͑ݴΔ.

g̃ !!

""

g

""

t !! t/W

·ͨ, g̃ → g͕ smallͱݺΕΔੑ࣭Λຬͨ͢͜ͱͱ genericʹW-coveringʹͳ͍ͬͯ
Δ͜ͱ͔Βઌड़ͷ Springer fiberͷίϗϞϩδʔͷWߏ͕༺࡞Ͱ͖Δ. Ұൠʹ conical
symplectic resolutionͷίϗϞϩδʔʹNamikawa Weyl࡞͕܈༻͢Δ.

56



7

3 Conjectures

3.1 Category O
Braden-Licata-Proudfoot-WebsterʹΑΓఏএ͞Εͨ symplectic dualityͰ conical sym-
plectic resolutionʹผͷྑ͍ T := C∗࡞༻͕ೖΔঢ়گΛ͑ߟΔ. ҎԼ, conical symplectic
resolutionͱͦ͜ͷ T࡞༻ͷ (M, S,T)ʹ࣍ͷ݅ΛԾఆ͢Δ.

1. TͷMͷ࡞༻HamiltonianͰ͋Γ, Sͷ࡞༻ͱՄ.

2. MT༗ूݶ߹.

3. M0ͷminimal symplectic leaf {o}.

Q ∈ Q(M,ω)͔Βː2.4Ͱड़ͨΑ͏ʹD AΛߏ͢Δͱ, Aʹ T͕࡞༻͢
Δ. ͦͷ weightͷղΛ A = ⊕i∈ZAi ͱॻ͘. Oa Λ༗ݶੜ AՃ܈Ͱ͋ͬͯ A≥0 ͕

locally finiteʹ࡞༻͢Δͷ͔ΒͳΔݍͱ͢Δ. ·ͨOgΛ “good”ͳ S-ಉมD-Ճ܈Ͱ͋ͬ
ͯ support͕M+ := {p ∈ M | limT∋t→0 t · p exists}ʹೖΔͷ͔ΒͳΔݍͱ͢Δ ࡉৄ)
[3]Λࢀর).
ྫ͑M = ÑGͰྔࢠԽͷύϥϝʔλ͕ regular, ͭ·ΓWeyl܈ͷ࡞༻ʹؔ͢Δ sta-

bilizer͕ࣗ໌ʹͳΔͱ͖, OaBGG category Oͱͯ͠ gͷදݱʹ͓͍ͯੲ͔Β͞ڀݚ
Ε͍ͯͨݍͱݍಉʹͳΔ. ैͬͯOa category Oͷ conical symplectic resolutionͷ
ҰൠԽͱΈͳͤΔ. ͞Βʹ gͷදݱͰॏཁͳ݁ՌͰ͋Δ Beilinson-Bernstein, Brylinski-
KashiwaraͷہॴԽఆཧͷྨࣅͱͯ͠, ଟ͘ͷύϥϝʔλͰOa ≃ Og͕Γཱͭ͜ͱ͕

ΒΕ͍ͯΔ ([4]). ,ॴԽఆཧ͕Γཱͭͱ͖ہ OͰͦͷ category OΛද͢͜ͱʹ͢Δ. ·
ͨ 2ͭͷྔࢠԽͷύϥϝʔλ͕H∗(M,Z)͚ͩҟͳΔͱ͖, ରԠ͢ΔOgݍಉʹͳΔ͜

ͱΒΕ͍ͯΔ ([3]).

3.2 Symplectic duality

(M, S,T)Λ্ͷͱ͓Γͱ͢Δ. GΛ SͱՄͳMͷHamiltonian symplectomorphismͷ
ͳ͢܈ͱ͢Δ. ͜Ε؆܈ʹͳΔ. T ⊂ GΛ TΛؚΉ (།Ұͷ)ۃେτʔϥε (cf.
[3]), WΛGͷWeyl܈ͱ͢Δ. Mʹର͢Δ coroot (ਖ਼֬ʹͦΕ͕ఆΊΔ hyperplane)ͷ
֓೦طʹड़͕ͨ, Mʹର͢Δ rootͷ֓೦, MT = MT ⊂ Mͷ normal bundleʹݱ
ΕΔ T-weightͱͯ͠ఆٛ͢Δ͜ͱ͕Ͱ͖Δ (ྫ͑ [18]). HΛMͷ root͕ఆΊΔ tͷ
hyperplaneͷू߹ͱ͢Δ.

Conjecture 17 (Braden-Licata-Proudfoot-Webster [3]). ผͷconical symplectic resolution
ͱྑ͍ C∗࡞༻ͷ (M!,ω!, S!,T!) (symplectic dualͱݺΕΔ)͕ଘͯ͠ࡏ, M!ʹରԠ͢

Δه߸ʹ !Λ͚Δ͜ͱʹ͢Δͱ

1. OͱO!Koszul dual (cf. [1]). ͜͜ͰྔࢠԽͷύϥϝʔλ “integral”ͳͷΛऔ
Δ (cf. [3]).

2. W ≃ W!͔ͭW ≃ W!.

3. t∨ ≃ t!͔ͭ t ≃ (t∨)!, ͭ·Γมܗύϥϝʔλͱಉมύϥϝʔλ͕ೖΕସΘΔ.

4. H∨ = H!͔ͭH = (H∨)!, ͭ·Γ coroot hyperplaneͱ root hyperplane͕ೖΕସΘΔ.

5. etc.
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Remark 18. (M!,ω!, S!,T!)ͷ symplectic dual (M,ω, S,T).

ྫͱͯ͠ҎԼͷ༷ͳϖΞ͕ symplectic dualͰ͋Δͱ͑ߟΒΕ͍ͯΔ.

• ÑGͱ ÑG∨ symplectic dual (G∨Gͷ Langlandsର).

• Aܕ S3 varietyผͷAܕ S3 varietyͱ symplectic dual.

• hypertoric varietyผͷ (Gale dualͳ) hypertoric varietyͱ symplectic dual.

• Hilbn
0 (C2) (Hilbn(C2)ͷด෦ଟ༷ମͰ͋ͬͯͷॏ৺͕ݪʹͳΔ locus)Hilbn

0 (C2)
ͱ symplectic dual.

• Hilbn( ˜C2/(Z/rZ)) P2্ͷ rank r, c2 = nͷ framed torsion free sheafͷmoduliͱ
symplectic dual.

• ADEܕ quiver variety (Ͱ͋ͬͯྑ͍C∗࡞༻Λͭ࣋ͷ)͋Δ affine Grassmannian
ͷ slice (Ͱ͋ͬͯ resolutionΛͭ࣋ͷ)ͱ symplectic dual.

Remark 19. M0͕ ͷNݩ࣍3 = 4ରশήʔδཧͷHiggs branchͱݺΕΔͷͱ
Ұக͢Δͱ͖, M!

0ͦͷήʔδཧͷCoulomb branch (cf. [5])ͱݺΕΔͷʹͳΔͱ
.͞Ε͍ͯΔظ

3.3 Conjectures

ຊʹΓ, DeConcini-Procesi-Tanisakiͷఆཧͷ conical symplectic resolutionͷҰൠ
Խʹ͍ͭͯͷ༧Λड़Δ. ,ͷ४උͱͯ͠߸هͣ· H Λ C্ఆٛ͞Εͨτʔϥε, X =
Spec(R)ΛC্ͷΞϑΟϯεΩʔϜͰ͋ͬͯH͕࡞༻͢Δͷͱͨ͠ͱ͖, ͦͷݻఆε
ΩʔϜXH Λ, RͷதͰH Δؔ͢ʹ༺࡞ weight͕ 0Ͱͳ͍ homogeneousͳݩશମͰੜ
͞ΕΔΠσΞϧͰఆٛ͞ΕΔXͷด෦εΩʔϜͱఆٛ͢Δ. ͜ͷͱ͖༧࣍ͷΑ͏ʹ
ఆࣜԽ͞ΕΔ.

Conjecture 20 ([12]). MͱM!͕ symplectic dualͷͱ͖, ͖ͱͯ࣍͠

H∗(M,C) ≃ C[(M!
0)

T!
],

H∗(M!,C) ≃ C[(M0)
T].

͜͜Ͱӈลͷ࣍ S!, S࡞༻͔Βఆ·Δͷ.

ྫ͑G = SLnͱ͠, e ∈ N ΛJordan type͕λͰ༩͑ΒΕΔႈྵݩͱ͢Δ. ์ܕ෦
B܈ ⊂ P ⊂ GΛ, ͦͷ Levi෦܈ͷ blockͷେ͖͕͞ λͰ༩͑ΒΕΔΑ͏ʹऔΔ. ͜ͷͱ
͖, S̃eͷ symplectic dual T ∗(G/P )Ͱ͋Γ, ·ͨ T ∗(G/P )ͷ affinizationOλT Ͱ͋Δ͜

ͱ͕Θ͔Δ. ͦͯ͠OλT ͷT ௨෦ڞఆεΩʔϜεΩʔϜతݻ- t∩OλT ʹଞͳΒͳ͍.
͕ͨͬͯ͠M = S̃eͷ߹, ༧ͷ্DeConcini-Procesi-Tanisakiͷఆཧʹؼண͢Δ.
ͪͳΈʹ͜ͷ߹ʹ༧ͷԼ͕Γཱͭͱ͍͏͕؍, DeConcini-Procesi-Tanisakiͷ
ఆཧΛଞͷ conical symplectic resolutionʹҰൠԽ͠Α͏ͱ͍͏ࢼΈͷഎܠʹ͋Δ.

Theorem 21 ([12]). ͜ͷ༧Aܕ S3 variety, hypertoric variety, Hilbn
0 (C2)ͷ߹ʹਖ਼

͍͠.
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ূ໌֤ʑͷ߹ʹΒΕ͍ͯΔίϗϞϩδʔͷهड़Λ༻͍ͯ໌ࣔతʹಉܕΛ࡞Δ

͜ͱʹΑΓಘΒΕΔ. ֤ʑͷίϗϞϩδʔͷهड़, Aܕ S3 varietyͷ߹ [6], hy-
pertoric varietyͷ߹ [11] [15], Hilbn

0 (C2)ͷ߹ [16] [23]ͰΒΕ͍ͯΔ. ·
ͨ, Kamnitzer-Tingley-Webster-Weekes-Yacobi͜ͷ༧ͷ্ΛM͕ADEܕ quiver
varietyͷ߹ʹূ໌͍ͯ͠Δ ([14]).
ͱ͜ΖͰ H∗(M,C)ʹ Namikawa Weyl܈W͕ࣗવʹ࡞༻͍ͯ͠Δ. ҰํͰW

C[(M0)T]ʹࣗવʹ࡞༻͍ͯ͠Δ. .ΘΕΔࢥͷΑ͏ʹ༧͢Δ͜ͱࣗવͰ͋Δͱ࣍ͯͬै

Conjecture 22. ༧ͷಉܕW ≃ W!, W! ≃ W࡞༻ͱ compatible.

·ͨ, symplectic dualityʹ͓͍ͯมܗύϥϝʔλͱಉมύϥϝʔλ͕ೖΕସΘΔ͜
ͱΛ͑ߟΔͱ, .ͷΑ͏ʹ༧Ͱ͖Δ࣍

Conjecture 23. Theorem 16ͷه߸ͷݩͰ, ͖ͱͯ࣍͠

H∗
G!(M!,C) ≃ C[MT

0 ],

H∗
T!(M!,C) ≃ C[(̌t×ť/W M0)

T].

্Ͱ symplectic formΛอͭ࡞܈༻ʹؔ͢ΔಉมίϗϞϩδʔΛ͕ͨ͑ߟ, symplectic
formΛอ͍ͬͯͳ͍ S࡞༻ʹؔ͢ΔಉมίϗϞϩδʔʹؔͯ࣍͠ͷΑ͏ʹ༧͢Δ͜ͱ
͕Ͱ͖Δ. AΛ canonicalͳྔࢠԽ͔Βఆ·ΔC[M]ͷྔࢠԽͱ͢Δ. A filtrationΛͭ࣋
ͷͰ, ͦͷReesA"Λ͑ߟΔ͜ͱ͕Ͱ͖Δ. ͜͜Ͱ "ReesΛऔΔͱ͖ʹ͚Ճ
͑ΒΕΔύϥϝʔλͰ͋Δ. Ak

"Λ T-weight͕ kͷ෦ͱ͢Δ.

Conjecture 24. ͖ͱͯ࣍͠

H∗
S!(M

!,C) ≃ A0
"/(

∑

k>0

A−k
" Ak

").

ͨͩ͠H∗
S!(pt) ≃ C["]ͱΈͳ͢.
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