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1. INTRODUCTION

1.1. Background. Let R, := C[zi,...,x,] be the formal power series ring of n-
valuables, and let f € R, be a non-zero element. A matrix factorization of the
pair (R,, f) is a sequence of the following form

(F1 LN PN F1>,

where F; are finitely generated free R,-modules and ¢; are R,-linear maps such that
vop1 = f-idr, and p199 = f-idg,. Matrix factorizations are introduced by D. Eisenbud
in [Eis]. In [Eis|, Eisenbud consider the homotopy category of matrix factoriza-
tions

KMF (R, f)

of (R, f) whose objects are matrix factorizations, and prove that the category KMF (R, f)
is equivalent to the sable category CM(R,,/(f)) of maximal Cohen-Macaulay (CM)
modules;

KMF(Ry, f) = CM(Ry/(f))-

By the above equivalence, we can apply the theory of matrix factorizations to the
representation theory of CM modules over hypersurface singularities. In [Kno], Knorrer
showed the following result, which is called Knérrer periodicity:

Theorem 1.1 ([Knd]). We have the following equivalence
KMF(Rn, ) 2= KMF (B2, f + 2701 + 27,4).

The hypersurface singularity R,,/(f) is called simple singularities if f is one of
the following polynomials (up to change of variables):

(Ag) xlf+1+x§+x§+xi+--~+x% (k>1)
(Dy) x%m%—wl{l—i-x%—i-xi---—i-w% (1>4)
(Es) x?+x%+az§+xi+---+x%

(E7) x:{’+x1x§+x§+xi+-'-+x%

(Eg) x?+x§+x§+mi+~~-+x%

Using Knorrer periodicity, we can reduce the representation theory of CM modules
over higher dimensional simple singularities to the case of lower dimensional simple
singularities, and by this reduction we can show that any dimensional simple singu-
larities is of finite representation type, i.e. the number of irreducible CM modules are
finite.
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2 Y. HIRANO

1.2. Main result. A data (X, x, W) is called gauged Landau-Ginzburg model
(or gauged LG model) if X is a scheme over C, G is an algebraic group acting
on X, x : G = G,, is a character of G, and W : X — Al is a y-semi invariant
regular function, i.e. W(g-x) := x(9)W(x) for any g € G and z € X. If G = 0,
we denote the gauged LG model by (X,W). We can consider gauged LG models
are generalizations of the pair (R,, f) in the previous section. As a generalization of
homotopy category of matrix factorizations, we consider the derived factorization
category Dcohg (X, x, W) of (X, x, W), In fact, we have the following equivalence;

Dcoh(Spec Ry, f) = KMF(R,, f).

Our main result is a Knorrer periodicity type equivalence of derived factorization
categories. To state our main result, we set up notation as follows:

Let X be a smooth quasi-projective variety over C, and let G be a reductive affine
algebraic group acting on X. Let £ be a G-equivariant locally free sheaf of finite rank,
and choose a G-invariant regular section s € I'(X,£Y)%. Denote by Z C X the zero
scheme of s. Let x : G — Gy, be a character of G, and set £(x) := & ® O(x), where
O(x) is the G-equivariant invertible sheaf corresponding to x. Then £(x) induces a
vector bundle V(E(x)) over X with a G-action induced by the equivariant structure
of E(x). Let ¢ : V(E(x)) — X and p : V(E(x))|z — Z be natural projections, and
let i : V(E(x))|z — V(E(x)) be a natural inclusion. The regular section s induces a
X-semi invariant regular function Qg : V(£(x)) — Al

Theorem 1.2 ([H]). Let W : X — Al be a x-semi invariant regular function, such
that the restricted function Wz : Z — Al is flat. Then the functor

ixp” : Deohg(Z, x, Wz) = Deohg(V(E(X)), X, ¢"W + Qs).
s an equivalence.

As a special case of the above theorem, we obtain the following global version of
Theorem 1.1;

Dcoh(Spec Clz1, ..., 2], f) = Deoh(Spec Clz1, ..., Tptal, f + 2241 + 32 ,5).

Theorem 1.2 is also an analogy of the result obtained by Shipman and Isik indepen-
dently, where they consider the case when G = G,,, the G-action on X is trivial,
X = idg,,, and W = 0 [Shi], [Isi]. The proof of Theorem 1.1 is quite different from
Shipman’s and Isik’s proofs, and we use relative singularity categories introduced in
[EP], which are equivalent to derived factorization categories.

1.3. Acknowledgments. The author would like to thank the organizers Osamu Fu-
jino, Masanori Kobayashi, and Shinnosuke Okawa for giving me the opportunity to
talk at the Kinosaki Algebraic Geometry Symposium 2016. The author is supported
by the Grant-in-Aid for JSPS fellows #26-6240.

2. DERIVED FACTORIZATION CATEGORIES

In this section, we give the definition of derived factorization categories of gauged LG
models. For the definition of a gauged LG model, see section 1.2 in the introduction.

Definition 2.1. Let (X,yx, W)Y be a gauged LG model. A factorization F of
(X, x, W)Y is a sequence

of of
F= (F1 A1, R B Fl(x)),

where F; is a G-equivariant quasi-coherent sheaf on X and goZF is a G-invariant ho-
momorphism for i = 0,1 such that ¢f o i = W -idp, and pf'(x) 0w = W -idp,.

90



3

Equivariant quasi-coherent sheaves Fjy and Fj in the above sequence are called com-
ponents of the factorization F.

Definition 2.2. (1) For a gauged LG model (X, x, W)%, we define an abelian category
QCOhG(Xa X W)

whose objects are factorizations of (X, x, W)%. For E,F € Qcohg(X,x, W), the set
of morphisms Homqeon, (x,y,w) (E, F) is defined as the set of of pairs (fi, fo) such that
fi € Homqeon, x (B, F;) and that the following diagram is commutative

E E
¥1

E; Ey Ey(x)
f1J/ lfo J/fl(X)
ot 3
F1 ! F() 0 Fl(X)'

(2) Two morphisms f = (f1, fo) and g = (g1, go) in Homqeon, (x,,w) (£, F') are homo-
topy equivalent, denoted by f ~ g, if there exist two G-invariant homomorphisms

h() : E() — F1 and hl :EI(X) — F(]

such that fo — go = i ho + b1l and fi(x) — g1(x) = ¢5h1 + ho(X)p¥(x). The
homotopy category of factorizations

KQCOhG’(Xa X5 W)
of (X,x,W)% is defined as the category such that the objects are factorizations of
(X, x, W)€% and the set of morphisms is defined as the homotopy equivalence classes
of the morphisms in Qcohq (X, x, W);
Homyqeon, (x,x,w) (B F) := Homqeon, (x,x,w) (B )/ ~
Similarly, we consider the full subcategories

COhG(X7 X W)
MFG(Xv X W)

of Qcohg (X, x, W) consisting of factorizations whose components are equivariant co-
herent sheaves and equivariant locally free sheaves of finite ranks respectively, and we
define its homotopy categories

KCOhG’(X7 X5 W)

KMF¢ (X, x, W).

We easily see that cohg (X, x, W) and MF(X, y, W) are exact categories, and if X is
Noetherian, cohg (X, x, W) is an abelian category.

We next define the totalizations of bounded complexes of factorizations.

Definition 2.3. Let F* = (--- — F! 6—i> F*l — ...) be a bounded complex of
Qcohg(X, x, W). For 1 =0,1, set

Ti= @ FE,
itj=—1
and let
G T = Ty
be a G-invariant homomorphism given by

il gyt o= SHXT) + (—1)iel" (x 377,
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4 Y. HIRANO

where 7 is n modulo 2, and [m] is the minimum integer which is greater than or equal
to a real number m. We define the totalization Tot(F*) € Qcohn (X, x, W) of F* as

Tot(F*) = <T1 o1 Loy TI(X)>.
Totalizations define a functor
Ch®(Qeohg (X, x, W)) = Qeohg (X, x, W),

where ChP(Qcohg (X, x,W)) is the abelian category of bounded chain complexes in
Qeohg (X, x, W).

In what follows, we will recall that the category KQcohq (X, x, W) has a structure
of a triangulated category.

Definition 2.4. We define an automorphism 7" on KQcohg (X, x, W), which is called
shift functor, as follows. For an object F' € KQcohg (X, x, W), we define an object
T(F) as
—f —of (%)
T(F) = (Fo — ) —— Fo(X))

and for a morphism f = (f1, fo) € Hom(E, F), weset T'(f) := (fo, fi(x)) € Hom(T(E),T(F)).
For any integer n € Z, denote by (—)[n] the functor 7" (—).

Definition 2.5. Let f : E — F be a morphism in Qcohg (X, x, W). We define its
mapping cone Cone(f) to be the totalization of the complex

(-~-—>0—>Ei>F—>0—>--~)

with F' in degree zero.
A distinguished triangle is a sequence in KQcohs (X, x, W) which is isomorphic
to a sequence of the form

ELrh Cone(f) & E[1],

where ¢ and p are natural injection and projection respectively.

Proposition 2.6. KQcohg (X, x, W) is a triangulated category with respect to its shift
functor and its distinguished triangles defined above. Full subcategories Kcohg (X, x, W)
and KMFq (X, x, W) are full triangulated subcategories.

Following Positselski ([Posl], [EP]), we define derived factorization categories.

Definition 2.7. Denote by Acohg (X, x, W) the smallest thick subcategory of
Kcohg (X, x, W) containing all totalizations of short exact sequences in cohg (X, x, W).
We define the derived factorization category of (X, x, W) as the Verdier quotient

Dcohg (X, x, W) := Kcohg (X, x, W)/Acohg (X, x, W).

Similarly, consider the smallest thick subcategory AMF g (X, x, W) of KMFq (X, x, W)
containing all totalizations of short exact sequences in MF (X, x, W), and denote the
Verdier quotient by

DMFG(Xa X W) = KMFG(Xa X5 W)/AMFG(Xv X W)

Denote by A“Qcohq (X, x, W) the smallest thick subcategory of the triangulated cat-
egory KQcohg (X, x, W) which is closed under taking small direct sums and contains
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all totalizations of short exact sequences in Qcohs (X, x, W). Consider the following
Verdier quotient;

DCOQCOhG(X7 X W) = KQCOhG(X7 X W)/ACOQCOhG(Xa X W)

If G is trivial, we drop G and x from the above notation, and denote each triangulated
categories by Dcoh(X, W), etc.

The following lemma says that, in affine cases, derived factorization categories are
equivalent to homotopy categories.

Lemma 2.8 ([BDFIK, Lemma 2.24]). If X is an affine scheme, then the localization
functor

KMFG(X) X5 W) — DMFG(X7 X5 W)

18 an equivalence.

Lemma 2.9 ([BFK, Proposition 3.14] ). (1) Assume that X is a smooth variety. Then
the natural functor

DMFG(X) X W) - DCOhG(Xa X W)

is an equivalence. In particular, if X is a smooth affine variety, the natural functor
KMFq (X, x, W) — Dcohg (X, x, W)

is an equivalence.

Similarly to the derived categories of coherent sheaves, we have standard functors
between derived factorization categories such as direct mage functors, inverse image
functors, and tensor product functors. See [H] for the details.

3. RELATIVE SINGULARITY CATEGORIES

In this section, we recall the definition and properties of relative singularity cate-
gories. Let X be a quasi-projective scheme, and let G be an affine algebraic group
acting on X. Throughout this section, we assume that X has a G-equivariant am-
ple line bundle. If X is normal, this condition is satisfied by [Tho, Lemma 2.10]. The
equivariant triangulated category of singularities ng(X ) of X is defined as the Verdier
quotient

D¥(X) := D(cohg X )/ Perfg(X)

of DP(cohgX) by the thick subcategory Perfg(X) of equivariant perfect complexes
We recall relative singularity categories following [EP]. Let i : Z < X be a G-

equivariant closed immersion of X such that Oz has finite G-flat dimension as an Ox -

module i.e., the G-equivariant sheaf i,Oy € cohg(X) has a finite resolution F* — i, Oz

of G-equivariant flat sheaves on X. Under this assumption, we have the derived inverse
image Li* : D”(cohgX) — DP(cohgZ).

Definition 3.1 ([EP] Section 2.1). We consider the following Verdier quotient
DE(Z/X) := D(cohgZ)/{Im(Li* : D*(cohgX) — DP(coha2))),

where (—) denotes the smallest thick subcategory containing objects in (—). The
quotient category DF(Z/X) is called the equivariant triangulated category of
singularities of Z relative to X.

Remark 3.2. If X is regular, relative singularity categories are equivalent to the usual
singularity categories;
DE(Z/X) = DE(Z).
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6 Y. HIRANO

In what follows, we recall that, under some assumptions on gauged LG models,
derived factorization categories are equivalent to relative singularity categories. Let
X : G — G,, be a character of G, and let W : X — A! be a y-semi-invariant regular
function. We assume that G is reductive and W is flat morphism. Denote by Xy the
zero scheme of W and let 7 : Xy — X be the closed immersion.

We have an exact functor 7 : cohgXog — cohg (X, x, W) defined by

r(F) = (o iy (F) — o).
We define a natural functor
T : DP(cohgXp) — Deohg (X, x, W)
as the composition of functors
D’ (cohgXo) = DP(cohg (X, x, W)) == Deohg(X, x, W),

where the second functor is induced by totalizations defined in Definition 2.3. The
functor YT annihilates the thick category (Im(Li*)) C DP(cohgXp), and so, by the
universal property of the Verdier quotient, it induces an exact functor

T : DE(Xo/X) — Deohg(X, x, W).

The following result is an equivariant version of [EP, Theorem 2.7], and it follows from
the argument in Remark 2.7 in loc. cit.

Theorem 3.3 (cf. [EP] Theorem 2.7, Remark 2.7). The functor
T : D¥(X0/X) — Deohg (X, x, W)

18 an equivalence.

4. PROOF OF THE MAIN RESULT

In this section, we provide a sketch of the proof of Theorem 1.2, which says that the
functor
ixp* : Deohg(Z, x, W|z) — Deoha(V(E(X)), X, W + Qs)

is an equivalence (see the introduction for our notation). In the first subsection, we
will prove that the functor i.p* is fully-faithful, and then we will show that i.p* is
essentially surjective in the second subsection. See [H] for the detailed argument.

4.1. Fully-faithfulness. At first, we will introduce Koszul factorizations. Let (X, x, W)¢

be the gauged LG model as in Theorem 1.2. Let F be a G-equivariant locally free
sheaf on X of rank r, and let

f:F—0x and ¢g:0x — F(x)

be morphisms in cohgX such that go f = W -idr and f(x)og = W. Let Zy C X
be the zero scheme of the section f € I'(X,FY)®. We say that f is regular if the
codimension of Z; in X equals to the rank r.

Definition 4.1. We define an object K(f,g9) € MFq(X, x, W) as
K(s,1) = (K1 LNy AL Kl(x)>

where
[7/2]1-1 2n+1 [r/2] 2n
K= @ (A A, Eo=@AFK
n=0 n=0
and

ki=g A (=)@ f V(=)
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The following property will be necessary in the proof of the fully-faithfulness.

Lemma 4.2 ([BFK] Lemma 3.21 and Proposition 3.20).
(1) We have a natural isomorphism

K(f.9)" = K(g", f").
(2) If f is regular, we have a natural isomorphisms in Dcohg (X, x, W)

OZf %K(f,g) and OZf®/\]:v(X_1)[_T] gK(f?.g)va
where Oz, = (O — Oz, = O) and \" FV(x H)[-r] is a complex in cohgX.

In the following proposition, we don’t need to assume the condition that W |y is flat,
which is assumed in the main result.

Proposition 4.3. The functor
ixp" : Deohg(Z, x, W|z) — Deohg(V(E(X)), X, ¢ W + Qs)
is fully faithful.
Proof. The functor i,p* can be extended to the following functor
ip" : D®Qoohg(Z, x, W) = D®Qeoha(VE()) v, W + Q),
and the following diagram is commutative;

ixp*

D*Qeobg(Z, x, W]z) D Qeohg(V(EC)) . ¢ W + Q)

| . T

DCOhG(Z7XaW’Z) = DCOhG(V(g(X>)7Xa q*W+Qs>

where the vertical arrows are fully faithful functors. Hence it is enough to show that
the extended functor i,p* : D°Qcohq(Z, x, W|z) = D°Qcohg(V(E(X)), X, ¢*W +Qs)
is fully faithful.

Set

T
wj = /\(ZZ/I%)V and w; = p'wj,
where Zz is the ideal sheaf of Z in X. These are G-equivariant invertible sheaves on
Z and V(E(x))|z respectively. We define an exact functor

i' : D°Qcohg(V(E(X)), X, W + Qs) — DQcoh(V(E(x))|z, x, W)

as i'(—) := Li*(=) ® w[—r]. Then the above functor i' is right adjoint to i, :
D°Qcohg(V(E(X))|z, x, W) — D®°Qcohs(V(E(x)),x, W + Qs). Hence the compo-
sition

pei' : DQeohg(V(E(X)), x, ¢*W + Qs) = DQeohg(Z, x, Wz)
is right adjoint to i.p*. Let

K = K(q*s,t) € MFa(V(E(X)), x, Qs)

be the Koszul factorization of ¢*s € T(V(E(x)),q*€Y)¢ and t € T(V(E(x)),q*E)C,
where ¢ is the tautological section. By easy computation, there exists an object P €
D Qcohg(Z, x,0) such that

(6)  puid'iap(=) = (=) @ P.
If W =0, by Lemma 4.2, we have the following isomorphisms;

pi'isp*(Oz) & pui (K) = p.Li*(KY) = p.Li*(Oz,,) = Oz,
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where Oy = (O — Oy — O) € MF¢(Z, x,0). Substituting Oz into the isomorphism
(*) when W = 0, we obtain an isomorphism P = Q. Since P doesn’t depend on W,
we have p,i'i.p* = id. Since i,.p* - pyi', the functor i,p* is fully faithful. O

4.2. Essentially surjectivity. Denote by Zy, V|z, and V; the zero schemes of W|z €
L(Z,0(x)%, p*(W|z) € T(V(EX))|z,0(x))¢ and ¢*W + Qs € T(V(£(x)), O(x))®
respectively. Let pg @ V]z, — Zp and ip : V|z, — Vo be natural projection and
injection. Then the composition of functors

DP(cohg Zo) 2% DP(cohg V]z,) 25 DP(cohg Vo)
induces the following functor
®:DE(Zo/Z) — DEW).
Then the following diagram is commutative;

DE(Z0/2) = D (Vo)

(
Yl lr
Deoha(Z, x, W) —— 2+ Deoha (VE()), X, W + Q)

where the vertical arrows are equivalences by Theorem 3.3. Hence it is enough to show
the following proposition:

Proposition 4.4. The functor ® : D&(Zy/Z) — D& (Vo) is essentially surjective.

Proof. To prove the above proposition, we need to compactify the vector bundle
V(E(x)). Let
P := B(€(x) & Ox) = Proj(Sym(€(x) & Ox)")
be the projective space bundle over X with a G-action induced by the equivariant
structure of £(x) ® Ox. Then we have a natural equivariant open immersion
1:V(E&(x)) — P.

Denote by §: P — X the natural projection. Let Py be the G-invariant subscheme of
P defined by the G-invariant section s @ W € T'(P,O(1)(x))¢ which is corresponding
to the composition

q* S W _ o
0p LW, 2 g 5 0( 1) S 0p(1)(x),

where ¢ is the canonical surjection. Since the pull-back of s & W by the open immersion
[ is equal to W + @, the open immersion [y : V) < Vj induces the following functor
lo* : DSGg(Po) — DSGg(VQ)
We have the functor B
D : DZ%(Z()) — DSGg(PQ),
which is defined similarly to ®, and the following diagram is commutative.

D¢ (Zo) D¢ (FPo)
Tk
D& (20/2) D& (Vo),

where the vertical arrow on the left side is a Verdier localization. Using [Orl, Theorem
2.1], we see that the functor ® is an equivalence. Since the functor lo* : D (Fy) —
DZ%(VO) is also essentially surjective, so is the composition [o* o ®. Hence ® is also
essentially surjective. O



5. IMPLICATION OF KNORRER PERIODICITY

At the end of this report, we will explain that our main result is a generalization of
Knorrer periodicity.

Let S be a smooth quasi-projective variety, and let G be an affine reductive group
acting on S. Let W : S — Al be a x := x1 + x2-semi invariant non-constant regular
function for some characters x; : G — Gy,. Let X := V(O(x1)) = S x A}, be the
G-vector bundle over S, and let s € T'(X, O(x1))¢ be the section corresponding to the
X1-semi invariant function Sx AL — A which is defined as the projection (s, z1) + 1.
Then S is isomorphic to the zero scheme of s, and the G-vector bundle V(O(—x1)(x))
over X is isomorphic to the G-variety S x A2 where the G-weights of x; is given

1,227

by x;. By Theorem 1.2, we have the following result.

Corollary 5.1. We have the following equivalence
Dcohg (S, x, W) ~ Dcohg(S x Aglm,x, W + z1x9).

When you consider the case that G = 0, since we are working over C, the category
Dcoh (S x A2 W +x179) is equivalent to the category Dcoh(S x A2 W +22 +23).

1,727 x1,T27
Hence the above corollary can be regarded as a generalization of Theorem 1.1.
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