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1 ಋೖ

ҎԼ͸ɼஜ೾େֶ਺ཧ෺࣭ܥͷ஛಺ܿࢯͱͷڞಉڀݚ [10]ͷ಺༰Ͱ͋Δɽෳૉ਺ମC܎
਺ͷҰม਺༗ཧؔ਺ମΛC(t)ͱද͢ɽC(t)܎਺ͷ nม਺ଟ߲ࣜʢresp. Laurentଟ߲ࣜʣ
f(t, x) ∈ C(t)[x1, . . . , xn] (resp. f(t, x) ∈ C(t)[x±

1 , . . . , x
±
n ]) ʹରͯ͠ɼCͷݪ఺Λத৺ͱ

͢Δे෼খ͍͖݀͋͞ԁ൫B(0, ε)∗ͱෳૉ n-ฏ໘Cn (resp. n࣍ݩ୅਺తτʔϥε (C∗)n)
ͷ௚ੵB(0, ε)∗ ×Cn (resp. B(0, ε)∗ × (C∗)n) ͷதͰͷ f(t, x)ͷྵ఺ू߹Λ Y ͱॻ͘ɽY
ͷB(0, ε)∗΁ͷࣹӨ πY : Y −→ B(0, ε)∗͸B(0, ε)∗্ͷہॴࣗ໌ͳϑΝΠϒϨʔγϣϯΛ
ఆΊɼैͬͯ Y ͸ t ∈ B(0, ε)∗ύϥϝʔλͱ͢ΔCn (resp. (C∗)n)ͷ௒ۂ໘ͷ଒Λ༩͑Δɽ
೚ҙͷ t ∈ B(0, ε)∗ʹରͯ͠ɼYt = π−1

Y (t) ⊂ Y Ͱ tʹ͓͚ΔϑΝΠόʔΛද͢ɽ೚ҙʹ
t ∈ B(0, ε)∗Λݻఆ͠ɼ࢝఺ͱऴ఺͕ t ∈ B(0, ε)∗Ͱ͋ΔB(0, ε)∗಺Ͱݪ఺ΛҰप͢Δ࿏Λ
Hj܈ΔͱɼYtͷίϯύΫτ୆෇͖ίϗϞϩδʔ͑ߟ

c (Yt;C)ͷϞϊυϩϛʔࣗݾಉܕ

Φj : H
j
c (Yt;C) −→ Hj

c (Yt;C)

͕ఆٛ͞ΕΔɽ͜Ε͸ҎԼͰड़΂ΔΑ͏ͳݹయతͳ͍͔ͭ͘ͷঢ়گΛؚΉΑ͏ͳҰൠతͳ
ΫϥεͰ͋Δɽ

ྫ 1.1. g ∈ C[x1, . . . , xn]ΛC܎਺ͷ nม਺ଟ߲ࣜͱ͢ΔɽC(t)܎਺ͷଟ߲ࣜΛ

f(t, x) := g(x)− t

ͱఆΊΔͱɼYt = g−1(t) ⊂ Cn (0 < t≪ 1)Ͱ͋Δɽ͕ͨͬͯ͠ɼΦj͸ɼಛҟϑΝΠόʔ
g−1(0) ⊂ Cnͷे෼͍ۙ׈Β͔ͳϑΝΠόʔ g−1(t) ⊂ CnͷίϯύΫτ୆෇͖ίϗϞϩ
δʔ܈ʹ༠ಋ͞ΕΔϞϊυϩϛʔࣗݾಉܕʹଞͳΒͳ͍ɽ

ྫ 1.2. g ∈ C[x1, . . . , xn]ΛC্ͷ nม਺ଟ߲ࣜͱ͢ΔɽC(t)܎਺ͷଟ߲ࣜΛ

f(t, x) := g(x)− 1/t

ͱఆΊΔͱɼYt = f−1(1/t) ⊂ Cn (1≪ t)Ͱ͋ΔɽBroughton [3]ʹΑΕ͹ɼࣸ૾ g : Cn −→
Cʹର͠ɼ༗ݸݶͷ఺ p1, . . . , pm ∈ C͕͋ͬͯɼgΛCn \ f−1(C \ {p1, . . . , pm})ʹ੍͢ݶ
Ε͹C\{p1, . . . , pm}্ͷC∞ہڃॴࣗ໌ͳϑΝΠϒϨʔγϣϯΛఆΊΔɽ{p1, . . . , pm}Λ
ғΉΑ͏ͳC∗಺ͷ࿏ͷ্࣋ͪ͛͸ɼे෼େ͖͍ s ∈ C∗্ͷϑΝΠόʔ g−1(s)ͷίϯύΫ
τ୆෇͖ίϗϞϩδʔ܈ͷࣗݾಉܕΛఆΊΔɽ͜ΕΛແݶԕʹ͓͚ΔϞϊυϩϛʔࣗݾಉ
Ϳɽtݺͱܕ ∈ C∗͕े෼খ͍͞ͱ͖ɼ1/t͸े෼େ͖͘ͳΔͷͰɼf(t, x) = g(x)− 1ʹର
ͯ͠ఆٛ͞ΕΔࣗݾಉܕΦj͸ɼgͷແݶԕʹ͓͚ΔϞϊυϩϛʔࣗݾಉܕʹଞͳΒͳ͍ɽ
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զʑ͸ɼ͜ͷϞϊυϩϛʔࣗݾಉܕΦjΛௐ΂ΔɽಛʹΦjͷ Jordanඪ४ܗΛٻΊΔͱ
͍͏໰୊Λ͑ߟΔɽΦjͷఆٛ͸ந৅తͳ΋ͷͰ͋ΔͨΊɼఆٛ௨Γ͢ࢉܭΔ͜ͱ͸Ұൠ
ʹ͸೉͍͠ɽͦ͜Ͱզʑ͸·ͣɼΦjͷ৘ใΛ෦෼తʹ͍࣋ͬͯΔHj

c (Yt;Q)্ͷࠞݶۃ߹
Hodgeߏ଄ͱݺ͹ΕΔࠞ߹Hodgeߏ଄Λ͠ࢉܭɼͦͷͦޙͷ৘ใ͔ΒΦj ͷ Jordanඪ४
ͷ৘ใΛҾ͖ग़͢ɼͱ͍͏खॱΛऔΔɽܗ

2 ଄ߏHodge߹ࠞݶۃ

f(t, x) ∈ C(t)[x1, . . . , xn] (resp. f(t, x) ∈ C(t)[x±
1 , . . . , x

±
n ])Λ C(t)܎਺ͷ nม਺ଟ߲

ࣜ (resp. Laurentଟ߲ࣜ)ͱ͢Δɽे෼খ͍͞ t ∈ B(0, ε)ʹରͯ͠ɼtͰͷϑΝΠόʔ
Yt ⊂ Cn (resp. Yt ⊂ (C∗)n)ͷίϯύΫτ୆෇͖ίϗϞϩδʔ܈Hj

c (Yt;Q)ʹ͸Deligne
ͷඪ४తͳࠞ߹Hodgeߏ଄͕ೖΔɽ͜ͷࠞ߹Hodgeߏ଄ʹؔ͢ΔHodgeϑΟϧτϨʔ
γϣϯΛF •, ΢ΣΠτϑΟϧτϨʔγϣϯΛW•ͱද͢ɽଞํɼίϗϞϩδʔ܈Hj

c (Yt;Q)
ʹ͸ Steenbrink-Zucker [12], El Zein [7]ʹΑΔࠞݶۃ߹Hodgeߏ଄ͱݺ͹ΕΔ΋͏Ұͭ
ͷࠞ߹Hodgeߏ଄͕ೖΔ͜ͱ͕஌ΒΕ͍ͯΔɽ͜ͷࠞ߹Hodgeߏ଄ʹؔ͢ΔHodgeϑΟ
ϧτϨʔγϣϯΛ F •

∞, ΢ΣΠτϑΟϧτϨʔγϣϯΛM•ͱද͠ɼͦΕͧΕݶۃHodge
ϑΟϧτϨʔγϣϯɼ૬ରϞϊυϩϛʔϑΟϧτϨʔγϣϯͱݺ͹ΕΔɽ͜ͷࠞ߹Hodge
Φjͷ৘ใΛ෦෼తʹ࣋ͭɽܕಉݾ଄͸ɼҎԼͰड़΂ΔΑ͏ͳҙຯͰϞϊυϩϛʔࣗߏ

ఆٛ 2.1. V Λ༗ݩ࣍ݶCϕΫτϧۭؒɼAΛAr+1 = 0ͱͳΔΑ͏ͳ V ্ͷႈྵࣗݾॱ
ಉܕͱ͢Δɽ͜ͷͱ͖ V ্ͷ༗ݶͳ૿େϑΟϧτϨʔγϣϯ

V−1 = {0} ⊂ V0 ⊂ V1 ⊂ · · · ⊂ V2r = V

ͰҎԼͷ৚݅:

(i) A(Vk) ⊂ Vk−2 (k ∈ Z)

(ii) Ak : Grr+kV = Vr+k/Vr+k−1 −→ Grr−kV = Vr−k/Vr−k−1͕ಉܕ (k ∈ Z)

Λຬͨ͢΋ͷ͕Ұҙతʹଘ͠ࡏɼͦΕΛத৺ rͷA-΢ΣΠτϑΟϧτϨʔγϣϯͱݺͿɽ

ఆ͔ٛΒ෼͔ΔΑ͏ʹɼA-΢ΣΠτϑΟϧτϨʔγϣϯ͸Aͷ Jordanඪ४ܗͷ৘ใ
Λ෮͢ݩΔɽଈͪɼ೚ҙͷ 1 ≤ k ≤ r + 1ʹରͯ͠Aͷ Jordanඪ४ܗʹ͓͚Δେ͖͞ k
ͷ Jordanࡉ๔ͷݸ਺͸

dimGrr+1−kV − dimGrr−1−kV

ͱද͢͜ͱ͕Ͱ͖Δɽ
͜ͷఆٛΛ༻͍ͯ૬ରϞϊυϩϛʔϑΟϧτϨʔγϣϯM•ͷ࣋ͭੑ࣭Λද͢͜ͱ͕Ͱ

͖ΔɽΦjΛ൒୯७෦෼Φs
jͱႈ୯෦෼Φu

j ʹ෼ղ͠ɼ͞Βʹႈ୯෦෼ͷର਺ΛN = logΦu
j ͱ

ஔ͘ɽ೚ҙͷ r ∈ Zʹରͯ͠GrWr Hj
c (Yt;C)ʹM•͕༠ಋ͢ΔϑΟϧτϨʔγϣϯΛM(r)•,

N ͕༠ಋ͢Δࣗݾ४ಉܕΛN(r)ͱද͢ͱ͖ɼM(r)•͸த৺ rͷN(r)-΢ΣΠτϑΟϧτ
ϨʔγϣϯͰ͋Δɽैͬͯɼ͋Δ r0 ∈ Z͕͋ͬͯ r ̸= r0ͳΒ͹GrWr Hj

c (Yt;C)͕ফ͑ΔΑ
͏ͳ৔߹ʹ͸ɼϑΟϧτϨʔγϣϯM• = M(r0)•͕ࣗݾಉܕΦjͷ৘ใΛશͯ෮͢ݩΔɽ
Ұൠʹ͜ͷΑ͏ͳूத͕͍ͯͬ͜ىΔࣄ͸ظ଴Ͱ͖ͳ͍͕ɼHj

c (Yt;C)ΛҰൠݻ༗ۭؒ
ʹ෼ղͯ͑͠ߟΔ͜ͱͰɼ͍͔ͭ͘ͷݻ༗஋ʹؔ͢Δ෦෼ʹ͍ͭͯ͸͜ͷ৚͕݅੒ཱͯ͠
͍ΔՄೳੑ͕͋ΔɽΦjͷݻ༗஋ λ ∈ C∗ʹରͯ͠ɼHj

c (Yt;C)λ ⊂ Hj
c (Yt;C)Ͱ λʹର͢Δ

ΦjͷҰൠݻ༗ۭؒΛද͢ɽ͢Δͱɼ΋͋͠Δ r0 ∈ Z͕͋ͬͯɼ

GrWr Hj
c (Yt;C)λ = 0 (r ̸= r0) (2.1)
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͕੒ཱ͍ͯ͠Δ৔߹ɼΦj ͷ Jordanඪ४ܗʹ͓͚Δɼݻ༗஋ λɼେ͖͞ kͷ Jordanࡉ๔
ͷݸ਺͸ɼ

dimGrMr0+1−kH
j
c (Yt;C)λ − dimGrMr0−1−kH

j
c (Yt;C)λ

ͱදͤΔɽଈͪ͜ͷ৔߹͸ Φj ͷ Jordanඪ४ܗͷݻ༗஋ λʹؔ͢Δ෦෼ͷ৘ใ͕ɼ૬ର
΢ΣΠτϑΟϧτϨʔγϣϯM•ͷ࣍਺෇͖঎ͷ࣍ݩͷ৘ใ͔ΒҾ͖ग़ͤΔɽैͬͯɼͲ
ͷΑ͏ͳ৔߹ʹ (2.1)ͷΑ͏ͳDeligneͷ΢ΣΠτϑΟϧτϨʔγϣϯͷूத͕ͯͬ͜ى
͍Δ͔ɼͱ͍͏ࣄΛௐ΂Δ͕ࣄॏཁʹͳͬͯ͘Δɽ

ఆٛ 2.2. λ ∈ C∗ʹରͯ͠ɼೋม਺ݶۃEλ-ଟ߲ࣜΛ

Eλ(Yt; u, v) :=
∑

p,q∈Z

∑

j∈Z

(−1)jdimGrpF∞
GrMp+qH

j
c (Yt;C)λupvq,

Eλ-ଟ߲ࣜΛݶۃม਺ࡾ

Eλ(Yt; u, v, w) :=
∑

p,q,r∈Z

∑

j∈Z

(−1)jdimGrpF∞
GrMp+qGrWr Hj

c (Yt;C)λupvqwr

ͱఆٛ͢Δɽ

͋Δ j0 ∈ Z͕͋ͬͯHj
c (Yt;C)λ = 0 (j ̸= j0)͕੒ཱ͍ͯ͠Δ৔߹͸ɼj = j0ʹؔ͢Δ

ࣜ (2.1)͸Eλ(Yt; u, v, w)ͷwʹؔ͢Δ࣍਺͕ r0࣍ʹूத͍ͯ͠Δͱ͍͏ࣄͱಉ஋Ͱ͋Δɽ
ैͬͯɼ͋Δ j0 ∈ Z͕͋ͬͯHj

c (Yt;C)λ = 0 (j ̸= j0)͕੒ཱ͍ͯ͠ΔࣄͱɼEλ(Yt; u, v, w)
ͷ wʹؔ͢Δ࣍਺͕ r0࣍ʹूத͍ͯ͠Δͱ͍͏ࣄͷೋ৚͕݅੒ཱ͢Ε͹ɼݶۃ Eλଟ߲
͔ࣜΒHj0

c (Yt;C)্ͷϞϊυϩϛʔࣗݾಉܕΦj0 ͷ Jordanඪ४ܗͷݻ༗஋ λʹؔ͢Δ෦
෼Λ͢ࢉܭΔ͜ͱ͕Ͱ͖Δɽ
ۙ೥ɼStapledon [11]͕ϞνϏοΫۙ઀ϑΝΠόʔͷཧ࿦Λ༻͍ɼࡾม਺ݶۃ Eλ-ଟ

߲ࣜΛɼf(t, x)ͷ Newtonଟ໘ମͷ૊Έ߹Θͤ࿦త৘ใ͔Βఆ·Δଟ߲ࣜΛͯͬ࢖ඇৗ
ʹ۩ମతʹهड़͢Δ͜ͱʹ੒ޭͨ͠ʢఆཧ 3.7ʣɽ͞Βʹ [11]Ͱ͸ɼ͍͔ͭ͘ͷ৔߹ʹ
Eλ(Yt; u, v, w)ͷ wʹؔ͢Δ࣍਺ͷूதͱɼίϗϞϩδʔHj

c (Yt;C)ͷඇࣗ໌ͳ࣍਺ͷू
தΛূ໌͠ɼΦjͷ Jordanඪ४ܗΛ۩ମతʹ͍ͯ͠ࢉܭΔɽ

StapledonʹΑΔϞνϏοΫۙ઀ϑΝΠόʔͷࢉܭʢఆཧ 3.6ʣͷূ໌͸τϩϐΧϧز
Կֶͷٕज़తͳ݁Ռ΍ɼSteenbrink [13]ʹΑΔϞνϏοΫۙ઀ϑΝΠόʔͷ৽͍͠هड़Λ
༻͍͓ͯΓɼDenef-Loeser [5], [6]΍Guibert-Loeser-Merle [8]ͰߦΘΕ͍ͯΔΑ͏ͳϞν
ϏοΫۙ઀ϑΝΠόʔͷํࢉܭ๏Λ௚઀༻͍ͨ΋ͷͰ͸ͳ͔ͬͨɽͦ͜Ͱզʑ͸ [10]ʹ
͓͍ͯɼݹయతͳτʔϦοΫزԿֶͱDenef-Loeser [5], [6]΍Guibert-Loeser-Merle [8]Ͱ
ʹͰɼStapledonͷ݁Ռͷূ໌Λ؆ུԽͨ͠ɽ͞Βܗख๏Λ௚઀༻͍ΔࢉܭΘΕ͍ͯΔߦ
Eλ(Yt; u, v, w)ͷwʹؔ͢Δ࣍਺ͷूதΛɼΑΓزԿֶతͳผͳख๏ʹΑΓূ໌ͨ͠ʢఆ
ཧ 4.4, 4.8ʣɽ͜ΕʹΑͬͯ Stapledon͕՝͍ͯͨ͠ f(t, x)ͷNewtonଟ໘ମͷ৚݅ΛऑΊ
Δ͕ࣄՄೳͱͳΓɼΑΓ͍޿Ϋϥεʹରͯ͠ΦjΛ۩ମతʹ͢ࢉܭΔ͜ͱ͕Ͱ͖ͨɽ͞Β
ʹɼҰ࿈ͷओுΛਖ਼ࠥަنଟ༷ମͷ଒ʹؔ͢Δओு΁ҰൠԽ͢Δ͜ͱ͕Ͱ͖ͨʢ4.3ষʣɽ
ҎԼͰɼ͜ΕΒͷৄࡉΛड़΂Δɽ

3 ϞνϏοΫۙ઀ϑΝΠόʔ

3.1 ϞνϏοΫۙ઀ϑΝΠόʔ

ೋม਺Eλଟ߲ࣜEλ(u, v)ʹ͸C্ͷ୅਺ଟ༷ମͷGrothendieck؀ (ͷ͋ΔہॴԽ)ͷத
ʹϞνϏοΫۙ઀ϑΝΠόʔͱݺ͹ΕΔ্෦ߏ଄͕ଘ͢ࡏΔʢఆٛ 3.2ʣɽ͜Ε͸͋Δ࡞
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༻෇͖୅਺ଟ༷ମͷ༗ݸݶͷ଒ͱͯ͠ද͞ΕΔ΋ͷͰ͋ΓɼͦΕΒͷHodge࣮ݱͷ࿨Λ
ͱΔͱEλ(u, v)ͱͳΔͱ͍͏΋ͷͰ͋Δʢఆཧ 3.4ʣɽ͜͜ͰHodge࣮ݱͱ͸ɼ୅਺ଟ༷
ମͷ֤ίϗϞϩδʔ܈ͷDeligneʹΑΔඪ४తͳࠞ߹Hodgeߏ଄ʹؔͯ͠Eλଟ߲ࣜΛऔ
Δͱ͍͏ҙຯͰ͋ΓɼैͬͯҰ୴ϞνϏοΫۙ઀ϑΝΠόʔ͕෼͔Ε͹ɼ͋ͱ͸ͦΕΛߏ
੒͢Δ֤୅਺ଟ༷ମͷ Deligneͷࠞ߹ Hodgeߏ଄Λ͢ࢉܭΔ͜ͱͰ Eλ(u, v)͕ࢉܭͰ͖
Δɽ͜ͷ֓೦͸ݩʑDenef-Loser [5], ͷཧ࿦Λ༻͍ͯந৅తʹఆٛ͞Εۭؒހ͍͓ͯʹ[6]
ͨ΋ͷͰ͋Δ͕ɼ͜͜Ͱ͸Guibert-Loeser-Merle [8]ʹΑΓఆٛΛ֦ுͨ͠΋ͷΛ۩ମత
ʹදࣔ͢ΔܗͰ঺հ͢Δɽ

C্ͷ୅਺ଟ༷ମ Sʹର͠ɼS্ͷ୅਺ଟ༷ମͷGrothendieck؀ΛK0(VarS)ͱද͠ɼ
S ্ͷ୅਺ଟ༷ମ V −→ S Ͱ୅ද͞ΕΔ K0(VarS)ͷݩΛ [V −→ S]ͱॻ͘ɽK0(VarS)
Λ L := [S × Cn]ͰہॴԽͨ͠΋ͷ K0(VarS)[L−1]ΛMS ͱॻ͘ɽҰ఺͔Β੒Δଟ༷ମ
Spec(C)Ͱ୅ද͞ΕΔMS ͷݩΛ 1Ͱද͢ɽ͞Βʹ͜ΕΛ࡞༻෇͖Ͱͨ͑ߟ΋ͷΛ࣍ͷ
Α͏ʹఆٛ͢Δɽd ∈ Zʹରͯ͠ µdͰ 1ͷ d৐ࠜΑΓͳΔ܈Λද͠ɼͦΕΒͷࣹӨݶۃ
lim←−d

µdΛ µ̂ͱॻ͘ɽҎԼͰొ৔͢Δ µ̂ͷ୅਺ଟ༷ମ্ͷ࡞༻͸ɼશͯ͋Δ༗܈ݶ µdͷ࡞
༻͔Β༠ಋ͞Εͨ µ̂ͷ࡞༻Ͱ͋Δͱ͢Δɽ·ͨɼ୅਺ଟ༷ମ্ͷ µ̂࡞༻͕ྑ͍ͱ͸֤ µ̂
Ͱ͋Δͱ͢ΔɽC্ͷ୅਺ଟ༷ମࣄಓ͕͋ΔΞϑΝΠϯ։ू߹ʹؚ·Ε͍ͯΔي Sʹର
ͯ͠ S্ͷྑ͍ µ̂࡞༻Λ࣋ͭ୅਺ଟ༷ମͷGrothendieck؀ΛK0(Var

µ̂
S)Ͱද͢ɽ͞Βʹɼ

Y ∈ Varµ̂Sʹର͠ɼY ্ͷ µ̂࡞༻ΛԆ௕ͨ͠ Y × Cn্ͷ µ̂ͷԆ௕Ͱɼ֤ y ∈ Y ʹରͯ͠
{y}×CnͷΞϑΝΠϯ࡞༻Λ༠ಋ͢ΔΑ͏ͳ΋ͷΛ͑ߟΔɽ͜ͷΑ͏ͳ Y ×Cn্ͷ µ̂࡞
༻Λ࣋ͭK0(Var

µ̂
S)ͷݩΛશͯಉҰ͠ࢹɼ͞Βʹ L := [C × S]Ͱද͞ΕΔK0(Var

µ̂
S)ͷݩ

ʢµ̂࡞༻͸ࣗ໌ͳ΋ͷʣͰK0(Var
µ̂
S)ΛہॴԽͨ͠΋ͷΛMµ̂

Sͱද͢ɽ
ZΛC্ͷ׈Β͔ͳ୅਺ଟ༷ମɼU ⊂ ZΛZͷ Zariski։ू߹ͰD := Z \U͕ਖ਼ަن

ࠥҼࢠʹͳΔΑ͏ͳ΋ͷͱ͢Δɽf : Z −→ CΛਖ਼ଇࣸ૾Ͱ f−1(0) ⊂ DͱͳΔ΋ͷͱ͢
ΔɽΩ := Int(U ∪ f−1(0))ͱ͠ɼਖ਼ࠥަنҼࢠΩ ∩ f−1(0)ͷط໿෼ղΛE1 ∪ E2 · · · ∪ Ek

ͱද͢ɽ֤ 1 ≤ i ≤ kʹରͯ͠ط໿ҼࢠEiʹԊͬͨ f ͷྵͷ࣍਺Λ bi > 0ͱ͢Δɽ೚ҙ
ͷۭͰͳ͍෦෼ू߹ I ⊂ {1, . . . , k}ʹରͯ͠ɼ

EI :=
⋂

i∈I

Ei, E◦
I := EI \

⋃

i/∈I

Ei,

͞Βʹ dI = gcd(bi)i∈I ͱఆΊΔɽI ⊂ {1, . . . , k}ΛҰͭݻఆ͢Δɽ֤఺ p ∈ E◦
I ʹର

͠ɼpͷ Ω \ ∪i/∈IEiͷதͰͷΞϑΝΠϯۙ๣W ͱ֤ i ∈ I ʹରͯ͠W ্ͷਖ਼ଇؔ਺ ξi
Ͱ Ei ∩ W = {ξi = 0}ͳΔΑ͏ͳ΋ͷΛͱΔɽW ্ͷਖ਼ଇؔ਺Λ f1,W := f

∏
i∈I ξ

−bi
i ,

f2,W :=
∏

i∈I ξ
bi/dI
i ͱఆΊΔͱɼW ্Ͱ f = f1,W (f2,W )dI ͕੒ཱ͢Δɽͦͯ͠ɼW ∩ E◦

I

ͷ dI ॏඃ෴Λ

Ẽ◦
I,W = {(t, z) ∈ C∗ × (E◦

I ∩W ) | tdI = (f1,W )−1(z)}

Ͱఆٛ͢Δɽ͞Βʹ µdI ͷੜ੒ݩ ζdI ʹରͯ͠ (t, z) *−→ (t, ζdIz)ͱ͍͏ࣸ૾Λ͑ߟΔ͜ͱ
ͰE◦

I,W ʹྑ͍ µ̂࡞༻͕ఆٛ͞ΕΔɽ֤ p ∈ E◦
I ͝ͱʹ͜ͷΑ͏ͳඃ෴Λߏ੒͠ɼͦΕΛష

Γ߹ΘͤΔ͜ͱͰE◦
I ্ͷඃ෴ Ẽ◦

I ੒Ͱ͖Δɽ͜Ε͸ྑ͍ߏ͕ µ̂࡞༻Λ࣋ͪɼ[Ẽ◦
I ]Ͱද͞Ε

ΔMµ̂
f−1(0)ͷݩΛఆٛ͢Δɽͦͯ͠ɼM

µ̂
f−1(0)ͷݩSf,UΛSf,U :=

∑
I ̸=∅(1−L)|I|−1 · [Ẽ◦

I ] ∈
Mµ̂

f−1(0) ͱఆٛ͢Δɽ

ఆཧ 3.1. ([8]) X Λ C্ͷ୅਺ଟ༷ମɼg : X −→ CΛX ্ͷਖ਼ଇࣸ૾ͱ͢Δɽ͜ͷͱ
͖ɼ܈४ಉܕ

ψg : MX −→Mµ̂
g−1(0)
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͕ఆٛ͞Εɼ࣍ͷੑ࣭Λຬͨ͢ɿ೚ҙͷݻ༗ࣸ૾ π : Z −→ XͱZͷ Zariski։ू߹UͰɼ
D := Z \ U ͸ Z ͷਖ਼ࠥަنҼࢠͰ͋Γ (g ◦ π)−1(0)ΛؚΉΑ͏ͳ΋ͷʹରͯ͠Mµ̂

g−1(0)

্Ͱ
ψg([U −→ X]) = (π|(g◦π)−1(0))!(Sg◦π,U)

ͱͳΔɽͨͩ͠ɼ(π|(g◦π)−1(0))!͸ࣗવͳ४ಉܕ

(π|(g◦π)−1(0))! : Mµ̂
(g◦π)−1(0) −→Mµ̂

g−1(0)

Λද͢ɽ

ఆٛ 3.2. ఆཧ 3.1ͷঢ়گͰɼ[Y −→ X] ∈ MX ʹରͯ͠ ψg([Y ]) := ψg([Y −→ X]) ∈
Mµ̂

g−1(0)Λ Y ͷ gʹΑΔϞνϏοΫۙ઀ϑΝΠόʔͱݺͿɽ

஫ҙ 3.3. ఆཧ 3.1ͷঢ়گͰɼψg([X −→ X]) ∈Mµ̂
g−1(0) = Sg,X ͸Denef-Loser [5], [6]Ͱ

ఆٛ͞Ε͍ͯΔϞνϏοΫMilnorϑΝΠόʔͱݺ͹ΕΔ΋ͷʹͳ͍ͬͯΔɽ

࣍ʹϞνϏοΫۙ઀ϑΝΠόʔͷ Hodge࣮ݱʹ͍ͭͯड़΂ΔɽC্ͷ୅਺ଟ༷ମX
ʹରͯ͠ɼMHMX ͰX্ͷࠞ߹HodgeՃ܈ͷΞʔϕϧݍΛද͢ɽ४ಉܕHX : MX −→
K0(MHMX)Ͱɼ೚ҙͷ׈Β͔ͳ୅਺ଟ༷ମZͱࣹ π : Z −→ Xʹରͯ͠

HX([Z −→ X]) =
∑

j∈Z

(−1)j[HjRπ!(QZ)]

͕੒ΓཱͭΑ͏ͳ΋ͷ͕ଘ͢ࡏΔɽ͜͜Ͱ QZ ͸ Z ্ͷࣗ໌ͳ HodgeՃ܈Λද͢ɽ͞
ΒʹɼMHMmon

X Ͱ༗ݶͳࣗݾಉܕΛ࣋ͭࠞ߹ HodgeՃ܈ͷΞʔϕϧݍΛද͢ͱɼಉ༷
ʹ४ಉܕ HX : Mµ̂

X −→ K0(MHMmon
X ) ͕ఆٛ͞ΕΔɽಛʹ X = Spec(C)ͷ৔߹ʹ͸ɼ

MHMSpec(C)͸ภۃՄೳͳࠞ߹Hodgeߏ଄ͷݍSHMpͰ͋ΓɼC্ͷ୅਺ଟ༷ମY ʹର͠ɼ
HX([Y −→ X])͸֤ίϯύΫτ୆෇͖ίϗϞϩδʔ܈Hj

c (Y ;Q)ͷDeligneͷࠞ߹Hodge
଄ͷަ୅࿨ߏ ∑

j∈Z

(−1)j[Hj
c (Y ;Q)] ∈ K0(SHM

p)

ͱͳΔɽ·ͨɼHodgeՃ܈ͷۙ઀αΠΫϧവखψgΑΓ༠ಋ͞ΕΔ४ಉܕΨg : K0(MHMX) −→
K0(MHMmon

g−1(0))ΛM ∈ MHMX ʹରͯ͠ɼ
∑

j(−1)j[Hj(ψgM)] ∈ K0(MHMmon
g−1(0))Ͱఆٛ

͢ΔɽҎԼͷఆཧ ʠ͕ϞνϏοΫۙ઀ϑΝΠόʔʡͷ໊শΛਖ਼౰Խ͢Δɽ͜ ͷఆཧ͸ɼHodge
Ճ܈ͷۙ઀αΠΫϧവखͷཧ࿦Λ༻͍ͨਂ͍ٞ࿦ʹΑͬͯࣔ͞ΕΔɽ

ఆཧ 3.4. ([8]) ఆཧ 3.1ͷঢ়گͰɼҎԼͷਤࣜ͸Մ׵ʹͳΔɿ

MX

HX

!!

ψg "" Mµ̂
g−1(0)

Hmon
g−1(0)

!!
K0(MHMX) Ψg

"" K0(MHMmon
g−1(0)).

ಛʹɼX = C, g = t : C −→ Cͷ৔߹Λ͑ߟΔɽ͜͜Ͱ t͸ Cͷ࠲ඪؔ਺Λද͢ɽ
f : (C∗)n −→ CΛC্ͷଟ߲ࣜࣸ૾ͱ͢Δɽ2ষͰड़΂ͨΑ͏ʹे෼খ͍͞ t ∈ C∗ʹର
ͯ͠ɼHj

c (f
−1(t);Q)ʹ͸ࠞݶۃ߹ Hodgeߏ଄ͱݺ͹ΕΔࠞ߹ Hodgeߏ଄͕ೖΔɽMX

ͷݩ [f : (C∗)n −→ C] ∈ MX ʹ Ψg ◦ HX Λ͢ࢪͱɼ
∑

j(−1)j[Hj(ψt(Rf!Q(C∗)n))] =

5
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∑
j(−1)j[Hj

c (f
−1(t);Q)] ∈ K0(SHM

mon)ͱͳΔɽ͜ ͜Ͱ [Hj
c (f

−1(t);Q)]ʹ͸ࠞݶۃ߹Hodge
଄ͱͯ͠ͷEλߏ෇͖ͷࠞ߹Hodge༺࡞ͷࣜͷޙ࠷଄͕ೖ͍ͬͯΔɽ͕ͨͬͯ͠ɼ͜ͷߏ

ଟ߲ࣜΛͱΔͱɼͦΕ͸·͘͞͠ 2ষͰఆٛͨ͠ೋม਺ݶۃ Eλଟ߲ࣜͱҰக͍ͯ͠Δɽ
Αͬͯݶۃ Eλଟ߲ࣜΛ͢ࢉܭΔͨΊʹ͸ ψt([(C∗)n −→ C]) ∈Mµ̂

Spec(C)Λ͢ࢉܭΕ͹Α
͍͜ͱʹͳΔɽ

3.2 ϞνϏοΫۙ઀ϑΝΠόʔͷࢉܭ

࣍ʹϞνϏοΫۙ઀ϑΝΠόʔͷࣜެࢉܭΛड़΂Δɽf(t, x) =
∑

v∈Zn av(t)xv ∈ C(t)[x±
1 , . . .

, x±
n ] (av(t) ∈ C(t))Λnม਺C(t)܎਺ͷLaurentଟ߲ࣜͱ͢Δɽav(t)ͷ 0 ∈ Cͷۙ͘Ͱͷ

Laurentల։Λ av(t) =
∑

j∈Z av,jt
j (av,j ∈ C)ͱ͠ɼo(v) := ordt av(t) = min{j | av,j ̸= 0}

ͱఆΊΔɽͨͩ͠ av(t) = 0ͷͱ͖͸ o(v) = +∞ͱఆΊΔɽ͜ͷͱ͖ɼRn+1಺ͷଟ໘ू
߹UHf Λ

UHf := Conv

[
⋃

v∈Zn

{(v, s) ∈ Rn+1 | s ≥ o(v)}
]
⊂ Rn+1

ͱఆΊΔɽ͜͜ͰConv(∗)͸ತแΛද͢ɽRn+1͔ΒRn΁ͷࣹӨΛ p : Rn+1 = Rn×R1 −→
Rnͱද͠ɼRn಺ͷଟ໘ମΛ P := p(UHf )Ͱఆٛ͢ΔɽҎԼͰ͸ dimP = nΛৗʹԾఆ
͓ͯ͘͠ɽUHf ͷίϯύΫτͳ໘ F̃ ʹର͠ɼͦͷࣹӨ p(F̃ )͸ P ʹؚ·ΕΔଟ໘ମͰ͋
ΓɼશͯͷUHf ͷίϯύΫτͳ໘ͷࣹӨΛ͑ߟΔ͜ͱͰɼP ͷଟ໘ମͱͯ͠ͷࡉ෼ S͕
ఆٛ͞ΕΔɽ·ͨɼUHf ͷڥք ∂UHf ͸ P ্ͷR஋ؔ਺ νf : P −→ RΛఆΊɼͦͷؔ਺
ͷ֤F ∈ S্΁ͷ੍ݶ͸ΞϑΝΠϯࣸ૾Ͱ͋Δɽ֤F ∈ Sʹରͯ͠ɼରԠ͢ΔUHf ͷ໘
Λ F̃ ͱ͢Δͱ͖ɼC܎਺ͷ Laurentଟ߲ࣜ IFf (x) ∈ C[x±

1 , . . . , x
±
n ]Λ

IFf (x) =
∑

(v,j)∈F̃

av,jx
v ∈ C[x±

1 , . . . , x
±
n ]

ͰఆΊΔɽAff(F )Ͱ F ͕ੜ੒͢ΔΞϑΝΠϯ෦෼ۭؒΛද͢ɽඞཁͳΒAff(F ) ∩ ZnΛ
ద౰ʹฏߦҠಈͯ͠܈ͱΈͳ͓͖ͯ͠ɼC[Aff(F ) ∩ Zn]ͰͦΕ͕ੜ੒͢Δ C୅਺Λද
͢ɽIFf (x) ∈ C[Aff(F ) ∩ Zn]ͱΈͳͤΔͨΊɼIFf (x)͸ dimF ୅਺తτʔϥεݩ࣍ TF :=
Spec(C[Aff(F )∩Zn]) ≃ (C∗)dimF্ͷਖ਼ଇؔ਺ͱΈͳ͢͜ͱ͕Ͱ͖ΔɽTF಺ͷ௒ۂ໘VF ⊂
TF Λਖ਼ଇؔ਺ IFf (x)ͷྵ఺ू߹ͱͯ͠ఆٛ͢ΔɽAff(F )্ͷઢ૾ࣸܗ νF : Aff(F ) −→ R
Λ νf |F ͷԆ௕ͱͯ͠ఆٛ͢ΔɽAff(F ) ∩ Zn͔ΒC∗΁ͷ܈४ಉܕΛ

eF (v) := exp(−2π
√
−1νF (v)) (v ∈ Aff(F ) ∩ Zn)

ͱఆٛ͢Δɽ͜Ε͸ɼTF = Spec(C[Aff(F ) ∩ Zn]) ≃ Homgroup(Aff(F ) ∩ Zn,C∗)ͷ఺Λఆ
ΊΔɽͦ͜ͰɼTF ্ʹ eF ͱͷੵΛͱΔࣗݾಉ͕ܕఆٛͰ͖Δɽ͙͢ʹ͔֬ΊΒΕΔΑ͏
ʹɼ͜Ε͸ VF ্ͷࣗݾಉܕΛ༠ಋ͢Δɽ͜ΕʹΑͬͯ VF ʹ µ̂࡞༻͕ఆٛ͞ΕɼMµ̂

Spec(C)
ͷݩ [VF ! µ̂]͕ఆ·Δɽ

1ষͰड़΂ͨΑ͏ʹɼf(t, x)͕ఆٛ͢ΔC∗× (C∗)n಺ͷ௒ۂ໘Λ Y Ͱද͢ɽࣹӨC∗×
(C∗)n −→ C∗ͷ Y ΁ͷ੍ݶ Y −→ C∗Λ πY : Y −→ C∗ͱද͢ɽे෼খ͍͞ ε > 0ʹର͠
ͯɼπY ͸͖݀͋ԁ൫B(0, ε)∗্ͷ (C∗)n಺ͷ௒ۂ໘ͷ଒Λఆٛ͢Δɽ

ఆٛ 3.5. ௒ۂ໘ͷ଒ Y ͕ schönͰ͋Δͱ͸ɼ೚ҙͷ F ∈ S ʹରͯ͠ TF ಺ͷ௒ۂ໘
VF ⊂ TF Β͔͔ͭඃ໿Ͱ͋Δ͜ͱͰ͋Δɽ׈͕
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tͰCͷ࠲ඪؔ਺ t : C −→ CΛද͢ɽ࣍ͷϞνϏοΫۙ઀ϑΝΠόʔͷެࣜ͸ɼ࠷ॳ
ʹ Stapledon͕ূ໌ͨ͠ɽ

ఆཧ 3.6. ([11],[10]) Y ͕ schönͰ͋Δͱ͢Δɽ͜ͷͱ͖ɼMµ̂
Spec(C)ʹ͓͍ͯ

ψt([Y −→ C]) =
∑

rel.intF⊂IntP

[VF ! µ̂] · (1− L)n−dimF

͕੒ཱ͢Δɽ

ઌड़ͨ͠Α͏ʹզʑ͸͜ͷఆཧͷূ໌ͷ؆ུԽΛ༩͑ͨɽఆཧ 3.1Λ࢖༻͢ΔͨΊʹɼ
ࣹӨ πY ͷݻ༗ࣹ΁ͷ֦ுΛಘΔͨΊɼUHf ͷ૒ରઔͷ׈Β͔ͳࡉ෼ʹରԠ͢ΔτʔϦο
Ϋଟ༷ମΛ͑ߟΔɽ͜ͷதͰ Y ͷดแ্ʹ πY ͸ݻ༗ࣹͱ֦ͯ͠ுͰ͖Δɽ͜ΕΛ༻͍ͯ
ఆཧ 3.1ʹै͍ψt([Y −→ C])Λ۩ମతʹ͍ͯ͘͜͠ࢉܭͱͰఆཧ 3.6ͷӈล͕ಘΒΕΔɽ
ఆཧ 3.4ͱͦͷԼͷ஫ҙʹै͏ͱɼఆཧ 3.6ͷӈลͷDeligneͷࠞ߹Hodgeߏ଄ʹؔ͢

ΔEλଟ߲ࣜΛͱΔͱɼͦΕ͸ (C∗)nͷ௒ۂ໘ͷ଒ʹର͢Δೋม਺ݶۃEλଟ߲ࣜͰ͋Δɽ
ͦͷҝʹ͸֤ F ∈ S ʹର͢Δ [VF ! µ̂]ͷ Hodge࣮ݱΛ͢ࢉܭΕ͹Α͍ɽ࡞༻Λແ͠ࢹ
ͨ৔߹ɼ୅਺తτʔϥεͷඇୀԽͳ௒ۂ໘ͷʢDeligneͷࠞ߹Hodgeߏ଄ʹؔ͢Δʣࠞ߹
Hodge਺ɼಛʹEଟ߲ࣜ͸Danilov-Khovanskii [4]ͷΞϧΰϦζϜʹΑͬͯ׬શʹࢉܭՄೳ
Ͱ͋Δɽ͜ͷΞϧΰϦζϜͷ֦ுͱͯ͠ɼBatylev-Borisov [1]ʹ͓͍ͯEଟ߲ࣜͷดͨ͡
Katzͱͯ͠ʹجΒΕ͓ͯΓɼͦͷ݁ՌΛ࡞͕ࣜެ Stapledon͸ [9], [11]ʹ͓͍ͯEhrhart
ཧ࿦ʹ͓͚Δଟ߲ࣜΛར༻͠ɼଟ໘ू߹UHf ͔Βఆ·Δ͍͔ͭ͘ͷଟ߲ࣜɿλ ∈ Cʹର
ͯ͠ɼlP (S;F ; t) ∈ Z[t], h∗

λ(P ; νf ; u) ∈ Z[u], l∗λ(P ; νf ; u) ∈ Z[u], h∗
λ(P, νf ; u, v) ∈ Z[u, v],

l∗λ(P ; νf ; u, v) ∈ Z[u, v], h∗
λ(P, νf ; u, v) ∈ Z[u, v, w] ౳Λఆٛͨ͠ɽఆٛͷৄࡉ͸ [11], [10]

ΛݟΑɽ͜ΕΒ͸׬શʹUHfͷ৘ใͷΈ͔Βܾఆ͞Εɼ༩͑ΒΕͨ fʹରͯ͠۩ମతʹܭ
ߦΛࢉܭͨ͠࢖ۦՄೳͰ͋Δ͜ͱʹ஫ҙͤΑɽ͜ΕΒͷଟ߲ࣜͷ૊Έ߹Θͤ࿦తੑ࣭Λࢉ
ΑΓɼఆཧʹࣄ͏ 3.6ͷӈลͷHodge࣮ݱͱͯ͠ಘΒΕΔೋม਺ݶۃEλଟ߲ࣜ͸͜ΕΒ
ͷଟ߲ࣜͷ૊Έ߹ΘͤͰදࣔͰ͖Δɽ͞ΒʹBatylev-Borisov [1]΍Borisov-Mavlyutov [2]
Ͱ༻͍ΒΕͨަࠥίϗϞϩδʔͷ΢ΣΠτʹؔ͢Δ७ੑΛར༻ͨ͠ํࢉܭ๏Λద༻͢Δ͜
ͱʹΑΓɼࡾม਺ݶۃEλଟ߲ࣜʹ͍ͭͯҎԼͷΑ͏ʹهड़Ͱ͖Δɽ

ఆཧ 3.7. ([11]) Y ͸ schönͰ͋Δͱ͢Δɽλ ∈ C∗ʹର͠ɼ

uvw2Eλ(Yt; u, v, w) = ε(λ) · (uvw2 − 1)n + (−1)n−1h∗
λ(P, νf ; u, v, w) (3.1)

͕੒ཱ͢Δɽͨͩ͠ɼε(λ) ∈ {0, 1}Λ

ε(λ) =

{
1 (λ = 1)
0 (λ = 0)

ͱ͓͍ͨɽ

4 Ϟϊυϩϛʔࣗݾಉܕͷࢉܭ

4.1 (C∗)n಺ͷ௒ۂ໘ͷ଒ͷ৔߹
f(t, x) =

∑
v∈Zn av(t)xv ∈ C(t)[x±

1 , . . . , x
±
n ] (av(t) ∈ C(t))Λnม਺C(t)܎਺ͷLaurentଟ

߲ࣜͱ͠ɼf(t, x)͕ఆٛ͢Δ (C∗)n಺ͷ௒ۂ໘ͷ଒ Y ⊂ (C∗)× (C∗)n͸ schönͱ͢Δɽఆ
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ཧ 3.7ʹΑͬͯࡾม਺ݶۃEλଟ߲ࣜ͸ࢉܭͰ͖ͨͷͰɼ࣍͸͜ͷ݁ՌΛ༻͍ͯ 1ষͰఆ
ٛͨ͠ϞϊυϩϛʔࣗݾಉܕΦj : Hj

c (Yt;C)
∼−→ Hj

c (Yt;C)Λ͢ࢉܭΔɽ2ষͰड़΂ͨΑ͏
ʹɼݶۃEλଟ߲͔ࣜΒϞϊυϩϛʔࣗݾಉܕΦjͷ Jordanඪ४ܗͷ৘ใΛҾ͖ग़͢ҝʹ
͸ɼࡾม਺Eλଟ߲ࣜͷwͷ࣍਺͕ूத͍ͯ͠ΔࣄͱɼHj

c (Yt;C)λ͕Ұͭͷ࣍਺Ҏ֎ͷ࣍
਺Ͱফ͍͑ͯΔࣄɼͷೋͭͷ৚͕݅ඞཁͳͷͰ͋ͬͨɽҰൠʹ͸શͯͷݻ༗஋ λ ∈ C∗ʹ
ରͯ͜͠ͷΑ͏ͳ৚͕݅੒ཱ͍ͯ͠Δ͜ͱ͸ظ଴Ͱ͖ͳ͍ͨΊɼ͜ͷ৚͕݅੒ΓཱͭҰͭ
ͷे෼৚݅Λ༩͑Δݻ༗஋ͷू߹Rf ΛҎԼͷΑ͏ʹఆٛ͢Δɽ֤ F ∈ Sʹରͯ͠ɼ

mF := [νF (Aff(F ) ∩ Zn) : νF (Aff(F ) ∩ Zn) ∩ Z] > 0

ͱఆΊɼCͷ༗ݶ෦෼ू߹Rf Λ

Rf :=
⋃

F∈S
F⊂∂P

{λ ∈ C | λmF = 1} ⊂ C

ͱఆٛ͢Δɽࣜ (3.1)ͷӈลΛ۩ମతʹ͢ࢉܭΔ͜ͱʹΑΓ࣍ΛಘΔɽ

ఆཧ 4.1. ([11], [10]) (C∗)n ಺ͷ௒ۂ໘ͷ଒ Y ͸ schönͰ͋Δͱ͢Δɽ͜ͷ࣌ɼ೚ҙͷ
λ /∈ Rf ʹରͯ͠ࡾม਺ݶۃEλଟ߲ࣜʹ͓͚Δwͷ࣍਺͸ n− 1ʹूத͍ͯ͠Δɽ۩ମత
ʹ͸

Eλ(Yt; u, v, w) = (−1)n−1w
n−1

uv
l∗λ(P, νf ; u, v)

͕੒ཱ͢Δɽ

࣍ʹHj
λ(Yt;C)ͷඇࣗ໌ͳ࣍਺ʹ͍ͭͯௐ΂Δɽ

໋୊ 4.2. Y ͸ schönͰ͋Δͱ͢Δɽ͜ͷ࣌ɼे෼খ͍͞ t ∈ C∗ʹରͯ͠

Hj
c (Yt;C) ≃ 0 (j < n− 1)

͕੒ཱ͠ɼ͞Βʹแؚࣸ૾ Yt ↪→ (C∗)nͷ༠ಋ͢ΔGysin४ಉܕ

Hj
c (Yt;C) −→ Hj+2

c ((C∗)n;C)

͸ j > n − 1ͷ࣌ಉܕʹͳΓɼj = n − 1ͷ࣌શࣹʹͳΔɽ͞Βʹ͜ͷಉܕΛ༻͍Δͱɼ
j > n− 1ͷ࣌ϞϊυϩϛʔࣗݾಉܕΦj : Hj

c (Yt;C)
∼−→ Hj

c (Yt;C)͸߃౳ࣸ૾ʹͳΔɽ

͜ͷ໋୊ 4.2ʹΑΓλ ̸= 1ʹରͯ͠͸Hj
c (Yt;C)λ = 0 (j ̸= n−1)ͱͳΔɽఆཧ 4.1ͱ໋

୊ 4.2Λ߹ΘͤΔ͜ͱͰɼ2ষͰड़΂ͨΑ͏ʹࡾม਺ݶۃEλଟ߲͔ࣜΒΦn−1ͷ Jordanඪ
४ܗͷݻ༗஋λʹؔ͢Δ෦෼ͷ৘ใΛ෮͢ݩΔ͜ͱ͕Ͱ͖Δɽ۩ମతʹ͸ɼΦn−1ͷ Jordan
ඪ४ܗͷݻ༗஋ λʹؔ͢Δେ͖͞mͷ Jordanࡉ๔ͷݸ਺Λ Jλ,mͱॻ͘ͱ͖ɼࣜ (3.1)Λ
༻͍Δ͜ͱͰɼJλ,m͸࣍ͷΑ͏ͳࣜͰද͞ݱΕΔɽ

ఆཧ 4.3. Y ͸ schönͰ͋Δͱ͢Δɽ͜ͷ࣌ɼλ /∈ Rf ʹର͠ɼҰม਺ଟ߲ࣜ؀ Z[s]ʹ͓
͚Δ౳ࣜͱͯ͠ɼ

n−1∑

m=0

Jλ,n−ms
m+2 =

∑

F∈S

sdimF l∗λ(F, νf |F ; 1) · l̃P (S, F ; s2)

͕੒ཱ͢Δɽ͜͜Ͱଟ߲ࣜ l̃P (S, F ; t)͸ଟ߲ࣜ lP (S, F ; t)ͷ֤߲ͷ܎਺Λ༻͍ͯఆٛ͞Ε
Δ Z܎਺ͷଟ߲ࣜͰ͋Δʢ[10]ΛݟΑʣɽ
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͜ͷࢉܭΛͨ͏ߦΊʹॏཁͳ໾ׂΛՌͨͨ͠ఆཧ 4.1Ͱ͋Δ͕ɼݩʑͷূ໌͸ࣜ (3.1)
ͷࢉܭΛ۩ମతʹ࣮͢ߦΔͱࡾม਺ݶۃEλଟ߲ࣜͷwʹؔ͢Δ࣍਺͕ूத͍ͯ͠Δͱ͍
͏΋ͷͰ͋ΓɼزԿֶతͳূ໌Ͱ͋Δͱ͸͍ݴ೉͍ɽҎԼͰ͜ͷఆཧ 4.1ͷزԿֶతͳҙ
ຯ͚ͮΛ͑ߟΔɽπ : Y −→ C∗ΛࣹӨɼj : C∗ −→ CΛแؚࣸ૾ͱ͢ΔɽCY Ͱ Y ্ͷC
,∗਺ͷఆ਺૚ΛɼRπ܎ Rπ!Ͱ πͷಋདྷॱ૾ͱಋདྷݻ༗ॱ૾വखΛද͢ɽC্ͷ࠲ඪؔ਺ t
ͱ λ ∈ C∗ʹର͠ɼψt,λͰݻ༗஋ λʹؔ͢Δۙ઀αΠΫϧവखΛද͢ɽ

ఆཧ 4.4. ([10]) (C∗)n ಺ͷ୅਺ଟ༷ମͷ଒ Y ͸ schönͰ͋Δͱ͢Δɽ͜ͷ࣌ɼ೚ҙͷ
λ /∈ Rf ʹରͯࣗ͠વͳࣹRπ!CY −→ Rπ∗CY ͷ༠ಋ͢Δࣹ

ψt,λ(j!Rπ!CY ) −→ ψt,λ(j!Rπ∗CY )

͸ಉ૾ࣸܕͰ͋Δɽ

͜ͷఆཧ͸ࠞ߹HodgeՃ܈ͷཧ࿦ʹ͓͚Δۙ઀αΠΫϧവखͷ࢝ݪ෼ղఆཧͱݺ͹Ε
Δ΋ͷΛར༻ͯࣔ͠͞Εɼఆཧ 3.1ͷ݁ࢉܭՌΛ༻͍ͣʹূ໌͞ΕΔࣄʹ஫ҙ͓ͯ͘͠ɽ
೚ҙͷ j ∈ Zͱे෼খ͍͞ t ∈ C∗ʹରͯ͠ɼ

Hjψt,λ(j!Rπ!CY ) ≃ Hj
c (Yt;C)

Hjψt,λ(j!Rπ∗CY ) ≃ Hj(Yt;C)

Ͱ͋Δɽैͬͯఆཧ 4.4ʹΑΔͱɼλ /∈ Rf ʹର͠ɼ

Hj
c (Yt;C)λ

∼−→ Hj(Yt;C)λ (j ∈ Z) (4.1)

͸ಉܕʹͳΔɽYt͸n−1࣍ݩͷ׈Β͔ͳΞϑΝΠϯଟ༷ମͰ͋Δ͔ΒHj(Yt;C) = 0 (j >
n− 1)͕੒ཱ͢Δɽै໋ͬͯ୊ 4.2ͱ߹ΘͤΔ͜ͱͰ λ /∈ Rf ʹର͠ɼ

Hj
c (Yt;C)λ ≃ 0 (j ̸= n− 1)

͕੒ཱ͢Δɽ͞ΒʹɼΑ͘஌ΒΕ͍ͯΔΑ͏ʹHn−1
c (Yt;C)ͷDeligneͷ΢ΣΠτϑΟϧ

τϨʔγϣϯʹؔ͢Δ࣍਺෇͖঎GrWr Hn−1
c (Yt;C)͸ r͕ nҎ্ͷ࣌ʹফ͓͑ͯΓɼଞํ

GrWr Hn−1(Yt;C)͸ r͕n−2ҎԼͷ࣌ʹফ͍͑ͯΔɽैͬͯಉܕ (4.1)ΑΓλ /∈ Rfʹର͠ɼ

GrWr Hn−1
c (Yt;C)λ ≃ 0 (r ̸= n− 1)

ͱͳ͍ͬͯΔ͔Βɼఆཧ 4.1ͷࡾม਺ݶۃEλଟ߲ࣜͷwʹؔ͢Δ࣍਺ͷूதʹؔ͢Δओ
ுͷزԿֶతͳผূ໌͕ಘΒΕͨɽ

4.2 Cn಺ͷ௒ۂ໘ͷ଒ͷ৔߹

f(t, x) =
∑

v∈Zn av(t)xv ∈ C(t)[x1, . . . , xn] (av(t) ∈ C(t))Λ nม਺C(t)܎਺ͷଟ߲ࣜͱ͢
Δɽ4.1અͷ৔߹ͱ·ͬͨ͘ಉ༷ʹUHf , P, νf ,S΍ schönੑΛఆٛ͢ΔɽҎԼ f(t, x)͕ఆ
ٛ͢ΔCn಺ͷ௒ۂ໘ͷ଒ Y ⊂ C∗ × Cn͸ schönͱ͢Δɽ෦෼ू߹ I ⊂ {1, . . . , n}ʢۭू
߹΋͢ڐʣʹରͯ͠ɼ

T I := {(x1, . . . , xn) ∈ Cn | xi = 0 (i /∈ I), xi ̸= 0 (i ∈ I)} ≃ (C∗)|I|

ͱఆٛ͢Δɽ͢ΔͱɼCn =
⊔

I⊂{1,...,n} T
I ͱ͍͏Cnͷ෼ղΛಘΔɽ·ͨɼI ⊂ {1, . . . , n}

ʹରͯ͠ fI ∈ C(t)[(xi)i∈I ]Λ fͷ֤ xi (i /∈ I)ʹ 0Λ୅ೖͯ͠Ͱ͖Δ |I|ม਺ͷଟ߲ࣜͱ͢
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Δɽ͜ͷͱ͖ fI ͸ T I ಺ͷ௒ۂ໘ͷ଒ Y I ΛఆΊΔɽY I ΋ schönʹͳΔ͜ͱʹ஫ҙ͢Δɽ
Y ͷࡾม਺ݶۃEλଟ߲ࣜ͸ɼCnͷ T I Βͷ෼ղʹैͬͯ

Eλ(Yt; u, v, w) =
∑

I⊂{1,...,n}

Eλ(Y
I
t ; u, v, w) (4.2)

ͱ෼ղ͢Δ͜ͱ͕Ͱ͖Δɽఆཧ 3.7ʹΑͬͯ schönͳ୅਺తτʔϥε಺ͷ௒ۂ໘ͷ଒ʹର
͢Δࡾม਺ݶۃEλଟ߲ࣜ͸͢ࢉܭΔ͜ͱ͕Ͱ͖ͨͷͰɼࣜ (4.2)ͷӈลʹఆཧ 3.7Λద༻
͢Δ͜ͱͰEλ(Yt; u, v, w)΋UHf ͔Βఆ·Δଟ߲ࣜΛ༻͍Δ͜ͱͰࢉܭՄೳͰ͋Δɽ

4.1અͷ৔߹ͱಉ༷ɼEλ(Yt; u, v, w)͔ΒϞϊυϩϛʔࣗݾಉܕΦjͷ Jordanඪ४ܗͷ৘
ใΛ෮͢ݩΔͨΊʹ͸Eλ(Yt; u, v, w)ͷwʹؔ͢Δ࣍਺͕ूத͍ͯ͠ΔࣄͱɼHj

c (Yt;C)λ
ͷඇࣗ໌ͳ࣍਺͕Ұ͔ॴͷΈͰ͋Δ͕ࣄඞཁͰ͋Δɽ

∂P ͷ෦෼ू߹ P∞Λ P∞ := ∂P ∩ IntRn
+ ⊂ ∂P Ͱఆٛ͢Δɽͦͯ͠ɼRf ⊂ CΛ

Rf :=
⋃

F∈S
F⊂P∞

{λ ∈ C | λmF = 1} ⊂ C

Ͱఆٛ͢ΔɽCn಺ͷ௒ۂ໘ͷ଒ʹରͯ͠΋ɼఆཧ 4.1ʹ૬౰͢Δఆཧ͕੒ཱ͢Δɽ

ఆཧ 4.5. ([10]ʣCn಺ͷ௒ۂ໘ͷ଒ Y ͸ schönͰ͋Δͱ͢Δɽ͜ͷ࣌ɼ೚ҙͷ λ /∈ Rf ʹ
ରͯ͠ࡾม਺ݶۃEλଟ߲ࣜʹ͓͚Δwͷ࣍਺͸ n− 1ʹूத͍ͯ͠Δɽ۩ମతʹ͸

Eλ(Yt; u, v, w) = (−1)n−1w
n−1

uv
l∗λ(P, νf ; u, v)

͕੒ཱ͢Δɽ

࣍ʹHj
c (Yt;C)λͷඇࣗ໌ͳ࣍਺͕Ұ͔ॴͷΈͰ͋ΔΑ͏ͳ λʹ͍ͭͯ͑ߟΔɽ

ఆٛ 4.6. f(t, x)͕ίϯϏχΤϯτͰ͋Δͱ͸ɼ೚ҙͷRnͷ͍͔ͭ͘ͷ࠲ඪ࣠Ͱੜ੒͞
ΕΔ෦෼ۭؒH ⊂ Rnʹରͯ͠ɼdimP ∩H = dimHͱͳΔࣄͰ͋Δɽ

ಛʹ P ͸Rnͷݪ఺ΛؚΜͰ͍Δɽf ͕͜ͷੑ࣭Λຬ͍ͨͯ͠Δ৔߹ʹ͸ɼ࣍ͷ໋୊
͕ࣔ͢Α͏ʹ 1Ͱͳ͍ λʹରͯ͠͸Hj

c (Yt;C)λͷඇࣗ໌ͳ࣍਺͸Ұ͔ॴͷΈͰ͋Δɽ

໋୊ 4.7. Cn಺ͷ௒ۂ໘ͷ଒ Y ͸ schönͰ͋Γɼ͞Βʹ f ͸ίϯϏχΤϯτͰ͋Δͱ͢
Δɽ͜ͷ࣌ɼे෼খ͍͞ t ∈ C∗ʹରͯ͠

Hj
c (Yt;C) ≃ 0 (j < n− 1)

͕੒ཱ͠ɼ͞Βʹแؚࣸ૾ Yt ↪→ Cnͷ༠ಋ͢ΔΪγϯ४ಉܕ

Hj
c (Yt;C) −→ Hj+2

c (Cn;C)

͸ j > n − 1ͷ࣌ಉܕʹͳΓɼj = n − 1ͷ࣌શࣹʹͳΔɽ͞Βʹ͜ͷಉܕΛ༻͍Δͱɼ
j > n− 1ͷ࣌ϞϊυϩϛʔࣗݾಉܕΦj : Hj

c (Yt;C)
∼−→ Hj

c (Yt;C)͸߃౳ࣸ૾ʹͳΔɽ

͜ͷ໋୊ʹΑΓ f ͕ίϯϏχΤϯτͳΒ͹ಛʹHj
c (Yt;C) ≃ 0 (j = n− 1, 2(n− 1))͕

੒ཱ͠ɼλ ̸= 1ʹରͯ͠Hj
c (Yt;C)λ = 0 (j ̸= n− 1)͕੒ཱ͢Δɽނʹఆཧ 4.5ͱ߹ΘͤΕ

͹Φn−1ͷ Jordanඪ४ܗͷݻ༗஋λ /∈ Rfʹؔ͢Δ෦෼ͷ৘ใ͕ࡾม਺ݶۃEλ(Yt; u, v, w)
Λ༻͍ͯ۩ମతʹ͢ࢉܭΔ͜ͱ͕Ͱ͖Δɽ
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f ͕ίϯϏχΤϯτͱ͍͏৚݅͸ز෼͍ڧ΋ͷͰ͋Γྫ͑͹ྫ 1.1ͷΑ͏ͳঢ়گͷ৔
߹ɼf ͕ schön͔ͭίϯϏχΤϯτΛԾఆ͢Δͱɼத৺ͷϑΝΠόʔ g−1(0) ⊂ Cn͸ݪ఺
0 ∈ CnΛߴʑཱݽಛҟ఺ʹ࣋ͭɽத৺ͷϑΝΠόʔཱ͕͍ͯ͠ݽͳ͍Α͏ͳಛҟ఺Λ࣋
ͭ৔߹΋ѻ͑ΔΑ͏ʹ͢ΔͨΊʹɼ͜ͷίϯϏχΤϯτͱ͍͏৚݅Λ֎͢ɽݤͱͳΔͷ͸
ఆཧ 4.4ͷܕͷఆཧͰ͋Δɽ

Rn
+ͷୈҰ৅ݶͷ໘ σ ≺ Rn

+Ͱ (P \P∞)∩ σ ̸= ∅ͱͳΔΑ͏ͳ΋ͷΛશͯूΊɼ֤ σͷ
૒ରਪͷͳ͢ઔʹରԠͨ͠τʔϦοΫଟ༷ମΩ0͸Cnͷ Zariski։ू߹ʹͳ͍ͬͯΔʢͨ
ͩ͠ɼҰൠʹ͜Ε͸ΞϑΝΠϯͰ͋Δͱ͸ݶΒͳ͍ʣɽY ◦ := Y ∩ (C∗×Ω0) ⊂ C∗×Ω0ͱ
ఆΊɼπ◦ : Y ◦ −→ C∗ΛࣹӨͱ͢Δɽ4.1અͱಉ༷ʹɼπ : Y −→ C∗ΛࣹӨɼj : C∗ −→ C
Λแؚࣸ૾ɼCY , CY ◦ ͸ͦΕͧΕ Y , Y ◦্ͷ܎਺͕Cͷఆ਺૚ͱ͢Δɽ͜ͷ࣌ɼ࣍ͷΑ
͏ͳఆཧ 4.4ͷܕͷఆཧΛಘΔɽҎԼͷఆཧͰ͸ίϯϏχΤϯτͱ͍͏৚݅͸՝͍ͯ͠ͳ
஫ҙͤΑɽʹࣄ͍

ఆཧ 4.8. ([10]) Cn಺ͷ୅਺ଟ༷ମͷ଒ Y ͸ schönͰ͋Δͱ͢Δɽ೚ҙͷ λ /∈ Rf ʹର͠
ͯCY ◦ −→ CY ͷ༠ಋ͢Δࣹ

ψt,λ(j!Rπ!CY ◦) −→ ψt,λ(j!Rπ!CY )

͸ಉ૾ࣸܕͰ͋Δɽ͞ΒʹɼࣗવͳࣹR(π◦)!CY ◦ −→ R(π◦)∗CY ◦ͷ༠ಋ͢Δࣹ

ψt,λ(j!R(π◦)!CY ◦) −→ ψt,λ(j!(π
◦)∗CY ◦)

͸ಉ૾ࣸܕͰ͋Δɽ

͜ͷఆཧ 4.8ʹΑͬͯɼλ /∈ Rf ʹରͯ͠

Hj
c (Y

◦
t ;C)λ

∼−→ Hj
c (Yt;C)λ (4.3)

ͼٴ

Hj
c (Y

◦
t ;C)λ

∼−→ Hj(Y ◦
t ;C)λ (4.4)

͸ಉܕʹͳΔɽ͜ͷಉܕ (4.4)Λ༻͍Δͱɼఆཧ 4.4ͷԼͷٞ࿦ͱಉ༷ʹͯ͠

GrWr Hj
c (Y

◦
t ;C)λ = 0 (r ̸= j)

͕෼͔Δɽ͜Εͱఆཧ 4.5ͷࡾม਺ݶۃEλଟ߲ࣜͷwʹؔ͢Δ࣍਺ͷूதΛ༻͍Ε͹ɼ

Hj
c (Y

◦
t ;C)λ (j ̸= n− 1)

͕ಘΒΕΔɽΑͬͯɼಉܕ (4.3)ΑΓ

Hj
c (Yt;C)λ ≃ 0 (j ̸= n− 1)

͕੒ཱ͢Δɽ͜ͷ݁Ռͱఆཧ 4.5Λ߹ΘͤΕ͹ɼλ /∈ Rf ʹରͯ͠ 4.1અͷΑ͏ʹࡾม਺
Φn−1ͷܕಉݾEλଟ߲͔ࣜΒϞϊυϩϛʔࣗݶۃ Jordanඪ४ܗͷݻ༗஋ λʹؔ͢Δ֤େ
͖͞ͷ Jordanࡉ๔ͷݸ਺ΛUHf Ͱܾఆ͞ΕΔଟ߲ࣜΛ༻͍ͯ۩ମతʹهड़͢Δ͜ͱ͕Ͱ
͖Δɽ
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4.3 (C∗)nٴͼCn಺ͷ׬શަࠥଟ༷ମͷ଒ͷ৔߹

͜͜·Ͱͷ݁Ռ͸શͯ׬શަࠥଟ༷ମͷ଒ͷ৔߹ʹ֦ு͢Δ͜ͱ͕Ͱ͖Δɽf1(t, x), . . . ,
fk(t, x) ∈ C(t)[x±

1 , . . . , x
±
n ] (resp. f1(t, x), . . . , fk(t, x) ∈ C(t)[x1, . . . , xn])ΛC(t)܎਺ͷ n

ม਺ Laurentଟ߲ࣜʢresp. ଟ߲ࣜʣͷ༗ݸݶͷ଒ͱ͢Δɽ͜ͷͱ͖ɼे෼খ͍͞ ε ∈ C∗

ʹରͯ͠ɼB(0, ϵ)∗ × (C∗)n (resp. B(0, ϵ)∗ ×Cn)಺ͷ fi(t, x) (1 ≤ i ≤ k)Βͷڞ௨ྵ఺ Y
͸ద੾ͳ৚݅ԼͰ (C∗)n (resp. Cn)಺ͷ׬શަࠥଟ༷ମͷ଒ΛఆΊΔɽ௒ۂ໘ͷ଒ͷ৔߹
ͱಉ༷ɼे෼খ͍͞ t ∈ C∗ʹରͯ͠ YtΛͦͷ tʹ͓͚ΔϑΝΠόʔΛද͠ɼͦͷίϯύ
Ϋτ୆෇͖ίϗϞϩδʔ্܈ͷϞϊυϩϛʔࣗݾಉܕ Φj : Hj

c (Yt;C)
∼−→ Hj

c (Yt;C)Λఆ
ΊΔ͜ͱ͕Ͱ͖Δɽ֤ݶۃEλଟ߲ࣜ౳͸௒ۂ໘ͷ৔߹ͱશ͘ಉ༷ʹఆٛ͞ΕΔɽ
͜ͷ৔߹΋௒ۂ໘ͷ଒ʹରͯ͠ఆٛ͞ΕͨUHf ʹ૬౰͢Δ΋ͷ͕ఆٛ͞Εɼschönͱ

͍͏ੑ࣭Λఆٛ͢Δ͜ͱ͕Ͱ͖Δɽ͜ͷ৚݅ͷԼͰ·ͣݶۃEλଟ߲ࣜΛ͢ࢉܭΔɽ͜ͷ
ҝʹ͸Danilov-Khovanskii [4]ʹ͓͍ͯ༻͍ΒΕͨCayleyτϦοΫͱݺ͹ΕΔख๏Λଟ߲
ࣜͷ଒ͷ৔߹ʹԠ༻͠ݶۃEλଟ߲ࣜΛ͍͔ͭ͘ͷ௒ۂ໘ͷ଒ʹର͢ΔݶۃEλଟ߲ࣜΛ
༻͍ͯද͠ݱɼఆཧ ணͤ͞Δͱ͍͏ํ๏Λ༻͍Δɽ͜ΕʹΑͬͯɼ֤ؼʹ3.7 fi(t, x)ʹ
ର͢Δଟ໘ू߹UHfiͷ૊Έ߹Θͤ࿦తͳ৘ใͷΈ͔ΒࢉܭͰ͖Δଟ߲ࣜΛ༻͍ͯ׬શަ
ࠥଟ༷ମͷ଒ʹର͢ΔݶۃEλଟ߲ࣜΛهड़͢Δ͜ͱ͕Ͱ͖Δɽ
ͦͯ͠ɼ͜ͷ৔߹ʹ͓͍ͯ΋Cͷ༗ݶ෦෼ू߹Rf ⊂ CΛద੾ʹఆٛ͢Δ͜ͱ͕Ͱ͖ɼ

λ /∈ Rf ͷ৔߹ࡾม਺ݶۃEλଟ߲ࣜͷwʹؔ͢Δ࣍਺͕ूத͍ͯ͠Δͱ͍͏ఆཧ 4.1, 4.5
ͷ৔߹ɼwʹؔ͢Δ࣍਺͸گͰ͖Δʢ͜ͷঢ়͕ࣄͷओுΛࣔ͢ܕ n− k࣍ʹूத͢Δʣɽ
ɼλʹޙ࠷ /∈ Rfʹରͯ͠Hj

c (Yt;C)ͷඇࣗ໌ͳ࣍਺͕ूத͍ͯ͠Δͱ͍͏ఆཧ 4.4, 4.8
ͷओுΛࣔ͢͜ͱ͕Ͱ͖Δʢ͜ͷ৔߹ɼjܕ = n− k࣍ͷΈ͕ඇࣗ໌ͳίϗϞϩδʔ܈Ͱ
͋Δʣɽ
Ҏ্Λ߹ΘͤΔ͜ͱͰ 4.1, 4.2અͱಉ༷ʹɼHn−k

c (Yt;C)ͷϞϊυϩϛʔࣗݾಉܕΦn−k

ͷ Jordanඪ४ܗʹ͓͚Δݻ༗஋ λ /∈ Rf ʹؔ͢Δ֤େ͖͞ͷ Jordanࡉ๔ͷݸ਺Λɼଟ໘
ू߹UHfiͷ૊Έ߹Θͤ࿦తͳ৘ใͷΈ͔ΒࢉܭͰ͖Δଟ߲ࣜΛ༻͍ͯ۩ମతʹهड़͢Δ
͜ͱ͕Ͱ͖Δɽ

ँࣙ

୅਺زԿֶ৓࡚γϯϙδ΢Ϝ 2016ͰͷߨԋͷػձΛԼͬͨ͞ɼੈ࿩ਓͷ౻໺मઌੜɼখ
ྛਖ਼యઌੜɼେ઒৽೭հઌੜʹਂ͘͠ँײ·͢ɽ
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