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1. Introduction

Batra and Casas (1976) (hereinafter BC) published an article on functional relations in
a three-factor, two-good neoclassical model (or 3 x 2 model). The authors claimed that ‘a
strong Rybczynski result’ arises if we use Thompson’s (1985) terminology. According to
Suzuki (1983, p. 141), BC contended in Theorem 6 (p. 34) that ‘if commodity 1 is relatively
capital intensive and commodity 2 is relatively labor intensive, an increase in the supply of
labor increases the output of commodity 2 and reduces the output of commodity 1. [Moreover,
an increase in the supply of capital increases the output of commodity 1 and reduces the out-
put of commodity 2.]"’ This is what a strong Rybczynski result implies. A strong Rybczynski
result is a loose concept, as we show later, and it includes three Rybczynski sign patterns,
which express the factor endowment—commaodity output relationships.

Suzuki (1983) contended that this could not be the case under the assumption of ‘perfect
complementarity.” He used the Allen partial elasticities of substitution (hereinafter AES) for
his analysis. Jones and Easton (1983) (hereinafter JE) mainly analyzed the commodity price—
factor price relationship. This relationship is the dual counterpart in the factor endowment—
commodity output relationship. On this duality, see JE (p. 67); see also BC (p. 36, egs. (31)-
(33)). In section 4 (pp. 77-81), JE showed six patterns of the commodity price—factor price
relationship using a diagrammatic technique.”’ Apparently, a strong Rybczynski result does
not hold for some relationships that JE showed. JE (p. 75) defined ‘economy-wide substitu-

tion’ (hereinafter EWS) for their analysis. Using EWS, JE showed some sufficient conditions
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for the commodity price—factor price relationship to hold in subsection 5.2 (pp. 86-92). JE

suggested that ‘the factor-intensity ranking’ and EWS are important for their analysis (see p.

67 and 96). Thompson (1985) also tried to show some sufficient conditions for a strong Ryb-

czynski result to hold (or not to hold). He used the concept of ‘aggregate substitution.” Aggre-

gate substitution is related with EWS as shown in eq. (A16).

In summary, these three articles tried to disprove BC's claim of ‘a strong Rybczynski result’
and tried to show sufficient conditions for that result to hold (or not to hold). However, Su-
zuki (1983)’s proof is not plausible (see Nakada (2015a)).” JE's analysis is somewhat com-
plicated. Particularly, JE's proof in subsections 5.2.4 and 5.2.5 (p. 90-2) using ‘perfect com-
plementarity’, defined by the authors themselves, is implausible (see Nakada (2015b) and eq.
(A18)).” Thompson'’s analysis is questionable. In the Appendix (p. 66-70), Teramachi (1993)
commented that the analysis in Thompson (1985) was not plausible. Before Thompson (1985),
it was meaningful to disprove the results derived by BC; however, since Thompson (1985),
the significance of disproving the results seems to have decreased.

On the other hand, Takayama (1982, p. 13-21) analyzed the factor endowment—commod-
ity output relationship and its dual counterpart in the 3 x 2 model in his survey article. Ac-
cording to Takayama, if ‘extreme factors’ are ‘aggregate complements’ (for this definition,
see Takayama, (1982, p. 18)), we derive the result that is equivalent to ‘a strong Rybczynski
result.’ >’

The following questions arise.

(i) Can we do a more detailed analysis on a sufficient condition for each Rybczynski sign
pattern to hold? If so, how can we do it?

(i) What results can we derive otherwise?

After Thompson (1985), what studies have been conducted on the 3 x 2 model? We ex-
plain the articles that address the factor endowment-commaodity output relationship and/or its
dual-counterpart, the commodity price-factor price relationship.

We have classified the articles after Thompson (1985) as follows. ¢’

(1) Studies that assume the functional form of production functions; for example, Thompson
(1995).

(i1) Studies that make another assumption concerning production functions (e.g., normal
property, separability). See, for example, Suzuki (1985), Suzuki (1987, Chapter 2), and
Bliss (2003).

(ii1) Studies that modify one of the basic assumptions; for example, Ide (2009).

(iv) Other studies, for example, Teramachi (1993, 1995, 2015) and Easton (2008).

(v) Studies that analyzed a somewhat different aspect or the commodity price-relative factor
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price relationship. For example, Ban (2007a), Ban (2008), and Ban (2011). See also Ban
(2007b). Ban assumed that production functions were of the two-level CES type.

In summary, some of these studies after Thompson (1985) are more complex. I am uncer-
tain whether all of these studies have plausible results. Some papers apply the models before
the basic functions of the model are understood. The analyses in some articles differ signifi-
cantly from others, and it is not easy to make a comparison. Some studies such as Bliss (2003)
did not present the process of computation. Some results are implausible. For example,
Easton (2008) tried to extend the concept of ‘perfect complementarity’ defined by JE, which
does not hold, as the author showed in the Appendix A (see eq. (A18)). Therefore, it seems
questionable to extend that concept further as in Easton (2008). Teramachi (1993, 2015) as-
sumed that, for example, extreme factors are perfect complements, as JE assumed. However,
that is implausible, as I stated earlier.

At least, concerning a sufficient condition for each Rybczynski sign pattern to hold in the 3
x 2 model of BC's original type, other studies are far from systematic. That is, no other stud-
ies derived all the conditions in a one-to-one correspondence. The purpose of this article is
to derive such a condition in a systematic manner. Notably, we define the EWS-ratio vector
based on the EWS, * and we use this and the Hadamard product of matrices for the analysis.
The EWS-ratio is the relative magnitude of EWS compared to another EWS. In this article,
we conclude that the position of the EWS-ratio vector determines the Rybczynski sign pat-
tern. Using this relationship, we derive a sufficient condition for a strong Rybczynski result
to hold (or not to hold).

Can we estimate the position of the EWS-ratio vector? Nakada (2016a) proves that we can
estimate it if we have appropriate data. This article provides a basis for further applications.
For example, it is useful for estimating the Rybczynski sign pattern in some countries, and it
will contribute to international economics and energy economics.’’

Section 2 of this study explains the model. In subsection 2.1, we explain the basic structure
of the model. We make a system of linear equations using a 5 x 5 matrix."”’ In subsection
2.2, we assume factor-intensity ranking."’ In subsection 2.3, we define the EWS-ratio vec-
tor based on EWS for the analysis. We derive the important relationship among EWS-ratios
and draw the EWS-ratio vector boundary in the figure, which is useful for our analysis. In
subsection 2.4, we derive the solutions of a system of linear equations. In subsection 2.5, we
develop a Rybczynski matrix and transform its component using EWS-ratios. In subsection
2.6, we draw the border line for a Rybczynski sign pattern to change in the figure, which we
call line 7j. Line #j divides the region of the EWS-ratio vector into 12 subregions. In subsec-

tion 2.7, we analyze Rybczynski sign patterns using the Hadamard product of matrices and
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derive a sufficient condition for each Rybczynski sign pattern to hold and, next, derive a suf-

ficient condition for a strong Rybczynski result to hold (or not to hold). In subsection 2.8, we

analyze Stolper-Samuelson sign patterns, which express the commodity price—factor price
relationships. In section 3, we show some applications of these results. Section 4 presents the
conclusion, and the Appendix A derives the important relationship among EWSs. The Ap-
pendix B shows that the determinant of the coefficient matrix of a system of linear equations,
is negative.

The studies after Thompson (1985) are as follows.

(i) Thompson (1995) assumed that production functions were of the trans-log type, and
estimated the values of parameters in the United States using econometrics. Based on
these parameter values, he computed ‘the aggregate elasticities” (equivalent to EWS).
This is an application.'”’ Next, Thompson assumed that production functions were of the
Cobb-Douglas and CES types. Additionally, he assumed ‘strong degrees of complemen-
tarity.” This is a simulation.

(i) Suzuki (1985) assumed normal property’ of the factor of production. In Suzuki (1987,
Chapter 2, p. 27-36), the author assumed that production functions were separable (p.
32). Bliss (2003) assumed that only one sector had a specific factor. He assumed sepa-
rability and non-separability in production functions. Bliss (2003) assumed that capital
and land were ‘Hicksian complements’ in agriculture (p. 274) and attempted to explain
the wage movement in British economic history. This is a type of application.

(ii1) Ide (2009) modified one of the model’s basic assumptions and assumed the model with
increasing returns to scale technology. He assumed that extreme factors were ‘aggregate
complements.’ This is a theoretical study.

(iv) Teramachi (1993) analyzed the commodity price—factor price relationships in elastic-
ity terms. Teramachi (2015, Chapter 3) published most of this article as a chapter in
his book.”’ See also Teramachi (1995). Easton (2008) analyzed whether the extent of
substitutability and complementarity affected the commodity price-factor price relation-
ships. He reconsidered the analysis in JE (1983).

(v) Ban (2007a) attempted to analyze how commodity prices affected relative factor prices,
for example, the skilled labor wage over unskilled labor wage. The author described the
effects when she changed ‘the cost share pattern’ (or the factor-intensity ranking in our
expression). She assumed that production functions were of the two-level CES type. In
her model, the three factors are skilled labor, capital, and unskilled labor. She assumed
that skilled labor and capital could be [Allen-] complements’ in each sector, and she

computed the values of AES theoretically. However, her analysis is somewhat compli-
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cated, and her results are not clear. She showed some definite results. This is a theoreti-
cal study. Ban (2008, p. 4, Table 1) showed a table classifying the results in Ban (2007a)
by factor-intensity ranking and factor-intensity ranking for the middle factor.'’ She clas-
sified the countries in the world into 14 regions in total and computed the input-output
coefficient for each area using the GTAP version 6 database to derive factor-intensity
ranking. However, Ban (2008) did not show the factor-intensity ranking for the middle
factor."”’ Additionally, she assumed 10 types of values for ‘the elasticities of substitution’
(equivalent to EWS) to simulate how commodity prices affect the relative factor prices.
This is an application. Ban (2011, chapter 4, p. 87-109) summarized the results of Ban
(2007a) and Ban (2008) and modified the studies. For her results, see Ban (2011, p. 96-
7, Table 4-1). See also Ban (2007b). In summary, in all her studies, Ban assumed that
production functions are of the two-level CES type. Therefore, I am uncertain whether

the results hold in general.

2. Model

2.1. Basic structure of the model

We assume similarly to BC (p. 22-3). That is, we assume as follows. Products and factor
markets are perfectly competitive. The supply of all factors is perfectly inelastic. Production
functions are homogeneous of degree one and strictly quasi-concave. All factors are not spe-
cific and perfectly mobile between sectors, and factor prices are perfectly flexible. These two
assumptions ensure the full employment of all resources. The country is small and faces ex-
ogenously given world prices, or the movement in the price of a commodity is exogenously
determined. The movements in factor endowments are exogenously determined.

Full employment of factors implies
24X, =V, i=T.K L, (1)

where X; denotes the amount produced of good j (j = 1, 2); a; denotes the requirement of
input i per unit of output of good j (or the input-output coefficient); V; denotes the supply of
factor 7; T is the land, K capital, and L labor.

In a perfectly competitive economy, the unit cost of production of each good must just

equal its price. Hence,

D= pnJ=1.2, 2)
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where p; is the price of good j, and w, is the reward of factor .
BC (p. 23) stated, ‘With quasi-concave and linearly homogeneous production functions,
each input-output coefficient is independent of the scale of output and is a function solely of

input prices:’

a, = a,.(wl.), i=T,K ,L,j =1,2. 3)

ij ij

The authors continued, In particular, each C;; [a; in our expression] is homogeneous of de-
gree zero in all input prices. '*’
Equations (1)-(3) describe the production side of the model. These are equivalent to eqs

(1)-(5) in BC. The set includes 11 equations in 11 endogenous variables (X, a;, and w,) and

i
five exogenous variables (¥; and p;). The small country assumption simplifies the demand

side of the economy. Totally differentiate (1):

Y (a, *+A4, X, %) =V* i=T,K ,L, 4)

12

where an asterisk denotes a rate of change (e.g., X;*=dX;/X;), and where 4, is the proportion
of the total supply of factor i in sector j (that is, 4,=a;X,/V;). Note that 2, 4,=1.
The minimum unit cost equilibrium condition in each sector implies 2; w; da; = 0. Hence,

we derive (see JE (p. 73), BC (p. 24, note 5),

2.60,a,%=0, j=1, 2, (5)

Yy

where 6 is the distributive share of factor i in sector j (that is, 6,= a; w;/p;). Note that 2,0, =1;
da; is the differential of a;.

Totally differentiate eq. (2):

Ow*=p* j=1 2. (6)

iy

Subtract p,* from both sides of eq. (6):
Z,0,w,*=0,

(7)
>0,w*=-P,i=T, K, L,

where P = p *—p,*, w,* = w*—p™* w,=w/p; P isthe change in the relative
price of a commodity; w;, is the real factor price measured by the price of good 1.

Totally differentiate eq. (3) to obtain

ai/‘*: ZhSUhWh*ai:T’KaLaj:L 2’ (8)

where
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g’, = ologay / dlog w, = 6,,6",. )

o, is the AES (or the Allen-partial elasticities of substitution) between the ith and the Ath
factors in the jth industry. For an additional definition of these symbols, see Sato and Koi-

zumi (1973, p. 47-9), BC (p. 24). AESs are symmetric in the sense that
'y (10)

According to BC (p. 33), ‘Given the assumption that production functions are strictly quasi-

concave and linearly homogeneous,’

o <0, (11)
Because a; is homogeneous of degree zero in all input prices, we have

36", =2%,0,0",=0,i=T,K, L, j=1, 2. (12)

Egs (8) to (12) are equivalent to the expressions in BC (p. 24, n.6). See also JE (p. 74, eqgs
(12)-(13)). From these, we derive

ay* =5, Wy, *. (13)
Substituting eq. (13) in (4), we derive

2 (A%, e Wy *+ 4, X %) =Z,g,w, *+E X * = VX i =T, K, L. (14)
where

g, =X, ¢ i, h=T, K, L. (15)

This is the EWS (or the economy-wide substitution) between factors i and / defined by JE
(p. 75). g, is the aggregate of €. JE (p. 75) stated, ‘Clearly, the substitution terms in the two
industries are always averaged together. With this in mind, we define the term ¢, to denote
the economy-wide substitution towards or away from the use of factor i when the kth factor
becomes more expensive under the assumption that each industry's output is kept constant.’

We can easily show that

Zign=0,i=T, K, L, (16)

gin=(6n/O)gni,i, h=T, K, L, (17)

where 0, and 0, are, respectively, the share of factor i , i=T,K,L and good j, j= 1,2 in national
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income. That is, 6,=p, X,/I, 6,=w,V,/I, where I = Zp:Xj=LiwiVi_ See BC (p. 25, eq. (16)).
Hence, we obtain A; = (8;/ 6:)6y (see JE (p. 72, n. 9)). Note that %6, =1, Z.0: =1 . g, is not
symmetric. Specifically, & # &i»i # h in general. On eq. (17), see also JE (p. 85).

From (9), (11), and (15), we can show that
g, <0. (18)
From eqs (16) and (18), we derive
Cr + 8 =8k >0, & +8n=-8r >0, gutgr=-g,>0. (19)
From (17) and (19), we can easily show that
(8uc> &> &) =( 5 +)s(= + +).(+ = +)(+ + -). (20)

At most, one of the EWSs (&,x>&,7>8xr) can be negative.

Combine eqgs (14) and (7) to make a system of linear equations. Using a 5 x 5 matrix, we

obtain
AX=P, @1
(O 61 O 0 0 | My * ] 0
Or2 Ok2 O 0 0 Wit ® _p
where A=|grr g gn An A2 |, X=|wu* | p=|Vr*
gk gkk gkl Ax1 Ak Xi* Vi *
gir gk g Au A i X2 * V. *

A is a 5 x 5 coefficient matrix, and X, P are column vectors.

2.2. Factor-intensity ranking
In this article, we assume
ari arl (474!
—_—>—>—. (22)
ar2 ar2 akK?2
This implies
HTI 0L1 6[(1
—_—>—>—
Or2 G2 Ok
This is, ‘the factor-intensity ranking’ (see JE (p. 69), see also BC (p. 26-7), Suzuki (1983, p.

(23)

142)). This implies that sector 1 is relatively land-intensive, and sector 2 is relatively capital-
intensive, labor is the middle factor, and land and capital are extreme factors (see also Ruffin

(1981, p. 180)).
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If (23) holds, we have
@ >100>012, or (24)
Or2
ou <l<>O0u<0br. (25)
L2

Note that we do not assume that @r1 =012 holds. JE (p. 70) called eqs (24) and (25) ‘the
factor-intensity ranking for the middle factor.” This implies that the middle factor is used

relatively intensively in sector 1.

Define that
(A’B>E) = (0;,=0,,,0,,—6,,0,,-0,,). (26)
This is the inter-sectoral difference in the distributional share. Recall (5) ( 20, =1 ), which
implies
A+B+E=0. 27)

From eq. (27), we have

(4,B,E) = (=+,7), (=), (1,7, (== ), (= 1), (., -) (28)
However, eq. (23) implies

(4, B, E)=(+, - ?). (29)
From eqgs (28) and (29), we have

(4,B,E)=(+,—+),(+,—-). (30)
From eq. (27), for example, we obtain

E=—(A+B),

B=—(A+E). G

If we assume eq. (24) holds, we derive

(4, B, E)=(+ — +). (32)
On the other hand, if we assume eq. (25) holds, we derive

(4, B, E)=(+ —, —). (33)

In this article, we assume eqs (23) and (24) hold, hence, (32) holds.
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2.3. EWS-ratio vector boundary

In this section, we derive the important relationship between EWS-ratios, and we draw the
EWS-ratio vector boundary in the figure. This is useful for our analysis.

Each g function is homogeneous of degree zero in all input prices (see eq. (3)). According
to BC (p. 33), ‘Given the assumption that production functions are strictly quasi-concave and

linearly homogeneous’, 67, < 0 (see eq. (11)). These imply (see eq. (A17) in the Appendix A)

8xx8rr — 8w &kr = 0. (34)

Recall eq. (19). That is, 8kx= — (8kr+8&kz) and &rr=—(&7x+&m) .Substitute these equations to
eliminate 8xx and &rr from L.H.S. of eq. (34). Next, recall eq. (17), that is, gn = (On/ O)gni .
Use this equation to eliminate &xz, 8 and 87« . That is, express using only three EWSs,

namely, 8ix, 8.r and 8kr:
oL oL
L.H.S. of (34)=gK1grL+ gKigTK + ZKLETL = 9—[gKT(gLT + gLK) + e—gLKgLT]( > 0). (35)
T K

From eq. (19), gk +gir =—g,, > 0. Using this, transform eq. (35) to obtain

0. gikair
gir > — 2 EHET (36)
Ok gk + gir
Define that, for ease of notation,
(S, T, U):(gLK’gLT’gKT)' (37)
If we use eq. (37), eq. (36) reduces
0. ST
U>—— , 38
Ox S+T (38)
Dividing both sides of (38) by 7, we derive
. S' oL S'
U'>—— ,if T>0;, U'<—— ,if T<O0,
Ok S'+1 i Ok S'+1 i (39)
where
(S’a U’)=(S/T, U/T)z(gu( ! 817> 8kr /gLT)’ (40)

which we call the EWS-ratio vector. S' denotes the relative magnitude of EWS between fac-
tors L and K compared to EWS between factors L and 7. U’ denotes the relative magnitude
of EWS between factors K and 7 compared to EWS between factors L and 7.

Transform
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, o, S' . 6. 1
U ==t — (41)

Ok S'+1 Ok Ok S'+1
which expresses the rectangular hyperbola. We call this the equation for the EWS-ratio vec-
tor boundary. It passes on the origin of O (0, 0). The asymptotic lines are S'=—1, U’'=—6,/0,.
We can draw this boundary in the figure (see Fig. 1). S” is written along the horizontal axis
and U’ along the vertical axis. The EWS-ratio vector boundary demarcates the boundary of

the region for the EWS-ratio vector. This implies that the EWS-ratio vector is not so arbi-
trary, but exists within these bounds.

Note that:
The EWS-ratio vector (S', U’) exists in the upper-right region of the

U'-axis

line T1
quad. I

quad. IT P5 line T2

P3
line L2

line L1

S-axis

/ . lineK1

line K2

quad. III quad. IV

Fig. 1 Illustration of the EWS-ratio vector boundary and line-7j
(border line for a Rybczynski sign pattern to change)
Note: S'=S/T = &k /8ur U'=U/T= &kr/&1r.
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EWS-ratio vector boundary, if 7 > 0,

The EWS-ratio vector exists in the lower-left region of the EWS-ratio

vector boundary if 7 < 0. (42)
The sign pattern of the EWS-ratio vector is, in each quadrant (on this, see also eq. (20)):

quad. L(S,U)=H+) < (S,T,U)= (+,+,+);

quad. I (S, U)=(—=4) < (S, T,U)= (-, +,+);

quad. IIL: (§", U) = (=) < (S, T,U) = (+, -, +);

quad. IV: (S, U)=(+,-) < (S, T, U) = (++, ). (43)
Hence, one of the EWS can be negative at most. Note that

T>0,if (S, U’) exists in quadrant I, II, or IV,

T<0,if (S, U’) exists in quadrant III, (44)
where we recall egs (37) and (40), that is,
(S, U)=(S/T, U/T)=(gLK /&> &xr /gLT), (S, T, U) = (gkr, g1k, grr) . We define
(for i # h),

Factors i and % are economy-wide substitutes, if 8 > 0

Factors i and 4 are economy-wide complements, if & < 0 (45)

2.4. Solution

Using Cramer’s rule to solve (21) for X,*, we derive
X,* = A /A, (46)
Or1 Ox1 Ou 0 0

Or> Ok 62 0 —-P

where A = det (A), As= det (As)= |87 gk g An Vr¥|
gkr gkk gk Ak Vi *
gir gk gu Aun V¥

A is the determinant of matrix A. We can show that A < (0. On this, see Appendix B. Replac-
ing column 5 of matrix A with column vector P, we derive matrix As. A; is the determinant

of matrix A;. Sum columns 1 and 2 in column 3, and subtract row 2 from row 1. We have

A B 0 0 P
O k2 1 0 -P
Ay=|grm g 0 An Vr*
grkr gk 0 Axi V™

gir gk 0 Aun V¥

where we may recall eq. (26), that is, (4, B, E) = (07,— 0y, 6x,— 6y, 0,,—0,,). Express the above
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as a cofactor expansion along the third column:
A B 0 P

(1)(_1)2+3 grr gk An Vr*

A =
gkt gkxk Akt V¥

5

gir gk An V%

Express the above as a cofactor expansion along the fourth column:

A= (=17 [P DGt V(- 1Ot VA (- 1D Cot VA 1)C ] (@)
where
grr g An A B 0 A B 0 A B 0
Cro=|gxr  grx  Axi|, Cpo=|gxr  grkk  Axi|, Cxo=|grr g An|, Cpo=|grr g An|.

gir gk A gur gk Au gir gk An gkr grk Ak
(43)

From egs (46) and (47), we have

X,*= % _ %(—1)[P(—CP2) +Vr*Cpy +Vi ¥ (=Ci) +Vi*Cp,] . (49)
On the other hand, solve (21) for X,*:

Xi* = Ay/A, (50)

Orn Ox1 Ou 0 0
Or. Ok2 62 -P 0
where Ay=det (4s)= |grr g gn Vr* Ar.
gkr gkk gkt Vk* ko
gir gk g Vi* A2

Replacing column 4 of matrix A with column vector P, we derive the matrix A,. A, is the
determinant of matrix A,.. Sum columns 1 and 2 in column 3, and subtract row 2 from row 1.

We have

A B 0 P 0
Or2 k2 1 -P O
Ag=|gmr g 0 Vr* Amf.
gxr grk 0 Ve* Ak
gir gk 0 V¥ A

Express the above as a cofactor expansion along the third column:
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A B P 0
grr gk Vr¥ Ar
As= (1)1 gkt grkk  Vk* Akl
gir gk Vi* A2
Express the above as a cofactor expansion along the third column:
A=(—1)" [P(* DB C+V#(— 122 Cp VK (— 13 C+V,*(— 1)H3C, } , (51)

where

grr gk Ar A B 0 A B 0 A B 0
Cpri=|gkr  grkx  Ax2|, Cri=|gkr  gkk  Ak2|, Cki=|grr gk Ara|, Cri=|grr gk Ara.
gir gk A gur gk A gir gk A2 gkr grkk  Ak2
(52)
Hence, from eqgs (50) and (51), we have
A, 1

X *= X‘* = (1) [PCp +V, *(=Cr) +V *Cpy +V, *(—C,)]. (53)
In summary, from eqs (49) and (53), we obtain
|
XZ*:Z[PCM+VT*(_CT2)+VK*CK2+VL*(_CL2)], (54)
|
X*= K[P(—CPI)+VT *Co+V ¥ (=C)+V, *C ) (55)

2.5. Rybczynski matrix

From the above, the Rybczynski matrix [X;*/ V*](to use Thompson's terminology (1985, p.
619)) in elasticity terms is:
Xo*¥/Vr* Xa*/Vi* Xl*/VL*:|=l|: ¢, —C, C, :| 56)
Xo*/Vr* Xo*/Ve* Xo*/Vi* -C, C,, -C,

A
Express in general:

[)(;'*/Vi*]=|:

X vr=1/0)(-1)" C

l'j’

i=T,K, L j=1, 2. (57)

Substitute 1, 2, 3 instead of T, K, L, respectively, when we compute (-1)"”. Sign patterns are
of interest. We can show that X,*/V,*and X,*/V,* are, respectively, equivalent to egs. (26)
and (27) in BC (p. 32). BC only obtained these two equations. BC’s method of derivation is
somewhat complicated. The method shown here is simpler.

Using Saruss’s rule to expand (48) and (52), we derive
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Cr1 = A gxkx A2 +B Akagir -(A gix Ax2 +Bgxr A2 ),

Cki1 = Agrk Ar2 +B Ar2gir-(A gk Ara +Bgrr Ai2),

Cri = Agrx Ak +B Ar2 gkr-(A gxx Ara +Bgrr Ak2 );
Cro=AZgKkKk A1 +B Ak QLT -(A GLK Ak1+Bgkr A 11),
Cx2 = Agrx Aty +B A1 grr-(A gLk A +Bgrr Art),

Cr>=Agrxk Ak1+B Ar1 gkr-(A QKK A11 +Bgrr Ak1). (58)

Recall eq. (19), that is, &= —(8kr+&kz) and &= — (8« +&mn). Substitute these equations
into eq. (58) to eliminate 8kx, and &rr. Next, recall eq. (17), that is, gin = (Or/ 6:)gni . Use this
equation to eliminate &xz, &7z, and &rx. Recall eq. (37), that is,(S, T, U )= (8, 8ir, k7). Us-

ing these symbols for ease of notation, transform eq. (58):

CTj=E/1L2U-A%(1-9T2)S+B/1K27?

K

CKIZ(‘E)% ﬂ/LZ U—AAITZS+B%(I‘9K2)T:
T

T

Cr = (—E)%(l— Or2) U+A% Ar2 S+ Bﬁ A2 T;
T

K T
(4
Cr=EAL U_AH_ (1-Or1 )S+B A1 T,
K

(3 AiU-4 AT1S+B%(1-49K1)T,
T

Ck2 = (-E
=By

Cro= (—E)ﬂ(l— O)U + Aﬂ/lTIS +Bﬂ/1K1T,
or Ok Or (59)

where we recall eq. (31), that is, E=—(4+B). C; is a linear function in S, T, and U . Recall eq.
(40), that is,(S", U")=(S/T, U/T)=(8ux/ &z, &r/&ir) , which we call the EWS-ratio vector.
Using this, transform eq. (59) to derive

Cri=E A2 T [U-fr:1(S)]], Cxi = (-E) % ALz Ty fxi(S)],
T

Cu =(—E)%(1-6’L2) TUHuSIr:
T

Cra=E AL T [U-frxS")]], Ck2= (-E) % A 1 T[U -fxo(S")],
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= (81 0 (-0 T[U (5, 0
T
where

fri(S) = [4 % (1-012)S"-BA k2] (EA 12)7,
K

fxi(S?) = [A A 18- B&(I' Ox2)][(-E) 9x Awa]”
Or Or

fui(S) =[-4 6 A S’-Bﬁ /1,0][(-5)&(1-&2)] .
Ok 0 Or

T

fr2(S7) = [4 ? (1-0r1)S -BA 1] (EA 1),
K
N - Ok N
fxaS’) = [AAnS-B— (1-Ox1)][(-E) — A 1] "
Or or

12J3 o: o
S)=[-A— ApnS-B= A "E)— (1-611)] .
Ji2(S7) = [ O S B&r KI][(E)HT( L1)] 61)
Define
£;(8)=[4sS"+ BJEs", and Ci'=U'-f,(S"),i=T,K,L,j=12.  (62)

In these expressions, 4, B
That is,

;» and Ej; are the parameters respectively related to 4, B, and E.

(v By Ey)- (4 % (1-0r2), -B A s, E A 12), forij =TI,
K

=UAn, —B@ (1-Ox2), (-E) 9« A 1), forij = K1,
Or Or

=(-A o A, -Bﬂ Ak, (—E)& (1-012) ), forij=LI;
O« Or Or

= (Aﬁ (1-0r1), -BA 1 EA 1), forij =T2,
O«
61 QK ..
=(AA 1, -B—(1-0x1), ((E)— Aw1), forij=K2,
Or Or

— (-4 O 8?2 B2 1-60)), forij = 12 (63)
12)% Or Or

C; is alinear function in §'and U". Express in general:
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C,=ETC/

l_] b

i=T,K,L, j=1,2. (64)

2.6. Drawing the border line for a Rybczynski sign pattern to change
From eqs (57), (64), and (62), we derive

)G*/Vf*:%(—l)”qu=%(—l)"“'E,,T qj’:%( NYETU-£,(S)]. 65

From eq. (65), we derive

X*/V* 0<_>Gj 0<—)Gj _0

o U'=f,(8")=[4iS"+ BilEj",i=T,K,L,j=12. (66)

This equation expresses the straight line in two dimensions. We call it the equation for line
ij, which expresses the border line for a Rybczynski sign pattern to change. The gradient and
intercept of line ij are, respectively, AU-EUT[ and B[,-E,-,f[.

Using eqs (66) and (41), make a system of equations:

U'Zfij(S')Z[Ang'+sz]Eifl,iZT,K,L,j=1,2, (67)
[

U'=-
Ok S'+1° (68)

From these, we obtain a quadratic equation in S for each i, j. Solve this to derive two solu-
tions. Each solution denotes the S’ coordinate value of the intersection point of line ij and

EWS-ratio vector boundary. The solutions are, for line-71, K/, L1; T2, K2, L2, respectively:

g8 b0 o B -(1-0x) o_B bc
A 1-0r A’ Or A Or’

S’ E _91(1 S, —(1 eKl) S’_B 91(1
A 1-0n’ A4 On A On’

(69)
In summary, there are seven intersection points. Each line ij passes through the same point,
which we call point Q. The Cartesian coordinates of point Q are
(s.0)= EEL (70)
A F Ok
We call six intersection points other than point Q, the point R;,i =7, K, L, j=1,2. The Car-

tesian coordinates of these points are, for line-71, K1, L1; T2, K2, L2, respectively:
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(S” U’) :(—_9K2 ’@i),( _(1_91(2)’1—91(2 &)’(@,_—01(2 ﬂ),
1-0r2 O12 Gk Or> —01> Ok Or2 1-6012 Ok

ﬂ @ﬂ) (_(1_91(1) 1-6x1 ﬂ)(@ =0k ﬂ
1-0n" Ou Ok~ Or  —O0u Ok On 1-0u Ok 71

From egs (23) and (24), we derive eq. (32), that is, (4, B, E )= (+, —, +). Substituting this in
eq. (70), we derive the sign pattern of point Q, that is,

sign (87, U’) = (-, -). (72)

This implies that point Q belongs to quadrant III.

The sign patterns of point R, are, respectively,
sign (S’, U’) = (—, +), (—, —), (+, —); (—, +), (—, _)5 (‘h —)- (73)

Hence, point R, and R, are in quadrant II; point Ry, and Ry, are in quadrant III; and point
R,, and R, are in quadrant I'V.
Next, we investigate the relative position of point R; and Q. From eq. (23), we can prove
for S’ values of point Ry, and Ry,:
—(1-6«k2) < —(1-6k1) .
Or2 Or

Equation (74) explains the relative position of the two points (Ry, and Ry,). Similarly, from

(74

eq. (23), we can prove for S values of point R, R;,, the origin of O, point R, ,, and R, :

=02 o Ok Ok Oz (75)
1-0r2 1-6n O On

Equation (75) explains the relative position of these five points.
We can prove for S’ values of point Ry, and Q:
—(1-6«1) < B .
Or A
The derivation of eq. (76) is as follows. Because we assume (32), that is, (4, B, E )= (+, —, +),

we have 4 = (+). Hence, (76) reduces

(76)

—(1-0x1) A<6r1B . (77)

Recall eq. (31), B= —(4+E) . Substitute this in eq. (77) and multiply both sides by (-1). By

transforming this, we derive
011 A—EOr>0. (78)

Using eq. (23), we can show that
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L.H.S.of (78) = Or(@r1— Or2) — (Or1 — O12)Or1 = —0110r2+ G201 > 0 .

Thus, we have proved eq. (76).
From eqs (70)-(76), we can draw point Q and R; and, hence, line ij in the figure. Each line
ij divides the region of the EWS-ratio vector into 12 subregions, that is, the subregion P1-5

(upper-right region) and M1-7 (lower-left region) (see Fig. 1).

2.7. Rybczynski sign patterns

Define the 2 x 3 matrices:

1 -1 1 C C C
F= Fl_j]: aC=[C,..]= T1 K1 ol
-1 1 -1 17le, C., C,

K2

Eae (-B)2 e (—B)Z(1-0,,)
Or Or

E:[E,»,}{

En  Exi EL1:|

Er> Ex> En Ok

EAu (—E)E/m (—E)%(I—GLI)’

C,:[Cy_,]:{Cﬂ' Cxi' Cn'] {U'—fn(S’) U'—le(S’) U'—le(S’)}.

Cr2' Cr2' Ci'| |U'-f,(S) U'-fir(S) U'-f,(S)
(79)
Using the Hadamard product of these matrices, we can transform eq. (56):
[)g*/%*]:iFoC, (80)
where (see eq. (64))
C=E-C'T. (81

In general, if A = [a;] and B = [b;] are each m x n matrices, their Hadamard product is the
matrix of element-wise products, that is, A e B =[aiby] . For this definition, see, for example,
Styan (1973, p. 217-18). Hadamard product is known, for example, in the literature of statistics.

Hence, Rybczynski sign patterns are:
sign[Aﬁ*/Vr*]:sign%FoC:sign%FosignC, (82)
where
signC = sign(Eo C'T) = signE o signC'T . (83)

Recall that A <0 (see eq. (46)). Hence,
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. 1F 1 I -1 1 ( ) + - + - + - 84)
sign—F = sign—sign =(- - )
8 A 8 A 8 -1 1 -1 -+ - + - +
Recall that we assume eq. (32), that is, (4, B, E )= (+, —, +). Hence,
gnE=|" 85
signE = )
g Lo (85)

In general, if the EWS-ratio vector (S°, U’) exists in the subregion above line ij (resp. below

line i), we derive
Ci'=U'-£,(8)=(+)>0. (resp.Ci'=U"- f;(S") =(-) <0). (86)

For example, if the EWS-ratio vector exists in subregion P2, that is, below line T1, T2, L2,

and above line L1, K1, K2, the sign pattern of matrix C’is

e ][0 7 7]

Sign patterns of matrix C’ are, respectively, for each subregion:

e [ i { . { - LM: jpfi o
D[R | || el

(87)
In summary, the position of the EWS-ratio vector determines the sign pattern of matrix C’.
Of course, we can state that from eq. (44) and Fig. 1,
T> 0, if the EWS-ratio vector exists in any of the subregions P1-P5,

T <0, if the EWS-ratio vector exists in any of the subregions M1-M7. (88)
From eqs (87) and (88), the sign patterns of the matrix C’ T are, for each subregion:
P1 P2 P3 P4 P5
- —l=- + +|]- + +]|][- +
- ==+ —=||- + +]||+ +
M1 M2 M3 M4 M5 M6 M7

FoE AR AE e R
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(89)
Note that the sign patterns for P1-P5 are, respectively, the same as those for M3-M7.
Recall eq. (83), that is, signC = sign(EoC'T) = signEosignC'T . Substituting eqs (89)
and (85) in (83), we have

mwj {m } {m : } . i { Mj )
ERE R R e e e e

(90)
Recall eq. (82), that is, sign[ X; */Vi*] = signiF o signC . Substitute eqs (90) and (84) in (82),

we derive the Rybczynski sign patterns. They are, for each subregion:

o | | | |
R | e A [ |

€2y

In summary, the position of the EWS-ratio vector determines the Rybczynski sign pattern.

There are 12 patterns in total. Note that the sign patterns for P1-P5 are, respectively, the same

as those for M3-M7. If we do not count the duplication, there are seven patterns in total.

We make the following statements.

(i) If the EWS ratio vector (S°, U’) exists in subregion P1, P2, P3; M3, M4, or M5 the ef-
fects of land endowment on commodity output in sector 1 and sector 2 are positive and
negative, respectively. The effects of capital endowment on commodity output in sector
1 and sector 2 are negative and positive, respectively.

(i) If the EWS ratio vector exists in subregion P4 or M6, the effects of land endowment on
commodity output in both sectors 1 and 2 are positive. The effects of capital endowment
on commodity output in sector 1 and sector 2 are negative and positive, respectively.

(i) If the EWS ratio vector exists in subregion P5 or M7, the effects of land endowment on

commodity output in sector 1 and sector 2 are negative and positive, respectively. The
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effects of capital endowment on commodity output in sector 1 and sector 2 are negative
and positive, respectively.
(iv) If the EWS ratio vector exists in subregion M1, the effects of land endowment on com-
modity output in sector 1 and sector 2 are positive and negative, respectively. The ef-
fects of capital endowment on commodity output in sector 1 and sector 2 are positive
and negative, respectively.
(v) Ifthe EWS ratio vector exists in Subregion M2, the effects of land endowment on com-
modity output in sector 1 and sector 2 are positive and negative, respectively. The ef-
fects of capital endowment on commodity output in both sectors 1 and 2 are positive.
We can state as follows.

A strong Rybczynski result holds if the EWS-ratio vector exists in the subregion
P1, P2, P3; M3, M4, or M5.

A strong Rybczynski result does not hold if the EWS-ratio vector exists in the
subregion P4, P5; M1, M2, M6, or M7. (92)

2.8. The commodity price—factor price relationship
From the reciprocity relations derived by Samuelson, BC (p. 36, eqs (31)-(33)) derived

wi*—pi*  Xo2*—0s

P Vit 6,
Sk * *k
wropt X0 kL (93)
P Vi* 6

where we recall (7), that is, P=p,*—p,*. Define the Stolper-Samuelson matrix in elasticity

terms:

. wr¥—pi* wxF—pi* wi*—pi*| 1
wi*—pj* | _| wr=p K™ —p1 L ¥ —pi 1 94)
P P

This matrix shows how the relative price of a commodity affects the real factor prices. Sign

wr¥—p2¥* wx*—p2¥* wi*—po*
patterns are of interest. Multiply the second row of eq. (91) by (-1) and interchange row 1

and row 2, we derive the Stolper-Samuelson sign patterns as follows. They are, for each sub-

region:
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M1 M2 M3 M4 M5 M6 M7
+ + -+ - -+ - -+ - —||l+ - +||l- - +||- - +
R A A e A
(95)
In summary, the position of the EWS-ratio vector determines the Stolper-Samuelson sign
pattern.
Note that

the sign patterns of matrix [ wi * — p; * ] are similar to eq. (95),ifP = (+) > 0 ,
the sign patterns of matrix [ wi * — p; * ] are opposite to eq. (95),ifP = (=) < 0.
(96)
3. Some applications
Example 1: For example, we derive the following.
(i) If(S’, U’) = (+,+), the EWS-ratio vector exists in quadrant I, that is, in the subregion
P1-P5.
(i) If(S’, U’) = (—,+), the EWS-ratio vector exists in quadrant II, that is, in the subregion
P3, P4, or P5.
(iii) If (S", U’) = (=,—), the EWS-ratio vector exists in quadrant III, that is, in the subregion
MI1-M7.
In all three cases, it is indeterminate whether a strong Rybczynski result holds.
(iv) If (§", U’) = (+,—), the EWS-ratio vector exists in quadrant IV, that is, in the subregion
P1, P2, or P3.
We assume (iv) holds. That is (see eq. (43)),
(8, U)=(S/T, U/T )=(+ -)
(S, T,U )= (gLK’gLT’gKT) =(+ + -).

This implies that capital and land, extreme factors, are economy-wide complements. From

CD)

(92), a strong Rybczynski result holds necessarily. Hence, the Rybezynski sign patterns for
P1-P3 hold (see (91)). The following result has been established.

Theorem 1. We assume the factor-intensity ranking as follows.

On Ou On 08
O O Ox2’ ©8)
@>1(—)9L1>9L2. 99)
L2

Further, if the EWS-ratio vector (S°, U’) exists in quadrant IV (or subregions P1-P3), in other

words, if capital and land, extreme factors, are economy-wide complements, a strong Rybc-
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zynski result necessarily holds. In this case, the Rybczynski sign patterns, as per Thompson’s

(1985, p. 619) terminology for subregions P1-P3 are, respectively:
P1 P2 P3

sign[ X */V*] = [+ - —M+ - +M+ - +] (100)

- 4+ |-+ +]|- + -

The Stolper-Samuelson sign patterns for subregions P1-P3 are, respectively:

ey A I el e I
sign] P I= L - —}L - J L - J' (10D

Eq. (100) implies that each sign pattern expresses the factor endowment—commodity output
relationship. Notably, the sign of Column 3 shows the labor endowment—commodity output
relationship. An increase in the supply of land increases the output of commodity 1 and re-
duces the output of commodity 2. Moreover, an increase in the supply of capital increases
the output of commodity 2 and reduces the output of commodity 1. However, it is indetermi-
nate how an increase in the supply of labor affects the outputs of commodities 1 and 2. Three
patterns are possible.

Therefore, we make the following statements.

(i) If the EWS ratio vector (S, U’) exists in subregion P1, the effects of labor endowment
on commodity output in sector 1 and sector 2 are negative and positive, respectively.

(i) If the EWS ratio vector exists in subregion P2, the effects of labor endowment on com-
modity output in both sectors 1 and 2 are positive.

(i) If the EWS ratio vector exists in subregion P3, the effects of labor endowment on com-
modity output in sector 1 and sector 2 are positive and negative, respectively.

Eq. (101) implies as follows. Each sign pattern expresses the commodity price-factor price
relationships. For example, if we assume that P= (+)> 0, the sign patterns of the matrix
[wi*—p;*] are similar to the above. That is, both the real factor prices of land measured by
good 1 and 2 increase, and both the real factor prices of capital decrease.

(i) If the EWS-ratio vector (S’, U’) exists in the subregion P1, both the real factor prices of
labor measured by good 1 and 2 decrease. This is not favorable for the labor owner.

(i) If the EWS-ratio vector exists in subregion P2, the real factor price of labor measured by
good 1 decreases, and the real factor price of labor measured by good 2 increases. It is
indeterminate whether this is favorable for the labor owner.

(iii) If the EWS-ratio vector exists in subregion P3, both the real factor prices of labor mea-
sured by good 1 and 2 increase. This is favorable for the labor owner.

On the other hand, if we assume P = (=)< 0, the sign patterns of the matrix [ wi*—p;*] are
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the opposite to the above.

For example, as in Takayama (1982, p. 20), we can apply these results to the US trade
problem in the 1980s. Takayama (1982) did not analyze in elasticity terms but in differential
forms. If we replace factors 7, K, L in our analysis with factors 1, 2, 3, respectively, Takaya-
ma’s (1982) result is very similar to ours.

Takayama (1982) calls factors 1, 2, and 3, respectively, skilled labor, (physical) capital,
and unskilled labor (or raw labor). The author called industries 1 and 2, respectively, export-
able and importable.

The author also states, ‘there seems to be strong evidence that the current US commodity
structure of trade is such that her exports are relatively skilled labor (or R&D) intensive vis-
a-vis unskilled labor, and that her imports are relatively capital intensive vis-a-vis unskilled
labor (e.g., Baldwin, 1971, 1979)." This implies (see Takayama (1982, p. 14, p. 20))

ans o, (102)

an asz a2
This is the factor-intensity ranking. Takayama (1982, p. 20) continues, ‘there is some evi-
dence that skilled labor and capital are (aggregate) complements (e.g., Branson-Monoyios,
1977). This indicates that our assumption of [aggregate] complements for extreme factors are
satisfied.’

This implies that 5,,< 0 (see Takayama (p. 18)). This implies g,,< 0, if we use EWS. The
reason is that s, = g, Vi/w,, i, h =1, 2, 3 (see (A16)). Hence, the EWS-ratio vector exists in
quadrant IV, that is, in either of the subregions P1, P2, or P3.

Takayama (1982) derived the sign pattern of ‘the Stolper-Samuelson matrix’ (see Takayama

(p. 20). If we use our symbols, the sign pattern is:
+ - ?
[0X;/ oVi] =[owi/ op*] = {_ . ?}, (103)

where t denotes the transpose. Takayama (1982, p. 20) states, ‘we may conclude that an im-
port restriction which raises the domestic price of importables (say, automobiles from Japan)
in the US increases the return on capital and lowers the return on skilled labor (or R&D) in
the US.” Similarly, the author analyzed the effect of a reduction on import restrictions, which
is the opposite of the above.

Takayama (1982) only analyzed the effect on the price of extreme factors (factors 1 and
2). He did not analyze how the strengthening (or reduction) of import restrictions affected
the price of the middle factor (factor 3, or unskilled labor). In our analysis, the strengthening
implies that P=p,*—p,* =(—), and the reduction implies that P=(+).

Our results suggest that it is possible for us to analyze how the trade policy change af-
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fected the middle factor in the US if we have two other pieces of information. That is, the in-
formation on the factor-intensity ranking of the middle factor (that is, which equation holds,
03,> 05, , or ;< 6;,) and the information on the position of the EWS-ratio vector, that is,
the subregion P1, P2, or P3. Using these pieces of information, we can identify the Stolper-
Samuelson sign pattern.

If we assume 05,> 0;,, we know that three of the Stolper-Samuelson sign patterns hold as
shown above. On the other hand, if we assume 6;,< 6;,, we can analyze similarly.

Of course, if we use econometrics, we can estimate the value of each coefficient in eq. (56),
that is, the Rybczynski matrix. Therefore, we can derive the Rybczynski sign pattern and,

hence, the Stolper-Samuelson sign pattern. This will be useful.

Example 2: By comparing the Cartesian coordinates of Points R;, and R;, with the EWS-ratio
vector (S°, U’) , we can show some examples of a sufficient condition for a specific Stolper-
Samuelson sign pattern to hold. We assume
($5U0)=(+ -) & (S,T,U) = (++ -) .
From (71), the Cartesian coordinates of Points R,, and R,, are, respectively,

O Ok Ou\ Ox2 —Oc Ov

Or’1-0u Ok~ Or2 1-61 Ox (104)
(i) If the EWS-ratio vector (S°, U’) satisfies
@< S’, _HKZ &>U,, (105)

Or2 1-612 Ok
The EWS-ratio vector exists in the lower right of point R,, . Hence, it exists in the subregion
P1.
(i1) If the EWS-ratio vector satisfies

0<@<S’<@,and O>ﬂﬂ>U’>ﬂﬂ, (106)

Or Or2 1-61 O« 1-6:12 0k

The EWS-ratio vector exists in the lower right of point R, and in the upper left of point R, ; .
Hence, it exists in the subregion P2.
(iii) If the EWS-ratio vector satisfies

0<8 <8 g 050> =0k O (107)

O 1-0u Ok

The EWS-ratio vector exists in the lower right of the origin of O, and in the upper left of
point R,,. Hence, it exists in the subregion P3.

In all three cases, a strong Rybczynski result holds.
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Example 3: In summary, I have shown that the position of the EWS-ratio vector deter-
mines the Rybczynski sign pattern (see eq. (91)). Notably, if extreme factors are economy-
wide complements, a strong Rybczynski result holds necessarily (see Theorem 1).

Therefore, the question arises. Can we estimate the position of the EWS-ratio vector? Na-
kada (2016a) has shown that the EWS-ratio vector exists on the line segment. Using this re-
lationship, he has developed a method to estimate the position of the EWS-ratio vector. That
is, we can estimate it to some extent if we have the appropriate data. Nakada (2016a) derived
the following results.

(i) First, he derived a sufficient condition for the EWS-ratio vector to exist in quadrant
IV (that is, subregion P1, P2, or P3). In this case, extreme factors are economy-wide
complements. If this holds, ‘a strong Rybczynski result’ holds, that is, three of the Rybc-
zynski sign patterns hold.

(i) Further, he derived a sufficient condition for the EWS-ratio vector to exist in a specific
subregion (P1, P2, or P3). If this holds, a specific Rybczynski sign pattern holds.

In addition, Nakada (2016a) has shown that extreme factors must be economy-wide
complements in some cases. In this case, it is not plausible to assume the functional form of
production functions, such as Cobb-Douglas, or all-constant CES in each sector, which do

not allow any two factors to be Allen-complements. Hence, we derive

O-ijh # (1,1,1),(c,c,c) , c is constant. (108)

Example 4: Further, Nakada (2016b) applied Nakada’s (2016a) results to data from Thailand
and, in doing so, derived the factor endowment-commodity output relationship for Thailand
during the period 1920-1929. He restricted the analysis to this period on account of data
availability. I show the essence of his results.

In the model, Nakada (2016b) considered rice as an exportable (or commodity 1) and cot-
ton textiles as an importable (or commodity 2). He considered land, capital, and labor as the
three factors. Nakada (2016b) showed that a certain pattern of factor intensity ranking, as
shown in eq. (23), holds for Thailand. Moreover, he assumed that the factor intensity ranking
of the middle factor, as shown in eq. (24), holds. That is, sector 1 was relatively land inten-
sive, sector 2 was relatively capital intensive, labor was the middle factor, and land and capi-
tal were extreme factors. He assumed that the middle factor was used relatively intensively
in sector 1. He could draw the following conclusions for the data pertaining to Thailand for
the period 1920-1929. The EWS-ratio vector (S’, U’) exists in quadrant IV (or sub-regions

P1-P3), in other words, capital and land, extreme factors, are economy-wide complements.
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Hence, a strong Rybczynski result necessarily holds.

He derived three of the Rybczynski sign patterns. However, by making a more detailed es-
timate, he could reduce three candidates to two.

The effects of land endowment on commodity output in sector 1 and sector 2 were positive
and negative, respectively. The effects of capital endowment on commodity output in sector
1 and sector 2 were negative and positive, respectively. However, it is indeterminate how an
increase in the supply of labor affected the outputs of commodities 1 and 2.

(iv) If the EWS ratio vector (S, U’) exists in subregion P1, the effects of labor endowment
on commodity output in sector 1 and sector 2 were negative and positive, respectively.

(v) Ifthe EWS ratio vector exists in subregion P2, the effects of labor endowment on com-
modity output in both sectors 1 and 2 were positive.

The results imply that Feeny's (1982, p. 28) statement that the growth in labor (or middle
factor) stock was responsible for the large growth in rice output relative to textile output in
Thailand might not necessarily hold.

To some extent, my results show how Chinese immigration affected commodity output in
Thailand between 1920 and 1929. For example, Skinner stated, “[During 1918-1931], the
Chinese flocked into Siam at an unprecedented rate...This mass influx of Chinese resulted,
quite simply, from favorable conditions in Siam and unfavorable conditions in south China”
(Skinner, 1957, pp. 172-174).

Example 5: Recall egs (40), (15), and (9)

(S’= U’)z(S/T, U/T)z(gLK/gLT:gKT/gLT)a (109)
8in :ZA/ﬂ“ijgijh‘i’ h=T,K, L, (110)
&', = ologa, | dlog w, = 0,,6",. (111)

g, is the aggregate of €', . Hence, we derive

SAe¥ T AN
(S” U’):(S/T, U/T):( VL LiK, ik L].T
XAty XiAET

J
Lj Kj
_ 2,400 L, 40,07,

L L/
24,0507 X,A,0,07;

(112)
The EWS-ratio vector contains AESs. For example, if we substitute the data on 4,, 6, and

assume the value of AES, we can compute the Cartesian coordinates of the EWS-ratio vec-

tor. This is a type of simulation. However, as explained in Example 3, the EWS-ratio vector



T FENE 2 M 3 BRI ST T NVICB 2 BRI - oL ER O

exists on the line-segment. This implies that the EWS-ratio vector is constrained by the data
observed, hence, it cannot be arbitrary.

Moreover, by analogy with the EWS-ratio vector, I expect that the value of AES is con-
strained by the data observed, hence, the value cannot be arbitrary. However, I do not discuss
this.

For example, if we assume the Cobb-Douglas production function in each sector, the AESs

are all units:
o’ =11 foralli h, j.

If we substitute this in eq. (112), we derive the EWS-ratio vector as follows.
(8, U)=(+.4).

It exists in quadrant I, that is, the subregions P1-P5. From eq. (92), a strong Rybczynski re-
sult holds if the EWS-ratio vector exists in the subregion P1, P2, or P3. The position of the
EWS-ratio vector depends on the value of 4, and ;. However, note that this simulation is

not plausible in some cases (see (108)).

4. Conclusion

We assumed a certain pattern of factor-intensity ranking, including a certain pattern of
factor-intensity ranking of the middle factor. We have assumed that sector 1 is relatively land
intensive, and sector 2 is relatively capital intensive, and that labor is the middle factor, and
land and capital are extreme factors. Further, we assume that the middle factor is used rela-
tively intensively in sector 1.We analyzed the Rybczynski matrix and its sign pattern using
the EWS-ratio vector and the Hadamard product. This matrix expresses the factor endow-
ment—commodity output relationships. There are 12 patterns in total. The EWS-ratio vector
boundary demarcates the boundary of the region where the EWS-ratio vector can exist. Line
ij divides this region into 12 subregions. We have derived a sufficient condition for each
Rybczynski sign pattern to hold. That is, the position of the EWS-ratio vector determines the
Rybczynski sign pattern. A strong Rybczynski result holds for some subregions. We derived
a sufficient condition for a strong Rybczynski result to hold (or not to hold) in a systematic
manner. Notably, if the EWS-ratio vector (S, U’) exists in quadrant IV (or subregions P1-
P3); in other words, if capital and land, extreme factors, are economy-wide complements, a
strong Rybczynski result holds necessarily. This result itself might not sound new. However,
expressing the theorem using the EWS-ratio vector is novel. This enables us to perform

further analysis. We also analyzed the Stolper-Samuelson matrix and its sign pattern, which
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expresses the commodity price—factor price relationships. Some applications are presented.

Can we estimate the position of the EWS-ratio vector? As I stated in Section 3, Nakada
(2016a) has shown that the EWS-ratio vector exists on the line segment. Using this relation-
ship, the author developed a method to estimate the position of the EWS-ratio vector. That
is, we can estimate it to some extent if we have the appropriate data. Further, Nakada (2016b)
applied Nakada's (2016a) results to data from Thailand and, in doing so, derived the factor
endowment—commodity output relationship for Thailand during the period 1920 to 1929. On
this, see Section 3.

This article provides the basis for such applications. It will be useful for efforts to derive
the factor endowment—commodity output relationships in some countries. This study con-
tributes to international and energy economics. For example, the EWS-ratio vector is useful
for the analysis of functional relations in a 3 x 2 model of another type, that is, a 3 x 2 model
with three factors (capital, labor, and imported energy), for example. In this model, one of

factor payments is exogenous. On this, see Nakada (2016c¢).

Appendix A: Derivation of important relationships among EWS
This appendix is a modified version of Nakada (2015b). Thompson (1985, p. 618) stated,

‘Aggregate substitution between factors /4 and k& is expressed by the substitution term
S, =ijj8akj / ow, [, k, h=1, 2, 3]. (A1)

The 3 x 3 matrix of substitution terms is symmetric and negative semidefinite. A result of

cost minimizing behavior is
2s,,w, =0, forevery factork [,h=1, 2, 3].” (A2)

Thompson's (1985) definition of these symbols is similar to the definitions in this article, but
his explanation seems too short. The cost minimizing behavior implies that each a; function
is homogeneous of degree zero for all input prices (see eq. (3), note 5). From this, we can
derive Thompson's (1985) result (A2). We prove it below.

Recall eq. (9),

&', = olog a, | dlog w, =6,,0",. (A3)
From eq. (A3), we obtain
da, /ow, =&",a,/ w,, i, h=T,K, L, j=1,2. (A4)

Replacing s, in (A1) with s;,, we derive
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sih:2jxj6a[j/6wh, i, h=T,K, L. (A5)
Substituting (A4) in (AS), we obtain

Sy = E/.xjg"jhai/./ w, L, h=T,K, L. (A6)
Because each a; function is homogeneous of degree zero (recall eq. (12)):

26", =%,0,0",=0,i=T,K, L, j=1, 2. (A7)
From eqgs (A6) and (A7), we can show that

Zs,w,=0,i=T,K, L. (A8)

This is equivalent to eq. (A2).
AESs are symmetric in the sense that (see eq. (10))

o =gl (A9)

Additionally, according to BC (p. 33), ‘Given the assumption that production functions are

strictly quasi-concave and linearly homogeneous, (see eq. (11))

o’ <0. (A10)
From eqs (A6), (A3), and (A9), we can show that

S = S (A11)

specifically, aggregate substitutions are symmetric. Substitute eq. (A10) in eq. (A3) to derive
£7<0. By substituting this equation in eq. (A6), we obtain

s, <0. (A12)

ii

Next, we analyze s;, in a similar way as that used by BC (p. 33) in analyzing AES (o v, ).

Eliminating s;; and s, from eq. (AS8), we derive

1
S = W{WT (WTSTT + WKSTK) T Wk (WTSKT + WiSkk )} (A13)
L
Transform (A13):
Sy, :X'AX, (A14)

where X is a vector, A is a matrix, and x- Ax is the inner product of vectors;
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WK SKK  SKT
X B { }’ A B { } '
wr STK STT
To quote a passage from BC (p. 33): ‘the quadratic form on the right-hand side of the expres-

sion above must be negative definite. This, in turn, implies that' '”’

|A| =SSt — SxrSme >0, (A15)
where |A| is the 2 x 2 determinant. Transform eq. (A6) to derive

Sy = Zj/lg,-g"jhl/; Iw,=g,Vi/w,, i,h=T,K, L. (A16)

This equation shows how aggregate substitution and EWS are related. ' From eq. (A16),
g is not symmetric. Specifically, &, # &> i # / in general.

Substitutingeq. (A16) in eq. (A15), we obtain

&xx&rr — &xr&m > 0. (A17)

This equation shows that JE's proof is impossible. Next, we show the disproof of JE. JE (p. 75)
define ,0/, i, k=1,2, 3 as EWS. In subsection 5.2.4 (p. 90), JE states, ‘First we assume that
the two extreme factors [factors 1 and 2] are perfect complements in the sense that any factor
price change does not alter the ratio of the intensities of their use (o, =&, [, k=1, 2, 3]).

Here, for the authors, ‘perfect complementarity” implies o *=c," . If we replace o ,* with

2, this implies that
8n =& =T, K, L © g1 =8xr, & =8&xx> &n = & (A18)

In other words, the authors found that the set of three equations holds for EWS under the as-
sumption of ‘perfect complementarity.” Next, the authors used this set to prove how commod-
ity prices affect factor prices.

If we compare eq. (A18) with eq. (A17), we find that the latter is not consistent with the
former. That is, if eq. (A18) holds, L.H.S. of (A17) equals zero. Hence, JE's result is impos-
sible. Specifically, the authors fails to explain what ‘perfect complementarity’ implies. In
summary, their proof is not plausible.

In subsection 5.2.5 (p. 91), JE's analysis is similarly to subsection 5.2.4. The authors as-
sume that extreme factor (factor 2) is a perfect complement of the middle factor (factor 3).
The authors state that they derive o3'=0,'. In the authors’ context, this implies of=0 k=1,

2, 3 . We can prove in a similar fashion that this is impossible.
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Appendix B:
A is the determinant of the coefficient matrix of a system of linear equations (see eq. (46)).
We can show that A < 0. A is equivalent to the 3 x 3 determinant D in BC, and it was proved
that D < 0 (see BC (p. 25-26)). However, BC's method requires some technique. We show
the proof using the important relationship among EWSs. From eqs (46) and (21), we derive
Orn Oxi O 0 0
Or2 Oxk2 B2 0 0
A=det(A)=|grr g g An  Ar|. (B1)
gKT gKK gKL /IKI AKZ

guir gk gu An A
Sum columns 1 and 2 in column 3, and subtract row 2 from row 1. We have

A B 0 0 0
Or2 Ok2 1 0 0
A=|grr g 0 An A, (B2)
grkr gk 0 Ak Ak

gir gk 0 Au A
where we may recall eq. (26), that is, (4, B, E)=(0;,—0p, Ox,— 6k, 0,,—0,,). Express the
above as a cofactor expansion along the third column:

A B 0 0

|8 gk An An

A=1(-1) (B3)

gkt gkk Akt Axa|
gir gk Au A
Recall eq. (17), that is, g,= (6,/0) g, i, h=T, K, L, and 4,=(6,/0,) 0,. Using these equa-
tions, transform eq. (B3):
A B 0 0
grrOr/Or  gkrOx [ Or  Orb/Or  Or202/Or
- gxOr/ Ok gkkOk | Ok Ox101/ Ok Ox20:/ Ok
gnlr/ 0. gkbx/0L Oubi/ 0L 61202/6L

Divide rows 2, 3, and 4 by 1/ 6r,1/ 0k , and 1/ 8. , respectively, and divide columns 3 and 4

(B4)

by 61 and -, respectively, to derive:
A B 0 0

grrfr  gxkrfx O Or2

A= 6, (BS)

grxfr  gkxkBx  Ox1 Ok
gnfr gxlbx O Oz
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where @' = 6102/ 0r0x0: . Sum rows 2 and 3 in column 4, and subtract columns 4 from row 3.

We have
A B 0 0
. grr@r  gkrfx A Or2 9 (B6)
gxOr gkxkbx B Ok
0 0 0 1

Express the above as a cofactor expansion along the fourth row, and permutate rows 2 and 3.
We have
A B 0
A=—-D)(D*""(~1)|gxOr gxOx B|O". (B7)
grrlr  gkrfx A

From eq. (17), we derive gx0r = gkr0x . Using this equation, expand eq. (B7) to derive

A = 0'[ A’ gkxOk + B> grrfr — 2 ABgxrbk]. (B8)
Transform eq. (B8) to derive:

A = 0'[gkxOk + x> grrOr — 2xgxkrOxA°, (B9)
where x = B/ A . This is a quadratic formula. From eq. (18), we have

grrfr < 0. (B10)
Hence, the coefficient of x” in eq. (BY) is negative. The quarter of discriminant of eq. (B9) is

D/ 4= (gkrbx)* — gkxOxgrrOr. (B11)
From eq. (17), we derive gkrfx = grxfr . Substitute this equation in eq. (B11) to derive:

D/ 4 =—[gkxgrr — gxrgrx |0k Or. (B12)
Recall eq. (A17), gxxgrr — gxrgrx > 0. Substitute this in eq. (B12) to derive:

D/4<0. (B13)

From eqs (B10) and (B13), we have

A<O. (B14)
Using eqs (19) and (17), transform eq. (B8) to derive:
A=-0"[(B+ A)’ gkrOx + gk A> + gir@.B*]. (B15)
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Note

1) BC have derived a conclusion (p. 34) that an increase in the supply of one factor, at constant commodity
prices, will increase the output of the commodity using the expanding factor relatively intensively and
reduce the output of the other commodity.

2) The authors did not show these results using the sign pattern as shown in this article, but using the rank-

ing form such as wr* > pi* > w.*(=0) > p2* > wx * if we use our expression. On this, see JE (p. 79, eq.
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(22)), for example. However, their technique requires some skill and is not easy. Additionally, it is not
useful for the analysis of a sufficient condition for a Rybczynski sign pattern to hold. The analysis based
on computation is far easier. Additionally, Thompson (1993) also used a diagrammatic technique devel-
oped by JE, and supplemented JE's analysis. He derived 11 patterns of ranking form in total. Apparently,
for some cases, two ranking forms correspond to the same sign pattern.

Suzuki (1983) assumed that capital and land (middle factor and extreme factor, respectively) were ‘per-
fect complements’ in each sector, and derived the implications using AES, that is, * ¢/, =0/, <0 ,
o’y =0',,>0, and o/, =07, <0 is the AES between the ith and the kth factors in the jth
industry. Suzuki used this in his disproof. BC (p33) derived the relationship for AES on the as-
sumption that the production functions were strictly quasi-concave and linearly homogeneous, i.e.:
0’ 0’ e — (67 )" > 0. If we compare this inequality with Suzuki's equations, we find that the latter is
not consistent with the former. On this, see Nakada (2015a).

In subsections 5.2.1 to 5.2.5 (p. 86-92), JE analyzed the cases shown below. That is, (1) factor intensity
of the middle factor is the same, or &1 = 12 in our expression, (2) extreme factors are independent, or

grx =0 in our expression, (3) all factors including extreme factors are substitutes, (4) extreme factors are
perfect complements, (5) the middle factor and an extreme factor are perfect complements. Specifically,

both (1) and (2) are special cases. In the case of (3), JE (p. 88) assumed that ‘the middle factor is used
more intensively in x1 [or sector 1] than in x2 [or sector 2], that is, 8.1 > .2 in our expression. JE only
showed two patterns of the commodity price—factor price relationships that hold. The explanations in
(3) are complicated. I am uncertain whether they are plausible. If all factors are substitutes, (S, T, U)
= (+, +, +) holds, hence, (S", U’) = (+, +) holds (see eq. (43)). Therefore, as we show in section 3 in
this article, the EWS-ratio vector exists in quadrant I, that is, in the subregion P1 to P5. This implies that
five patterns of the commodity price—factor price relationship hold. This is not discussed further.

From eq. (A16), if factors i and / are aggregate complements, they are economy-wide complements, and
vice versa. Takayama (1982) showed only one sufficient condition for a strong Rybczynski result to hold.
Suzuki (1987) derived a similar result. In Suzuki (1987, Chapter 1, p. 17-26), the author assumed that
extreme factors are ‘Allen-complements’ in each sector (p. 23), and he derived a strong Rybczynski re-
sult. Apparently, if extreme factors are Allen-complements in each sector, extreme factors are aggregate
complements, but not vice versa.

Additionally, Ban (2010) modified an important basic assumption. She assumed that commodity prices
are endogenous. She analyzed how factor endowments affected factor prices in a theoretical study.
Additionally, as I showed in Nakada (2016a), in some cases, it is not plausible to assume that production
functions are of a Cobb-Douglas type, or an all-constant CES type in each sector, which do not allow any
two factors to be Allen-complements, as Thompson (1995) assumed. Moreover, it is not plausible to as-
sume that production functions are of the two-level CES type, as Ban (2007a) assumed.

EWS contains AES in two sectors. Strangely, JE did not mention AES at all. There are nine EWSs. I
show that only three EWSs are needed for the analysis. Absolute value of EWS is not important to ana-
lyze a sufficient condition for each Rybczynski sign pattern to hold. Only by defining the EWS-ratio vec-
tor can we analyze it systematically using the figure in two dimensions.

For example, Nakada (2016b) applied Nakada's (2016a) results to data from Thailand and, in doing so,
derived the factor endowment—commodity output relationship for Thailand during the period 1920 -1929.
To some extent, these results show how Chinese immigration affected commodity output in Thailand be-
tween 1920 and 1929.

Our method using a 5 x 5 matrix does not require special techniques, which other studies used. For ex-
ample, BC transformed some equations using some techniques and made a system of linear equations

using a 3 x 3 matrix. On the other hand, in section 3 (p. 73-77), JE used other techniques, and made a
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system of three linear equations. In fact, these methods are not easy to reapply.

We assume that sector 1 is relatively land intensive, and sector 2 is relatively capital intensive, and that
labor is the middle factor, and land and capital are extreme factors. Further, we assume that the middle
factor is used relatively intensively in sector 1.

However, estimating the values of parameters belongs to a partial equilibrium analysis.

In section 4, Teramachi (2015, p. 50) showed 12 patterns of * J sign patterns’, which express the com-
modity price—factor price relationships (J =0dlogh /dlog P, J =w:*/p;* in our expression). Ac-
cording to Teramachi (2015, p. 52), this expression does not show a one-to-one correspondence with
the ranking form of JE. That is, one J sign pattern can include two ranking forms in JE. In section 5 (p.
55-61), Teramachi (2015) showed some sufficient conditions for J sign pattern to hold. He analyzed the
cases shown below (Case A-F). That is, (A) specific factors model, (B) extreme factors are independent,
(C) extreme factors are complements (or perfect complements), (D) factor intensity of the middle fac-
tor is the same, (E) the middle factor and an extreme factor are perfect complements, (F) all factors are
substitutes. His analysis is mainly based on the condition that JE showed, as he stated. That is, the suf-
ficient conditions that Teramachi showed are similar to those that JE analyzed. Out of the six sufficient
conditions that Teramachi showed, five conditions do not show a one-to-one correspondence with J sign
pattern. See the table in Teramachi (2015, p. 61).

For example, Ban (2008) showed the factor-intensity ranking as follows. That is, ( 951/032 >1>
011/612 > Ox1/0k2 , where 6y denotes the cost share (distributive share in our expression); S is the skilled
labor, K capital, and L unskilled labor. This implies that unskilled labor is the middle factor, and skilled
labor and capital are extreme factors.

Ban (2008, Appendix table) did not compute the distributive share, based on which we show the factor-
intensity ranking for the middle factor, that is, whether @11 > 12 or 811 < f12 holds, for example, if un-

skilled labor (L) is the middle factor. She only showed whether ari> ar2 or ari > arz held, if we use our
expression. Similarly, Ban (2011, chapter 4, p. 107, Appendix Table 4-1) did not compute the distributive

share. This is confusing.

Some explanation is required. Samuelson (1953, Chapter 4, p. 59) defines the function,
vi= f1(x,wy,--,wa),(i =1,---,n). vi is ‘an optimum value for each productive factor to derive ‘the
minimum total cost for each output (p. 58),” x is production, and w, is ‘prices of productive factors.’
Samuelson (1953, Chapter 4, p. 68) stated that V; ‘must be homogeneous of order zero in the variables
(w1,-+-, wn), X being constant’ (see also Samuelson (1986, chapter 4, eq. (5) in p. 61; eq. (52) in p. 70)).
This implies that from the condition of cost minimization, we can show that @; is homogeneous of de-
gree zero in all input prices.

Takayama (1982, p. 5, Theorem 1, note 5) analyzed the general m x n model, and he stated that because
‘substitution matrix’ S is negative semidefinite and R(S) =m-—1, the (m —1) X (m —1) matrix is nega-
tive definite, from which S; < 0,i=1,2, ..., m. R(S) denotes the rank of a particular matrix, and
S= [sih] .

Teramachi (1993, p. 44) showed the equation equivalent to (A16).



