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We analyze the null geodesic equations in five-dimensional spherically symmetric spacetime
with collapsing inhomogeneous dust cloud. By using a new method, we prove the existence and
non-existence of solutions to null geodesic equations emanating from the central singularity for
smooth initial distribution of dust. Moreover, we also show that the null geodesics can extend to
null infinity in a certain case, which implies violation of the cosmic censorship conjecture.
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1. Introduction

Black hole spacetime is one of the most fascinating objects in gravitational theory. In particular, it is
quite interesting that black holes can contain singularities inside their event horizons. At singularities
the spacetime curvature often diverges, and the physics breaks down because gravitational theory is
described in terms of curvature.

Observers outside black holes cannot see such breakdown because no information can come out of
black holes, at least at the classical level. However, black hole singularities may cause serious effects
on an observer inside a black hole and/or the final fate of black hole evapolation due to Hawking
radiation. Here we define a singularity that is visible for an observer inside a black hole as a “locally
naked singularity.” If a singularity is not wrapped by the horizon, it may cause serious effects on the
physics. We define this as a “globally naked singularity.”

In order to certify the predictability of physics, it is very important to ask whether they can be naked
or not. It is usually supposed that no naked singularity will appear in a physical situation. In this
context, Penrose proposed the so-called cosmic censorship conjecture (CCC) [1]. More precisely,
there are two types of CCC, strong CCC and weak CCC. Strong CCC states that no locally naked
singularities form during gravitational collapse; weak CCC states that no globally naked singularities
form during collapse.

The cosmic censorship conjecture is assumed in proving several key theorems on black hole
spacetime, such as the event horizon topology theorem, uniqueness theorem, and so on (see [2]
for the details). The conjecture has been investigated by many authors in a variety of setups,
but it is still controversial. In [3], Oppenheimer and Snyder considered a spherical collapse of
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homogeneous pressureless fluid, which is called dust; they found that no naked singularities
form. But many subsequent works, for example [4—11], reported the violation of strong CCC in
several situations. In [12], Christodoulou examined the global nakedness of singularities in four-
dimensional spacetime. He considered the spherical collapse of inhomogeneous dust and proved
that a singularity can be globally naked in some situations, i.e. violation of weak CCC occurs
in general.

Motivated by fundamental theories such as string theory, those works have been extended to
higher-dimensional spacetime [13—16]. It was shown that strong CCC always holds for the spherical
collapse of a dust cloud with smooth initial data in spacetimes with dimensions higher than five, i.e.
any observer cannot see singularities formed. One simple explanation for this fact is that, in higher
dimensions, gravity near the singularity is stronger than the lower-dimensional case and the event
horizon appears earlier. On the other hand, in general, it was also shown that the strong CCC does
not hold in five-dimensional spacetimes.

As far as we know, there has been no work on a global analysis of collapsing spacetime in five
dimensions. It is natural to ask whether the weak CCC is actually violated in five dimensions. And,
if violated, it is important to clarify in what conditions naked singularities form. In this paper we
focus on analysis of five-dimensional inhomogeneous spherically symmetric dust collapse and give
a new method to examine the nakedness of a singularity. To do so we have to know whether a
causal geodesic emanating from the singularity exists or not. So, we give a method to investigate
the existence of a solution of the null geodesic equation. Furthermore, we examine the spacetime
structure in detail, and give a necessary and sufficient condition for naked singularity formation.
We also examine the condition that a singularity is not only locally naked but also globally naked.
Finally, we will see the dependence of the global nakedness of a singularity on the initial density
distribution.

The organization of this paper is as follows. In Sect. 2, we present the setting and the fundamental
nature of inhomogeneous spherically symmetric dust collapse in five-dimensional spacetime. Then,
we derive the differential equation for the null geodesic in terms of dimensionless quantities. In
Sect. 3, we examine the existence condition for a solution to the differential equation for the null
geodesic. By virtue of the Schauder fixed-point theorem [17], we show that a solution of the differ-
ential equation for the null geodesic exists near the singularity. This means that the singularity can
be at least locally naked. In Sect. 4, we analyze the spacetime structure around the singularity. We
identify the earliest null geodesic emanating from the central singularity, and give a necessary and
sufficient condition for the singularity to be naked. In Sect. 5, we consider the global nakedness of
the singularity. We will show that a class of initial density distributions leads to a globally naked
singularity.

2. Five-dimensional Lemaitre-Tolman—Bondi spacetime and the equation of the
null line

We consider spherically symmetric dust collapse in five dimensions. This is known as the Lemaitre—
Tolman—Bondi (LTB) solution in higher dimensions. In the comoving coordinate of the dust, the
metric of this spacetime is written as

ds* = —di* + **"dr? + R(t,r)?dQ?, (1)
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where R is the area radius of the » = const. three-sphere and we set » by R(0,7) = r. Then, in this
coordinate, the Einstein equations become

3IM’
o(t,r) = §R3—g/)’ (2)
R* = % +E(), 3)
R/2
20 __
1+ E@) “)

where p(¢,r) is the energy density of dust, which is proportional to the Ricci scalar, M (r) is an
and prime ““”” mean partial
derivatives with respect to ¢ and r, respectively. M () corresponds to the total mass in the region

(3383} [3742]

arbitrary C ! function of r, and E(r) is an arbitrary function of 7. Dot

surrounded by the » = const. surface. Actually, M (r) is proportional to the Misner—Sharp quasi-local
mass [18], and E(r) is the initial energy of the dust shell.

As mentioned in the introduction, the point where spacetime curvature diverges is a singularity.
From Eq. (2), we can find the two types of singularities, i.e. R = 0 and R’ = 0. A singularity at
R =0 (R’ = 0) is called a shell focusing singularity (a shell crossing singularity). If we introduce
pressure to the fluid, the shell crossing singularity may disappear, so they are regarded as unphysical
singularities. Throughout this paper, we only consider the shell focusing singularity, that is, we
assume R’ > 0. In addition, we also assume that the initial velocity of the shells at = 0 is zero,
that is,

R*(0,r) = @ +E(r) = 0. (5)

Now we can solve Eq. (3) as

{QR,r) = / * iR : _r J1 R 6)
D - - . - M ——2
\/M(I’)<%—ri2) VM (r) r

From this equation and (2), we see that the singularity appears at

72

M)

13(r) = (7

Using Egs. (1), (3), and (4), we can compute the expansion of outgoing null geodesics on the
r = const. surface O () as

dR(t, rpun (1)) . /drnull
® —————~— =R+R——
() o= R
=R+ Re®
M(r) M) M@
=\/1— r2 B R? B 2 ®)

In the second equality we used the equation —dr*> + e?“dr?> = 0, which holds for null geodesics
along the outer radial direction. This equation implies that the apparent horizon (® = 0) is located
at R = /M (r). Since we are interested in naked singularity formation during the dust collapse, we
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assume that there is no apparent horizon initially. Then, Eq. (8) with the setting of R(0,7) = r tells
us that

M)

72

1 >0 )

is required for all » in this coordinate patch. From Egs. (1), (4), and (5), this is equivalent to the
condition that r is a spacelike coordinate. In addition, from Eq. (6), we also see that the apparent

horizon appears at
r? M(r)
t = - ——. 10
AH(r) 0 \ r (10)

From Egs. (7) and (10), if » # 0, it is easy to see that

tan(r) < ts(r) (11)

holds. This means that the apparent horizon appears before the singularity does, and the singularity
is surrounded by the apparent horizon. So only the singularity at » = 0 could be naked, and another
singularities are covered by the event horizon [2]. In order to examine the possibility of the occurrence
of a naked singularity, we assume that the singularity at » = 0 appears within non-zero finite time
t5(0), that is,

2

r
ts(0) = lim ¢ = lim ——. 12
s(0) lim s(r) R NII0] (12)

Therefore, using a C 0 function 4(r) with 4(0) # 0, we can write M (r) as
M) = AGr)r*. (13)

In the above, A4 (r) corresponds to the mean density for the region surrounded by the » = const. shell.
From Egs. (2) and (13), we have

2 1
M0=§/1memwy (14)
0

Moreover, we assume that the initial density p(0,7) is a C* function of compact support which
monotonically decreases with respect to r, and p’(0, ) is continuous at » = 0 on the initial time slice

[0/(0,7) <0, p'(0,0) = 0]. Then, we see that A(r) satisfies!

_ B 3

A(r) =a — Er + O0@”) (15)

near » = 0, and

A'(r) <0, (16)

!'In this paper, f (x) = O(x*) means that the absolute value of the function f(x) is bounded by a constant
times x“ as x — 0, i.e. that there exists a positive xy and ¢ in R* such that |f'(x)| < cx® holds for all x € [0, xo].
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where «, 8 € R are parameters satisfyingo > 0, 8 > 0. Using A (), ts(r) and tapy (r) are rewritten as

50 = |4 : (17)

tan(r) = \/m(l — A()r?). (18)

If 8 = 01in Eq. (15), we can immediately show that the central singularity must be covered by the
apparent horizon.

Tueorem 1 If 8 = 0, the strong cosmic censorship holds.
Proof. B = 0 implies
A(r) —a = 0(7). (19)

Then,

1
tan(r) — ts(0) = \/m(l —A(r)r?) — \/;

“/_rz — JAr) + 0(r3)>

(e

JW
= */_ 2+ 00). (20)
Thus, there exists 7y € R such that
tan(r) —1s(0) <0 21

holds for arbitrary » € [0, r9]. Therefore, there exists an apparent horizon around the past of the
central singularity, so null geodesics cannot emanate from the singularity and the strong cosmic
censorship holds. O

This fact is already known in Refs. [13—15]. Accordingly, in order to figure out the condition
for naked singularity formation, we suppose 8 > 0 in the following discussion. Let us consider
the future-directed null geodesics along the outer radial direction. Because of the spherical sym-
metry, the differential equation for future-directed null geodesics along the outer radial direction is

given by
dt ®
; = e
R/
V1 —A@r)r?

— ! (1 — A — mrﬂ) (22)
VA =A@ (1 — A()2) 2 '
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We used Eq. (1) in the first line, Egs. (4), (5), and (13) in the second line, and the explicit expression
of R’ derived from Eq. (6) in the third.

Now, we introduce the dimensionless functions and parameters to write Eq. (22) in dimensionless
form. Let a(x) be a function in C°°[0, c0) such that

©0) =1 (23)
d‘;;o) —0 (24)
i U (25)
d‘;f) <0 (26)
a(x) = ; x> 1) 27)

In the above, m and [ are dimensionless parameters that are related to the total mass of the dust and
the dust cloud radius, respectively. These conditions imply that a(x) is written as
2

a() = 1— % 00, (28)

A(r) = aa (\/Er) (29)
o

We can easily show that this 4(r) satisfies the conditions (15) and (16). In the above, o and 8 are
non-zero positive parameters satisfying

Using a(x), we write A(r) as

max a(x)x’> = n < ﬁz (30)
0<x<l/ o

This condition comes from Eq. (9). In this way, A () is parameterized by the two parameters «, S.
From Eq. (14), the initial density p (0, ») is also parameterized as

3a d B
p0,7r) = 3 <r4a (\/;r)> 31

In the following, the function a(x) is given so that it satisfies Eqs. (23)—(27), and the initial density
distribution is parameterized by « and 8. Using «, 8, and a(x), Eq. (22) is rewritten as

. 1 ' \/E pmd \/E ) (32)
dr \/<1_Ota( gl’)rz)<l—aa( gr)ﬂ)( O(a( o{”) 2 dra( ar)

Moreover, using dimensionless coordinates
X =, ér (33)
o
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and

¢ E«/&(Z—ZS(O))=JE(Z—%>, (34)

we obtain the dimensionless equation for the null line
d¢ 1

2 X ) d
9 (1 —a)C+ D" ==+ —a(x)), (35)
dx a(x)x? 2 2 dx
\/V (1 S )(1 —a(x)(¢ +1)?)

where
p
Y= (36)
o
Equation (30) is also rewritten as
y > . (37)

Note here that the right-hand side of Eq. (35) is not a Lipschitz continuous function in the region
that contains x = ¢ = 0. If this equation has a solution that starts from x = ¢ = 0, then, at least,
the singularity is locally naked. Moreover, if the solution could extend to x — oo, the singularity
would be visible at null infinity, that is, it would be globally naked. From now on we will ask if this
differential equation has a solution. For convenience, we define the dimensionless coordinate 0 as

x> =¢. (38)
Then Eq. (35) becomes
do 20 1
y =
o xz\/y (1-22) (1 - a@(@x2 +17?)

(1 —a() (02 +1)% — T2 + 1)2ia(x)).
2 dx

(39)

In the current expression, from Egs. (17), (18), and the relation 6 = */itz_l , we see that the singularity

and the apparent horizon are located at

1 1
fs0) = x2 («/a(X) - 1) 4
and
oA y) = - [ —2 e 41)
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respectively, and

1
0s(0) = 7 (42)
1 1
Oan(0;y) = 4_1 - 5 (43)

Note that, from the coordinate transformations (34) and (38), we see that the region x = 0 is
singular for arbitrary 6. But any future-directed curve does not emanate from the central singularity
located in 6 < 0 because any point in the region satisfying x # 0 and 6 < 0 is not in the future time
slice of the central singularity. Then, for our purposes, we focus on the central singularity located in
0 > 0.

If the differential equation (39) has a C ! solution 6 (x) for x € [0,1], the multiplication of x with
the right-hand side of Eq. (35) for its solution behaves around x = 0 as

lim ! (1 —a(x)Ox2 + 1)? — 2022 + l)zia(x))
x—0 2 2 dx
x\/y (1-992) (1 = a@©x> + 1)
_1-26(0) "
y (5 —260(0))
Thus, if
20(0) = 1-260 (45)

v (3 —20(0))

holds, then the first-order pole of Eq. (39) is cancelled out and does not appear. As with Christodoulou
[12], let us introduce a real number A satisfying

1 -2
M= (46)

Jrd—22)

Since y is a positive real number [see below Egs. (29) and (36)], we have

1
0<Xi<-. 47)
4
In addition, since
dJyy) _d 1—2x 24601 @)
B\l -2)]  ard-w)?
Wwe See
min, Vy) =y ) =114 5V5 = /¥ain, (49)
<A<Z
where
3-45
M= 4*/_, (50)
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that is, y has the minimum at A = Ay If ¥ > ypmin holds, we have the two solution to Eq. (46) for
given y, A_(y), and A, (y), satisfying 0 < A_(y) < Am < A+(Y) < %. If ¥ = ¥min, Eq. (46) has
the single solution A1 (y) = AMm. If ¥ < ¥min, EqQ. (46) has no solution. From Eq. (46), it is easy to
see that A_(y) and A (y) satisfy lim, .o A_(y) =0and lim, o A, (y) = }‘.

If A satisfying Eq. (46) exists, we rewrite Eq. (39) as
d_9 _2(X —0) _ 1 —a(x)6x* + 1)2 — %(sz i I)Z%a(x) 2
d.
X X xZ\/y <1 _ M) (1 _ a(x)(gxz 4 1)2)

14

= M (x,0; 1). (51)

The formal solution to this equation is given by

1
9(x) = A (1 +x/ dwzf(vx,e(vx);m)

0
= T(6) (), (52)

where T is a nonlinear map on a functional space. Equations (51) and (52) imply that the fixed
point of T can be a solution to Eq. (51). Thus, if 7} has a fixed point on a proper subset of C°
on a proper domain, we can prove the existence of the solution satisfying (51), which emanates
from the central singularity, and this means that the singularity is naked. In the next section, using
the fixed-point theorem for a compact operator introduced soon, we examine the condition that the
central singularity is naked.

3. Existence of null geodesics emanating from the central singularity
3.1. Preparation

In the four-dimensional case [12], the existence of null geodesics is shown by using the fixed-point
theorem for contraction mapping [19]. In the five-dimensional case, however, we cannot use the
same method (see Appendix B). Thus, we have to innovate.

First, we introduce a fixed-point theorem that is suitable for the current issue [20].

Tueorem (Schauder fixed-point theorem [17]) Let D be a nonempty, closed, bounded, convex subset
of a Banach space X, and suppose 7 : D — D is a compact operator. Then 7 has a fixed point.

In the above, a compact operator is defined as follows.

Dermviion (Compact operator) An operator 7' is compact if and only if:

(1) T is continuous.
(2) T maps a bounded set into a relatively compact set.

Here, “relatively compact” means that the closure is compact. Note that 7" does not have to be a
linear operator.
We also use the Arzela—Ascoli theorem to show the relative compactness of the image of 7.
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Tueorem (Arzela—Ascoli theorem) Let G be a nonempty open set in R”. A subset M in C*(G) is
relatively compact if and only if the following two conditions hold:

(1) Uniform boundedness:

sup (sup [f(x)]) < oo. (53)
JEM  xeG

(i) Equicontinuity: For arbitrary € > 0, there exists § > 0, which depends only on €, such that

sup [f(x) —f()] <€ (54)

SeM

for each x, y € G satisfying |x — y| < 8.

We apply the Schauder fixed-point theorem to the nonlinear operator T, defined in Eq. (52) and
ask if the equation for the null line has a solution. First of all, we introduce a domain such that 7}
maps its domain into itself. So let us define

Dy pea =10 160 € C°0,d], |0 — | < bx®}, (55)

where b,c,d € Rsatisty b > 0,¢ > 0,/ > d > 0, and A 4+ bx® < 6s(x) for all x in [0,/]. The
last inequality can always be satisfied for sufficiently small d because g is a continuous function
and A < }1 = 6s(0) always holds. We can control the maximum norm of the elements of D; j .4
by parameter b and the speed of their convergence as x — 0 by parameter c, respectively. Here we
introduce the uniform norm [|0|| = sup,¢[o 4 & (x) such that D; p s becomes a subset of a Banach
space CY10, d]. Then we can show the following lemma.

Lemma 1 Forall A < %ﬁ, there exist ¢(A) € (0, 1), which depend only on A, and d € (0,1], such
that T, : Dj_pcq — Dipea forallc € [c(r),1) and d € (0,d].

Proof. For 0 € D p ., we estimate the right-hand side of Eq. (51) as

L —a@@x* + 1D = §O@x* + 1> a) 22
x2\/y (1 — “O;iz> (1 = a(®) @2 + 1)?)
21
T 3
V7 (-2’

where we used (46) and (55) (the details are shown in Appendix A) and the terms O(1) and O(x2¢~1)
do not depend on 6. Then we see that

|Af Cx, 0(x); M| =

x4+ 00) + o(x* 7Y, (56)

=<

2)

$bx° + 0(*) + O(x). (57)
J7(e+2) (3 —22)?

1
IT,(6) — 4 < x/ 2 if (v, 6(); 1) =
0

Hence, if

0<c<l1 (58)
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and

22X
3
Jy(c+2) (% —2))2

<1 (59)

hold and d is sufficiently small, the second and third terms in the right-hand side of Eq. (57) can be
much smaller than the first term and ignorable, and |73 (8) — A| < bx€ holds for all x in [0, d]. This
means that there exists a positive number d such that T »(0) isin Dy . 4 for arbitrary d in (0, d ], that
is, Ty, maps D, j . 4 into itself for such d.

There exists ¢ such that Egs. (58) and (59) hold if and only if

9 — 433
A< —— (60)
16
holds. In this case, Egs. (58) and (59) imply
812
—-2<c<l, (61)

(1 —22)(1 — 4%

and then we can take the parameter ¢ in this range so as to satisfy (58) and (59). For example, c(A)
in Lemma 1 is a number slightly larger than #(21—4%) - 2. O

Remark: the restriction for ¢, ¢ < 1, in Lemma 1 comes from the circumstance that one wants to
control the matter initial distribution by Eq. (15) or (28).

From (50) and (60), for all A_(y), we can take some c satisfying Eqgs. (58) and (59) because of
() <o < 5
Next, we evaluate 73 (9) and show that it is uniformly continuous on D; 5 ¢ 4.

Thus, we can choose c and d suchthat 7 : D pcq — Dj pcq forallA_(y).

Lemva 2 T 0 D pea —> D pcq 1s uniformly continuous.

Proof. First, we evaluate the absolute value of the difference of the integrand in 7 (9) for different
01 and 6, in D; 4 . 4. For convenience, let us define
2

g =1-a( (9,- ()2 + 1) (62)

where the index i takes 1 or 2. Since we have 0;(x) < 0s(x) from the definition (55), and Eq. (40)
shows us 1 — a(x)(6s(x)x* + 1)2 =0, g; is always positive. Then, we obtain

IAf (x,01(x); &) — Af (x,02(x); 1)

d
xa(x 1
|1 4 Y™ <1 + )
2a(x) /8182 2y (1 B a(x)x2)
Y

(st rtee) 2

< x%a(x) (1 N 1
- 2a(x) 1 —a(x){(A + bx)x2 4+ 1}2)

11/32
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a(x){x*(A + bx®) + x?} 161 (x) — 6>(x)]
Jl—mm«w+maﬂ+lﬂﬁ¢yo_gmﬁ)

14

:<4Ax1+&@M1)ﬁ@—@®| (63)
1 —4x ’

where § = min(1,¢) and B (x) € C°[0,d] is a positive function that does not depend on d, 6y, or
0>, and we used Egs. (26) and (46) and the fact that

121 — 2| = [a()[[(B1(0)x* + 1)* — (B2 (x)x? + 1)?]
< 2la@)[x*(n 4 bx€) + x?[161 (x) — 62 (x)]| (64)

(see Appendix A for the details). Using (63), we obtain

I75(61) — T1(62)] = sup

0<x<d

1
x/ V2 {kf(vx, 01(vx); L) — Af (vx, B2 (vx); k)}dv
0

IA

L [* o 4 -1
sup — [ » Yy 4+ By 101() — 62(0)|dy
0<x<d X 0 1 — 4)\

IA

161 — a2l —1 / * ) 5+l
01 — 62| su + B d
1 2 P > 1 My 1)y y

O<x<d X

0<x<d X~ JO

22 L[ 5+1
=10 =0l | T+ sup | By dy ). (65)

The integral of the right-hand side of the inequality is finite because By € C%10,d] and § > 0.
Therefore, T, : Dy p.ca — Dj pc.a 1s uniformly continuous. [l

Moreover, for specific initial conditions, 7 becomes a contraction mapping. In this case, as below,
we can immediately show the existence of a solution to Eq. (52).

Tueorem 2 For all A < %, there exist d € (0,/] (I corresponds to the surface of the dust cloud) and
a unique solution 6 € C*(0,d] to the integral equation (52), which is continuous at x = 0 and

satisfies 6(0) = A.

Proof. The last term of (65) is estimated as

1 X
;/Bmw“@=m%. (66)
0
Here, if
22 1 (67)
<
1 —4x ’

we can choose sufficiently small d such that

2 + : /xB o’ tldy < 1 (68)
su -y 1 <1,
T—4n " g2 Jo o
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that is, 7% : Dypca — Dipea is contractive. Thus, by the fixed-point theorem for contraction

mapping [19], T has a unique fixed point 8 € D, j . 4. Note that the condition (67) is equivalent to

A< L O
6

Since the integrand of the right-hand side of Eq. (52) is a C* function in the region except for
the singularity, the solution 6 must be a C*° function in (0,d]. On the other hand, the solution
6(x) € CY[0,d] is not differentiable at x = 0 in general. However, {(x) = x%6(x) is in C'[0,d]
because ¢(x) € C*°(0,d], and %{(x) is O(x) from (35). This means that the differential equation
of the null line (35) has a solution ¢ (x) € C 110, 4] which is a future-directed outgoing null geodesic
emanating from the central singularity for all A < é.

For y > 24, Eq. (46) tellsus A_(y) < %. Then, in this case, there exists a null line emanating
from the central singularity, that is, it is a locally naked singularity at least.

3.2. A proof of the existence of the null geodesics

In the case of ynin < ¥y < 24, that is, % < A_(y) holds, we cannot use Theorem 2 to show the
existence of a solution to Eq. (52). Then we have to develop another method. As we mentioned
already, we can show the existence of a solution to Eq. (52) by using the Schauder fixed-point
theorem.

Tueorem 3 For all A < 9_1}4@, there exist d € (0,/] and a solution & € C*°(0,d] to the integral

equation (52), which is continuous at x = 0 and satisfies 6(0) = A.

Proof. From Schauder fixed-point theorem, if D, .4 i1s a nonempty, closed, bounded, convex
subset of a Banach space, and 7) maps D, ;.4 into itself and is a compact operator, then 7} has
a fixed point. We already showed in Lemma 1 that we can take certain numbers d € (0,/] and
c € (0, 1) such that 7 maps D, ;.4 into itself for all A < %ﬁ. Moreover, Lemma 2 tells us that
T}, 1s continuous. By the definition (55), Dy p. 4 1s obviously a nonempty, closed, bounded subset of
a Banach space CY[0, d]. Furthermore, for all 6,6, € Dypeaand0 <k <1,

A—bx <k (x)+ (A —k)0(x) < A+ bx°. (69)

This means that D, j . 4 is convex. Then all we have to show is that 7 (D 5 . ) is a relatively compact
set. By virtue of the Arzela—Ascoli theorem, the remaining task is to show uniform boundedness
and equicontinuity of 7 (Dj pq). Uniform boundedness results from the boundedness of D, p . 4
as follows:

sup ( sup [TL(O)N)]) = sup ( sup A+ bx)
L@l (Dypea)  x€l0.d] Ti(O)ETi(Drpea) xel0.d]

= sup (A 4 bd®)
T 0)eT).(Dyped)

= A+ bd". (70)

Next, to show equicontinuity, we evaluate

L@ - O = |~ / (5,00 s — = / T P (5,00 s
0 Y= Jo

2

_ (i _ i2) / A1 (5,005); M)ds — yiz / T f 5,605)5 2)ds
0 X

x2 oy

. (7D
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Here, note that we can assume x < y without loss of generality. Then, using Eq. (56),

1 1 * | g
175.(0)(x) — 10.(0)(»)| = (— —y—z)/o Szlkf(s,G(S);?»)ldSwLy—z/ S*|Af (5,0(5); 1) |ds

x2

1 1 1
< ()X = ¥°| + ¥ 1h(x) — h()| 4+ 2" h(x)y ™ =T |x2=T — ponT

2

(72)

where A (x) isa C° positive function in the range [0, d] that does not depend on 6, and # is an arbitrary
natural number (the details of the calculation are in Appendix A). So we take n such that
1
1
Then, since A4(x), y¢, and 2’”’1h(x)yc_2"7—1 are continuous functions for (x, y) in [0, d] x [0, d], there
exist real numbers A, Ay, and A3 such that
1 1

x2=T — yon=T |

IT5.0)(x) = To.0) ()] < Arlx® =y + Az|h(x) — h(y)| + A3 (74)

Since all continuous functions on a compact set are uniformly continuous, for all € > 0 there exist
81 > 0,82 > 0,and 83 > 0, independent of x and y, such that Ay [x¢ —y°| < §, Az|h(x) —h (V)| < 5,
1 1
A3 ‘xﬂl — yorl ’ < % hold whenever |x — y| < 81, |x — y| < 82, |x — y| < &3, respectively. Thus,
|T5(0)(x) — T5.(8)(y)] < € holds whenever |x — y| < § = min{d1, 87,83} holds. This means that
T3 (Dyp.c.q4) 1s equicontinuous. Therefore, T3 (Dy p.q) is a relatively compact set. Since any closed
set included in a compact set is also compact, 7 maps any bounded set into a relatively compact set.
Thus T is a compact operator. [l

In the same way as the discussion below Theorem 2, Theorem 3 means that the differential equation
for null line (35) has a solution ¢ € C'[0,d] which is a future-directed outgoing null geodesic
emanating from the central singularity for all A < 9_1‘6/?3. Thus, in the following, if the function that
is a solution to Eq. (51) converges to a finite value as x — 0, we consider the function as a solution
to Eq. (51) that is also defined at x = 0. Note that the solution found in Theorem 2 is unique, but it

is not necessary that the solution found in Theorem 3 is unique.

If X satisfying Eq. (46) exists, A_(y) always satisfies A_(y) < Am < 9_]*6/5. From Theorem 3,

this fact means that T, _(,) has a fixed point which converges to A_(y) asx — 0, that is, there exists

a null geodesic emanating from the central singularity. Thus, the central singularity must be locally
naked at least if A satisfying Eq. (46) exists.

4. Spacetime structure around the singularity

In this section, we show the existence of the earliest null geodesic 6,, emanating from the central
singularity for all ¥ > ymin = 11 + 5+/5. Since such a null geodesic determines the causal structure
around the naked singularity and the global nakedness of the singularity, 6,, plays an important role
in our analysis. On the other hand, for ¥y < ymin, we also show that there is no causal geodesic
emanating from the central singularity.

In the case of four dimensions, we can show that g, of the LTB spacetime is a strictly monotonically
decreasing function with respect to ¢ near the singularity. Using this nature, we can immediately
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specify 6,, (see Ref. [12]). By contrast, in the case of five dimensions, g, becomes a monotonically
increasing function with respect to ¢ near the singularity. Therefore, we need to develop another
method to specify 6,, that is general to some extent.

First, we show that any future-directed null geodesic along the outer radial direction cannot emanate
from the central singularity located at & < A_(y).

Lemma 3 If A satisfying Eq. (46) exists and a future-directed null geodesic along the outer radial
direction, 8(x), converges as x — 0, then 6(0) > A_(y) holds. On the other hand, if A satisfying
Eq. (46) does not exist, any future-directed outgoing causal line, 6 (x), satisfies 6.(x) — —oo as
x — 0.

Proof. Let us assume that a solution to Eq. (51), 6(x),isa C 0 function in the range (0,d] and is
a bounded function. Bearing Eq. (44) in mind, Eq. (51) for 6(x) can be written as

o) _1- a(x)(0)x* + 1)? = 3O@)x + 1) La(x) _260(x)

dx \/y (1 — “O‘Vi> (1= a() @2 + 1)?)
O 1-20(0) + O®) 26/(x)
xfy (—2000 + 0w) R

X

(75)

Moreover, if the solution 6 (x) converges as x — 0, then, for all € > 0, there exists dy > 0 such that

1 —26(x) + O(x) 2000 - 1 —26(0) 20000 €
Wy -2w@+ow)  * xfy(b-20) F 7
_8W0O);y) € (76)
X X
for arbitrary x € (0, dy], where
g:y) = A 20, 77
Vr (G —20)
In the case that A satisfying Eq. (46) exists, g(0; y) satisfies
ghx(y);y) =0
g0;y) <0 A-(y) <0 <ry(y)
g®;y) >0 0 < A1), he(y) <0 < 3. (78)
In the case that A+ (y) does not exist, for all 6 < %{,
g;y) >0 (79)

and inf0<%g(9; y) > 0 hold.
Now we assume that A satisfying Eq. (46) exists, and a solution to Eq. (51), 6(x), satisfies
60(0) < A_(y). In this case, we can choose € such that

2(0(0);y) — € = &, (80)
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where k( is a nonzero real number. Then, if the solution 8(x) converges as x — 0, from Egs. (75),
(76), and (80), there exists dy > 0 such that

do 2
4o _ kg 81)
dx X
for arbitrary x € (0, dp]. Integrating this equation, we obtain
X
O(x) —0(0) > lim Kg[ln x] . (82)
x0—0 X0

In the above, the right-hand side diverges. This contradicts the assumption that 6(x) is bounded.
Thus, 6(0) > A_(y), that is, any future-directed null geodesic along the outer radial direction does
not converge to the central singularity that satisfies 8 < A_(y).

On the other hand, in the case that A satisfying Eq. (46) does not exist, Egs. (75) and (79) hold for
any bounded solution 6 (x) satisfying 6 (x) < %. In addition, since any future-directed null geodesics
cannot emerge from the apparent horizon determined by Eq. (41), any solution that can extend
x — 0 must not enter the region 6 > O (x;y) as x — 0. Then, there exist d; > O and u© > 0
such that the solution satisfies 0(x) < 4—1‘ — u for all x € [0,d], because O (x; y) is continuous
and 0411 (0; y) = % — % holds. In this region, g(0; A) is defined. Then, for all € > 0, there exists d;
satisfying d; > dp > 0 such that

@@ 1-260@+0@ 200 _gOWsy) <
dx x\/y (% —20(x) + O(x)) X X X
inf,_120;y) ¢
B
= x X ®3)

for arbitrary x € (0,d>]. Note that we do not assume the solution 6(x) converges as x — 0 here.
Since A satisfying Eq. (46) does not exist, inf, _ 1 2(9;y) > 0. Then we can choose € such as

inf g(6;) — € = 7, (84)

0<z

where k1 is a nonzero real number. Thus, in the same way as the case that A satisfying Eq. (46)
exists, we can show that any solution 6 (x) cannot be bounded. Therefore, any future-directed null
geodesic along the outer radial direction must diverge to —oo as x — 0. Since the future-directed
null geodesic along the outer radial direction is obviously the earliest line that emerged from x = 0
at arbitrary time, any future-directed outgoing causal line must diverge to —oo atx = 0. ([

Thus, for the case that A satisfying Eq. (46) does not exist, there is no causal line which emanates
from the central singularity, that is, strong cosmic censorship holds. In contrast, for the case that A
satisfying Eq. (46) exists, we have just discussed converged null geodesics and have not yet shown
anything about other causal lines that emanate from the central singularity. To address this point, we
will first present Lemmas 4 and 5.

Lemma 4 Let 6 (x) be a future-directed outgoing null geodesic along the radial direction that oscillates
as x — 0. If A satisfying Eq. (46) exists, then lim _ ,6(x) > A_(y) holds.
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Proof. We assume that ) satisfying Eq. (46) exists and a future-directed outgoing null geodesic
along the radial direction, 6(x), is a C? function in the range (0,d] and oscillates as x — 0. If

—hmx—> 0

6(x) < A_(y) holds, we can choose 141, 1y € R such that

lim 6(x) < p1 < pa < min{Tmoe(x),A_(y)}. (85)

x—0

Here let us define

nr o 0(x) <
0)=160(00) w1 <6(x) < 2 (86)
M2 p2 < 0).

It is easy to show that 6 is a CY bounded function in the range (0, d] and satisfies lim,__ 6 x) = u1,
mx—)O é(x) = 2, and

0 0(x) < w1
) 1—a(x) (@ (0)x2+1)2 =L O (x)x2+1)2 L g(
d_@(x) _ a(x) (60 (x)x ! )3 O@)x "+ Fralx) 29)§x) < 6 < o 87)
dx \/y(1—%)(1—a(x>(9(x>x2+1)2)
0 ny < 0(x).

For all x which satisfy u; < 6(x) < w2 < A_(y) < %, the function g(6(x); y) exists as a real
function. Then, as with the proof of Lemma 3, for all € > 0, there exists a dyp > 0 such that

1 —a(x)(@@)x* +1)? — %(Q(X)xz + l)zj—xa(x) _ 26(x) - gO(x);y) €
\/y (1 - “(’;i) (1 — a()O@)x2 + 1)2)

X X X

- il’lf,“<9<u2 g0;7) _ S (88)
x X

for arbitrary x € (0, dp], which satisfy u; < 6(x) < uo. Here, inf,, <9<, g(0;¥) > 0 because of
U2 < A_(y). Then we can choose € such that

inf g@;y)—e=«2, (89)
n1<0<pr

where « is a real number. Equations (87), (88), and (89) imply

- 0 O < u
do 2
E(X) 2157 M1 <0 <u (90)
0 <0

for arbitrary x € (0, dp]. Thus, from Egs. (86) and (90), 6 (x) is a monotonically increasing function.
This contradicts the assumption that 6(x) oscillates as x — 0. Therefore, the solution 6 (x) must
satisfy lim,__ 0 (x) > A_(y). O

Thus, from Lemmas 3 and 4, we conclude that any future-directed outgoing null geodesic along
the radial direction, 6 (x), satisfies (i) lim, _,,60(x) > A_(y), or (ii) 0(x) diverges to —oo as x — 0
if A satisfying Eq. (46) exists. However, unlike the case when A satisfying Eq. (46) does not exist, it
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does not immediately mean that any future-directed outgoing causal line comes to satisfy 0 > A_(y)
or — —oo asx — 0, because a null line that converges to the central singularity exists in this
case. Hence, we have to carefully examine the geodesics in this case.

Ford > 0, let us define G;_(,)a C CY10, d] as the set of the solutions to Eq. (51) for y that
converge to A_(y) as x — 0 and do not enter the singularity at a point in (0, d]. Then, we can show
the following lemma for G, _ () 4.

Lemma 5 If A satisfying Eq. (46) exists, then there exists a solution to Eq. (51), 8,,(x; ), such
that 0, (x; y) < 6(x) forall 0 € G, _(y)q and x € [0,d], where d is an arbitrary positive number.
Moreover, if the curve 6 = 6, (x; y) enters the singularity at x = d; > 0, G _(;),4 is empty for all
d satisfying d > d.

Proof. We suppose that A satisfying Eq. (46) exists. Let us define

Gr_(),dx) ={0()|0 € Gy_1).a}s (29)

where x < d. By Theorem 3, there exists dy > 0 such that G, _(;) 4,(do) is not empty. If a solution
to Eq. (51) exists in [0, dp], then, for arbitrary d € (0, dp], this solution also exists in [0, d]. Then,
G)._(y),a(x) is not empty for all d € (0,dp] and x € (0,d].

Now we suppose that G;_(;).4,(x) is not empty for all x € (0,do]. Since the right-hand side of
Eq. (51) satisfies the Lifshitz condition on an arbitrary closed set that does not contain the singularity,
all solutions to Eq. (51) do not intersect each other and can extend arbitrarily in any open set that
does not contain the singularity. This fact means that the ordering of the solution orbits with respect
to the coordinate 6 is conserved.

Letus define 0 (x; xg, 09) as the solution to Eq. (51) that passes through (xg, 6p). Then, fordy > x¢ >
0, Lemmas 3 and 4 and the above discussion tell us that 6 (x; xo, inf G;,_(;),4, (x0)) must converge to
A—(y) or diverge to —oo as x — 0, because 6 (x; xo, inf Gj_ () 4,(x0)) cannot intersect any element
of G)._(y),4. Let us assume that 6 (x; xo, inf G_ ;) 4,(x0)) diverges to —oo as x — 0. Then, there
exists 0 < x; < x¢ such that 6(x;xo,inf Gy_(y)4,(x0)) < 0 holds. On such xi, there exists a
future-directed solution to Eq. (51), 81 (x), such that 6 (x;; xo, inf G_ ;) 4,(x0)) < 601(x1) < 0. Since
the region of 6 < 0 is not a future of the slice # = 0, Lemmas 3 and 4 imply that 6, (x) must diverge
to —oo as x — 0, that is, 01(x) ¢ G,_(y).4,- Since the ordering of the solution orbits with respect
to the coordinate 6 is conserved, 6 (x;xg, inf Gy_(y).4,(x0)) < 01(x) holds for an arbitrary point in
the domain of 6;. On the other hand, from the definition of 6 (x; xo, inf Gj,_(y),4, (x0)), for arbitrary
€ > 0, there exits 0 (x) € Gy_(y).d, such that 0 < 6c(xo) — 0 (xo; x0, inf Gy_ (54, (x0)) < € holds.
B¢ (x) also satisfies 0 (x) > 0 (x; xo, inf Gy _(;).4, (x0)) for arbitrary x € (0,xo].

Let us assume that 6 (x) enters the singularity at x = xs(61) in (x1,xo]. Since 0 (x) € Gy_().dy»
O (x) satisfies 0 < O.(x) < 6Os(x) for all x € (0,x0]. Then lim,_ x54,) 61(x) = Os(xs(61)) >
Oc(xs(61)) and O (x1) > 0 > 01 (x1) hold, that is, 81 (x) and 6, (x) intersect at a point in (x1,xs(01)).
This contradicts the fact that the right-hand side of Eq. (51) satisfies the Lifshitz condition. Then
01(x) does not enter the singularity in the range (x1,xo]. In this case, there exists € > 0 such
that 6 (xo; xo, inf Gy_ ()4, (x0)) =< 0 (x0) < 01(xp) holds. Since O/ (x1) > 0 > 61(x1) holds, this
means that 61 (x) and 6./ (x) intersect at a point in (x1,xp), and this leads to a contradiction. Thus,
6 (x; xo, inf Gy _ (5,4, (X0)) must converge to A_(y) as x — 0, that is, 0 (x; xo,inf Gy _(;) 4, (x0)) €
Gi_(y).do-
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Since the ordering of the solution orbits with respect to the coordinate 6 is conserved and the
solutions can extend arbitrarily in any open set that does not contain the singular points, for arbitrary
d, 0(x;x0,1nf G;_(y),4,(x0)) must satisfy Og(x) > 0(x;x0,1inf G, _(;) 4, (x0)) for arbitrary 0; €
G._(y),¢ and x € [0,d]. This means that 6 (x; xo, inf G;_(,).4,(x0)) must be 6,,(x; ). Moreover,
if the curve 6 = 6,,(x; y) enters the singularity line 6 = 6s(x) at some x = d; > 0, then all
other solution lines that emanate from the singularity are surrounded by the curve 6 = 6,,(x;y)
and 6 = 6Os(x). Since 6,,(x; y) and any other solution line do not intersect each other except at the
singularity, all solutions must intersect with the singularity at a point in (0,d]. Then G;_(y)q is
empty for d > d. ([l

Lemmas 3, 4, and 5 imply the following theorem.

Tueorem 4 (i) If A satisfying Eq. (46) exists, then 6,,(x; ) defined in Lemma“5 exists and is the
earliest of all future-directed causal lines emanating from the central singularity. 6,,(x; y) converges
toA_(y)asx — 0.

(i1) If X satisfying Eq. (46) does not exist, then strong cosmic censorship holds.

Furthermore, (i) and (ii) mean that A satisfying Eq. (46) exists if and only if the central singularity
is naked.

Proof. We have already shown (ii) below Lemma 3. Then we will focus on (i). We suppose that a
future-directed causal line 6 (x) satisfies 0 (xp) < 6y, (xo, ) ata pointx = xo > 0. From Lemmas 3,
4,and 5, 0 (x; xp, O (x0)) must diverge to —oo asx — 0. Since 0 (x; xg, 6. (xp)) corresponds to a future-
directed outgoing null geodesic along the radial direction, 6. (x) also diverges to —oo as x — 0, that
is, the line with 6. (x) must emanate from the regular center. Then there is no future-directed causal
line that emanates from the central singularity before 6, (x; y). ]

From Theorem 4, if 6,,(x; y) can extend to x = [/ and 6,,(/; ) < 6anu(/;y) holds, the central
singularity must be globally naked. Using this fact, in the next section we consider the global structure
of this spacetime.

5. Global spacetime structure and the globally naked singularity

In this section, we consider global properties of a singularity. We will see the dependence of the
nakedness of the central singularity on the initial density distribution characterized by y and a(x)
(see Eq. (31) for the definitions). The discussion in this section is similar to the four-dimensional
case [12].

Lemma 6 For any initial density distribution parameterized as (31), there exists jp such that the
solution 6y, (x; y) can extend to x = / (corresponding to the surface of the dust cloud) and 6,,,(/; y) <
Oau(l; ) holds for all y € [yo, o0]. 6y, is defined in Lemma 5.

Proof. Since the outer region of the x = / surface is the Schwarzschild spacetime and the event
horizon is identical to the apparent horizon in the Schwarzschild spacetime, 6,,,(/; ) < Oau(/;y)
means that the null line corresponding to 6,,(x; y) arrives at the outer region of the event horizon
of the Schwarzschild spacetime, that is, the null line 6,,,(x; y) will attain the future null infinity and
then the central singularity is globally naked.
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To prove this lemma, by virtue of Theorem 3, it is enough to show that, for sufficiently large y, there
existband ¢ suchthat (i) A (¥ )+bx® < Os(x) holds forallxin [0, /]; (ii) | T _ () (0) () —A_(y)| < bx®
holds for all x in [0, /] and all 6 in C°[0, /] that satisfy |0 (x) — A_(y)| < bx®; and (iii) 6,,(/;¥) <
a1 (/; y) holds (see the proof of Theorem 3 for the details).

The conditions (23), (25), and (26) imply a(x) < 1 for all x in (0, /]. Since 65 is continuous in the
range [0, /], we see

1 1
012;2 Os(x) = 0<;21x <m — 1) = 03 min > 0. (92)

Since A_(y) is a monotonically decreasing function such that it satisfies lim,, .o A_(y) = 0, there
exists yj such that A_(y) < 6s min holds forall y € [y, 00). Then we can take a positive real number
b(y1) such that A_(y1) + b(y1)I¢ < Os min holds. For such b(yy),

A—(y) +byDx < A_(y1) + b(y1)I° < Osmin < Os(x) (93)

holds for all y in [y}, 00). This means that the condition (i) for all y in [y, o0) holds for this b(yy).
Next, we confirm that the condition (ii) holds for sufficiently large y. For 6 € D;_(,) s(y),c.0» WE
evaluate

I —a@ @@ + 1> = O + D> Lal) 22 (y)
xz\/)/ (1-22) (1 - a@ O + 1?)

C3r,60) = 20— () [y (1 = “2=) Vw00
x\/y (1 o )C x,0(x))

2 16000, - (P)IOG) — A () + x5 (x, 0(x), A ()/))

A— () (x,0(x); A_(¥))]

IA

X

- VVXF3(x,0,A_(y)) O
where
X2C3(x,0) = x> — 205> + x3C1(x,6)
=1—a()@x*+ 1)* — %C(ze + 1)2%61@), (95)
xX2Cy(x,0) = %2 —20x% + X3 Co(x,0) = 1 — a(x)(Ox% + 1)?, (96)
Fi,6,-(7) = 4|6 = () = 1+ 24-() =xC1 .0 + 2200y, OD)
Fa(,0,3- (1) = [2(1 = - ()1 (3,0) + CHx,0) = 412 (1)y Ca(x,0)
+ 422 (y)a(x)x? (% —20 +xC2(x,9)) , (98)
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and

2
F3(x,0,A_(y)) = \/ (1 - “(xy)x ) Ca(x, 0(x))

a(x)x?

X Cs(x,Q(X))+2A_(V)\/V (1— ) Ca(x,0(x)) |, (99)

respectively (see Appendix A for the details of the above evaluations). From Eq. (28), C;(x,09),
Ca(x,0), C3(x,0), and C4(x,0) defined in the above equations are C* functions in any region. Here
let us define

Dy pipyel = U {x,0(x)) | x € [0,1], 0 € Djpyy),c0)> (100)
Ae[0,a—(y1)]

where b(y) is introduced just before Eq. (93). Note that Dyl b(y1).cl 18 a closed compact subset
and does not contain the singular line & = 65(x). Since (26) and 1 — a(x)(6x> + 1)?> > 0 hold in
D v,b(n),e.l €xcept for x = 0, x2C3(x 0) and x2Cs(x,6) can be zero only at x = 0 in D b6l
On the other hand, C3(0,0) = 7 — 26 and C4(0,0) = 1 — 26 do not vanish in Dy1 b(y1),c,l- Then,
C3(x,0) > 0and C4(x,0) > 0 hold in Dm b(y1).c,l- In addition, from definition (46), the 2A_(y) /¥
appearing in F1(x,0,A_(y)), Fa(x,0,1_(y)), and F3(x,0, _(y)) above are strictly positive and
bounded for y such that A_(y) is in [0, A_(y1)], and, using condition (30), we can see easily that
1 — a(’;)x is also strictly positive and bounded for y such that A_(y) is in [0, A_(y;)]. Thus, we
conclude that there exist the strictly positive values vy, v, and v3 defined by

v = max { max Fl(x,Q,k_(y))}, (101)
A-(E0A-DIL (x,0)€Dy, b)),

m=  max { max Fz(x,Q,A_(y))} (102)
A-(E0A-YOIL (x,0)€Dy, b(yy),c

and

vy = min { min F3(x,9,k_(y))}, (103)
A-(E0A-YDIL (x,0)€Dy, b(y)).c

respectively. Using these values, forarbitrary x € [0,7],0 € Dy _ () b(y1).c»and A_(y) € [0,A_(y1)],
we see

V10(x) —A_(¥)| + vox

IA—(¥)f (x,0(x); A—(¥))| <

VY v3x
C
< v1b(y1)x +v2x. (104)
JYvix
Then, we have
vib(y1) V2
|Th_)(0) — x¢ (105)

A (V)|_( +2)[v3 +3ﬁv3x.
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Since the right-hand side of this equation converges to 0 as y — 0, there exists y» in [y, 00) such
that, for arbitrary y € [y», 00),

v1b(y1) n V2
(c+2)/yvs 3 /vv3

holds. Thus, for a ¢ € (0, 1) and arbitrary y € [y», o0), we obtain

I'=¢ < b(y) (106)

vib(y1) . %)

ITh_()(0) —A—(¥)] < x¢ + x
- N R W 2T W 202
- v1b(y1) A 2 ji-cye
(c+2)/vv3 3./Yv3
< b(y1)x“. (107)

This means that T}, _ ) maps D;._ () s(y,),c,/ into itself, that is, the condition (ii) holds fora c € (0, 1)
and arbitrary y € [y2, 00). Therefore, from Theorems 3 and 4, 6,,(x; y), which is the earliest of all
future-directed causal lines emanating from the central singularity, exists in the range [0, /].

Finally, we will examine the condition (iii) for sufficiently large y . For arbitrary € > 0, there exists
3 such that

1 1 a()?
GAH(I;V)=Z—2 m 1— > —1
1 (; _ 1) _
2\ Ja() ¢
> 0Smin — € (108)

holds for arbitrary y in [y3,00). In the above, we used Egs. (40) and (41) and definition (92) for
0s,min- Now we choose € > 0 such that g nmin — € > A_(y1) + b(y1)I° holds. Then, we have

Oau(l;7) > Osmin — € > A_ (Y1) + b(yD)I = A_(y) + b(y1)I = 6,5 ) (109)

for any y in [y, 00), where y9p = max{y1, y2, y3}. For the last inequality, we used the fact that there
isa solution in Dy _ () p(y),c, and Oy, (x; v) is the earliest of all future-directed causal lines emanating
from the central singularity. ([

Therefore, for all y € [y, 00), 6,,(x; y) arrives at the surface of the dust cloud before the event
horizon appears there; that is, the central singularity is globally naked in this case.

On the other hand, for y sufficiently close to n defined by (30), we show that the central singularity
is surrounded by the event horizon, that is, the central singularity is only locally naked.

Lemma 7 (i) For any initial density distribution which is parameterized by Eq. (31) and satisfies
N > Ymin = V11 455 [Vmin is defined by Eq. (49)], there exists y; such that y; — oo for
a(l) — 1 and the central singularity is only locally naked for arbitrary y € (1, y1].

(i1) For any initial density distribution which is parameterized by eq. (31) and satisfies ) < Ymin,
if there exists x¢ in [0, /] that satisfies Vm:f > < a(xp), then there exists y» such that y» — oo for

‘min TX(

a(l) — 1 and the central singularity is only locally naked for arbitrary ¥ € [¥min, 21
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Proof. We suppose that X satisfying Eq. (46) exists. In this case, from Theorem 3, the central
singularity is locally naked at least. Let us define x,, as

2 2
= =1 110
a(xy)x; [max a(x)x” =1 (110)

Note that x,, # 0 because a(0) is finite and a(x)x® > 0 except for x = 0. At x = x;, the apparent
horizon appears at

1 1
HAH(xn;V)=x—%(\/a—(Tn) 1—3—1). (111)

If n > ymin holds, there exists y| such that the right-hand side of this equation becomes negative for
arbitrary y in (7, y1]. Additionally, since . /1 — g < 1 always holds, Oan(xy; ) would be negative
if a(x;) were equal to 1. This fact and a(/) < a(x;) < 1 tell us that y; — oo for a(/) — 1. Since
Oan(xy; ¥) < 0 means that the apparent horizon can exist at an earlier timeslice than the central
singularity appears, null geodesics emanating from the central singularity cannot arrive at future null
infinity for arbitrary y in (n, y1]; that is, the central singularity is only locally naked.

On the other hand, for n < ynin, ¥ cannot approach n because of the condition (37). But if there

exists xg in [0, /] that satisfies - )fmj‘r‘xz < a(xp), then Oa1(x0; Ymin) < 0 holds from Eq. (111). Since
'min TX()

Oan(x; v) is continuous with respect to y, there exists 3, such that Oar1(xo; ¥) < 0 holds for arbitrary
¥ € [¥min, ¥2], that is, the central singularity is only locally naked in these cases. In addition, since

y ’fmj:xz < land a(/) < a(xp) < 1 always hold, we have y» — oo for a(l) — 1. ]
min TX(

Furthermore, we can show the monotonicity of 8, (x; y) with respect to y at each x. Let us define
0 (x; y) as a solution to Eq. (51) for y, which converges to A_(y) asx — 0.

Lemma 8 For any initial density distribution parameterized as (31), 6(x; y5) > 6(x; y;) holds for y;
and y; such that y; < y;, and all x such that 6 (x; y,) exists. In particular, 8, (x; y) defined in Lemma 5
is a monotonically decreasing function of y at each x.

Proof. We suppose that y; < y; and 6 (x; y;) exists in the range [0, ds). Now let us define
I'={x]00ys) >0y} (112)

[ is the union of intervals and not empty because 6 (x; y;5) and 0 (x; y;) are continuous and 6 (0; y;) =
A_(ys) > A—(y1) = 6(0; ;). We shall show that [0,dy) C [ implies dy € [ for arbitrary dy < d;
in the following. This implies / = [0, d;) because any interval contained in / must not be a closed
proper subset in [0, d;) by definition.

Now we suppose that [0,dy) C [ and 0 < x; < x2 < dy < ds. Let us define

1 —a@)(0x® + 1)? — 3(0x% + 1)? La(x)
xy/T — a(x)(x2 + 1)2 '

JSo(x,0) = (113)
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From (26) and the fact that £ (x, 6) is differentiable except for the singularity, it is positive and %
is finite for arbitrary x € [x1,dp] and 6 € [0(x; 1), 0 (x; ¥s)]. Then, from Eq. (51), we have

0(x1;¥5) — 0(x15¥1)

X2

2
= 0(x2;¥5) — 0 (x2;7) + / S O0sys) — 00 y)dx

X1

_ f - ! B 1 fots,6G )
o \Vrs—ax? V- a@x? x

x2 1
= [ (067 ~ fotr ) s
. xv/ v — a(x)x

X2

2
<003 75) — Ox ) + / 200370 — 005 Yk

X1

X2 1
+/ [fo(x, 0(x; v5)) — folx,0(x; vi)) | ———=dx.
x1 ’ ’ : xv/ Vi — a(x)x?

2
;(G(x; ¥s) — 0(x; y1))dx

X2

< 0(x2;¥5) — O0(x2;v1) +/

x|

dfo

,0 1
(); ) ‘ O(x; v5) — 0(x; V1) ———=dx.

X2
—|—f sup
X 0Gy)<0<0Giy) | 0 xv/y1 — a(x)x?
x2

= 0(x2;¥5) — 0 (x257) + / F(x)(00x;v5) — 60x; 7)dx, (114)

x1
where F'(x) is the positive function defined as

1

vy — a(x?

afo(x,6)

2
Fx)= -+ sup 59

X 00y <0=<0(x;yy)

(115)

For the first inequality in the above, we used the fact that = Is positive because

1 _ 1
Vys—ax?  \/y—a)x
of ys < y;. Thus, we obtain

x2
O(x2; vs) — O(x2; 1) > (O(x15¥5) — 0(x15 7)) eXp(—/ F(X)dX)- (116)
x|
As xp — d, this inequality becomes
do
0(do; vs) — 0(do; y1) > (O(x15¥5) — 9(X1;yz))eXp<—/ F(X)dX) >0 (117)
x1

because F'(x) is bounded in the range [x1, dp] and we supposed 0 (x1; y5) > 0(x1;y;). This means
dy € 1. |
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Here let us define N as the set of real numbers A_(y) such that G;_(,) 4 contains more than one
element for some d. Then, from Lemma 8, we have the following corollary:

CoroLLary 1 N is countable.

Proof. We suppose y; < y; again. From Lemma 8, 6 (x; y5) > 6(x; ;) holds for arbitrary 6 (x; ys)
and 6(x; y;) at arbitrary x such that 8(x; ys) exists. So the geodesics 0(x; y5) and 9(x; y;) do not
intersect in the domain of 6 (x; ;). This means that G;_ ) 4 (x) N G)._(y),d(x) 1s an empty set for
arbitrary d and x in the domain of 6 (x; ;). In addition, since Eq. (51) satisfies the Lifshitz condition
on an arbitrary compact set which does not contain the singularity, the elements in G_ ;)4 do not
intersect each other in the region which does not contain the singularity. So if G;_ ;) 4 contains two
different functions 0 (x; y) and 6 (x; y) which satisfy 61 (xg; y) < 62(xo; y) for an xg, an arbitrary
solution to Eq. (51), 6(x), which satisfies 61 (xg; y) < 6(x9) < 62(xp;y) must be contained in
G)._(y),a- Thus, for nonzero x, G,_ ;) 4(x) is always an interval in R if G,_(;) 4 contains more than
one element.

Now we assume that N is uncountable. From Theorem 3, a solution 6 (x; y (AnM)) exists in the
range [0, duv ], where d)y is a positive number. From Lemma 8, for arbitrary A satisfying A < Ay, all
solutions 6 (x; y (1)) also exist in [0, dy] because the region 8 < 6(x; y (AMm)) does not contain the
singularity at 8 = 6s(x). Thus, G 4,,(dm) is an interval for all A in N. Here we define |G, 4(x)| as
the Lebesgue measure of G, _4(x). |G, 4, (dm)| is nonzero for arbitrary A in N. We can evaluate the
sum of |Gy 4, (dm)| for A in N as

Y Graw@w)| = || Gray (@)
LEN LEN
< 1[0,8s(dm)]| = Os(dm). (118)

For the first inequality, we used the fact that G, 4,,(dm) is an interval for all A in N and does not
have a common part with each other for different L. For the second one, we used the fact that the line
6 = 6(x; y(A)) does not enter the noncentral singularity in the range [0, dy] for all A in N and the
region 6 < 0 atx = dy, which is not in the future of the central singularity. However, since the sum
of uncountable infinite numbers of strictly positive real numbers must diverge, ), .x |Gy gy, (dMm)|
must diverge. This contradicts the inequality (118). Thus, N is countable. ([l

Since the existence theorem is based on the fixed-point theorem for contraction mapping in the
four-dimensional case [12], one could immediately see that the solution to the differential equation
for the null geodesic that has a certain initial value at the central singularity is unique. By contrast, in
the five-dimensional case, it is not necessary that the solution found in Theorem 3 is unique because
we use the Schauder fixed-point theorem for the proof of the existence of the solution. However, this
corollary guarantees that the solution which converges A_(y) as x — 0 is unique for almost every
y at least.

In Lemma 8, we proved the monotonicity of the solutions to Eq. (51) with respect to . In addition,
we can easily show the monotonicity of Oa(x; 1) with respect to y at each x.

Lemma 9 For any initial density distribution parameterized as (31), fan(x; y) is a monotonically
increasing function of y at each x.
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Proof. 1t is obvious from Eq. (41). O
From Lemmas 6, 7, 8, and 9, we obtain the following theorem.

Tueorem 5 (i) For any initial density distribution which is parameterized as (31) and satisfies n >
Ymin, there exists yc which satisfies n < yc and yc — oo for a(/) — 1 such that (a) for arbitrary
Y € (yc, 00), Oy, (x; ) defined in Lemma 5 goes to future null infinity, that is, the central singularity
is globally naked and weak CCC does not hold, and (b) for all y € (n, yc), the central singularity is
only locally naked, that is, weak CCC holds and the outer region of the event horizon is regular.

(ii) For any initial density distribution which is parameterized as (31) and satisfies n < Ymin =
11 + 5+4/5, if there exists xo in [0, /] such that % < a(xp) holds, then there exists yc which
satisfies n < yc and yc — oo fora(l) — 1 sucﬁn:hag the above (a) and (b) hold. Otherwise, there
exists yp satisfying n < yy, such that, for all y € [y, 00), Oy, (x; ¥) goes to future null infinity, that
is, the central singularity is globally naked.

Proof. (i) Let us assume that the initial density distribution is parameterized as (31) and satisfies
N > ¥Ymin. Then, from Lemmas 8 and 9, 6,,(x; y) is a decreasing function of y and Oan(x;y) is a
continuous increasing function of y for each x. In addition, from Lemma 6, there exists yp such that
the solution 6,,(x; y) can extend to x = / and 6 = 6,,(x; y) does not intersect with 6 = Oan(x;y)
for all y € [y, o0], while from Lemma 7, if § > yyin holds, there exists y| such that y; — oo for
a(l) — 1 and 0 = 0,,(x; y) intersects with & = 0o (x; ) somewhere in the dust cloud for arbitrary
Y € (1, y1]. Thus there exists yc such that yg > yc > y; and 6 = 6,,(x; ) does not intersect with
0 = Oau(x;y) forall y € (yc,00) and 0 = 6,,(x; y) intersects with @ = Oan(x; y) somewhere in
the dust cloud for arbitrary y € (, yc). If @ = 0,,(x; y) does not intersect with 6 = 6o (x; ), then
0 = 6,,(x; ) can extend to future null infinity because the outer region of the x = / surface is the
Schwarzschild spacetime. Thus, in this case, the central singularity is globally naked. If6 = 6,,,(x; y)
intersects with 6 = 6apn(x; y) somewhere in the dust cloud, then 6 = 6,,(x; ) cannot extend to
future null infinity and will enter the singularity. This means that the central singularity is only locally
naked and the outer region of the event horizon is regular because 6 = 6,,(x; y) is the earliest line
in all future-directed causal lines emanating from the central singularity.

(i1) Let us assume that the initial density distribution is parameterized as (31) and satisfies n <
Vmin = 11 + 54/5. If there exists xo in [0, /] such that ym}:;“i‘xz < a(xg) holds, in the same way as in
the proof of (i), we can show that (ii) holds. On the other halfd, if such x¢ does not exist in [0, /], we
cannot use Lemma 7. Then all we could show in this regard is Lemma 6 only. O

6. Conclusion and discussion

In this paper, we analyzed five-dimensional inhomogeneous spherically symmetric dust collapse.
By virtue of the Schauder fixed-point theorem, we proved an existence theorem for null geodesics
in singular spacetime. Moreover, by using it, we showed a necessary and sufficient condition for the
singularity to be naked and saw the dependence of the global nakedness of the central singularity on
the initial density distribution.

In Sect. 2, we fixed the initial energy distribution of the dust so that the initial velocity of the shells
is zero. This assumption is not critical for our method. Therefore, we can also discuss the nakedness
of the singularity without this assumption. To prove the existence of a null geodesic emanating from
the central singularity in this general case, we have to find an appropriate domain such that the
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operator 7 maps its domain into itself. We expect that, for some class of energy distribution, D; p . 4
defined by (55) can be such domain for certain b, ¢, and d, and the argument will follow in a similar
manner to this paper.

In specific dimensional spherically symmetric dust collapse in Lovelock gravity, or particularly
in nine-dimensional spherically symmetric dust collapse in Einstein-Gauss—Bonnet gravity [21],
we cannot use Christodoulou’s method and discussion to show the existence of null geodesics
emanating from the central singularity because the singular term in the differential equation for the
null geodesic does not take the form of a simple function. In contrast, our method may be used to
examine the nakedness of a singularity for the above cases because our existence theorem improved
Christodoulou’s method [12].
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Appendix A. The evaluation details for equations (56), (63), (72), and (94)
Appendix A.1. Equation (56)

A (e, 0002 )] = 1 —a@@Ex* + 1> = §O@* + D> Falv) 22
xz\/y (1 - %xz) (1 — a()O@)x2 + 1)2)
1= 200) + 0() — 20,7/} = 26() + O)
- ST/} = 2000 + 0)
B (1—20(x) + O(x))* — 432y (3 — 20(x) + O(x))
- ﬁx\/% —20(x) + O(x) (1 —20(x) + O(x) + 2Aﬁ\/% —200x) + O(x))
2{=2(0(x) = 1) + O™} (1 = 21) + {—2(0(x) — 1) + O(x)}?
B —427y (=2(6(x) — 3) + O())
B J7x/ = 260) +0) (1 —20(x) + 0() + 247,/ 1 — 26 + O(x))
- | —4(1 = 22) + 822y ][0 (x) — Al + O(10(x) — A[}) 4+ O(x)

- 200406 + 0 <1 — 2+ 20 7 — 20+ 0() + O(x))

2 In the Lovelock gravity case, by employing the analysis in [21], it is easy to find that we cannot apply the
Christodoulou theorem in D = 4k + 1-dimensional spacetime, where & is the highest order of nonvanishing
Lovelock coefficients [22].
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- | —4(1 —21) + 82y |bx<! N O(x*°) + O(x)
ﬁ,/%—2k(1—2k+2kﬁ %—m) g
2\ c—1 2c—1
< ﬁbx +0(1) + ox* ™. (A.1)
V7 (3 —24)°

In the right-hand side of theh first inequality, we can choose functions O that are independent of 6
because 0 (x) in D) p ¢ 4 is uniformly bounded by the constants A 4- b/ and A — bI¢. In the same way,
we can choose functions O that are independent of 6.

Appendix A.2. Equation (63)

|Af (x,01(x); &) — Af (x,02(x); 1)

1 xdax) (1—g1 1—g

:x2 V(l—“(xy)xz> e (@ _ @)

1 xLa(x)

1
= 1 1 Je1 — A/
* 2a(x) ( * «/g1g2>“ &l gz]

x%a(x)
2a(x)

(1+@>}<«/§i\/§>lgl—gﬂ

1 a(xx* {
< 1+
2 _a(ox?
o V(l v )

1) — 6] || xga®) (1 . 1 )
) 2a(x) 1 —a(x)((A + bx)x2 + 1)

2 _atx?
X y(l ”

a(x){x*( + bx¢) 4+ x?}
V(1 = a(x)(( + bx)x2 4 1)2

=w{1+ a }  F BT — (0]

X2y x2 — 4Ax2 /%2 )
1 -2 -1 §—1
= —————x |01(x) — 02(x)| +B1(x)x"" |01 (x) — 62 (x)]
Vr(G =243
= 4 X! —i—Bl(x)x‘S_l |01 (x) — 62(x)| (A2)
1 —4n ’ '

where Bj(x) is introduced as in the text.

Appendix A.3. Equation (72)

1 1 x 1 [V
IT:.(0)(x) — TL(0) ()] < (— - y—z) /0 s210f (s,0(s); A)|ds + 2 / s2|Af (s,0(s); ) |ds

x2
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(-0 [l —2 b om0 L ds
IRSEEEAL WAt R AL
-

L[ 2
+ _2/ s* {—bsc1 +0(1) +0(s2“)] ds
y

iz _ iz h(x)x2+c iz(h(y)y2+c _ h(x)x2+0)
y

h(x)|x¢ = 3| + € 1h(y) — h(x)| + y()|2+0—x2+0|

2 _ 2

< h@) — ¥ + < 1h(y) — h()| + 2h(x)y° |

1
< h(@) xS — Y| + ¥ 1h(y) — h(x)| + 2" h(x)y ™ 2T

1 1
yznfl _ x2"*1 ‘ .

(A.3)

Appendix A.4. Equation (94)

[A—(Y)f (x,0(x); A—(¥))]

A

IA

1 —a@O@** + 1? = 0@ + D* fa®) 20 (y)
xz\/y (1= “92) (1 = a0 @2 + 1?)

1 = 20(x) + xC1(x,0(x)) — 20— (). |y (1 — @)\/5 —20(x) + xCa(x, 0(x))

x\/y (1= 222) (§ = 20(6) +2Co(x,6(1)))

C3(0,00) = 22-(1), [y (1 = 422 ) VTl 0
x\/y <1 - a(x)x )C (x,6(x))

(30,00 =2 )y (1= “9%) Gy, 66))

x\/y (1-“22) cyw, 00) <C3(x,9(x))+2/\_()/) y (1- 492 /G, 60 )

X

(OG) = (1) = 1 +20_(y) —xC1(x,0() + 222 (1) y L 40@) — A_(v))
x\/y (1= “22) Cytx, 00) (C3(x,9(X))+2)»()/) y (1-222) /G007 )

29/32

R. Mizuno et al.




PTEP 2016, 103E01 R. Mizuno et al.

H(x,0(x))

\/ y (1-492) Cow. 0 (cgoc,e(x)) +2-()y v (1- #)JQ—@,@(@))

_ 1000, A-(y)I0) — A- ()] +xF2(x, 0(), A (y))
VYXF3(x,0(x), A—(¥)) ’

(A4)
where C,...,C4, F'1, F», and F3 are defined as in the text.

Appendix B. Four-dimensional case

In this appendix, we give an overview of Christodolou’s paper [12] which examined the global
nakedness of a singularity in four-dimensional LTB spacetime, and see the difference between
Christodoulou’s and our discussions on the existence of null geodesics near the singuality. In the
four-dimensional case, after change of variables, the dimensionless differential equation for future-
directed null geodesics along the outer radial direction is given as

A

a6 70 Th .. o~
— + — == +MKX,0;1), (B.1)
dx X X
where 0 and % are dimensionless coordinates, which correspond to 6 and x defined by (38) and (33)
respectively, X is a certain constant, and f4 is a C*° function. X and f4 are also the variables that
correspond to A and f defined in (46) and (51) in the five-dimensional case, respectively. In order
not to contain a noncentral singularity, 6 is restricted in the range 0 < 6 < o (%), where o is a certain
function which satisfies o (x) > %4 for a positive constant 4.
The formal solution to this differential equation is given by

1
O3) = A <1 +% / dw%(vfc,é(vfc);i))
0
= T4, (O)®). (B.2)

Let us define

D, =1616€C’0,d1, 06 < u, (B.3)

where u is a positive real number satisfying u < o (x) for all x € [0, cAI]. ng becomes a subset of a
Banach space by the uniform norm.

After some discussion on the nature of 74, as with the five-dimensional case, we can conclude
that 74 5 maps Dc?,/t into itself for sufficiently small d. Furthermore, we obtain

17,560 — T, 56l = sup_

0<x<d

1
56/ v, {f4(vfc, 0, (vR); 1) — fa(vx, 6, (vR); i)} dv
0

dIA ~
< TI|91 — 02, (B.4)

30/32



PTEP 2016, 103E01 R. Mizuno et al.

where A is defined as

A= sup { sup 8—@(&,@;5\)”. (B.5)

0<i<d \0<b=<pu

A is finite because f4 is a C*° function in [0, cAz’] x [0, u]. Here we choose a?o so that it satisfies
dyp < dand

A 8
do < —; (B.6)
AA

then 7' 45 becomes a contraction mapping from D ot into itself. Therefore, by the fixed-point theorem
for contraction mappings [19], we can conclude that T 45 has a unique fixed point, that is, a null
geodesic emanating from the central singularity exists and the singularity is naked.

By contrast, in the five-dimensional case, what we can do is only to deform the differential equation

for the null geodesic near the central singularity like

do 20 2. 2(g0;y)+6—1
L2020 260y )

I +M5(x,0;7)
X X X
20 2Ag5(0;
S ) (B.7)

where g(6; y) is defined by (77) and f5 is a function such that xfs (x, #; y) converges to 0 as x — 0 in
the region 6 < 6s(x). In the four-dimensional case, the right-hand side of the differential equation for
the null geodesic has a constant coefficient pole at first order only. However, in the five-dimensional
case, the coefficient of the pole of the right-hand side of (B.7) is a function with respect to 6. Thus,
the variable that corresponds to A in (B.4) is not finite in five dimensions and we cannot directly use
the method employed for the four-dimensional case [12].

As above, we can apply the method in [12] to the case that the geodesic equation has a constant
coefficient pole at first order only. On the other hand, our method can be applied to the more general
case that the geodesic equation can be deformed to an expression having a general pole at first order.
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