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Abstract

In this document we review some results dealing with the study of the spectral properties of
quantum waveguide. We consider a quantum waveguide with Neumann window. We present the
effect of such a window on the spectrum of the free Laplacian. Then we study the behavior of the
discrete spectrum on the presence of a magnetic filed.

We end by presenting a work in progress with P. Briet in which we consider quantum waveguide with
random Neumann windows [9)].

1 Introduction

The task of finding eigenenergies E,, and corresponding eigenfunctions f,(r), n = 1,2, ... of the Laplacian

in the two- (2D) and three-dimensional (3D) domain £ with mixed Dirichlet

fn(t)laq, =0 (L1)

and Neumann

nV fo(r)ls0, =0, (1.2)

boundary conditions on its confining surface (for 3D) or line (for 2D) 9Q = 9Qp U QN (n is a unit
normal vector to 8f2) is commonly referred to as Zaremba problem [37], it is a known mathematical
problem science. Apart from the purely mathematical interest, an analysis of such solutions is of a large
practical significance as they describe miscellaneous physical systems.

The study of quantum waves on quantum waveguide has gained much interest and has been intensively
studied during the last years for their important physical consequences. The main reason is that they
represent an interesting physical effect with important applications in nanophysical devices, but also in
flat electromagnetic waveguide. See the monograph [18] and the references therein.

Exner et al. have done seminal works in this field. They obtained results in different contexts, we quote
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[6, 12, 16, 17]. Also in [19, 21, 28] research has been conducted in this area; the first is about the discrete
case and the two others for deals with the random quantum waveguide.

It should be noticed that the spectral properties essentially depends on the geometry of the waveguide,
in particular, the existence of a bound states induced by curvature [10, 12, 14, 16] or by coupling of straight
waveguides through windows [16, 18] were shown. The waveguide with Neumann boundary condition
were also investigated in several papers [23, 27]. A possible next generalization are waveguides with
combined Dirichlet and Neumann boundary conditions on different parts of the boundary. The presence

of different boundary conditions also gives rise to nontrivial properties like the existence of bound states.

2 The model

The system we are going to study is given in Fig 1. We consider a Schrodinger particle whose motion is
confined to a pair of parallel plans of width d. For simplicity, we assume that they are placed at z = 0

and 2z = d. We shall denote this configuration space by Q2
Q=R?x][0,d].

Let y(a) be a disc of radius a, without loss of generality we assume that the center of y(a) is the point
(0,0,0);
v(a) = {(z,y,0) € R «* +4° < a?}. (2.3)

We set I' = 90\ 7(a). We consider Dirichlet boundary condition on I' and Neumann boundary condition
in v(a).
2.1 The Hamiltonian

Let us define the self-adjoint operator on L?(f2) corresponding to the particle Hamiltonian H. This is

will be done by the mean of quadratic forms. Precisely, let gg be the quadratic form
a(f,9) =/ V- Vgd®z, with domain Q(qo) = {f € H'(Q); f[T =0}, (24)
Q

where HY(2) = {f € L2(Q)|Vf € L%(Q)} is the standard Sobolev space and we denote by f[T, the trace
of the function f on I'. It follows that gy is a densely defined, symmetric, positive and closed quadratic
form. We denote the unique self-adjoint operator associated to go by H and its domain by D(2). It is

the hamiltonian describing our system. From [33] (page 276), we infer that the domain D(Q) of H is
a
D(@) = {f € H'Q); ~Af € L), f[T =0, 3L [(a) = 0}

and

Hf = —Af, Yfe D).
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Dirichlet boundary condtion

Neumann boundary condition

Figure 1: The waveguide with a disc window and two different boundaries conditions

2.2 Some known facts

Let us start this subsection by recalling that in the particular case when a = 0, we get H?, the Dirichlet

Laplacian, and a = +00 we get H*, the Dirichlet-Neumann Laplacian. Since
H=(-0p2) @I ®I® (—Ap,q),on L*(R?*) ® L*([0,d)),
( see [33]) we get that the spectrum of H is [(35)?, +oo[. Consequently, we have
T2 T2
(@2 +oo[ < ot  [(53)% +oo]

Using the property that the essential spectra is preserved under compact perturbation, we deduce that

the essential spectrum of H is

Gess(H) = ()7 +00]

™

An immediate consequence is the discrete spectrum lies in [ ﬁ)2’ (—2)2]



2.3 Preliminary: Cylindrical coordinates

Let us notice that the system has a cylindrical symmetry, therefore, it is natural to consider the cylindrical

coordinates system (7,6, z). Indeed, we have that
L*(Q, dzdydz) = L*()0, +00[x[0, 27[x[0, d], rdrdfdz),
We note by (- ,),, the scaler product in L?(Q, dzdydz) = L?(]0, +o00[x [0, 27[x[0,d], rdrdfdz) given by

(f,g)r = fgrdrddz.

/]0,+°°[X[072ﬂ[><[0,d]
We denote the gradient in cylindrical coordinates by V.. While the Laplacian operator in cylindrical

coordinates is given by
19, 0 1 0% d?

" —_ e —_ —_— —— _ 2.e
Aro.s T Br(rar) + 72 902 + dz? (25)
Therefore, the eigenvalue equation is given by

—Arg f(r,0,2) = Ef(r,0,z2). (2.6)

Since the operator is positive, we set E = k. The equation (2.6) is solved by separating variables and
considering f(r,0, z) = o(r) - ¥(6)x(z). Plugging the last expression in equation (2.6) and first separate
x by putting all the z dependence in one term so that X);—( can only be constant. The constant is taken as
—s? for convenience. Second, we separate the term E” which has all the 6 dependance. Using the fact
that the problem has an axial symmetry and the solution has to be 27 periodic and single value in 0, we

)

obtain % should be a constant —n? for n € Z. Finally, we get the following equation for ¢

&)+ 2/ + 2 = 5 = () =0, 2.)

We notice that the equation (2.7), is the Bessel equation and its solutions could be expressed in terms

of Bessel functions. More explicit solutions could be given by considering boundary conditions.

3 Results on discrete spectrum

3.1 One Neumann Window

The first result we give is the following Theorem.

Theorem 3.1 [29] The operator H has at least one isolated eigenvalue in [(Z)?, (3)?] for any a > 0.
2

Moreover for a big enough, if A(a) is an eigenvalue of H less then 22—, then we have.

Aa) = (%)2 +o <%> . (3.8)
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Proof. Let us start by proving the first claim of the Theorem. To do so, we define the quadratic

form Qp,

Qo(f,9) = (V£,Vg)r = / (00 f3rg + Tigag 355 + 0. fFg)rdrdddz,  (3.9)

10,+00([x [0,27[%[0,d]
with domain

Do(Q) = {f € L*(Q, rdrdfdz); V. f € L*(Q, rdrdddz); f[T =0} .

Consider the functional ¢ defined by

™
q[®] = Qo[®] - (3)2”¢”%2(Q,rdrd9d1)' (3.10)
Since the essential spectrum of H starts at (—2)2, if we construct a trial function ® € Dy(2) such that ¢[P]

has a negative value then the task is achieved. Using the quadratic form domain, ® must be continuous

inside © but not necessarily smooth. Let x be the first transverse mode, i.e.

x(z)={ V/2sin(52) it ze(0,d) (3.11)

0 otherwise.

For ®(r,0, z) = p(r)x(z), we compute

™
q[®] = (Vr<PX,Vr<PX)*(E)2II¢X||%2(n,rdrd9dz)a

i

271" 22 ((0,+o0l,rdr)

Now let us consider an interval J = [0, b] for a positive b > g and a function ¢ € & ([0, +o0o[) such that

¢(r) =1 for r € J. We also define a family {¢, : 7 > 0} by

(r) if re(0,b
WT(T)Z{ olb+7(mr—Inb)) if rrz(b.) (3.12)

Let us write

lorllLa(o,400),rdr) = / |0 (r) [*rdr,
(O)w)

/ 72’ (b + 7(In7 — In b)) |>rdr,
(b,+00)

It

r / ¢/ () 2ds = 7161250, 00y (3.13)
(0,400)

Let j be a localization function from C§°(0,a) and for 7,& > 0 we define

q)r,s(ra z) = ‘PT(T)[X(Z) +6j(1")2] = ‘PT(T)X(Z) + <10'1"‘:.7'2(7‘) = q)l,r,s(rv Z) + (1)2,1,5(7')- (314)

‘1[‘1)] = q[d)lme + '1)2,1,6]
= Qo[®1re+ Parel = (5)2[Prre + Bore?
0[*F1,7,e 2,7, d 1,7,e 2,7,ellL2(Q,rdrdbdz)"
m T
= Qo[P1,re] - (3)2”4’1,1,5||%2(n,rdrdodz) + Qo[®P2,7,e] — (3)2”‘1)2,7‘,6”%2(Q,rdrd0dz)

)2 <®1‘T,€7 q)2,7',5)r~

us

+ 2(qu)l,‘r,ea V'r'@2,'r,€>'r - (d



Using the properties of x, noting that the supports of ¢ and j are disjoints and taking into account

equation (3.13), we get
. .. m .
q[®] = 277(1¢'|| L2 (0,4 00) — 8TAel|F2||T2(0 100y T 26°T{21155"1722(0,00),rar) = (E)zszll?Lz(O,oo),rdr)}' (3.15)

Firstly, we notice that only the first term of the last equation depends on 7. Secondly, the linear term in
€ is negative and could be chosen sufficiently small so that it dominates over the quadratic one. Fixing
this € and then choosing 7 sufficiently small the right hand side of (3.15) is negative. This ends the proof
of the first claim.

The proof of the second claim is based on bracketing argument. Let us split L?(f), rdrdfdz) as follows,

L%(Q,rdrdfdz) = L*(Q7 ,rdrdfdz) & L*(Q}, rdrdfdz), with

Q7 = {(r,0,2) €[0,a] x [0,2=[x][0,d]},"
QFf = Q\Q;.
Therefore
HNoHHN <H<H;PoHSP. (3.16)

Here we index by D and N depending on the boundary conditions considered on the surface r = a. The
min-max principle leads to

™

Oess(H) = GeSS(H;’N) = USSS(H:’D) = [(d)2a+°°[-

2
Hence if H»P exhibits a discrete spectrum below %2—, then H do as well. We mention that this is not

a necessary condition. If we denote by \;j(H;P),\;(H; ™) and \;(H), the j-th eigenvalue of H; P,

H;»N and H respectively then, again the minimax principle yields the following
X(HN) < XN (H) < N(HP) (3.17)

and for 2 > j
Nj-1(Hg*P) < X (H) < X(H,P). (3.18)

H; P has a sequence of eigenvalues [2, 36, given by

_(@k+D)r\? | zag2
i () (2.

Where z,,; is the I-th positive zero of Bessel function of order n ( see (2, 36]) . The condition

2

Vs
Akt < rx (3.19)
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yields that k = 0, so we get
2 Tni)2
i (5)'+ (2
0,n,l 2d + a
2
This yields that the condition (3.19) to be fulfilled, will depends on the value of ( %) .

We recall that z,; are the positive zeros of the Bessel function J,. So, for any A(a), eigenvalue of H,

there exists, n,l,n’,l’ € N, such that

2 2 2 z2, .,
Bt <@ o

™
< —-— 4+ —. .
a? = 442 a2 (3:20)

'S

The proof of (3.22) is completed by observing by that z,,; and .. are independent from a. &

3.2 Two Neumann Windows

We consider a Schrodinger particle whose motion is confined to a pair of parallel planes separated by
the width d. For simplicity, we assume that they are placed at z = 0 and z = d. We shall denote this
configuration space by Q2

Let y(a) be a disc of radius a with its center at (0,0,0) and ~(b) be a disc of radius b centered at

(0,0, d); without loss of generality we assume that 0 < b < a.
7(a) = {(z,¥,0) € R%; 2% +y* < a®}; v(b) = {(z,y,d) € R?; 2% +4? < b%}. (3.21)

We set I' = 0\ (y(a) U y(b)). We consider Dirichlet boundary condition on I' and Neumann boundary

condition in y(a) and ¥(b).

Theorem 3.2 [30] The operator H has at least one isolated eigenvalue in [0, (%)?] for any a and b such

thata +b > 0.

2
Moreover for a big enough, if A(a) is an eigenvalue of H less then 32" then we have

Ma,b) € (515 515) (3.22)

1. The first claim of Theorem 3.5 is valid for more general shape of bounded surface S, with Neumann
boundary condition, not necessarily a disc; (see Figure 2) it suffice that the surface contains a disc

of radius a > 0.

2. For more general shape S; using discs of radius a and a’, such that
v(a) C S C y(d'); (3.23)

In [1] Assel and Ben Salah considered the case of square window.
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Dirichlet boundary condition

Neumann boundary condition

Figure 2: Dirichlet wave guide with two concentric Neumann disc windows on the opposite walls with
(in general) different radii ¢ and b.

Q =R%x[0,d].
When b is big enough, we get the result.

Proposition 3.3 [30] When the radius a is equal to a critical value a; at which a new bound state emerges
from the continuum, equation (2.6) with E = g; has a solution fl(o) (,6,z2), unique to a multiplicative

constant which at infinity behaves like (valid for both configurations of the boundary conditions)

im@ 3 —7/3r —7/8r
79(r,0,2) = i/2_ ﬁj::‘ﬂz + 55 7 sin2nz + O (E—\/—r_)} , T 00 (3.24)
s

with some constants 3;. Here the two quantum numbers n and m are compacted into the single index I:

l=(n,m).

Remark: Compared to the corresponding equation for the quasi-one-dimensional wave guide [5, 6, 17],

this asymptotic has a different form what is explained by the additional degree of the in-plane motion.

3.3 Magnetic filed effect

Results on the discrete spectrum of a magnetic Schrodinger operator in waveguide-type domains are

scarce. A planar quantum waveguide with constant magnetic field and a potential well is studied in [13],
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where it was proved that if the potential well is purely attractive, then at least one bound state will appear
for any value of the magnetic field. Stability of the bottom of the spectrum of a magnetic Schrédinger
operator was also studied in [35]. Magnetic field influence on the Dirichlet-Neumann structures was
analyzed in [7, 26], the first dealing with a smooth compactly supported field as well as with the Aharonov-
Bohm field in a two dimensional strip and second with perpendicular homogeneous magnetic field in the
quasi dimensional.

Despite numerous investigations of quantum waveguides during last few years, many questions remain
to be answered, this concerns, in particular, effects of external fields. Most attention has been paid to
magnetic fields, either perpendicular to the waveguides plane or threaded through the tube, while the
influence of the Aharonov-Bohm magnetic field alone remained mostly untreated.

In their celebrated 1959 paper [4] Aharonov and Bohm pointed out that while the fundamental
equations of motion in classical mechanics can always be expressed in terms of field alone, in quantum
mechanics the canonical formalism is necessary, and as a result, the potentials cannot be eliminated from
the basic equations. They proposed several experiments and showed that an electron can be influenced
by the potentials even if no field acts upon it. More precisely, in a field-free multiply-connected region of
space, the physical properties of a system depend on the potentials through the gauge-invariant quantity
f Adl, where A represents the vector potential. Moreover, the Aharonov-Bohm effect only exists in the
multiply-connected region of space. The Aharonov-Bohm experiment allows in principle to measure
the decomposition into homotopy classes of the quantum mechanical propagator.

A possible next generalization are waveguides with combined Dirichlet and Neumann boundary con-
ditions on different parts of the boundary with an Aharonov-Bohm magnetic field with the flux 2ra. The
presence of different boundary conditions and Aharonov-Bohm magnetic field also gives rise to nontrivial
properties like the existence of bound states. This question is the main object of the paper. The rest
of the paper is organized as follows, in Section 2, we define the model and recall some known results.
In section 3, we present the main result of this note followed by a discussion. Section 4 is devoted for

numerical computations.
3.3.1 The model

et Hap be the Aharonov-Bohm Schrédinger operator in L2(Q2), defined initially on the domain C§ (),

and given by the expression

Hpp = (iV + A)?, (3.25)



where A is a magnetic vector potential for the Aharonov-Bohm magnetic field B, and given by

—z

A = (A1, Az, 43) = ——— eER\Z. 3.26
(JJ,y,Z) ( 1,412, 3) a(x2+y271_2+y270)7 « \ ( )

The magnetic field B : R3 — R3 is given by
B(z,y,2) = curlA =0 (3.27)

outside the z-axis and
/A = 2na, (3.28)
e

where g is a properly oriented closed curve which encloses the z-axis. It can be shown that Hap has
a four-parameter family of self-adjoint extensions which is constructed by means of von Neumann ’s
extension theory [8]. Here we are only interested in the Friedrichs extension of Hap on L?(£2) which can

be constructed by means of quadratic forms. We get that the domain D(2) of H is
D) = {ueHY(Q); (V+A)ueLl?*Q),ul=0,v.(V+A)uly(a) =0},

where v the normal vector and

Hu= (iV+ A)*u, VYue D(R). (3.29)

Let’s start by recalling that in the particular case when a = 0, we get H®, the magnetic Dirichlet

Laplacian, and when a = +oc we get H*, the magnetic Dirichlet-Neumann Laplacian.
Proposition 3.4 The spectrum of H® is [(5)?, 400, and the spectrum of H* coincides with [(£5)?, +-ool.
Proof. We have

H = (i(V+AP®I®I®(-Apq), on L*R2\{0})®L*([0,d)).

where A = o (;Tb’ ET_I:?) Consider the quadratic form

il /R 16V + Ryu? dody

= /]R2 (z‘é‘z + a;j%yz) u ’ dxdy + /Rz (iay - aa?f?) u i dzdy. (3.30)
By using polar coordinates we get
r:\/m; %zcose, gzsine,
and
g = ;—3—, % = %, Op = 0050% - %%, Oy :sin@% + 7%585
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Hence (3.30) becomes

1
du] = / (l Oru |2 +'_r3 | (i0gu — au) |2) rdrdf. (3.31)
Expanding u into Fourier series with respect to 6
o ik
u(r,0) = ug(r) ——.
( ) kzz_oo k( )\/‘2-;

we get

| u(z,y) |* dzdy. (3.32)

. re 2 > . 2
/]R2 | iV + A)u | d:cdy_mkmlk-ka| /x2+y2

Here the form in the right hand side is considered on the function class H! (R?), obtained by the completion
of the class C$°(R*\{0}). Inequality (3.32) is the Hardy inequality in two dimensions with Aharonov-
Bohm vector potential [3]. This yields that o ((iV + ;.)2) C [0, +ocl.

Since o(—A) = 0ess(—A) = [0, +00|, then there exists a Weyl sequences {h,, }22, for the operator —A in
L%(R?) at A > 0. Construct the functions

_f hn ifz>nandy>mn,
on(z,y) = { 0  if not.

Let us compute

IA

I (GV+ A2 =2 @all < 1A= Xgnll+ ] A% || + | AV, |

IA

(A= Xgn [l +5.

Where c is positive.

_Pn__
" T Teal
Goss ((iV + A)2) Co ((iV + A)Z).
Then we get that the spectrum of (iV +A)? is [0, +-00[, we know that the spectrum of _A?O,d] and —Afg

is {(%)2, j € N} and {(W

[(2)2, +o00[. And the spectrum of H* coincides with [(%)2, +oo[. B

Therefore, the functions v, = is Weyl sequence for (iV + K)z at A > 0, thus [0, +o0][C

)2, j € N} respectively. Therefore we have the spectrum of HO is

Consequently, we have

T2 T2

(522,400 c o(m) € [(55)?, +o0] .
Using the property that the essential spectra is preserved under compact perturbation, we deduce that
the essential spectrum of H is
T
Oess(H) = ()7, +o0] .

Theorem 3.5 [31] Let H be the operator defined on (3.29) and o € R\ Z. There exist ag > 0 such that

a
for any 0 < p < ag, we have

o4(H) =0.



There exist ay > 0, such that % > a, we have

oq(H) #0.

The presence of magnetic field in three dimensional straight strip of width d with the Neumann boundary
a
d
part of the boundary, destroys the creation of discrete eigenvalues below the essential spectrum. If
a
d
window containing some disc. To get the optimal result of ap and a;, we need explicit calculation.

condition on a disc window of radius 0 < = < ag and Dirichlet boundary conditions on the remained

> a1, the effect of the magnetic field is reduced.  This result is still true for more general Neumann

Proof. The proof follow the same steps as in the previous two subsections. The main difference is

By introducing the magnetic filed we get a new Bessel equation we obtain %(ZZ% + @)?P should be a
constant —(m — a)? = -2 for m € Z.
Finally, we get the new equation for R

R'(r) + SR() + [\ K = G )R0) =0 (339

We notice that the equation (3.33), is a Bessel equation which by the introduction of the term a is
different from equation (2.7). The solutions of (3.33) could be expressed in terms of Bessel functions.
More explicit solutions could be given by considering boundary conditions.

The solution of the equation (3.33) is given by R(r) = cJ,(0r), where c € R*, 8% = X\ — k2 and J,, is the
Bessel function of first kind of order v.

We assume that
R(a)=0 < J,(8a)=0
& af=ua,,. (3.34)

Where z;, ,, is the n—th positive zero of the Bessel function .J}.

Using the same notations as the last section,
HNoHHN <H<H;PoHP. (3.35)

By equation (3.34), H; "V has a sequence of eigenvalues given by

.’12/2

N = =+ K
_ W (@it Dr)’
a? 2d )

2 2
As we are interested for discrete eigenvalues which belongs to [(%) , (g—) ) only Xg ,,n intervenes.

If

(2)2 < Xowms (3.36)
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then H does not have a discrete spectrum. We recall that 2 = (m—a)? and it is related to magnetic flux,
also recall that ], ,, are the positive zeros of the Bessel function J;, and Vv > 0, ¥n € N*; 0 < z;,,, < @, 1)

( see [2]). So, for any eigenvalue of H "V,

.7}:,21 T\2 mfn 2
) I s o = A .
a2 +(2d) <2 +(2d> Ov,n

An immediate consequence of the last inequality is that to satisfy (3.36) it is sufficient to have

mT\2 963,1
3(%) < a?’

therefore
3r
V3m Ty
2d a
then
a 2z,,
- < —.
d  \3rx
We have( see [2, 36])
v+t <,

where o, = 271/33,, and 3, is the n—th positive root of the equation

2 3/ 2 32\ _

For n = 1, we have o, v'/3 ~ 0.6538 (see [2]), then

¢ :=0.6538 + a < 0.6538 + v < :cf,,l. (3.37)
. a co
Then we get that for d and a positives such that = < ag := —,
d Vi3n
o4(H) =0.

This ends the proof of the first result of the theorem 3.5.
By the min-max principle and (3.35), we know that if H; P exhibits a discrete spectrum below (2)2,
then H do as well.

H; 'D has a sequence of eigenvalues [29, 30, 36], given by

Nom = (B’ (@E0TY

Where z, ,, is the n—th positive zero of Bessel function of order v ( see [2]). As we are interested for
discrete eigenvalues which belongs to [(%)2, (g_)z) only for Mgy p.

If the following condition

Aoy < (—2)2 (3.38)



is satisfied, then H have a discrete spectrum.

We recall that 0 < z,,, < £, n41 for any v > 0 and any n € N* ( see [2]). So, for any eigenvalue of H; D,

2 2
Ty ™2 Tyn ™ 2__
a? +(2d) <2 +(2d) = Aoy

An immediate consequence of the last inequality is that to satisfy (3.38) it is sufficient to set then

211,‘,,’1 < a

V3r d

N2
<n - Z) 72+ V2 < Tym,
2 2
c1 = \/(?%) +a? < \/(Z’%r) +v2<a,y. (3.39)

We have

For n =1, we have

Then we get that for d and a positives such that 4 a) = —2—6—1—,
d V3
o4(H) #90.

4 Random boundaries conditions

Results on random waveguides are rare and there are still serious open questions on this context. We
cote the the following available references [21, 24, 28] for the continuous case, and [19, 20] for discrete
model.

In [9] we consider a two dimensional quantum waveguide with mixed and random boundaries conditions.
Precisely we are interested on the behavior of the integrated density of states and prove that it decreases

exponentially fast at the bottom of the spectrum. Below we recall the definition of such quantities.

4.1 Results and discussion
4.1.1 The model

Let Dy be the strip R x (0,d). Let (wy)cz be a family of independent and identically distributed random
variables taking values in [0, 1]. We denote by (P, F, ) the corresponding probability space and assume
that
(A.1) There exits 0 < ¢ < 1; such that

P{wy =1} =c. (4.40)
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Let ‘H,, be the following quadratic form defined as follow:
For u € D(H,) = {u € H(Dy);u(z,d) =0; for vy € Z; and = € [y +wy, vy + 1[ and u(z,0) = 0,Vz € R})

He[u, =/D Vu(z)Vu(z)d. (4.41)

So on the boundary ¥y = d we have mixed boundaries conditions; precisely for v € Z,y = d and = €
[v,7 + wy| we consider Neumann boundary condition and for z € [y + w,,~ + 1] we consider Dirichlet
condition, with the convention that when wy =1, [y+ 1,7+ 1[= @ and get Neumann boundary condition
on [v,v+1[.

On the boundary y = 0 we consider only Dirichlet boundaries conditions.

For a fixed realization, the following picture will help in visualizing the domain

Y
d N D
e —e —e & —e 9 —e——— " —e
3 by -
vy-1 ot v+1 x

Picture 1.

Notice that here we have a family of quadratic forms acting on different domains. There is a family
of random maps (p,) that transform these different domains D,, to the non-random domain, Dy by
dilatation (a change of variables). This transforms the randomness from the domain say to the measure
which we denote by p,. Thus a random medium will be modeled by an ergodic random self-adjoint

operator. Indeed the family of maps yield an equivalent quadratic form with domain Hj (Do)
Hwlu, u] =/ Vu(z)Vu(z)dp,.
Do

H,, is a symmetrical, closed and positive quadratic form. Let H,, be the self-adjoint operator associated
to H,, [33]. Consequently if we consider 7., the shift function i.e (7u)(z,y) = u(z — ~v,y). This ensures
that H,, is a measurable family of self-adjoint operators and ergodic [22, 32]. Indeed, (7) ez is a group

of unitary operators on L?(Dp) and for v € Z we have

TyHyT_y = Hr (-



According to [22, 32] we know that there exists £, £, ¥4, and S, closed and non-random sets of R such
that X is the spectrum of H,, with probability one and such that if o, (respectively o4, and o) design
the pure point spectrum (respectively the absolutely continuous and singular continuous spectrum) of
H,, then ¥, = 0pp, Xye = 04c and X, = 0, with probability

The following Lemma gives the precise location of the spectrum.

2
Lemma 4.1 The spectrum X, of H,, is [%ﬂ’ +oo[ with probability one.
2

s
We set E() = 4—d§

Proof: Let us denote by HglY, ;, the Laplace operator —A defined on L*(R x [0,d]) with Dirichlet
boundary conditions on y = 0 and Neumann boundaries conditions on y = d. We denote this domain by

DPN. We set Ay = [—%,%] x [0,d]. First let us notice that for any w € Q, we have

H, > HRDQ[]O,d]' (4.42)

This gives that
2

71'
Y C U(HRD>£\[IO,d]') = [@, +OO[.

So one needs to show the opposite inclusion, i.e

2

[4—7;—2, +o00[C X for P — almost every w € €. (4.43)

For this, let S~2, be the following events
Q= {w € Q: for any k € N, there exists Al((‘") C R x [0,d], suchthat D%, = Df}i, } (4.44)
k k

Here A A is the set of points which are both in A and AY. In (4.44) we asked that all sites inside Afcw)
to be equal to one. Let E € [4%2;, “+oo[= O(Hu?ffo, 4)) be arbitrarily fixed. Using Weyl criterion, we know
that there exists a Weyl sequence (¢g n)nen C L2(R x [0,d]) , for —A. Thus ||¢g,| = 1, for all n € N
and

Jim [[(A+E-Dppyll =0. (4.45)

Notice that for any ¢ € Z, (T;0En)nen is also a Weyl sequence. Without loss of generality, we assume
that the sequence (¥g n)nen is compactly supported. So for any w € (~2, there exists a Weyl sequences
(<p“]§1n)n€N for Hn?ﬁo, a4 on R x [0, d] with the property that all the supports are contained inside the cubes
of (4.44). So for every w € Q and any n € N there exists an integer k% and a cube Af:;,) and ¢% , as in

(4.44) such that supp(p% ,,) is contained in A,(;f,). That is,

min{| z -y |: ¢ € suppp ;¥ € (R x [0,d])\AL} > 0.
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So, for any n € Nand w € fZ, we get
I(Ho = ED@g o)l = (A + E- D |- (4.46)

Hence, (¢ ,)nen is also a Weyl sequence for H,,. So we get (4.43) for any w € €. Now it suffices to check
that P(Q) = 1. For this let A be an integer bigger than 2. (Ak,x)xen C R x [0, d] be a sequence of disjoint
cubes in R x [0,d] i.e Ak, N Ak, = 0 whenever Ay # do. Weset Q) = {w € Q: D}, | = DAk \
So (£%k,)xen, is a sequence of two by two statistically independent sets, with non-zero probability and
independent of A € N. So, using the Borel-Cantelli lemma, we get that P(;) = 1 for any k € N + 2,
where

Q= limsup Ok ».

A—00

The proof of Lemma 4.1 is ended by noting that

Nken+28% C Q.

Theorem 4.2 Let H,, be the operator defined in section 4.1.1 . Assume that (A.1) is satisfied. There

exists eg > 0 such that:

i R a2 2
1.EN Yop 0
(2 37 *+%0) = Zm O gz 3 +0)
a2 72
2. an eigenfunction corresponding to an eigenvalue in [ 12 iR +€g) decays exponentially.

The result of Theorem , is based on multiscale analysis [15, 34]. The proof can be related to the behavior
of the so called the integrated density of states [21, 28, 24].

We recall that the integrated density of states is defined as follows: we note by H, A, the restriction of
H, to Ar, = D,N[-%, £] x [0, d] with self-adjoint boundary conditions. As H,, is elliptic, the resolvent of
H, A, is compact and, consequently, the spectrum of H,, A, is discrete and is made of isolated eigenvalues

of finite multiplicity [?]. We define

N (E) = - ##{eigenvalues of H, o < E}. (4.47)

IA JAL]
Here vol(Ayp) is the volume of Ay, in the Lebesgue sense and #F is the cardinal of F.

It is shown that the limit of Ny, (E) when Af tends to R? exists almost surely. It is called the integrated
density of states of H,, . See [22, 32]. The behavior of N is considered [9].

Acknowledgements: I am grateful for the hospitality of Prof Fumihiko Nakano during my stay in Kyoto
and for the invitation. I would like to thank Professeur Nariyuki Minami for stimulating discussions and

proposing references.



References

[1]

[6]

[12]

[13]

[14]

R. Assel, M. Ben Salah Spectral properties of the Dirichlet wave guide with square Neumann window

preprint.

M. Abramowitz and I. A. Stegun Handbook of Mathematical Functions With Formulas, Graphs, and
Mathematical Tables New York: Dover, (1972).

L. Aermark: Spectral and Hardy Inequalities for some Sub-Elliptic Operators. Thesis.

Y. Aharonov and D. Bohm: Significance of Electromagnetic Potentials in the Quantum Theory. Phys.
Rev.115, 485-491(1959).

D. Borisov, P. Exner and R. Gadyl’shin Geometric coupling thresholds in a two-dimensional strip

Jour. Math. Phy. 43 6265 (2002)

D. Borisov and P. Exner: Ezponential splitting of bound states in a waveguide with a pair of distant

windows. J. Phys. A 37 n° 10, p3411-3428 (2004).

D. Borisov, T. Ekholm and H. Kovaiik: Spectrum of the magnetic Schrédinger operator in a waveg-

uide with combined boundary conditions. Ann. Henri Poincaré 8, 327-342(2005).

J. F. Brasche and M . Melgaard: The Friedrichs extension of the Aharonov-Bohm Hamiltonian on

a disk. Integral Equations and Operator Theory52, 419-436(2005).

P. Briet and H. Najar: Quantum waveguide with random boundaries conditions: Lifshitz tails and

application. Work in progress.

W. Bulla, F. Gesztesy, W. Renger, and B. Simon: Weakly coupled Bound States in Quantum
Waveguides. Proc. Amer. Math. Soc. 125 , no. 5, 1487-1495 (1997).

J. Dittrich and J. Kiiz Bound states in straight quantum waveguides with combined boundary condi-

tions J. Math. Phys. (43) n° 8, p 3892-3915 (2002).

P. Duclos and P. Exner: Curvature-induced Bound States in Quantum waveguides in two and three

dimensions Rev. Math. Phy. (37) p 4867-4887 (1989).

P. Duclos, P. Exner and B. Meller: Resonances from perturbed symmetry in open quantum dots. Rep.

Math. Phys. 47, no. 2, 253-267 (2001).

P. Exner, P. Seba: Bound states and scattering in quantum waveguides coupled laterally through a

boundary window. J. Math. Phys. (30) n° 10, p 2574 (1989).



100

[15] A. von Dreifus and A. Klein: A new proof of localization in the Anderson tight binding model.
Commun. Math. Phys. 124 (1989) p 285-299.

[16] P. Exner, P. Seba, M. Tater, and D. Vanék: Bound states and scattering in quantum waveguides

coupled laterally through a boundary window. J. Math. Phys. (87) n° 10, p4867-4887 (1996).

[17] P. Exner, S. A Vugalter: Asymptotic Estimates for Bound States in Quantum Waveguide Coupled

laterally through a boundary window.

(18] N. E. Hurt: Mathematical Physics Of Quantum Wires and Devices Mathematics and its Application
(506) Kluer Academic, Dordrecht, (2000)

[19] A. Klein; J. Lacroix, and A. Speis, Athanasios: Localization for the Anderson model on a strip with

singular potentials. J. Funct. Anal. (94) n° 1, p135-155 (1990).

[20] A. Klein; J. Lacroix, and A. Speis, Regularity of the density of states in the Anderson model on a

strip for potentials with singular continuous distributions. J. Statist. Phys. 57, n° 1-2, p65-88 (1989).

[21] F. Kleespies and P. Stollmann: Lifshitz Asymptotics and Localization for random quantum waveg-

uides. Rev. Math. Phy. (12) p 1345-1365 (2000).

[22] W. Kirsch: Random Schrédinger operators. A course. In: Schrédinger operators, Sgnderborg 1988,
Lecture Notes in Phys. (345), p 264-370, Springer, Berlin (1989).

[23] D. Krejcirik and J. Kriz: On the spectrum of curved quantum waveguides Publ. RIMS, Kyoto Uni-
versity, (41), no. 3 p 757-791, (2005).

[24] F. Martinelli: The wave equation in random domains: localization of the normal modes in the small

frequency region Ann. LH.P. section A, 43, n 2, p 227-249 (1985)

(25] L. Mikhailovska and O. Olendski: A straight quantum wave guide with mized Dirichlet and Neumann
boundary conditions in uniform magnetic fields. Jour. Phy. A. 40, 4609-4633(2007).

[26] L. Mikhailovska and O. Olendski: A straight quantum wave guide with mized Dirichlet and Neumann
boundary conditions in uniform magnetic fields. Jour. Phy. A. 40, 4609-4633(2007).

[27] S. A. Nazarov and M. Specovius-Neugebauer: Selfadjoint extensions of the Neumann Laplacian in

domains with cylindrical outlets. Commu. Math. Phy. 185 p 689-707 (1997).

(28] H. Najar: Lifshitz tails for acoustic waves in random quantum waveguide Jour. Stat. Phy. Vol 128
No 4, p 1093-1112 (2007).



101

[29] H. Najar, S. Ben Hariz M. Ben Salah: On the Discrete Spectrum of a Spatial Quantum Waveguide
with a Disc Window Math. Phys. Anal. Geom. (2010) 13:1928.

(30] H. Najar, O. Olendski : Spectral and localization properties of the Dirichlet wave guide with two
concentric Neumann discs J. Phys. A: Math. Theor. 44 (2011).

[31] H. Najar, M. Raissi : On the spectrum of the Schrodinger Operator with Aharonov-Bohm Magnetic

Field in quantum waveguide with Neumann window submitted.

[32] L. Pastur and A. Figotin:  Spectra of Random and Almost-Periodic Operators Springer-Verlag
Heidelberg (1992).

[33] M. Reed and B. Simon: Methods of Modern Mathematical Physics Vol. IV: Analysis of Operators.
Academic, Press, (1978).

[34] P. Stollmann: Caught by Disorder Bounded States in random Media. Birkhauser.

[35] T. Weidl: Remarks on virtual bound states for semi-bounded operators. Comm. in Part. Diff. Eq.
24, 25-60(1999).

[36] G. N. Watson: A Treatise On The Theory of Bessel Functions Cambridge University Press.

[37] S. Zaremba: Sur un problme mizte & l’quation de Laplace. Bull. Intern. Acad. Sci. Cracovie, 314-
344(1910).



