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A computer-assisted proof of the Kolmogorov problem of
incompressible viscous fluid |
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Abstract

A computer-assisted proof which proves the existence of non-trivial steady-state solu-
tions for the Kolmogorov flows is presented. The method is based on the infinite-dimensional
fixed-point theorem using Newton-like operator. This paper also proposes a numerical ver-
ification algorithm which generates automatically on a computer a set including the exact
non-trivial solution with mathematical rigorous error bounds. All discussed numerical re-
sults are taken into account of the effects of rounding errors in the floating point computa-
tions.

1 Introduction

Consider the Navier-Stokes equations:

1
U + uug + vuy =vAu — ;pz + ysin (—7%) , (1)
1
v + uvg + vyy =rAv — —p—py, (2)
ug + vy =0, 3)

where (u,v), p, p and v are velocity vector, mass density, pressure and kinematic viscosity,
respectively and « is a constant representing the strength of the sinusoidal outer force. Also
x¢ 1= 0/0E(¢ = t,x,y) and A := §?/0z%+0*/9y>. The flow region is a rectangle [—a, a] x [~b, b]
and the periodic boundary conditions are imposed in both directions. The aspect ratio is
denoted by a := b/a. ‘ )

The above equations (1-3) describe the Navier-Stokes flows in a two-dimensional flat torus
under a special driving force proposed by Kolmogorov [1, 5], [6, Chapter 5] and have a basic
solution which is written as

(u,v,p) = (ksin(7y/b),0,d),

where k := b%y/(7?v) and d is any constant. It is known that non-trivial solutions bifurcate
from the basic solution at a certain Reynolds number, which is defined below, if and only if
0 < a < 1[1]. Okamoto-Shoji [5] computed numerically bifurcation diagrams with the Reynolds
number as a bifurcation parameter varying the aspect ratio as a splitting parameter. They also
strongly suggested stability of the bifurcating solutions for all 0 < a < 1. Nagatou [2] took
an another approach to this stability problem by employing the theory of verified computation
and showed that the stability of the bifurcating solutions is mathematical rigorously assured
for the cases of a = 0.4,-0.7 and 0.8. ‘

In the previous paper [10], we proposed a method to prove the existence and the local unique-
ness of the steady-state solutions of the Navier-Stokes equations (1-3) for a given Reynolds



number and aspect ratio by a computer-assisted proof with some verified results. It was also
the first theoretical results to the non-trivial solutions of the equations (1-3).

The aim of this paper is to apply our other verification method: FN-Int[3, 4, 9] to prove
the existence of the steady-state solutions of problem (1-3) and to ascertain its effectiveness in
the actual numerical computation. ‘

In FN-Int, the equation is decomposed into the finite-dimensional part and the infinite-
dimensional error part, and if the both part lead to the retraction maps under suitable as-
sumptions, an infinite-dimensional fixed-point theorem implies the existence of the solution
in a certain function set. In the self-validating process in computer, Newton-like iteration is
executed for the finite-dimensional part, and the computation comes down to solving interval
linear systems. Note that we have also proposed some verification algorithms which assure the
local uniqueness of the solution in the enclosed set [11, 12] . We will discuss about them in
future works. We also note that our verification methods described above can be formulated as
a more general form and one may apply it to many kind of differential equations and integral
equations which can be transformed into fixed-point equations.

We admit that our study in this paper has some restrictions (a driving force, two-dimensional
rectangle region, boundary condition, etc.), however, we believe that our idea, not our results
themselves, will pave the way to a tool to study the global bifurcation structure for partial
differential equations arising in more practical, or even industrial problems.

2 Nondimensionalization and function spaces

The letter T, denotes the rectangular region (—7/a,7/a) X (—m, ) for a given aspect ratio
0 < a < 1 (see Fig. 1). Introducing the stream function ¢ satisfying u = ¢, and v = —¢, so

~t/oL /o

-n

Figure 1: Shape of T,

that u; + vy = 0, the equations (1-3) can be rewritten as

' T 7r
(Ag) = vA%p — J(¢, A¢) = L cos (T2) (4)
b b
by cross-differentiating equations (1) and (2) and eliminating the pressure p. Here J is a bilinear

form defined by
J(u,v) := ugly — Uyvg. (5)
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The equation (4) is nondimensionalized by using change of variables

Tr ~vb vrd
(xlay,) = ("'_ —‘y') 3 tl = _ta ¢I(t,a$,1yl) = Wﬁb(t,x,y)

b’ b vm
b?
and the Reynolds number R := i3 After dropping the primes, an equation
N 1
(A9 — A%~ J(9,A¢) = 3 cos(y) ®)

is obtained.
We shall find steady-state solutions, where (A@); is equated to 0 in equation (6) in the
region T, namely consider the following nonlinear problem: :

A%p = —RJ(p,A¢) — cos(y) in T, : (7
Assume that ¢ is subject to periodicity conditions in  and y, and the symmetry condition
¢("‘Ea y) = ¢(—$) _y) (8)

as well as the normalization [, ¢drdy = 0 [2], then the equation (7) has a trivial solution
¢ = —cos(y) for any R > 0 (Fig. 2). The aim of this paper is to enclose a non-trivial solution

S AL L A A0 A i

Figure 2: Shape of the trivial solution ¢ = — cos(y) and stream line of ¢y, —¢|T.

of (7) by computer-assisted proof.

3 Function spaces

From the periodicity, the stream function.¢ can be expanded to double Fourier series by

¢($, y) = Z am,neima:c-}-iny’ Amn € C.
(0,0)#(m,n)€Z

Note that if ¢ is a solution of (7), ¢ + ¢ (V¢ € C) is also the solution. Then we exclude the
case (m,n) = (0,0). By using Euler’s formula and symmetry condition ¢(z,y) = ¢(—z, —y), it
holds that
o(z,y) = Z amn( cos(maz + ny) + isin(maz + ny) ),
(0,0)#(m,n)eZ



¢(—z,—y) = Z amn( cos(maz + ny) — isin(mazx + ny) ).
(0,9);6(m,n)€Z

- Then adding equations and transla,ting coefficient ay, n, we have

P(z,y) = Z Am,n cos(maz + ny).
(0,0)#(m,n)eZ

Now decomposing indices and using the property of cosine together with replacing am,n, we

obtain
p(z,y) = Z an, cos(ny) + Z Z Qm,n cOs(max + ny).

1<n<oo 1<m<oo —ocoLn<oo

Consequenﬂy, we can define function space X* (k > 0) by the closure in H*(T,) of the
linear hull of all functions

cos(mazx + ny), m € Ng, n € Z, (m,n) # (0,0).

Especially we define
X = X3

For each 1 € X* can be represented by

| P = Z A cos(max + ny), Amn € R,
(mn)eqQ
where "
“m=0 and 1< n<x" or
Q-—{(m’").‘fzle “l <m<oo and -—ooSnSoo”}’ ©)

and it is noted that the base function of X* satisfies

2_7r2 if k“ﬁz and {=n
(cos(mazx + ny), cos(kazx + ly) )12 = a | (10)

0 else

for any (m,n), (k,l) € Q, where (-, )2 means the usual L?-inner product in Ty.

4 Projection and an a priori error estimate

Let Xn be the finite-dimensional subspace of X, which depends on a non-negative integer
parameter N, defined by

XN = Z Apn cos(maz +ny) | Ann ER (11)
(m!n)EQN
where .,
‘ “n=0and 1<n<N" or _
QN——{(TTL,TL)EZXZ' “13m_<_Nand ’—NSTLSN”} (12)
Then

K :=dim Xy = 2N(N +1).

135



136

Let X, denote the orthogonal complement of Xy in X such that X = Xy & X,, then for any

¥4 € X, can be represented by

Yo=Y Amncos(moz+ny),  Amn€R, (13)

(mn)EQx -

where
Q= {(m,n) EZXZ

Figure 3 indicates the area of Q,.

“l<m<N and —o0o<n<-N-1" or

“O<m<N and N+1<n<od or
(14)
“N+1<m<oo and —oo<n< oo

m Areal = {(m,n) €ZxZ|0<m<N and N+1<n< oo},

> Area2 = {(m,n) €ZxZ}1<m<N and —c0o<n<-N-1},
Aread = {(m,n) €ZXZ| N+1<m<oo and — oo <n < oo}

Figure 3: Area of Q,

Now we define the projection X — X by the N-th truncation of Fourier expansion. Note
that by the orthogonality of of the basis Py coinsides with usual HZ2-projection:

-

(A(Y ~ Pny),AYn )2 =0,  Von € Xp, (15)
and we obtain the following a priori error estimate for the liner problem of A%¢ = g.
Lemma 4.1 For each g € X° iet £ € X* the solution of A%¢ = g, then h
€ — Pnéllx < Csligllze
holds, where .
Cs = a(N +1) (16)
J

N\




5 Some estimations for X

Since
|¢I§{3(Q) = H%m“%z + 3“'“0:111”%2 + 3““::?1/1/”%2 + “uyyy“%2
2 2
=T Z (a®m® + 3a*m*n? 4 3a?m?n* +n®) A2,
Y (mmeq
272 2.2 213 42
=— Z (a*m* 4+ n°)° Az,
(mn)eQ
we have

(17)

2
Wlm(n) —vﬂ\/; X \/

Z (a?m? + n?)3A2,,..
(m,n)eQ :

Therefore since semi-norm [t|g3(q) becomes norm of X, we define the norm and the inner-

product of X by

lollx = [¥lms ),
(U’ v ).X = (uzzzyvza:x )L2 + 3( Ugzzy, Vzay )L2 + 3(umyya Vzyy )L2 + (uyyya Vyyy )Lz, B
respectively.
For the norm | - || x, the following estimations hold.
Ve : :
Lemma 5.1 For any ¢ € X, and Vi, € X,, it can be checked that w
lllzz < a”3lYllx, [¥ulle < Cillyullx,
lbzlze < o ?¥lx, [(¥n)allze < Colltulx,
Iyl < Csl¥lix, @ yllz < Callvelx,
VYl < o ?|¥x, VYl < Collgulix,
IV¥ellze < o H9llx, IV@x)allz < Csllgullx,
IViylize < Cell¥llx, IV@yll: < Crllvsllx,
1AYlle < o Hivlx, [A%xllze < Csligullx,
A%z < |I¥llx, [AW)ellz < [lPsllx,
1adyle < lilix, AWl < Il
where
O = G = e
LT BN+ 27 2N+
2v3 1 2v/3
C3 — max{l, ‘9_622‘}, 04 - max{(N+1)279a2(N+1)2}’
1 : 1
o — —_ 1. —
Cs aN+1) Co ma‘X{ ’ 2a}’
1 1
G = maX{NH’ 2a(N+1)}'
g « )

In actual calculations, L®-estimates proposed by Plum [7] are also needed.
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Lemma 5.2 (Plum,1992 [7]) For any 9 € X, the following assertion holds true:
[¥llze < Callllzz + Coll VYl + CrollAdh|l L2, (18)
where || - || L is the sup-norm and
oo V@ o _ L1548 [a?i1 _ 044722 \Pau 10a% 4 9
s e Y o @ = 3 5ol .
N ' J
Lemma 5.1 and Lemma 5.2 imply L*>-estimates immediately.
\'
Lemma 5.3 For Vi € X and V4, € X,, it is ture that
¥l < Cull¥llx, ¥l < Crall¥llx,
¥zl < Cuslillx, (%a)zllzee < Cralltellx,
[¥yllze < Csllellx, @)yl < Crslltellx,
where
Cn = a3Cs+a™2Cy+ a1, Ci2 = C1Cs+ CaCy + CsCho,
Ciz = o 2Cg+a~'Cq+ Cho, Cuy = C3Cs + C5C9 + Cho,
Cis = C3Cs+ CsCy + Cro, Cie = C4Cs+ C7Cy + Cho. )
-

We mention about partial integrations at finite-dimensional part. Let

Y= {v = Z Amn sin(amz + ny) |Amn € R, ||Vvl|z2 < 00 ¢,
(m,n)eQ ,

then it holds true.

.

Lemma 5.4 h
(¥2,0)r2 = —(¥, Pz )12, peX', geYl
(by,®)r2 = ()12, Y €X', pe¥,
(A, ¢)r2 = (¥, A0)12,  $¢€ X
(A, Ad)p2 = (A%, 0)12, Y e X', e X
(J(u,v),w)pe = (J(w,u),v)2 = =(J(w,w),v) 12, u,v,w€ X>. )

The following is an important property of Jacobian for (7).

Lemma 5.5 V4,15 € X1,
J(¢1)¢2) € Xoa

namely J(1,2) can be re-expanded by cos(maz + ny) ((m,n) € Q).




6 Verification procedure

This section is devoted to detailed verification procedure of the steady-state Kolmogorov prob-

lem (7).

6.1 Matrices

For fixed ¢n € Xy, define H,D,L,G € REXK (1 <4, j < K) by
Hz'j = ( (¢j)mmxa (¢z)a:x:t )L2 + 3( (¢j)xwya (¢z)m:y )L2+

3((S5)zyys (Bi)zyy )2 + ((D5)yyys (Di)yyy )12, (

Dij = (A¢j, Agi )12, (
Lij := (5, i )12, (21

6.2 Residual and ﬁxed-point formulation

By setting : ‘
ron = —A%¢y — RI(¢n, Apn) — cosy, (23)

ron is able to be re-expanded as an element in XzN and we can compute its inner-product with

{#:}X, and L%-norm by interval arithmetic.

For fixed approximate solution ¢n € Xy of (7), setting
¢=¢n+9, (24)
we try to find residual term . Substituting (24) to (7), we obtain a residual equation
A% = —R J(¢n +, Ady + M) — cos(y) — A%y in T (25)
By denoting the right hand side of (25) by

F(¥) = =R J(¢n + 9, Apn + Ag)) — cos(y) — A¢y, (26)

from Lemma 5.5, f:X — X0 is continuous and maps any bounded set of X to a bounded set
of X0 : ~ .

Denote F := A™2f : X — X, then F becomes compact operator and problem (25) is
equivalent to a fixed-point equation ¢ = F(¢) in X.
6.2.1 Newton-like operator

By using the projection Py, the fixed-point residual equation (25) can be decomposed into
finite-dimensional part X and infinite-dimensional part X, as

{ Py = PuF(@),
(I-Pn)p = (I-Pn)F(¥).

Now we define Newton-like operator Ny : X — X by
Nn(®) := Py = [I = F'l0)]5' Pn (4 — F(¥)),
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and re-formulate the finite-dimensional part equivalently to

Py = Nn(y).
Here [I — F'[0]]' : Xy — X is the inverse operator of Py(I — F'[0]) : X — Xy whose
definition is restricted to X . Next we definie Newton-like operator T" on X by

T() :=Nn(®) + (I — Pn)F(¢)

which is the compact map.

6.2.2 Candidate set

Let IR be the set of K-dimensional interval vector. A finite-dimensional set Uy C Xy is taken
to be a set of linear combinations of base functions in X with interval coefficient {B;}1<i<x
such as
K
Uy := Y Bigs, (27)
i=1
where B; has upper and lower bounds such that B; = [B;, B;). Here Zfi 1 Bi¢; is interpreted as

the set of functions in which each element is linear combination of {¢;}1<i<x Whose coefficient
of ¢; belongs to the corresponding interval [B;, B;] for each 1 <4 < K, namely,

K
Un = {Z vi; € XN

i=1
For a > 0, a infinite-dimensional set U, C X, and a candidate set U C X is taken to be

Us == {9 € Xu | l[¥ellx < B}, (29)
U:= Uy +U,. (30)

v; € R, v; € B;, ISiSK}. (28)

6.2.3 Verification condition

Theorem 6.1 Assume that the candidate set U C X is defined by (29) and (27) with
(30), and that any element 1 € U is represented by

Y =19YN + Px, Yn € Un, . € U,.

Let d = [d;] € IR® denote an interval enclosure of the set whose i-th component consists
of »
{(f@) - f'O1Yn, ¢ )12 €R [PV}, 1<i<K. (31)
If, for an interval vector v = [v;] € IR¥ enclosing the solution  C IR¥ for the linear
equation

Gz =d, (32)
the conditions
v; C B, 1<i<K, (33)
and
sup [(I — Pn)F(¥)|lx < B (34)
YeU

hold, then there exists a fixed-point of F in U.

N -
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7 Some verification results

We use Sun Fortran 95 Ver.8.6 Linux_i386 (supporting interval arithmetic) and the inter-
val arithmetic .toolbox INTLAB (8] Version 6 with MATLAB 7.14.0.739 (R2012a) on Fujitsu
PRIMERGY TX300 S5 (CPU: Intel Xeon E5520 2.27GHz, OS: Red Hat Enterprise Linux
Server release 5.6).

In the case of a = 0.7, the basic flow (trivial solution) — cos(y) loses stability at a critical
Reynolds number R, and another steady state bifurcates. Okamoto-Shoji strongly suggested
that there is no secondary bifurcation from this branch. Nagatou [2] also enclosed the R in
the interval [3.011528364444, 3.011528364446].

Figure 4 shows the bifurcation diagram, where |Ag ;| means the absolute value of the coef-
ficient to the base cos(ny) for obtained approximate solution.

1.0
08
06

| Ao 1]

02+

. . . L L . .
20 40 60 80 100

Figure 4: Bifurcation diagram for o = 0.7

Figure 5 shows verification results for R = 3.015, 3.02, 3.05, 3.1, 3.2, and 3.5 by IN-Linz.
We will report on various verification results for various « in another article.
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