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On some variational inequality problems

BiRAIZFHEEE AR EH BEF (Rieko Kubota )

YOKOHAMA SO-GAKUKAN HIGH SCHOOL

1 Introduction and Preliminaries

ARRIX RRTEXY Bif 5 kL, BEEREBITZAT ITA FH K & OHFR [12)
" The Structure of Projection Methods

for Variational Inequality Problems and Weak Convergence Theorems ”
DOHIE L T OMBELRFEHRTH 5.

ARTIX, REEBOESE, N2 EOBBOESE LTS, H%EHilbert 2/, () 2R
B || 2ARc ko TEES /VvA 5. UT, H%EIZ Hilbert ZRH & FR T 5.

CHOENEGLLT2CHS5HANDE/RLTZ. FT)%2 T OXREBRORELT
5. EBDx, ye CIZDOWT ||Tx—Ty|| <k|x—y|| LRZ2EDELkVPELETHLE, T %
k-Lipschitz continuous ¥\ 5. K2, |Tx—-Ty|| < |x—y|| TH 2 L EFIHLKREH{L V.
F(T)#8ThYH, FBDxcC,veF(T)IZ2WT |Tx—v|<|x—-v| 2%25LE, T %
quasi-nonexpansive ¥ FER. ||Tx—Ty||> < (Tx—Ty,x—y) BEED x, ye CIZDOWTRY
MDY %, T % firmly nonexpansive £ \»5. T 7% firmly nonexpansive 7 5 IXFEHL R TH 5.

REOBECH > TTRACEERX, ARCHOHADERLTS. 1% H LOES
Bt ds. EBDx, yeCIlZOoWT (x—yAx—Ay) 202752, ARBRETHE LW
5. FBDx, yeCIiZDWT, (x—y,Ax—Ay) > a||[Ax—Ay|? £ 725 X 572 a € (0,») HifF
ET5LE, A% a- T BFATM YL\ S (Liv and Nashed [14] 2288). AN a—FEFEHRT
HB72 5L, BHSHIZ AIXEFTEN D 1/a-Lipschitz continuous TH 3. a € (0,2a) DFE,
[—aA ZHHKREBRT, EBDx, ye CIZOVWTIROFFERAHED 1D,

I( = aA)x — (I — aA)y|)* < |lx—y||* — a(20 - a) || Ax — Ay|>.
CERANKELTS. ZOLE, ABDxeHIZDWT ||x—xo| =min{||x—y|:yeC} &
ROME—Dx e CHEFETS. HOERXIZDWT, Pox=x CTEBINDZHH»SHCOL
~DOER P SEMHE LIRS, Hiro CADERT P CADEMHY THLHI L L,
xEH,yeCIZDWTOL (x—Tx,Tx—y) B DIUDI LIZEMETHS. PcidxeH,yeC
IZ2WT ||lx — Pex]|? + || Pex — y||* < ||x — y||* %% 7z L firmly nonexpansive T 3.

ARCHPOHANDERLL, ROBRIZEAVI(C,A) 2EET 3.
VI(C,A)={x€C:(y—x,Ax) >0 forall yeC}.
VI(C,A) DEF x 2 KD ZMBIZEL T EFRAME L FIEN 3.



CZnikma—2Yy NERR OBMELERELTE. ARZCHS R ANDBEAX k-
Lipschitz Bt 58 E LU VI(C,A) #6 £ T 3. ac (0,1/k) i22WT, C LOBEZERYV, & U,
ERDELSIZEHRT 5.

Vax=Pc(I—aA)x, Upx=P(I—aAV,)x for xeC.
x1€ECEL, CORI{x,} & {yu} ZBIRDKRIZERKT 5.

Yn = Vaxn, Xn+1 = Uaxn for ne N.

Z @ Extragradient method & F|X# % K1 Korplevich [9] IZ & > TEA I N, ZThd
DHERGEDTT, BiZ {x,} & {yn} BVI(C,A) DR—DRIZPKT B Z 2 R UT.

Takahashi and Toyoda [24] i% 2003 Z£{Z Theorem1.1 %2 &EBH L, Nadezhkina and Takahashi [17]
(& 2006 ££(C Extragradient method & Bi# 3" % Theorem 1.2 % ZERA L 7=.

Theorem 1.1. Let C be a closed convex subset of a Hilbert space H. Let A be an O—inverse—
strongly-monotone mapping of C into H. Let {an} be a sequence in [c1,d;] as 0 < c; < d; < 2a.
For each n € N, let V,, be a self~mapping on C defined by V, x = Pc(I — a,A)x for x € C. Let S
be a nonexpansive self-mapping on C. Assume F(S)NVI(C,A) # @. Let {0, } be a sequence in
[c2,d2) as 0 < ¢y <dp < 1. Let x; € C and let {x,} and {y,} be sequences in C defined by

Yo =Va,Xn, Znt1 = 0 SVy xn+ (1 —aty)xy for neN.
Then {x,} and {yn} converge weakly to a point u € F(S)NVI(C,A).

Theorem 1.2. Let C be a closed convex subset of a Hilbert space H and A be a monotone and k-
Lipschitz continuous mapping of C into H. Let {a,} be a sequence in [cy,d1] as 0 <c; <d; < 1/k.
For each n € N, let V,, and U,, be a self-mappings on C defined by

Va,x =Pc(I —ayA)x, Uyx=Pc(I—anAV, )x for xeC.

Let S be a nonexpansive self~mapping on C. Assume F(S)NVI(C,A) # @. Let {0, } be a sequence
in [c2,da] as 0 < ¢y < dyp < 1. Let x; € C and let {xn}, {yn}, {zn} be sequences in C defined by

Yn =VaXn, zn =UgXn, Xni1 = 0pSUgzxn+ (1 —0Op)x, for n€N.
Then {xn}, {yn} and {z,} converge weakly to a point u € F(S)NVI(C,A).

Takahashi and Toyoda [24] & Nadezhkina and Takahashi [17] (ZBi#% BT, BoAEAM
B D projection method 2 ER T 5. - LRFEALAZIFLAEDT 7=y Z13[24] & [17]
TRRIZEBINT W, LA L, K5 1d method DREEZ BT UEBSHIZLTWARW. FL
D7 7u—FIiX, HODOFELIZERD method DIEEAXEHRT 5. 725D EMNIL,
COWEZSHIT UEIZRI U 7= BR7F T Theoreml.1, 1.2 2 HIRT B2 L TH 5.
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2 Lemmas

ZOHTIX, H % Hilbert 2/, I % H LDWEEER, Pc % H»6AMES C DM
SR & T 35. Hilbert 22[H H I&¥R D Opial property [18] Z&FD.

If {x,} is a sequence in H which converges weakly to u € H, then

liminf, |x, — u|| < liminf, ||x, —v|| for v & H withv # u.
SEHBREACHOLHANDEBRLTSH. I-S5 7% demiclosed at 0 & i

If {x,} is a sequence in C which converges weakly to u € C and satisfies
limy, ||Sx, — xn|| = 0, then u € F(S).

NI NBZrTH5. BUIAROBRTCTHLEL U2 20 S2RR U,
WIZRT lemma XERPASFABETREARANTRLHASNTWS.

Lemma 2.1. Let A be a mapping of C into H with VI(C,A) # ¢. Let a € (0,%0) and let V, be a
self mapping on C defined by V,x = Pc(I — aA)x for x € C. Then F(V,) = VI(C,A).

M ZEH TIRD lemma # B 2L HTES. 2D lemmail k> T, AWM TERT S
method TIX VI(C,A) DERIZR X T vi(C,A) DEREZRDNIERWZ L34 5.
Lemma 2.2. Let C be a convex subset of a Hilbert space H. Let A be a mapping of C into H and
let vi(C,A) ={veC:(z—v,Az) >0 forall z € C}. Then, the followings hold:

(1) IfA is continuous, then vi(C,A) C VI(C,A).

(2) If A is monotone then (y —u,Ay) > (y —u,Au) >0 foru e VI(C,A) and y € C.

That is, if A is monotone then VI(C,A) C vi(C,A).
(3) If A is monotone and continuous, then VI(C,A) = vi(C,A).

AROEREZ2BL7-DIZ, (RO Lemma 23 BEETHS.

Lemma 2.3. Let ¢ > 0 and {an} C [c,0). Let A be a monotone and k-Lipschitz continuous
mapping of C into H with VI(C,A) # @. For each n € N, let V,, be a self mapping on C defined
by Vg, x=Pc(I—anA)x for x € C. Let {x,} be a bounded sequence in C. Iflim, |V, x, —x,|| =0

then the weak limit of any weakly convergent subsequence of {x,} is in VI(C,A).

Z®lemma iE, projection method {ZEWT limy, ||V, xp —xu|| =0 £ WO REDIEREICEE
THobI L%RHT 5. Takahashi-Toyoda [24] D method Ti¥, Lemma 2.3, 2.4 23072
%BE % R7-F. Lemma 2.4 13 lim, ||V, x, —x,|| =0 2B 57-DDRGFERBRLTWVWS.



Lemma 2.4. Let A be an a—inverse—strongly—monotone mapping of C into H with VI(C,A) # @.
Let {an} be a sequence in [c,d) as 0 < ¢ < d < 2a. For eachn € N, let V,, be a self mapping
on C defined by V,x = Pc(I —anA)x for x € C. Suppose {x,} is a sequence in C such that
limy, ||x, — u|| = limy, || Vo, %, — u|| for u € VI(C,A). Then, lim, ||V, x, — x| = 0.

Nadezhkina-Takahashi [17] ® method TiZ, Lemma 2.3,2.5 2’ EE & &% B7- 9. Lemma 2.5
X, {U,} DHEZBESHIZL, IO method T limy, ||Vy,x, — x| =0 28272 D&RME%
RRLUTWS., /K {U,,} OB IHABIIGER TN TN aEh o7z,

Lemma 2.5. Let A be a monotone k-Lipschitz continuous mapping of C into H. Assume that
VI(C,A) # ¢. Let 0 < d < 1/k and {a,} be a sequence in (0,d]. For n € N, let V,, and U,, be
self mappings on C defined by

Vo, X =Po(l —anA)x, Ugx=Pc(I—anAV,,)x  for xeC.

Then, the followings hold:

(1) F(V,,) =F(U,,)=VI(C,A) forneN.
(2) Each U,, is quasi-nonexpansive with F(U,,) = VI(C,A).
(3) Suppose {xn} is a sequence such that
limmy s — ul] = limy || Ua, 0 —ul|  for u € VI(C,A).

Then limy, |V, xn, — x| = 0.

3 Main results

BUE T U 72 lemma %2 U TIRD 2 D DEME % iEAHT & 5. Theorem 3.1 I Takahashi-
Toyoda [24] @ Theorem 1.1 DR T b, Theorem 3.2 ik Nadezhkina-Takahashi [17] @ The-
orem 1.2 DIFRTH B, K51 S I KREMBR L L7=A%, S quasi-nonexpansive T I —S
% demiclosed at 0 THNIEAN TH B I L BERBEX AT &> THPNS.

Theorem 3.1. Let C be a closed convex subset of a Hilbert space H. Let A be an O—inverse—
strongly-monotone mapping of C into H. Let S be a self-mapping on C. Assume that F(S)N
VI(C,A) # @, S is quasi-nonexpansive and I — S is demiclosed at 0. Let {a,} be a sequence in
[c,d] as 0 < ¢ <d < 2a. For each n € N, let V,, be a self~-mapping on C defined by V,x =
Pe(I—anyA)x for x € C. Let {0} be a sequence in [a,b] as 0 <a < b < 1. Let x; € C and let
{xn} and {yn} be sequences in C defined by

Yn=VaXn,  Xnsl = 0nSVa Xy + (1 — 0)xy, for neN.

Then {x,} and {yn} converge weakly to a point u € F(S)NVI(C,A).
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Theorem 3.2. Let C be a closed convex subset of a Hilbert space H and A be a monotone
and k-Lipschitz continuous mapping of C into H. Let S be a self-mapping on C. Assume that
F(S)NVI(C,A) # o, S is quasi-nonexpansive and I — S is demiclosed at 0. Let {a, } be a sequence
in[c,d)as0<c<d<1/k Foreachn €N, letV,, and U,, be self-mappings on C defined by

Vax =Pc(I—anA)x, Ugx=PFPc(l—anAV,, )x for xeC.

Let {0,} be a sequence in [a,b] as 0 <a < b < 1. Let x; € C and let {x,}, {yn} and {z,} be
sequences defined by
yn = Va"xn, Zn = UaHXn, Xn+] = anSUanxn + (1 bl an)Xn fOl' n E N.

Then {x,}, {yn} and {z,} converge weakly to a point u € F(S)NVI(C,A).

4 Applications

C % Hilbert ZH H ODEHES, TR CH»5 HADEHKL TS, 2010 £iZ, Kocourek,
Takahashi and Yao [10] iZ & - T generalized hybrid ¥ FEIZHh 2 BERELISEA XN, RO
Ha-TER a, pBRFEET S L E, TIgeneralized hybrid TH B L\ 5,

|| Tx = Ty|* + (1 — @) |lx = Ty||* < B||Tx —y|* + (1 - B)|x—y|*> forx, yeC.
ZOEBIEIX, FEILKEMRE, nonspreading EMRIK, hybrid BB ER SLERLREREE

BOBETH 5. generalized hybrid BAR T 1, F(T) # ¢ T %72 51E qauasi-nonexpansive T
#»%. BT, Takahashi, Wong and Yao [25] iX¥R®D lemma % ZERA L 7-.

Lemma 4.1. Let C be a closed convex subset of a Hilbert space H and let T be a generalized
hybrid self-mapping on C. Let {x,} be a sequence in C which converges weakly to u € C and
satisfies limy, ||Tx, — x,|| = 0. Then u € F(T).

2008 £EiZ, Suzuki[19] BHLWERE-BA L. HOHLEEC LOERT H, RO
&M%~ T L &, Condition (C) 2= TEHKL WS,
(©  glx=Tx|| < Jx~y| implies |Tx—Ty|<|lx—y| for x,yeC.
AWTIX, TOBEMHE*% Class(C) LR, E£72, D s5€[0,00) BFEELT,
(E)  lx=Tyl <sllx—Tx||+|lx~y|| for xyeC

TH5BLZ, T % Condition (E) %27~ T EM L\ 5 (Falset et.al. [6] % S M).

T DFHEHL KRB 51X Class (C) THB. Suzuki[19] 1, T A Class (C) 2 S5IEs=3 2L
T Condition (E) 2723 Z 2 %#mRL, 7 Lemma4.2 % EEMKIZZBAL 7=. Condition (E)
ZH7=TEMRT B F(T) # ¢ % 7=t qauasi-nonexpansive TH3 Z L 2L THKL.



Lemma 4.2. Let C be a closed convex subset of a Hilbert space H and let T be a self~-mapping
on C which satisfies condition (E). Let {x,} be a sequence in C which converges weakly tou € C
and satisfies lim, ||Tx, — x,|| = 0. Then u € F(T).

ZD &S MEDORRIZ & 5T, generalized hybrid E#:1&* condition (E) % # 7= T 54
W ¥, L& B % A Theorem 3.1 & Theorem 3.2 DIRE 27T Z L hibh 5.
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