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1. INTRODUCTION

This paper is based on [6).

For a weight vector w = (wy,...,w,) such asw; > 0fori=1,...,nand 3 . jw; =1
and positive invertible operators A = (4;,..., 4,), the power mean P,(w;A) for t €
[—1,1]\{0} due to Lawson-Lim-P4lfia [4, 5] is defined by the unique positive invertible
solution of the following non-linear equation:

X =) wi(XthA;) forte(0,1]
i=1

-1
for t € [-1,0)

X = [Z wil X A7)

where A}, B = AY/2(A~Y2BA~1/?)t AY/2 is the t-weighted geometric mean of A and B.

For a weight vector w = (w1, .. .,wy) and positive invertible operators A = (4, ..., A,),
the Karcher mean Gk (w;A) of Aj,..., A, is defined by the unique positive invertible
solution of the Karcher equation:

iwi log(X "2 A;X7%) = 0.
i=1
The power mean P,(w;A) is monotone increasing for ¢:
Py(w;A) < Py(w;A) for -1<t<s<1
and the Karcher mean is realized as the strong limit of the power means:

s— %ina P(w; A) = Gk(w; A)
under the strong-operator topology.

Problem: The range in which the power means P;(w;A) are defined, is [-1,1]\{0}.
However, the range in which the power arithmetic means (3", w; Aﬁ)l/ * are defined, is the
set of all real numbers R. It is then natural to ask the following question: Is it possible
to extend the range in which the power means are defined?

The purpose of this paper is to extend the range of the definition of power means
Py(w; A) defined by Lawson-Lim-Pélfia [4, 5].

163



164

2. PRELIMINARY

Let B(H) be the C*-algebra of all bounded linear operators on a Hilbert space H
equipped with the operator norm, S(H) the set of all bounded self-adjoint operators, and
P = IP(H) be the open convex cone of all positive invertible operators. For X,Y € S(H),
we write X <Y if Y — X is positive, and X <Y if Y — X is positive invertible.

For A,B € P and t € [0, 1], the t-geometric operator mean is defined as

At B= A2 (A—1/2BA—1/2)t A2,
For convenience, we use the notation b for the binary operation
Al B=AY2(AV2BAT) AV fort ¢ [0,1),

whose formula is the same as ff;. Though Af;B for ¢ € [0, 1] has the monotonicity, Afj,B
for s ¢ [0, 1] has not it.

Lemma 1. Let A\B,X,Y € Pand1 <t < 2. Then
(i) If X <Y, thenY h, A< X b, A.
(i) FA<Buwithm <A< M andmy; < B< My, andm < X < M, then

X b A< Kmi/M,M;/m,t)X iy B fori=1,2,

where the generalized Kantorovich constant K(m, M,t) is defined by
mM*? — Mm! (t—l Mt —mt )t

G-1)(M-m)\ t mMt-Mmt

for any real number t € R, see [3, Theorem 2.53].
(i) f m < A< M, then

I X [P m < X g A <) X070 agt
Proof. We only prove (i): For 1 <t <2
Yh A=Al Y = AV2 (A72y A~1/2) 17" 412
— A2 (A1/2Y_1A1/2)t—1 Al/2
< AVR(AVRXTIAV T A2 by <t-1<land Yl < X1
=X b A

(1) K(m, M,t) =

The Thompson metric on P is defined by
d(A, B) = logmax{M(A/B), M(B/A)}
where
M(A/B) = inf{A > 0: A < AB} =|| B™2AB~Y/2 ||= r(B~A).
It is known that d is a complete metric on P and
d(A, B) =| log BY2ABY/% ||=| log A"}/ BA~Y/? |,

see {7]. We list some basic properties of the Thompson metric:
Lemma 2 (see [1, 2]). For A,B,C,D € P

(i) d(A, B) = d(A™', B™') = d(T* AT, T*BT) for invertible T € B(H);



(ii) d(A+ B,C + D) < max{d(A4,C),d(B, D)},

(iii) d(At, Bt) < td(A, B) fort € [0,1];

(iv) d(aA,aB) = d(A, B) for positive real number a > 0;

(v) d(A4:B,CH;D) < (1 —t)d(A,C) +td(B, D) fort € [0,1].

For A,B € P, amap Y48 : R — P defined by v45(t) = AyB for t € R is a path
joining A and B. In particular, it is known that v4 g(t) for ¢ € [0, 1] is a path joining A
to B in P. Then we have the following;:

Theorem 3. Let A,B € P. Then
d(AtsB, Ay B) = |s — t|d(A,B)  for all s,t € R.
Proof. By definition of the Thompson metric and Lemma, 2
d(Ab,B, Ay B) = d((A™*BA™Y?)°, (A"/2BATV2))
— d((A—1/2BA——1/2)s—t, I) =” log(A~1/QBA——1/2)s—t ”
=|s—t| || logA™V2BA™Y? ||= |s - t|d(A, B).
O

We have the following extimate in the case of 1 < ¢ < 2, which corresponds to (v) of
Lemma 2:

Theorem 4. Let A, B,C, D € P such that myA < C < MyA and myB < D < M,B for
some scalars 0 <my; < M; and 0 < mg < M,. Foreach1 <t <2

d(AB,CyD) < (t — 1)d(A,C) + td(B, D) + log K (t)
where K (t) = max{K (m;, My, t), K(mq, Ma,t)} and the generalized Kantorovich constant
K(m, M,t) is defined by (1).
3. MAIN RESULT

In this section, we extend to the range in which the power means due to Lawson-Lim-
Palfia are defined. For this, we need the following Lemma:

Lemma 5. Let X, Y,A€Pand1<t<2. Then
d(Xh A, Yl A) < (t - 1)d(X,Y).
Proof. For 1 <t <2,
d(Xh: A, Yl A) = d(Ah— X, Ay, Y)
= d((AY2X71AV2)1 (AY2Y 1 AY2)1Y by (i) of Lemma 2
< (t— 1)d(AY2X A2 AY2Y AY?) by (iii) of Lemma 2
= (t - 1)d(X,Y) by (i) of Lemma 2.
a

Theorem 6. Let Ay, Ay, ..., A, € P and a weight vector w = (wy, . ..,w,). Then for each
1 <t <2, the following equation has a unique positive invertible solution:

X = Zn:wq;(X be As).
i=1
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Proof. We will show that the map f : P — P defined by f(X) = > 1 wi(Xb:A;) is a
strict contraction with respect to the Thompson metric. Let X,Y > 0.

d(f(X), f(Y)) < g?%,{d(w"(Xh‘ A),wi(Yh A;))} Dby (ii) of Lemma 2
= max {d(Xh: A;,Yh A))} by (iv) of Lemma 2

1<i<n
<(t-1)d(X,Y) by Lemma 5.
Since 1 < t < 2, it follows that f is a strict contraction and hence f has a unique fixed
point. a

Definition 7. Let A = (Ay,...,An) € P* and a weight vector w = (wy,...,w,). For
t € (1,2), we denote by P;(w;A) the unique positive invertible solution of

X = iwi(x ht A,)
i=1

For t € (=2,-1), we define Py(w;A) = P_j(w; A~1)™!, where A~ = (47%,...,4;Y). In
fact, X = P,(w; A) is the unique positive invertible solution of X = (3.7, wi(Xh_¢A;)™ 1)~
and X1 =1 wi(X7_ A7) if and only if X1 = P_y(w; A7Y).

Remark 8. Lett € (1,2). Put f: P+ P defined by f(X) = > ., wi(XhA4;). By
Theorem 6, f is a strict contraction for the Thompson metric and by the Banach fixed
point theorem

klim fH¥(X) = P(w;A) for any X € P.

Similarly, the map g(X) = (327, wi(Xh_1A4;)~1) ™" is a strict contraction for the Thomp-
son metric and limg_,, g*(X) = P_;(w;A) for any X € P.

For A = (Ay,...,A,) € P, M € B(H),w = (wy,...,wp) and for a permutation ¢ on
n-letters, we set
MAM* = (MAM*,..., MAM"), A, =(Acq),---,Acm))
1
1—-w,
We list some basic properties of P,(w; A) for t € (-2,2)\[-1, 1].

((4.)1, e ,wn_l).

W=

Proposition 9. Let A = (A;,...,A,) € P*, a weight vector w = (wy,...,w,) and let
te(-2,2)\[-1,1).
(1) P(w;A) = (5, wiADY if the A;’s commute;
(i) Piws;As) = Pi(w;A) for any permutation o,
(i) Py(w; MAM*) = M P;(w; A)M* for any invertible M ;
(iv) P(w; A7)t = P_(w; A);
(v) Yoi wid; < Pw;A) fort e (1,2);
(vi) P(w;A) < (T, wiAT) ™! fort € (-2, -1);
(vii) If m < A; < M, then m < P(w;A) < m!7tM! for t € (1,2) and m~tM+ <
Pi(w;A) < M fort e (-2,-1);
(viil) Fort € (1,2), Pi(w; A1, ..., An-1,X) = X if and only if X = Py(0; Ay, ..., An-1).



Proof. Proofs from (i) to (iv) and (vii) are similar to those of [5].
(v): Put X = P(w;A) for t € (1,2). Since (1 —t)A+tB < AjB for 1 <t < 2, we have

X = zn:wi(thAi) 2 iw,-((l - )X +t4;)
i=1 i=1

n
= (1 - t)X +tZWiAi
=1
and hence X > 37" w;A;.
(vi): Put X = Py(w;A) for t € (-2,—1). Since X = (>, wi(X“lh_tAi‘l))*l, it
follows that

X = iwi(x*lh_tAf) > iwi((l X7+ (-1)AT)

=1

=1+)X 7 =t wA!

i=1
and hence X < (37, wiA;) ! for t € (-2, -1). a

Theorem 10. Let A = (A, ..., A,) € P* such that 0 < m < A; < M for some scalars
0 <m < M and a weight vector w = (wq,...,wy). Let 1 <t < s < 2. Then

d(Pi(w; A), Ps(w; A))
s—1

S G s [FAW) +log K (m/M, (M/m)!,1)],

where the generalized Kantorovich constant K(m, M,t) is defined by (1) and A(A) =
maxi<; j<n{d(Ai, A;)} denotes the d-diameter of A = (Ai,..., Ay).

Proof. Put X = Py(w;A) and Y = P,(w;A), then by definition it follows that X =
Yo wi(XheA) and Y =30 wi(YhsA;). Therefore

4K, Y) = dY,X) = () Vi), Y wi(Xd)
< max (dVi AL X0A))
< fg%{d(yhs/li, XboAs) + d( X, As, X Ai) }
< 1121%1{(8 —1)d(Y, X) + (s — t)d(X, A;)}
1
2—t

<(s=1dX,Y)+ (s —t) [2—f—tA(A) + log K (m/M, (M/m)", t)]

and hence we have

d(X,Y) < ;:i [-z-i—tA(A) + 5 i - log K (m/M, (M/m)t,t)] .
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Theorem 11. Let A = (Ay,...,A,) and B= (By,...,B,) such that 0 < m; < A; < M,
and0 <my < B; < My fori=1,...,n for some scalars 0 < m; < M; and 0 < my < M,.
Then for each 1 <t < 2
t
d(Py(w;A), P(w;B)) < < — max{d(A,,B )} +

t 1<i<n

— log K;(t),

where
Kl(t) = max{K(mg/mi‘tMlt, mé_tht/ml, t), K(mg/Ml, Mg/ml, t)}
Proof. Put X = P,(w;A) and Y = P,(w;B). Then it follows that

d(X,Y) = d(Y_wi(XhAs), Y wi(YheB;))
=1 i=1
< lIg;’:igg{d(XhtA" Yhth)}

< {il?gfl{(t ~1)d(X,Y) + td(A;, B) + log Ki1(2))

= (t = Dd(X, ) + t max {d(4;, B)} +log Ka(t)
and hence we have
d(X,Y) < t — max {d(4, B)} + ——log Ki(2).
O

Conclusion and problems: We were able to extend the range of the power means
P,(w; A) to the 1 < |t| < 2. Unfortunately, we do not know whether the power means are
defined for ¢ > 2 or not. For example, we put ¢t = 2 and A = (A, B,C). Then the power
mean P,(w; A) is the unique positive invertible solution of

X = wlAX”lA + (4)2.BX_IB + LU3CX-IC.

What is X?
Moreover, we do not know whether the power means are monotone increasing or not
forl<t<2:
Py(w;A) < Py(w;A) for1<t<s<2
holds or not.
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