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MODEL COMPLETE GENERIC GRAPHS I
HIROTAKA KIKYO
GRADUATE SCHOOL OF SYSTEM INFORMATICS
KOBE UNIVERSITY

1. INTRODUCTION
Generic structures constructed by the Hrushovski’s amalgamation conshuction are known to have theories which are nearly model complete. If
an amalgamation class has the full amalgamation property then its generic
stmctUre has a theory which is not model complete [2]. On the other hand,
Hrushovski’s strongly minimal structure constmcted by the amalgamation
constmction which refuted a Zilber’s conjecture has a model complete the-

ory [4].

We have shown that the generic sﬀuctUre for
for 3-hypergraphs is
model complete under some assumption on $f[8]$ . In this case, the coeﬃcient for the predimension function is 1.
In this paper, we show a similar result for binary graphs with coeﬃcient
1/2 for the predimension function. This will be extended
any positive
rational coeﬃcient less than 1 in subsequent papers.
For a graph $V(G)$ will denote the set ofvertices of and $E(G)$ the set
of edges of . To see a graph as a stmcture in the model theoretic sense,
it is a shncture in language $\{E\}$ where is a binary relation symbol. $V(G)$
will be the universe, and $E(G)$ will be the interpretation $ofE.$
We essentially use notation and terminology from Wagner [10].
For a set $X,$
denotes the set of all -element subsets $ofX.$
For a set $X,$
denotes the cardinality $ofX.$
Suppose is a graph. $IfX\subseteq V(A)$ , $A|X$ denotes the induced subgraph
of such that $V(B)=X$. If there is no ambiguity, $X$ denotes $A|X.$
means that is induced subgraph of . This means that is a substructure $ofA$ in the model theoretic sense.
$K_{f}$

$t0$

$G,$

$G$

$G$

$G$

$E$

$[X]^{n}$

$n$

$|X|$

$A$

$B$

$A$

$B\subseteq A$

$B$

$A$

$aI1$

$B$

Definition 1.1. For a finite graph , we define a predimension function
as follows:
$A$

$\delta(A)=|V(A)|-(1/2)|E(A)|.$
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Suppose $A,B,C$ are graphs such that
$V(B))$ . Put

$A,B\subseteq C.$

$\delta(A/B)=\delta(AB)-\delta(B)$

AB denotes

$C|(V(A)\cup$

.

and is finite.
Definition 1.2. Assume that $A,$ are graphs such that A
$X$
$A\leq B$ if whenever
with finite then
.
$X$
$\delta(A)<\delta(X)$
$A<B$ if whenever
with finite then
. In this
case, we say that is closed in if $A<B$ . We also say that is a strong
extension $ofA.$
$B$

$A$

$\subseteq B$

$\delta(A)\leq\delta(X)$

$A\subseteq X\subseteq B$

$A\subseteq X\subseteq B$

$B$

$B$

$A$

Note that $\leq and<are$ order relations.
Suppose $A<B$ and $A<C$. A grapb embedding $g:Barrow C$ is called a
closed embedding of into over if $g(B)<C$ and $g(x)=x$ for any
$C$

$B$

$A$

$x\in A.$

With this notation, put
$K_{1/2}=\{A$ : finite

$|A>\emptyset\}.$

be an infinite class, $K$ has the amalgamation
Definition 1.3. Let
propeny if for any $A,B,C\in K$, whenever $A<B$ and $A<C$ then there is
$D\in K$ such that there is a closed embedding of
into $D$ over and a
closed embedding of into $D$ over $A.$
$K$ has the
hereditary property if for any finite graphs $A,B$ , whenever
$B\in K$ then $A\in K.$
$K$ is called an amalgamation class if
and Khas the hereditary
property and the amalgamation property.
$K\subseteq K_{1/2}$

$B$

$A$

$C$

$A\subseteq$

$\emptyset\in K$

. A countable graph $M$ is a generic graph
Definition 1.4. Suppose
of $(K, <)$ ifthe following conditions are satisfied:
(1) If
such
and is finite then there exists a finite graph
that $A\subseteq B<M.$
(2) $IfA\subseteq M$ then $A\in K.$
(3) For any $A,$ $B\in K,$ $ifA<M$ and $A<B$ then there is a closed embedding of into $M$ over $A.$
If $K$ is an amalgamation class then there is a generic graph of $(K, <)$ .
There is a smallest satisfying (1), written $c1(A)$ . We have $A\subseteq c1(A)<$
$M$ and if $A\subseteq B<M$ then $c1(A)\subseteq B$ . The set $c1(A)$ is called a closure of
in $M$. Apparently, $c1(A)$ is unique for given finite set $A.$
, we write $c1_{D}(A)$ for the
In general, if and $D$ are graphs and
smallest subgraph such that $A\subseteq B<D.$
$K\subseteq K_{1/2}$

$A$

$A\subseteq M$

$B\subseteq M$

$B$

$B$

$A$

$A$

$A\subseteq D$

$B$

Definition 1.5. Suppose

$f:\mathbb{R}^{+}arrow \mathbb{R}^{+}$

is a monotone increasing concave
0$ , and $f(1)\leq 1.$

(convex upward) unbounded function. Assume that $f(O)\leq

Define

$K_{f}$

as follows:
$K_{f}=\{A\in K_{1}|B\subseteq A\Rightarrow\delta(B)\geq f(|V(B)|)\}$
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Note that if
is an amalgamation class then the generic graph of $(K_{f}, <)$
has a countably categorical theory.
$K_{f}$

In order to discuss ifa given graph is in
will be convenient.

$K_{f}$

or not, the following definition

Definition 1.6. Let be a graph and an integer. is called -normal to
$f$ if $\delta(B)\geq f(|V(B)|+c)$ .
is called normal to $f$ if is -nomal to $f$ for
$c\geq
0.$
some
is called critical to $f$ ifit is -normal but not 1-normal to $f.$
$B$

$B$

$c$

$B$

$c$

$B$

$B$

$c$

$0$

The following lemma is immediate from the definition above, but it is
very important.

Lemma 1.7. Suppose agraph
then $B<C.$

$B$

is critical to $f$. Then whenever

$B\subseteq C$

with

$C\epsilon K_{f}$

ifand only ifevery induced subgraph $ofA$ is normal to $f.$ $IfA$ is
$\delta(B/A)=0,$ $|V(B)-V(A)|\leq c$ then
-nomal,
is nomal.
Fact 1.8. Let $(K, <)$ be an amalgamation class and $M$ the generic graph
of $(K, <)$ . $IfA$ andB are finite subgraphs $ofM$ and : $Aarrow B$ is a graph
isomorphism then there is a graph automorphism $\sigma ofM$ extending (i. e.,
.
$A\in K_{f}$

$A\subseteq B,$

$c$

$B$

$\sigma_{0}$

$\sigma_{0}$

$\sigma|A=\sigma_{0})$

Proof.

$\square$

The following is the main theorem.

Theorem 1.9. Suppose
is a monotone increasing concave
$f(O)\leq
0,$ $f(1)\leq 1$ , and $f(x)+1/2\geq$
unbounded function. Assume that
$f:\mathbb{R}^{+}arrow \mathbb{R}^{+}$

for any positive integer
Then
has the ﬀee amalgamation property and the generic graph

$f(2x)$

$x.$

$(K_{f}, <)$

of

$(K_{f}, <)$

is model complete.

In the rest of the paper, we
holds:

Assumption 1.10.
(1)
unbounded function.

assume that the assumption of Theorem 1.9

$h:\mathbb{R}^{+}arrow \mathbb{R}^{+}$

is a monotone increasing concave

(2) $f(0)\leq 0,$ $f(1)\leq 1.$
(3) $f(x)+1/2\geq f(2x)$ for any positive integer

$x.$

Definition 1.11. Suppose $X,$ are sets and $j:Xarrow Y$ a map. For
$Y$

$Z\subseteq[X]^{m},$

put
Let $B,$ are graphs and assume that $X\subseteq V(B)\cap V(C)$ . Let $D$ be a graph.
We wnte
if the following hold:
$j(Z)=\{\{j(x_{1}), \cdots,j(x_{m})\}|\{x_{1}, \cdots,x_{m}\}\in Z\}.$
$C$

$D=B\rangle\triangleleft xC$

(1) There is
(2) There is

a 1-1 map $f$ : $V(B)arrow V(D)$ .
a 1-1 map $g:V(C)arrow V(D)$ .
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(3) $f(x)=g(x)$ for any $x\in X.$
(4) $V(D)=f(B)\cup g(C)$ .
(5) $f(B)\cap g(C)=f(X)=g(X)$ .
(6) $E(D)=f(E(B))\cup g(E(C)-E(C|X))$ .

is a graph isomorphism from to $D|f(V(B))$ but and $D|g(V(C))$ are
not necessarily isomorphic as graphs.
If

$C$

$B$

$f$

$C|X=\emptyset$

, then $Bx_{X}C$ is a graph obtained by attaching

$C$

to

$B$

at points

.
in . We have
for $Bx_{X}C.$ $IfA=B|X=C|X,$
In case that $B|X=C|X$, we write
instead $ofB\otimes_{V(A)}C.$
then we also wnte
The following lemma is immediate.
$X$

$\delta(B\rangle\triangleleft xC)=\delta(B)+\delta(C)-\delta(C|X)$
$B\otimes_{X}C$

$B\otimes_{A}C$

Lemma 1.12. Suppose
(1) $IfC\downarrow X<C$ then $B<D.$
(2) $IfC|X\leq C$ then $B\leq D.$

$D=B\rangle\triangleleft {}_{X}C$

Definition 1.13. Suppose
ifwhenever $A,B,C\in KwithA<B,$

$K\subseteq K_{1/2}.$

where $X\subseteq V(B)\cap V(C)$ .

$K$

has thefree amalgamation property

$A<CthenB\otimes_{A}C\in K.$

has thefree amalgamation property then it
Fact 1.14. $Ifa$ class
has the amalgamation property.
$K\subseteq K_{1/2}$

are graphs such $thatA\subseteq B,$
Lemma 1.15. SupposeA,
and $\delta(A)<\delta(C)$ . $IfB$ and are normal to $f$ then
$B,$ $C$

$C$

$\delta(B)$

$A\subseteq C,$

$B\otimes_{A}C$

$\delta(A)<$

is normal

to $f.$

Put $D=B\otimes_{A}C$. By symmetry, we can assume that $|V(C)|\leq|V(B)|.$
Thus, $|V(D)|\leq 2|V(B)|$ . Also, $\delta(D)=\delta(B)+\delta(C)-\delta(A)>\delta(B)$ since

Proof

$\delta(C)-\delta(A)>0.$

$\delta(D) \geq \delta(B)+1/2$

$\geq f(2(|V(B)|))$
$\geq f(|V(D)|)$

.

Therefore, $D$ is normal to $f.$

Proposition 1.16.

$(K_{f}, <)$

$\square$

has theﬀee amalgamation property.

Suppose $A,$ $C\in K_{f},$ $A<B$ , and $A<C$ . Put $D=B\otimes_{A}C$ . We can
$B\cap C=A.$
assume that
or
then $U\in K_{f}$ since $B,C\in K_{f}.$
Suppose
. If
Now, suppose that
. Then $U=(U\cap B)\otimes_{U\cap A}(U\cap C)$ ,
and
$U\cap B$ and $U\cap C$ are
$\delta(U\cap B)>\delta(U\cap A)$ , and $\delta(U\cap C)>\delta(U\cap A)$ .
is normal to $f$ by Lemma 1.15.
normal to $f$ since and are in

Proof.

$B,$

$B\subseteq D,$

$C\subseteq D,$

$U\subseteq B$

$U\subseteq D$

$U\not\subset B$

$B$

Therefore, $D\in K_{f}.$

$C$

$U\subseteq C$

$U\not\subset C$

$K_{f}.$

$U$

$\square$
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-EXTENSIONS

Definition 2.1. Suppose $A,$ are graphs such that
is a -extension
of if $A\leq B$ and $\delta(B/A)=0.$ is a minimal -extension of if is a
minimal graph such that $A\leq D$ and $\delta(D/A)=0$ . In this case,
implies $A<U.$
$B$

$A$

$A\subseteq B.$

$B$

$B$

$0$

$0$

$A$

$D$

$B$

$A\subseteq U\subseteq B$

be an integer. Let $B=\{b_{0},b_{1}, \cdots, b_{n-1}\}$ and
$F=\{c_{0},c_{1}, \cdots, c_{n-1}\}$ be two disjoint sets of size
. Ajellyfish is a graph
$V(J)=B\cup
F$
such that
and
Definition 2.2. Let

$n\geq 3$

$J$

$n$

$E(J)=\{b_{j}b_{(i+1)mod n}|i=0, 1, \cdots, n-1\}\cup\{b_{i}c_{i}|i=0, 1, \cdots, n-1\}.$

will be called the length of the jellyfish. will be called the body of the
jellyfish and $F$ the set of feet ofthe jellyfish. Each edge
will be called
a leg.
For a subgraph
, put $D_{B}=\{x\in V(D)|x\in B\}$ , and $D_{F}=\{x\in$
$B$

$n$

$b_{j}c_{i}$

$D\subseteq J$

$V(D)|x\in F\}.$

By abuse of notation,
respectively.

$D|D_{B}$

and $D|D_{F}$ will also be denoted by

$D_{B}$

and

$D_{F}$

Definition 2.3. A graph such that $V(W)=\{c_{0},c_{1},b\},E(W)=\{bc_{0},bc_{1}\}$
is called a wedge. We call
the set oﬀeet and
the body. We call
each edge a leg.
$W$

$\{c_{0},c_{1}\}$

$\{b\}$

Definition 2.4. When we can write
, we call an extension of
by . When is a named graph like ajellyfish or a wedge, we also call
an “extension $ofA$ by ajellyfish” or an“extension $ofA$ by a wedge
$C$

$C=A\rangle\triangleleft xB$

$A$

$B$

$B$

$C$

Lemma 2.5. Let be ajellyfish. Suppose
. Let be the number of
vertices in
such that is not adjacent to any vertices in
The following hold.
(1) $IfD_{B}=J_{B}$ then $\delta(D/D_{F})=(1/2)k.$
(2) $IfD_{B}\neq J_{B}$ then $\delta(D/D_{F})\geq(1/2)k+1/2.$
(3) $IfD$ is a proper induced subgraph $ofJ$ then $D_{F}<D.$
(4) is a minimal -extension $ofJ_{F}.$
$J$

$v$

$D\subseteq J$

$D_{B}$

$v$

$k$

$D_{F}.$

$\cdot$

$J$

Proof

$0$

(1) Suppose $D_{B}=J_{B}$ . Since

, by considering the number
of deleted legs, we have $\delta(D/D_{F})=\delta(D_{B}/D_{F})=(1/2)k.$
(2) Suppose
is not a cycle. $IfD_{B}$ is connected in $D$ and every
vertices in
is adjacent to some vertex in
, then $\delta(D/D_{F})=1/2$ . In
general, $D$ has at most less edges than that of $D$ described just above.
Therefore, $\delta(D/D_{F})\geq(1/2)k+1/2.$
(3) follows from (1) and (2).
(4) follows from $\delta(J/J_{F})=0$ and (3).
$\delta(J/J_{F})=0$

$D_{B}\neq J_{B}.$ $D_{B}$

$D_{B}$

$D_{F}$

$k$

$\square$
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Lemma2.6. SupposeA is nonnal to $f.$ $LetD$ be aproper inducedsubgraph
. Put
and
D. Then
of $ajell_{J}fishJ$ such that
the following hold:
$D_{F}\subseteq V(A)$

(1)

$\delta(A)<\delta(G)$

$D_{B}\neq\emptyset$

$G=A\rangle\triangleleft D_{F}$

.

. If there are at least 2 vertices in
Suppose
which are
$f.$
not adjacent to any vertices in
then is nonnal to
$f.$
(3)
then is normal to
(4) $IfA$ is -normal to ﬀor some $c\geq 1$ then is -normal.
$D_{B}=J_{B}$

$(2\rangle$

$D_{B}$

$G$

$D_{F}$

$G$

$IfD_{B}\neq J_{B}$

$G$

$c$

Proof.

(1) By Lemma 2.5 (3), $D_{F}<D$ . Hence,

$c$

$A<A\rangle\triangleleft D_{F}D.$

For the rest of the proof, let be the number of
such that is
, and the number of
such that is
not adjacent in to any
adjacent in to some
. We have $D_{B}=l+k$ and
. Since
$V(A)$ , we have $1\leq|V(A)|$ . Hence, $|V(G)|=|V(A)|+|D_{B}|\leq 2|V(A)|+k.$
(2) Suppose $D_{B}=J_{B}$ . By Lemma 2.5 (1), $\delta(D/D_{F})=(1/2)k$ . Hence,
$k$

$D$

$D$

$y\in D_{F}$

$x\in D_{B}$

$l\leq|D_{F}|$

$y\in D_{F}$

$\delta(G/A)=\delta(D/D_{F})=(1/2)k$

.

$x$

$x\in D_{B}$

$l$

$x$

$D_{F}\subseteq$

Since $k\geq 2,$

$\delta(G) = \delta(A)+(1/2)k$

$\geq f(|V(A)|)+(1/2)k$
$\geq f(2^{k}|V(A)|)$

$=f(2|V(A)|+(2^{k}-2)|V(A)|)$

by $k\geq 2$ . Hence, $\delta(G)\geq f(2|V(A)|+k)\geq f(|V(G)|)$ .
(3) Suppose
. By Lemma 2.5 (2), $\delta(D/D_{F})\geq(1/2)k+1/2.$

$2^{k}-2\geq k$

$D_{B}\subsetneq J_{B}$

$\delta(G) = \delta(A)+(1/2)(k+1)$

$\geq f(|V(A)|)+(1/2)(k+1)$
$\geq f(2^{(k+1)}|V(A)|)$

$=f(2|V(A)|+(2^{k+1}-2)|V(A)|)$
$\geq f(2|V(A)|+k)$
$\geq f(|V(G)|)$

(4) Suppose

Case

.

$\delta(A)\geq f(|V(A)|+c)(c\geq 1)$

$D_{B}=J_{B}.$

.
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Since $D$ is a proper induced subgraph of , By Lemma 2.5 (1), we have
$\delta(G)\geq\delta(A)+(1/2)k$ with $k\geq 1.$
$J$

$\delta(G) \geq \delta(A)+(1/2)k$

$\geq f(|V(A)|+c)+(1/2)k$
$\geq f(2^{k}|V(A)|+2^{k}c)$

$\geq f(2|V(A)|+(2^{k}-2)|V(A)|+(2^{k}-1)c+c)$

$\geq f(2|V(A)|+(k-1)+1+c)$
$\geq f((2|V(A)|+k)+c)$
$\geq f(|V(G)|+c)$ .

Case
We have $\delta(G)\geq\delta(A)+(1/2)(k+1)$ with $k\geq 0$ . Similar argument to
that for Case $D_{B}=J_{B}$ shows the same inequality.
$D_{B}\neq J_{B}.$

$\square$

Lemma 2.7. Let be a graph with at least one vertex which is normal
to $f$. Let
be a graph with one vertex, and
. Then
$A$

$P_{1}$

$P_{2}=P_{1}\otimes P_{1}$

$A\otimes P_{1}$

is $(3|V(A)|-1)$ -normal to $f$, and
is $(15|V(A)|-2)$ -normal to
Especially,
is $|V(A\otimes P_{1})|$ -normal to $f$, and
is
normal to $f.$
$A\otimes P_{2}$

$A\otimes P_{1}$

$A\otimes P_{2}$

$f.$

$|V(A\otimes P_{2}$

Proof
$\delta(A\otimes P_{1}) = \delta(A)+1$

$\geq f(|V(A)|)+1$
$\geq f(2^{2}|V(A)|)$

$\geq f((|V(A)|+1)+(3|V(A)|-1$
$\delta(A\otimes P_{2}) = \delta(A)+2$

$\geq f(2^{4}|V(A)|)$

$\geq f((|V(A)|+2)+(15|V(A)|-2$
$\square$

Lemma 2.8. Suppose A
where is a
graph with 2 vertices and no edge. Let be ajellyfish such $thatJ_{F}=V(A_{0})$
with
. Put
J. Then the following hold
(1)
is a -extension
(2) If
and $\delta(U/U\cap A_{1})=0$ then
$\in K_{f},$ $A\subseteq A_{1},$

$P_{2}\subseteq A_{1},$

$A_{1}=A\otimes P_{2}$

$J$

$P_{2}\subseteq A_{0}\subseteq A_{1}$

$G$

$0$

$U\subseteq G,$

(3)
(4)

$G=A_{1}\rangle\triangleleft V(A_{0})$

$A<Garrow$
$G\in K_{f}.$

$ofA_{1}.$

$U\not\subset A_{1}$

$A_{0}\subseteq U.$

$P_{2}$

22
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Proof

(1) By Lemma 2.5 (4) nd Lemma 1.12. (2) Suppose
$a$

and $\delta(U/U\cap A_{1})=0$ . If

Hence,
(3) Suppose

$A_{0}\not\subset U$

$U\subseteq G,$

$U\not\subset A_{1}$

then $\delta(U/U\cap A_{1})>0$ by Lemma 2.5 (3).

$P_{2}\subseteq A_{0}\subseteq U\cap A_{1}.$

$A_{1}\subseteq J_{B}$

. Note that
and $U_{1}=U\cap A_{1}$ . Then
$A\subsetneq U\subseteq G$

$V(G)=V(A_{1})\cup J_{B}$

. Put

$\delta(U/A)=\delta(U_{0}U_{1}/A)=\delta(U_{0}/AU_{1})+\delta(U_{1}/A)$

Since

$A_{1}\leq G$

we have

,

$\delta(U_{0}/AU_{1})\geq\delta(U_{0}/A_{1})\geq 0$

$U_{0}=U-$

.

. Since $A<A_{1}$ , we

have
If $\delta(U_{0}/AU_{1})>0$ then $\delta(U/A)>0.$
by (1). Therefore, $\delta(U_{1}/A)=\delta(h/A)>$
If $\delta(U_{0}/AU_{1})=0$ then
O.
(4) Suppose
Case $V(J)\subseteq V(U)$ .
In this case, $U=(U\cap A_{1})x_{V(A_{0})}J$. We have $U\cap A_{1}=(U\cap A)\otimes P_{2}$ . Since
. By Lemma 2.7,
a length ofajellyfish is at least 3, we have
is
and $|V(U)-V(U\cap A_{1})|=$
-normal. $U$ is a -extension of
$|J_{B}|=|J_{F}|=|A_{0}|\leq|U\cap A_{1}|$ . Hence, $U$ is normal to $f.$
Case
by a proper induced subgraph $D$
In this case, $U$ is an extension of
$ofJ.$
, and thus $U\in K_{f}.$
then
$IfD_{B}\neq J_{B},$ $U$ is normal by Lemma 2.6 (3).
then $U$ is 1-normal to $f$. By Lemma2.6
Suppose $D_{B}=J_{B}$ . If
then more than 2 vertices in $D_{B}=J_{B}$
(4), $U$ is also normal. If
$U$
are not adjacent to any vertices in
is normal to $f$ by Lemma 2.6 (2).
Now, we have $G\in K_{f}.$
$\delta(U_{1}/A)\geq 0.$

$P_{2}\subseteq U_{1}$

$U\subseteq G.$

$U\cap A_{1}$

$U\cap A\neq\emptyset$

$0$

$|U\cap A_{1}|$

$U\cap A_{1}$

$J\not\subset U.$

$U\cap A_{1}$

$IfD_{B}=\emptyset$

$U\subseteq A_{1}\in K_{f}$

$U\cap h\neq\emptyset$

$U\cap P_{2}=\emptyset$

$D_{F}.$

$\square$

$A_{1}=A\otimes b$ where
is
Lemma 2.9. Suppose
$W$
$W_{F}=$
a graph with 2 vertices and no edge. Let be ajellﬃsh such that
$V(1b)$ . Put
W. Then thefollowing hold.
(1)
is a -extension $ofA_{1}.$
(2)
and $\delta(U/U\cap A_{I})=0$ then
$A_{1}\in K_{f},$

$A\subseteq A_{1},$

$b\subseteq A_{1},$

$P_{2}$

$G=(A_{1}x_{W_{F}}W)\rangle\triangleleft W_{F}$

$G$

$0$

$U\subseteq G,$

$h\subseteq U.$

$U\not\subset A_{1}$

(3) $A<G.$
(4) $G\in K_{f}.$

where
Lemma2.10. Suppose A
andh
is a graph with 2 vertices and no edge. Suppose further that
and
and is a -extension of . Assume also that if
$\delta(U/U\cap A_{1})=0$ then
J. Then the
Let be ajellyfish such that $J_{F}=V(A_{1})$ andput
following hold:
(1)
is a -extension $ofA_{1}.$
(2) If
and $\delta(U/U\cap A_{1})=0$ then
$=A\otimes bandP_{2}\subseteq A_{0}\subseteq A_{1}$

$A\subseteq A_{1}$

$A_{1}\subseteq B\in K_{f}$

$B$

$0$

$A_{1}$

$U\subseteq B,$

$U\not\subset A_{1}$

$h\subseteq U.$

$J$

$G=B\aleph_{J_{F}}$

$G$

$0$

$U\subseteq G,$

$U\not\subset A_{1}$

$P_{2}\subseteq U.$
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(3) $A<G.$
(4) If $G$ is normal to $f$ then
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$G\in K_{f}.$

Proof for (1) and (2) are similar to that for Lemma 2.8.
is normal to $f$ and
. We show that $U$ is normal to $f.$
Let
$H\in K_{f}$ by Lemma 2.8. We have
$(U\cap H)$ .
If
or
then is normal to $f$ since $B,H\in K_{f}.$
$U\cap
B$
We assume that
and $U\cap H$ are proper extensions of
Case $\delta(U\cap A_{1})<\delta(U\cap B)$ and $\delta(U\cap A_{1})<\delta(U\cap H)$ .
Since $B\in K_{f}$ and $H\in K_{f},$ $U\cap B$ and $U\cap H$ are nomal to $f.$ is normal
to $f$ by Lemma 1.15,
Case $\delta(U\cap A_{1})=\delta(U\cap B)$ and $\delta(U\cap A_{1})<\delta(U\cap H)$ .
Let $c=|V(U\cap B)-V(U\cap A_{1})|$ . Since $U\cap B$ is nomal,
is cnormaL Since $\delta(U\cap A_{1})<\delta(U\cap H)$ , $U\cap H=(U\cap A_{1})\aleph_{D_{F}}D$ for some
proper induced subgraph $D$ of . Since $c\geq 1,$ $U\cap H$ is also -nomal
by Lemma 2.6 (4). Therefore is normal because $\delta(U)=\delta(U\cap H)$ and

Proof

(3) Suppose

$G$

$U\subseteq G$

$U=(U\cap B)\otimes_{U\cap A_{1}}$

$H=A_{1^{\lambda_{V(A_{1})}}}J.$

$U\subseteq B$

$U$

$U\subseteq H$

$U\cap A_{1}.$

$U$

$U\cap A_{1}$

$U$

$c$

$U$

$|V(U)-V(U\cap H)|=c.$

Case $\delta(U\cap A_{1})=\delta(U\cap H)$ .
Since

this case, $U\cap A_{1}=A_{1}$ , and $U\cap H=H.$
$A_{1}\leq B,$
.
is a -extension of $U\cap B$ . Hence,
$\delta(U)=\delta(U\cap B)\geq\delta(A_{1})=\delta(B)=\delta(G)$ . Since
is normal,
$f(|V(G)|)\geq f(|V(U)|)$ . Therefore,
is normal to $f.$
$\Gamma n$

$\delta(U\cap B)\geq\delta(A_{1})$

$U$

$0$

$G$

$\delta(G)\geq$

$U$

$\square$

3. MODEL COMPLETENESS
Proposition 3.1. Suppose $A\in K_{f}$. There is $B\in K_{f}$ such thatA
is critical to $f.$

Proof Suppose

$<B$

andB

. By adding an isolated point to make a strong extension, we can assume that $|V(A)|\geq 1$ . Let $A_{1}=A\otimes P_{2}$ where
is a
graph with 2 vertices and no edge. We can assume that
. Note that
$A\in K_{f}$

$P_{2}$

$P_{2}\subseteq A_{1}$

$|A_{1}|\geq 3.$

Let $N$ be a largest integer such that
. Since
, and
is not critical, $N>|A_{1}|$ . Let $N=m|A_{1}|+r$ with $0\leq r<|A_{1}|.$
, put $B_{0}=A_{1}$ . If $r=1$ , put
If
where is a wedge.
If $r=2$ , put $B_{0}=(A_{1}n_{V(b)}W)\rangle\triangleleft V(h)W$ . If $r\geq 3$ , put
where
with $|V(A_{0})|=r$ , and $J$ is ajellyfish with $J_{F}’=V(A_{0})$ .
In any of these cases, we have the following:
is a -extension
;
if
and $\delta(U/U\cap A_{1})=0$ then
;
$A<B_{0}$ ; and
$x$

$\delta(A_{1})\geq f(x)$

$A_{1}\in K_{f}$

$A_{1}$

$r=\mathfrak{o}$

$B_{0}=A_{1}\rangle\triangleleft V(Pb)W$

$W$

$B_{0}=A_{1}\rangle\triangleleft V(A_{0})J’$

$P_{2}\subseteq A_{0}\subseteq A_{1}$

$\bullet$

$\bullet$

$B_{0}$

$0$

$U\subseteq B_{0},$

$\bullet$

$\bullet B_{0}\in K_{f}.$

$ofA_{1}$

$U\not\subset A_{1}$

$P_{2}\subseteq U$
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Let

$J$

be ajellyfish with

$J_{F}=V(A_{1})$

. For

$i=1$ ,

$\cdots$

, $m-1$ , put

$B_{j}=$

$B_{i-1V(A_{1})}\rangle\triangleleft J.$

Then by Lemma 2.10, we have the following: For each $i=1$ ,
is a -extension $ofA_{1}$ ;
;
if
and $\delta(U/U\cap A_{1})=0$ then
$A<B_{i}$ ; and
$\bullet$

, $m-1,$

$0$

$B_{j}$

$U\subseteq B_{i},$

$\bullet$

$\cdots$

$P_{2}\subseteq U$

$U\not\subset A_{1}$

$\bullet$

$\bullet B_{i}\in K_{f}.$

By the construction, $|V(B_{m-1})|=N$ and $\delta(B_{m-1})=\delta(A_{1})$ . Therefore,
$A<B_{m-1}$ and
is critical to $f$, and $B_{m-1}<K_{f}.$
$\square$

$B_{m-1}$

Now, we prove that the generic graph of $(K_{f}, <)$ is model complete.

Let $M$ be a generic graph for $(K_{f}, <)$ .
Let be the theory of $M$ in the graph language. Since is countably
categorical, $M$ is saturated. So, every finite type (over empty set) is realised
in $M$. Our aim is to show that is model compete.

ProofofTheorem 1.9.

$T$

$T$

$T$

Claim 1. Everyfinite type realised in $M$ is generated by a single existential
formula of the graph language.

Let be a finite subgraph of $M$. We show that $tp(A)$ is generated by an
existential formula. Consider the closure $c1(A)ofA$ in M. $c1(A)$ is also finite
becuase $M$ is a generic graph. By Proposition 3.1, there is $B\in K_{f}$ such that
$c1(A)<B$ and is critical to $f$. Since $c1(A)<B$ and $c1(A)<M$, we can
embed in $M$ over $c1(A)$ as a closed subset of $M.$
and $c1(A)<B<M.$
We can assume that
Suppose $V(A)=\{a_{1}, \cdots, a_{n}\}$ and $V(B)=\{b_{1}, \cdots, b_{m}\}$ . Let
$A$

$B$

$B$

$B\subseteq M$

$\psi(x_{1}, \ldots,x_{n},y_{1}, \ldots,y_{m})=qftp(a_{1}, \ldots,a_{n},b_{1}, \ldots,b_{m})$

be a formula representing the quantifier-free type of $(A,B)$ . Then
realises an existential formula
$\exists y_{1}, \cdots, \exists y_{m}\psi(x_{1}, \ldots,x_{n},y_{1}, \ldots,\grave{y}_{m})$

Let

$\varphi(x_{1}, \ldots,x_{n})$

mines
Let

denote this formula. We show that

$tp(a_{1}, \ldots,a_{n})$

There is

$d_{1}$

.
$\varphi(x_{1}, \ldots,x_{n})$

be arbitrary. Assume that
$M$
realises
in . We show that
$d_{m}\in
V(M)$
, ,
such that
$(c_{1}, .., ,c_{n})$

$(c_{1}, \ldots,c_{n})$

$\phi(a_{1}, \ldots,a_{n})$

Hence, there is a graph isomorphism
$\sigma_{0}(c_{i})=a_{i}$

for $i=1$ ,

satisfies
.
. Then

$M\models\psi(c_{1}, \ldots,c_{n},d_{1}, \ldots,d_{m})$

$\cdots$

$q\infty(c_{1}, \ldots,c_{n},d_{1}, \ldots,d_{m})=qftp(a_{1}, \ldots,a_{n},b_{1}, \ldots,b_{m})$

and

deter-

.

$\{c_{1}, \cdots,c_{n}\}\subseteq V(M)$

$\varphi(x_{1}, \ldots,x_{n})$

$(a_{1}, \ldots,a_{n})$

$\cdots$

$\sigma_{0}$

such that

$\sigma_{0}(d_{i})=b_{i}$

, . Put
$n$

$C=M|\{c_{1}, \cdots,c_{n}\}$

and $D=M|\{d_{1}, \cdots,d_{m}\}.$

.

for $i=1$ ,

$\cdots$

,

$m$
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Then : $Darrow B$ is a graph isomorphism such that
is a graph isomor$A.$
phism from to
is also critical to $f$. Then
with $U$ finite implies that $U\in$
and thus $\delta(D)<\delta(U)$ by Lemma 1.7. Hence $D$ is also closed in $M.$
Therefore,
can be extended to an graph automorphism of $M$ by Fact
1.8. Hence, $\phi(c_{1}, \ldots,c_{n})=tp(a_{1}, \ldots,a_{n})$ . The claim is proved.
$\sigma_{0}|C$

$\sigma_{0}$

$C$

$D$

$D\subseteq U\subseteq M$

$K_{f}$

$\sigma$

$\sigma_{0}$

By the claim, every formula is equivalent to an existential formula modulo . Therefore, is model complete.
$T$

$T$

$\square$
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