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On Addition Formulae of KP, mKP and BKP hierarchies

Yoko Shigyo
Tsuda College

1 The addition formula for the 7-function of the KP hierarchy

Let

2 3

o] = (& 5, 5,

o0
A=Y tax",
n=1

t=(t1,t2,t3," ).

The KP hierarchy is a system of equations for a function 7(t) given by

F I~ e+ D2 <0 e

Here § means a formal algebraic operator extracting the coefficient of z~! of Laurent series:

27” Z anz =d-3.
Sett=x4y,t' =z —y . Then (1) becomes
}{645(%/\)7@ —y-[A
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m-—1 m+1

i=1 i=1
By virtue of the identity

"
7 - —]Og(]. —IL'),
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n=1

—1py @A
1])2—m =

@ +y+ A

y=35(2 181~ 3 [e).

the exponential factor e~26(#) reduces to a rational function of A a5, B as

e_2E(V1A) =
Hm+1(1 R az)\)
Finally shifting the variable z as
1 m-—1 m+1
T+ 5(2 [8:] - > [a]),
i=1 i=1

we get the following addition formulae of 7-function

m+1

}: (=) 2¢(z; B, . .-

m(1 = BiN)

aﬂm—laai)c(x; Q,.. -adiy HR :am+1) = 0:

m> 2, (3)



where
((m500,. .. 00) = Ao, ..., an)T(xz + [01] + - -+ + [am]),
A(al, . ,an) = H(a,; - O!j),

i<j
and, a¢; denotes to remove «;.
Example 1 In the case of m = 2, we have

0347 ( + [on] + [0])7(2 + [3] + [a4])
—a13a47(z + [01] + [as])7(z + [a2] + [04])
+ai40937(z + (1] + [aa])7(z + [@2] + [as]) = 0, 4)

where Q5 = Q5 — 0.
We call (4) ‘the three terms equation’. We have derived (4) from (1). In fact, the converse is true.
Theorem 1 The three terms equation (4) is equivalent to the KP hierarchy (1).

This theorem has been proved by Takasaki and Takebe [25]. They proved the theorem by constructing
the wave function of the KP-hierarchy. To do it they used the differential Fay identity which is a certain
limit of (4). Here we give an alternative and direct proof of the theorem. Theorem 1 is proved by using the
following propositions.

Proposition 1 The KP hierarchy (1) is equivalent to (8).

Proposition 2 The following formula follows from (4):

@+ Ym i8] - Yoy laa])  [li=1(8i — ) @+ [8] - (o)) N
@ T hests ( (B — a;)7(z) )lg,jsm » m22 (5

Proposition 3 The Plicker relations for the determinant of the right hand side of (5) give the addition
formulae (3).

Proposition 1 is proved using the properties of symmetric functions. Proposition 2 is proved by using
the Sylvester’s theorem on determinants.

2 The mKP hierarchy

Let 7;(t) (I € Z) be 7-functions of the modified KP (mKP) hierarchy. We use the same notation as that for
KP hierarchy ([o], £(¢, A), etc.).
The mKP hierarchy is given by the bilinear equation of the form
£(t—t' A) y 1=l -1 ' -1 aX '
[ DN ’n(t—[/\ ])n/(t +{/\ ])'2—;520, lzl (6)
Set t =z — y,¢' = z +y. Then (6) becomes

/ dX
%6_25(%)‘))\1—[ Tz(fr —y- [)\Ml])ﬂl(:t%' v+ [/\—1])% =0, > v, (7)



Let 1 -1 =k >0. Set

m+k

m—2
y=5(3 161~ Y lad.
i=1 i=1

The exponential factor in (7) reduces to a rational function of A, a;, 5; as in the KP case:

m~-2 m+k m—2
- P . . = Hi:l (1 - )BlA)
exp( 6(;[/3’] f‘__:l[a’]’”) M- )

Computing the integral as the KP case and shift the variable z as

m-2 m+k

vzt 5 (L 181 - Y lad),

i=1 =1
and we get the following addition formulae of the mKP hierarchy:

m+k ]
Z (_l)l-lcl(x;ﬁli ey ﬁm-—2’ai)<l+k(al, e 1dia e ,am+lc) = 0
i=1

leZ, k>0, m2>2,

where

Crial,...,an) = Aoy, ..., an)n(z + Z[a,-])‘
i=1
Example 2 The case | - 1! =1 and m =2 of (8) is
a3z + [ea])n41(z + [02] + [0s])
—a137(z + [02])T141(F + [on] + [as))
+a12n(z + [as])n4+1(z + [01] + [@2]) = 0.

We call this equation (9) ‘the three terms equation of the mKP hierarchy’.
In this case, we have

Theorem 2 The three terms equation (9) is equivalent to the mKP hierarchy (6).
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(8)

(9)

Theorem 2 has been proved by Takebe. We give another and direct proof of it. Similarly to the case of

the KP hierarchy, this theorem is proved by using the following propositions.
Proposition 4 The mKP hierarchy (6) is equivalent to (8).
Proposition 5 The following equation follows from (9):

n1(z + Sy [os] - S (8:])

7(x)
ni(z+[oa]—[B1 ni(e+[ea]=[Bn-1]) Tga1(tt[on])
o1 —P1)7Ti(z W—ﬂn_xfn(x) P )
Ti(x+[az]—[B1 Tl(:t+[c!2]— 5.,,_1]) Tl+1(t+ 013])
— Cdet az—p1)Ti(z c (QZ_ﬂn—l)Tl(-’E) Ti(z)
71(e+om]=[B1]) n(etlonl=[faz1])  mar(tEan])

“(an=p1)ni(z) e (an—=Bn-1)7(z) mi(z)

(10)
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where
- I, ;‘1:_11(%' )
(M55 Bi) (T 5 )

Proposition 6 The Plicher relations for the determinant of right hand side of (10) gives (8) with k = 1.

Lemma 1 Eguation (8) follows from (9).

Using free fermions, we can derive the equation (10).
Following [1] let ¢, 17, be free fermionic operators with the following anticommutation relations:

[wmdjm]'{- = [¢;:¢;1]+ =0, [wn,d)}‘nh = dmn.

They generate an infinite dimensional Clifford algebra. We define the generating functions of free fermions
as

[o ] o0
PN =3 A, P =D e
i=1 i=1
For n € Z, set
o0
H(z) =Y anHn, Ho=)Y i titfin:
n=1 1€Z
Then we introduce a vacuum |0) and the dual vacuum (0|. These vacuum have the following properties:
¥nl0) =0, (n<0), ¥:0)=0, (n>0)
{0l =0, (n20), (O]g, =0, (n<0)
We need the shifted vacua |I) and the dual vacua (l| defined by

Iy = { Yi-1---%0l0), n >0
Y 9i00), n <0
<l| - (O|¢6"‘1/)71-17 n>0
(Olh—1 -+ ¥m, 1 < 0.
It is easy to check the following properties:

Pall) =0, n <1, YL =0, n>1
(e =0, n> 1, (=0, n<lL

Proposition 7 We get the equation (10) by the following equation:
Uy (arh) - 97 (ag)¥(Baly) (BT e Dgll + 1)
(llef = g|l)
a1 ... Q1n-1 b
= (=1)""1det S : N 11)

Qny ... Gpn-1 bn
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where
A I Cl )
v (lleH=)g]1) ’
b (9" (@) @l +1)
t (lleH @) g]l) :
and

G={ge APy, gVgt=V,gV'g7 =V}, V=iczChi, V" = Bic2C¥;,
and A is the Clifford algebra.

Equation (11) can be derived by using the generalized Wick’s theorem. For I € Z, we can get the (10)
by considering

n(z) = (le"@gll), g€ G.

3 The BKP hierarchy

Let 7(t) be the 7-function of the BKP hierarchy. In this case, the time variable is ¢ = (t1,t3,t5,---). We
set

i E60) =ty
[alo_(a¢?5?1'“)a 6( ) )-nz:::lt2n—l .
The BKP hierarchy is defined by
Fe_s! 2). _ _ d\
f[ N7t~ 2D )r (e + AN o) = T(O7(). (12)
Sett=x+y,t' =z —y. Weget
—2£(y,\) -1 -1 ax  _
e Mz —y =22 o)z +y+ 2[2 ]o)m =T1(z+ y)r(x - ¥). (13)

Set

By separating 23 - | ton—1A*" "1 as

=2 tgp M= - i tn A" + i tn(=A)",
n=1 n=1 n=1

we get
n

o 52
i=1 ¢

i=1




Computing the integral by taking residues as before and shifting « appropriately, we have

Z(_l)i—l T(z+ z[ai]O)A—l T(z+2 27¢i[a110)

i1 T(w) lin T(:L‘)
—A7 1 T(m+2zz 1[°‘l] =0, n:odd, (14)
7(z)
Z( 1)i-1 az n T(2 + 2[00 + 2[om]o )A—-l m(z+2 E?;éi[al]O)
7-(1;) l.4.n-1 7-(1-)
—A_1 T(w+2zl ilelo) =0, n:even. (15)
7(z)
Here A;. ., is defined by
Ay n= ZU B &ij = a; + oy, Q5 = 04 — Q.
1=i<j ¥

Example 3 The case n =3 of (14) is

(@ +2 8 olo) _ , (Zlect Honlo) oz rie+ 2[az), + 2[as)o)
(@) P @) ae (z)
_T(z+ 2[az]o) 13 7(z + 2[a1)o + 2[03]0)
7(x) d13 7(z)
7(z + 2[as)o) o2 7(2 + 2o fo + 2[a2]o))
T(:B) . 5!12 T(x) ’

(16)

We call Equation (16) ‘the four terms equation of the BKP hierarchy’.

Example 4 The case of n =4 of (15) is

T(r+2 Zle[ai],,) _ A (%"r(x + 2[a1]o + 2[0u4]o) azs 7(z + 2[az]o + 2[as)o)
7(z) 4 Q14 7(z) 423 7(x)
oy 7(z + 2[02]o + 2[a4]o) a3 7(z + 2[a1]o + 2[0s]o)
5224 7'(1‘) 5[13 T(.’L‘)
a3g 7(z + 2[as]o + 2[as]o) Q12 7(z + 2[0a]o + 2[a2]o)
+5134 T(.’l‘) &12 T(CL‘) ) (17)

Equation (17) of example 4 can be derived from Equation (16).
Then,

Theorem 3 The four terms equation (16) is equivalent to the bilinear identity of the BKP hierarchy (12).

Theorem 3 is proved by Takasaki [23]. Here we give an alternative and direct proof of it.
In order to explain the strategy, we introduce the Pfaffian. Set A= (ai;)1<i,j<om is a skew-symmetric
matrix with the degree 2m. Then, the Pfaffian is defined by

det A= (PfA)z, PfA = Q312034 ‘' " A2m—1,2m —
Following [8] we denote PfA by (1,2,3,...,2m):
PfA=(1,2,3,...,2m).
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It is directly defined by

(1,2,3,...,2m) = ) sgn(is, ..., i2m) - (i1,82) (i3, a) - - - (izm—1,2m),  (i4) = aij,

where the sum is over all permutations of (1,...,2m) such that
i1 <ig < <lom-1, 11 <i2, " ,l2m—1 < i2m,

and sgn(iy,...,4i2m) is the signature of the permutations (iy,...,i2m).
The Pfaffian can be expanded as

(1,2,3,...,2m) = Z( 17(1,5)(2,3,...,7,...,2m).

For example, in the case of m=2,

(112)31 4) = (1’2)(3’4) - (173)(2a 4) + (114)(21 3)

Let us define the components of Pfaffian by

(07]) = "T(x‘""'""j:(—i%g‘j‘]o—) y (z J) a‘j T(ZE + 2[‘:-1(];)“" 2[03] )

Then, we rewrite (16) and (17) as

(@ +23% [oilo)
(o) 1 = A;123(0,1,2,3)

4
T(z + 27-%):1[%]0) = A1234(1,2,3,4).

Theorem 3 can be proved similarly to the KP case using the following propositions.
Proposition 8 The BKP hierarchy (12) is equivalent to (14) and (15).

Proposition 9 The following equations follow from (16):

{x+ 237 [ei]o) =4, .(0,1,2 n) n : odd
T(m) ..n 3 y gy ) . b)

(z + 22;‘:1[0&]0) =A;1..(1,2,...,n), n: even.
7(z)

There exists an analogue of the Pliicker relations for Pfaffians [18].
Then we have
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(18)

(19)

(20)

(21)

Proposition 10 The Plicker relation for the Pfaffians of the right hand side of (20) and (21) gwe the

addition formulae (14) and (15) respectively.
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