B RAT IR SC AT R ZE 6k
% 1980 % 2016 4F 103-105 103

Pasting reproducing kernel Hilbert
spaces

Yoshihiro Sawano
Department of Mathematics and Information Sciences
Tokyo Metropolitan University

Abstract: The aim of this article is to find the necessary and sufficient
condition for the mapping Hi(E) > f = (f|E1, f|E2) € Hgjpxm(E1) ©
Hyg g, x g, (E?2) to be isomorphic, where K is a positive definite function on
E=F, + FE,. ‘

1 Introduction

Let F be a set and K : E x E — C be a positive definite function. For
f € Hx(E), we can easily check that f|Fy € Hg|g,x5,(Eo) since

F1Eo ® flEy < || fll ()’ K |Eo x Eo ® K|Ey x Ey
in the sense that

Z (Il K| Eo x Eo(ps, pr) — f1Eo © f1Eo(ps, pe)) 2%

Gk=1,2,...n

- Z (1 ez () K (D5 p&) — (D5, %)) 2525 = 0

5k=1,2,...,n

for any finite set {p1,po,...,px} C Ep and {21, 29,...,2x} C C. Therefore,
when F is partitioned into the sum F = E; + F,, the operation the mapping
R: HK(E) = f — (flEl, fIEQ) S HK|E1xE2<E1)@HK|E2XE2(E2) makes sense.
Note that R is injection, since f|E; =0 and f|E; =0 imply f = 0.
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2 Main result

We show the necessary and sufficient condition for R to be isomorphic.
Theorem. The mapping R is isomorphic if and only if K|E; x Ey = 0.

Proof. Assume first that K|E; x E; = 0. Let us first show that R is sur-
jection. To this end, given ¢; € Hkg,xE,(E1) and go € Hg g, x5, (E2), we
define a function f on E by f(p) = g1(p) on E; and f(p) = g2(p) on FE,. Let
us check that f € Hg(E). To this end, we set f; = xg, f and fo = xg,f.
Then for [ = 1, 2, we have

Z (”fl||HK(E)2K(Pjapk) - fi® ft(Pj»Pk)) 22k

§k=12,..n

2 > (Nfoll x> K (0 i) — f1 ® Filpj, px)) 2%k

3k=12,...n,p;,prEE)

by assumption. Since || fillnx (&) = [|91/|Hxp, 5, (E)) from a general result on
the reproducing kernel Hilbert spaces, we have

S (Ml 2K 05, 06) — fi ® filps, pr) 2%

jk=1,2,...n

> Z (”gl”HKIEIXEI(E[)2K(pjapk) — g X gl(pjapk)> zjz_k Z 0.

3,k=1,2,...n,p; PkEE]

Thus, f; € Hk,(E;) as was to be shown.
It remains to show that R is an isomorphism. In fact, {K(-,p)}pcr, is a
dense subspace in Hg|g, xg,(E1), we have only to show that

2

L
> (K, p7) + 2 K (- pF)
m=1 Hyg(E)
L L 2
— (I k) + (IS )
m=1 m=1 Hy|Eyx By (E2)

Hyk\|g, xE;, (E1)

for anypTEEl,pQ" € By, 2,20 e Cwithm=1,2,..., L.



Conversely, if R is an isomorphism, then

(15 C2) + 2K o) )
o (S [ R E L (T S T

for any p; € E; and py € Ep and z € C. Thus K|E; x E, =0. O

This result is essentially based on [1, 2], however, the representation is
arranged in the polished version.
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