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Abstract

The main object of this paper is to investigate several geometric
properties of the solutions of second order ordinary differential
equations.

. InJ[koAchtfon

Let A denote the class of functions fz) normalized

by
f(2)= 2+ 262" (1.1)
h=2

which are anq/)/t:fc in the open unit disk
U={Z~' 2eC and l'zll<1 }
Also, Ie'f S, S¥and S*(g{) denote the subc lagse s
of A cOhsf‘sf‘f‘n,_g -of functions W‘];‘cﬁ are ,
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kespecfive/)», univalent , starlike with respect 1 the
Okigin, and starlike of order o in [/ (65 <1). Thus , L/

definition , we have (see for detasl (1,4)) ,

/
SX’(O():={f : fef\ and Re{%})m (ZGUI'O:‘.O((f} (1.2)

and.

S¥i= %) (1.3)
Furthermore, Sp denste the subclasses of A withthe
Property

zfle) 2{'2)
£ ‘1|<KQ{ f{s)} (zeu), (1.4)
and UCY dencte the subclasses of A with the prope rf)/

e | ’} (z€U) ¢1.5)

BT @) :

Remark 1. 1> fiye Uty & 2f'we s,
(2)  SpC S¥(3)

2 A class o} bounded funchions and earlier results

Lek BJ denote the class of bounced fu.nclc‘s‘ons

00
n
w(2)=20m3 , ¢2,1)

n=1
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c\nai)x{*ic in U, for which

| wiz)| < J (z2eU) J>o0), (2.2)

Definition | Let Hy be the cluss of complex Funchions

hu,wv) SQtl\S‘F)/t\ng each O]C f‘he-po“owqu conditions ;

(1) heuv) is continuous in a domaln D CC x¢ |

() (0,0)€D and |hie.o)| < T (T>0);

@i |h(Te*® Ke*®)| < T whenever (Je'®, Ke'® )eD
(p€R.K2T>0),

Example 1. It is easily seen that the funchions
() hw,v)=Yutv €H; , Y€C (ReY 20), D=CxC
(2) heh,s)= F¥+pr4s eHy, D=CxC

Dejcl‘ni'{‘t\an 2 Let hGHI with corres Foﬂdfﬂg domain D'

We denste by Brh) the class of funchions wz) given
b)/ (2. 1)/ kac‘q are qna(/Hc n U and Qaf!‘sf), each of
'J‘ouowfng conditlons :

() (we),zw'®)eD (zeU),
(1) [h(we),zw'@)|<J (€U J>0)
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The ‘f’unc‘n'on C1ASS B_y(h) 'S Y\OJ( QMPt)/. Inoleeo{, T(‘or
any he H;y, we have
w(z)= €% € By(h), (2.3)

for Suﬁ‘t‘u'eﬂ'“)/ small lc,l O\CPQV\AI\RS on I\

W& heed t‘/\g ‘{‘“O“OW:’ﬂﬂ 10mmq5 To FN\/Q ouv V€$&4HTS‘

Lewma | (Seels1) For oy he HI ,
~‘BJ(|'\)CBJ (heHJ;o<I§~l)_

Lemw\a\ 1 1&00\5 us fmme,alz’afe.‘/y o the ‘wauowl‘na
result, which also given b)r 6.
Lemma 2 ([61) Let heH; and let the funchion bi)
be anal)/h‘c a U with
Ipeed] <J (26U} 0<Isl),

I the following initial-value Frotvfew; .

h(we@), 20/@) = b@)  (w(0)=0) (9.4)
has o solution wiR) Omal/h‘c m U, then

lw] < T (2eU;0<T S, (2.5)

US(‘v\ﬁ L emma 2, we PV‘OVQO(. severnf fesults |



For examp1€ >

Theorem A (See 6)) Lot al2) and b2) be amalytic
U with
| 2 (b(z)~1-a(2)———[&(z)) )l —;—- (2.6)
anel
latz)| <. (2,7)
Let w(2) denote the solution of the mitval-valye
problem

w'2)+ alz) w'@)+ bR wi)=0 | (2.8)
(ze U, w)=we)-{=0)
Then AWIEZ) is s‘tavﬁke ‘h .

Exam?{e 2 Lot Q(R)=-2, b()= -—‘ I'n TheahzmA

+hen o selution 0{:
2
w"(z>~zw'<z)+i—’— W (2)=0 (2.9)
\ "ZZ z
IS wiz)=20% sm=, This Funchion wiz) s
5{_‘&\’1;‘((2 ‘Sﬂncjt‘ion .
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3 Mm‘n \rQSu\Jts and- ’r’nei‘v Consequences

—ﬂ\e.okeml [;eJ[ al(2) and bR) be anal)/{‘l‘c, n U wf‘Hn

|2 (b~ 16@)-4 @) < T (2l 0<T<t)  (3.1)
and

o) S K (o< KS2-27 ). (3.2)
Let wi(?) (zeU) be the solution of the initial- value

pmHem (2.8). Then, w(2)is starlike of orde v
1-7-5

-7

Proot. The transformation
Mz)=exp(-z'_racg)ag)wz> (3.3)
leads 1o the hormal dorm

(E) + (L(S)-—i—.&'@)-;ﬁ: [q(g)]z) vi(2)=0 (3.4)
and V(0)= v'0)~1=0, If we put
uey=s 2y (e, (3.5)
W)

then u2) is qnal)zh‘cin U, uwo)=o and (3.4)

be comes

e+ d@=-23b@-to@-toel),  3.6)

or e%m‘ ya(én‘fl),



h(w@), 2u'c)= - 2* (L,(z)—zla'(z)—-q-’_-_[a(z)]z)/ (3.7)
W‘neve hivr,s)=r2+r+S. H’ Is eas)/ To Check
h(r/g)eHJ‘) i\e.;
(1) (n(k,g) (s c.ovx‘h\nuous i CxC
i) 0,0)eCxC,lho,0|=0<T,
W) | h(Te"® ke'®)| 2T (k2T) .
From (3.1) , we have

[-2%( bcm--%-a%m-é—[atw]’ JI< J (zel) .
By ushg Lemma 2 , we oblain Tutz)l< J(2eu).
—Werpfoygl we have

gviE) 1l < J (zel)).

yylz)
Tk\"g ‘jm?“es
| o f BViz) 2¢11
£ -7 < Ref W)}<:+J (2eU), (2.8)
Frem (3.3)  we have
2
exp(ﬂoacg)o\g).w(zp V() (3.9)

Logmk’if‘\mTCo‘Uy differentiating of (3.9) {eads to

@) we) oz
= - Za(z
Wwi2) v(z2) 2 ale), 3.10)

Combt‘ng (3.8), (3.'10)0»»10! (3.2), we ‘r\ave
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Re{ Zw'(2) } _ZRQ{Zv'(z) E_l"zé'o‘ml

wi(Z) (2)
> [-7-5 el (3.11)
where 0 <27+K £2, and thus w(®) is starlike
of ovder 1-7-5 | Q.E.D.

| 32 .
Example 3. Lot c\(z)=--§3 , b(z?)=‘§— in Theorew 1 ,

then the solution of

iy 2 / _gf = »
wiz)-$2w'@) + g w(R)=0 (3.12)
\ %2 \ Z * 1
1S 'wlil)=\/§€ '$MJ§_—6 S (‘3“)

Next, we Frove.‘

Theorem 2 Let alz) and biz) be analytic in U with
[#(b)- Jol)~ L [)?)|< T (zel, 0<T <L) (3.4)
anol

[ar2)| < K (oc k €1-2T7). (3.14)
Let w® (2€l) be the solution of the tnitral-value
problem (2.8). Then, W)€ Sp,

Pkoa“;;., Fkom (3. 40) In H\Q Fhoo'F oF Weomm 1)



2w (@) 24r'(2) Z
1= -1 —ZLa(
WI(Z) 1 AS(2) 1 2 28
Then we have
2w '(2) 24(2) | 2
LU < _ z
( W (2) 1 j" ! ANMR) ]‘+’ 2 &{Z)‘
< T+ (zel). (3.15)

2
From (3.11) and (3.15), we obtain

' @)
Re{ ZS(;i)§'> e ~1| CocaTeRst,  (3.06)
2¢U),

that s, w(2)eSp, Q.E.D,

Example 4 Lot a@)=~2 oud b®)= £ in
Theorewm 2 , the solution of

Z 3
W@ - w'm+ E wE) =0 (3.17)

gZ
s wlg)= ZQ*SM%— GSP )

2

£
Mso, 2efsini € ¥(4),

!:urﬂnemwe) we Pprove the '(10“0‘/\/'\“3 ‘H(\eoke,mg.

_n')eOVeM 3 Let Zpz) be Qnalyh‘c in U with

lzp@|< T (2eU; 0<T£1), Let w@), 2el, bethe
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SO‘WH@Y! O‘F ‘H‘ne 'yto”owfnﬁ df‘Heken'Hq? e%uc\‘h‘on

w' () + PRw(Z)=0 (3.48)
with w()=0 and WJ{Z)‘\‘O . T"\en the solution
wiz) is starlike of order 1-J, that s )

I
Re {224 > =T (el 0<Tst) | (3.1)

Proof. We put

zi'(2)
= —_— 6
uee) & 1 (2ed), (3,20)

Then w2 s analytic in U, Uo)=0 and (3.18)

becomes

Cu@*+ uiz) + 2u')=-22p@) (3.21)

ok equivalently
huwr), 2u')) =—22f>(8), (3.22)
where h(pr, 8)= F24pr+S. Itis easy Lo check
hir,s) €Hy. From assumption , we have
1Z2p@)| < J (ZeU; 0<J<1)
B)/ using Lemw\al, we obta'n

Lo < T (zeu,;0<T<1),
which , in view of the reiah‘onship (3,20),



yields

] z,:z(’g) -1 '<J (zell; 0<TS () (3.23)
that s,

Re { z«ugf))}> 1-7 .
This means aw(z) e S¥(1-T), "Q.E.D.

Remark 2 1nCM), Shams , kulkarni and Jahangtri

c\nt\mducecl the ‘Po”owing class SD(d,ﬁ),

Lel SD(d,?) be the hmi‘)/ of Functions )[(Z)GA
SQJE'ESWt/i‘ng the I\ne%ua“{y
21'2) 2fe) |
Rel 2} oo 1] 8 (5.2

(zel,o20, 05p< 1),

We can see SDM,O)‘—'SP )

Next, Wwe Prove H\e J%O“Owh«g Hneorem.

Theorem 4 et Z p(2) be anal)/h‘c vn U with
12p2) | < T (26 0<T51) . Let wez), 2eU,
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be the solution of diffevential e%ua-h‘on (3.18),
Then the solution aw(2)is in SD (o,B), 1.e

2w'(2) 2w'(2)
Re{m } > & wiE) -1 |+(3 (3.25)
(2eU) 0<T g —-‘%@(—-—)

where «20 and 0SB <{,

Pk*oo'F. ACC"M"“"j TO' Hw PN’O{' OF —nﬂeokem3,

we have (3.23). Therefore,

Zw2) Zw'(2)
Re{ S0} 5 1~ mi*f*“i w1 1P
(0<IS

/0(§0, 03?(1)

That is w(z)eSD(ot,(S). Q.E.D,

Exmqﬂe 5 1) Lel .F(8)=-,§--4-4— In T]f\eorem?}
and Theorem4 . Then

12 ba)| ¢ 48
p l<4q/

therefore |

Zw'(2)
Re tz>} 49

Ahol the solution w(z) of

, that i, w(g)es*( ).



_W’/(z)-{—*(‘;g“— 44; )w(%) 0
gz

s w(z)=2 7T Alsp

') zw’@)
Re{ aw(g) } 14 , AN (R) -

, i, wiBeSD(30)

Furthermore , wil2)e SD(-J?—/::;’-

(2) Let p@)=-2- -—---Z *in Theorem3 , Theorem4

3 lé‘?
Then ‘(ZF(2)|< , therefore

2 Bt e ),

And the solution wi(2) of

w2+ ‘63 - ‘jq 2%)w(@) =0

\ ""22
'S WI(R)=re B Fw’tfnermore)

Zw'(2) :
Rems’sw; S0 e,

Wiz esD(3, —+ ) Also, w(ZJeSD(z,-%)

> 169
and W(R)eSD, 'f%{)

Puﬁ:t‘nﬁ p(2)= )H";*" ;Z;- N T‘QQOkem3 Thearem‘ff-
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we havq

Coro“aby 1. \/\/e consfa‘er ﬂ\e WQBQF’S d?ﬁerenfid
‘ 7
e%ualﬂbn
t\,"(z)+ (>\-|- 3{_— —%—a) A~(2) =0 . (3.26)
IF IA+E-2 < T (2eU;oclsl)

then the solution v (2)is starlike of order 1 -7
thet 1s, v (2)eS¥ (1-J)

Co\no”m‘,y 2 We wnsider the Weber's differential
e%uaﬁ‘on (3,23)
I IAN+L-2%<T (2el;0<Ts £ )

Pd

where % 26 and 0B <1, then w(2)eSD ( B)
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