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A NOTE ON MULTIVALENT FUNCTIONS

MAMORU NUNOKAWA, JANUSZ SOKOL

ABSTRACT. The Noshiro-Warschawski Theorem [1], [5] provides a simple and useful
sufficient condition: Me {f'(z)) > 0 in D, for the univalence of analytic function f(z) in
a convex domain D. In this paper we prove some related results to this theorem. The
applications of main results are also presented.

1. INTRODUCTION

The Noshiro-Warschawski Theorem [1], [5] can be used to give a simple and useful
condition that is sufficient for the univalence of function f(z) which is analytic in a
convex domain D and satisfies the condition Re {f'(2)} > 0in D. Ozaki [6] extended the
above result to the following: if f(z) is analytic in a convex domain D and

D‘ie{f(p)(z)}>0 in D,

then f(z) is at most p-valent in D.
Furthermore, Nunokawa [2] has shown the following result.

Theorem 1.1. Letp > 2. If
(1.1) f2)=2"4 > anz"
n=p-+1

is analytic in |z| < 1 and

(1.2) larg {f(p)(z)}‘ < %Tﬂ"

then f(z) is p-valent in |z| < 1.

It is the purpose of the present paper to improve Theorem 1.1.

2. MAIN RESULTS
Theorem 2.1. Ifp > 2 and

f(z) =2+ i a, 2" in |z] <1

n=p+1

satisfies the condition
(2.1) larg { fP(2)}] < 9‘-271 in 2] <1,

where o = 1/ = 1.7897771 . . .,
logd 2 ' . | 2
=1-——="==z ——d
Bo T ﬂ/osm 1+ 02 &

then f(z) is p—valent in |z| < 1.
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Proof. Let us put
1
= D 0)=1.
q(z) e (2), 4(0)

Then it follows that

(» z
o(2) +2¢/(z) = L)
p!
and then, from hypothesis (2.1), we have
am
(2.2) lerg {g(2) + 2¢' ()} < =~
Following the same idea as in the proof of the main theorem in [4, p. 1292-1293] we obtain
_ 24(2)
q(z) = =
. zf(p_l)(z)
T plz
1 Z
- e || @) +1@) a
1

" 6 i6 J 160 i60
p' 7‘619 A (q(ge ) geq (QC )) € 0

Applying (2.2) and the principle of subordination, we get that [g(0e®) + oe®g(0e™)) Ve

lies in the disc Q([2| < g) for all 0 < p < 1, 0 < 8 < 27, where Q(2) = (1 + 2)/(1 — 2).
Because Q(|z| < p) is the disc with the center (1+ ¢?)/(1 — ¢®) and the radius 2p/(1 - ¢?),

by some geometric observation, we can see that [g(0e”?) + ce'?q’(ce®)] Y/ Jies in the sector
|arg {w} | < vy, where v =sin™* {(29) / (1 + 0°)}. Thus, we have

|arg {q(2) }|
arg {5'71?5 /0 ' (e*q(0e®) + 0e*°q'(0e™)) dg}'

< /Orlarg {a(0e®) + 0¢°q (0*)}| do

T
Sa/
0

1
20
< sin~! d

= afsin™! 1 — log 2)
= a(n/2 —log 2)

arg {q(oe”) + Qe“’q'(ee"")}l/a’ do

T T
= Eaﬂo = E
Hence, we have
(r~1) (r~1)
ne (L2} (Y
z z

in |z| < 1. For the same reason as in the proof of the main theorem in [2, p. 454], we
obtain that f(z) is p-valent in |z| < 1. O

Theorem 2.2. If q(z) is analytic in |z| < 1, with ¢(0) = 1 and satisfies there the condition

(23) jarg {a(2) +24'(2) - B} < 5,
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where 0 < a and 0 < B < 1, then we have

7r :
larg {q(2)}| <a (5 — 10g2) in |z <1.

Jm
%

BA= Re

~—
Fig.1.

Proof. We have
a2) = [ (ta(e)) o

and so

1 T . . i
9(2) = — / (0e”q(0e®)) edo
re 0
1

== / (0”q(0e™))' do.
7 Jo
Following the same idea as in the proof of the main theorem in [4, p. 1292-1293] we have

|arg {q(z)}
arg{l/T( (0€”) + 0e"q'(¢€™)) d@}‘

/larg{q 0e”) + 0e®q'(0e”) }| do

/Iarg{q 0e”) + 0e’q (0e®)} — B+ B do

< [ fons {atee®) + " (o)} - ] do

+/o larg 0| do.

Applying (2.3) and the principle of subordination we get that q(ge) + ge®q’(0e¥) lies in
the sector f+ Q%(|z] < o) for all 0 < p < 1, 0 < 8 < 27, where Q(2) = (1 + 2)/(1 - 2),
Fig. 1. Therefore, and because Q(|z| < p) is the disc with the center (1 + 0%)/(1 — ¢?)
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and the radius 2¢/(1 — ¢?), by some geometric observation we obtain

larg {q(z)}|
" 1+ e\ *
[{i229))
LR
a sin
0
<a/0 sin 1+Q

= a(r/2 —log2).
This completes the proof. a

Remark 2.3.
1
2
/ sin~! e 5 d
0 1+o

de

= [g sin™! 20 _ log(1 + 0%) -
14 o2 =0

=7m/2—log2

= 0.877649147. ...

Applying the same method as in the proof of Theorem 2.2, we can get the following
corollaries.

Corollary 2.4. If g(z) is analytic in |z| < 1, with ¢(0) = 1 and satisfies the condition
larg {a(z) +24/(2) - B}l < in |l <1,
where 0 < a and 0 < B < 1, then we have
larg {q(z) — B} < a (g — log 2) in 2] < 1.
Corollary 2.5. If g(z) is analytic in |z| < 1, with ¢(0) = 1 and satisfies the condition
larg {g(2) +2¢'(x) ~ B}| <5 in <1,
where 0 < a and B < 0, then we have
jarg {q(z) = B} <a(F—log2) in |2 <1,

Corollary 2.6. If g(z) is analytic in |z| < 1, with ¢(0) = 1 and satisfies the condition

7I'2

larg {q(2) + 24'(2) — B} < 27 —Togd)
for|z| < 1, then
Re{q(2)} >0 in |z| <L
From Corollary 2.5 we can get the following improvement of the main theorem in [3].
Theorem 2.7. If p > 2 and
f(z) =2+ Z a, 2" in 2| <1

n=p+1
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satisfies the condition

arg{f(p)(z) | log4—1H

p! 2 —log2
2
v
—_ 1
< 2(m — log 4) i f2f <1,
then f(z) is p-valent in |2] < 1.
Proof. Let us put
7o (z)
=t = 1.
o) =122 a0
Then it follows that
f) (2)

() +24(2) =

and therefore, we have

arg {Q(z) +2q'(2) + ;iﬁi:}_} l

log 2
() log4 —1
_arg [ 17(2) | log
p! 2—log?2
< U in |z] <1
2(m — log 4) '

Taking into account Corollary 2.5, we have

(p-1)
D‘te{pr(z)} >0 in |2| <1

(p-1)
@%e{z‘f—z{gﬁ}>0 in |z] <1.

For the same reason as in the proof of the main theorem in [3], we get that f(z) is p-valent
in |z| < 1. a

c= — log4-—1
T 2-log2

Re

Fig.2.

Remark 2.8. We have

logd —1 T
B T 0929, — T —7.089....
2 log2 " o(r—logd)

2

Theorem 2.7 shows that if the image of |2| < 1 under the mapping w = f®(2)/p! is
contained in the indicated domain on the Fig.2, then f(z) is p-valent in |z| < 1, whenever
p=>2
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