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1 Introduction

Let $\mathcal{A}$ denote the class of functions $f(z)$ of the form

(1.1) $f(z)=z+ \sum_{k=2}^{\infty}a_{k}z^{k}$

which are analytic in the open unit disk $\mathbb{U}=\{z\in \mathbb{C} : |z|<1\}.$

If $f(z)\in \mathcal{A}$ satisfies

(1.2) ${\rm Re}( \frac{zf’(z)}{f(z)})>\alpha (z\in \mathbb{U})$

for some real $\alpha(0\leqq\alpha<1)$ , then $f(z)$ is said to be starlike of order a in $\mathbb{U}$ . We denote by
$S^{*}(\alpha)$ the class of all starlike functions $f(z)$ of order $\alpha$ in $\mathbb{U}$ and $S^{*}(O)\equiv S^{*}$ . Furthermore,

if $f(z)\in \mathcal{A}$ satisfies

(1.3) ${\rm Re}(1+ \frac{zf"(z)}{f’(z)})>\alpha (z\in \mathbb{U})$

for some real $\alpha(0\leqq\alpha<0)$ , then we say that $f(z)$ is convex of order $\alpha$ in $\mathbb{U}$ . We also denote
by $\mathcal{K}(\alpha)$ the class of all such functions $f(z)$ and $\mathcal{K}(0)\equiv \mathcal{K}$ . In view of definitions for the
classes $S^{*}(\alpha)$ and $\mathcal{K}(\alpha)$ , we know that
(i) $f(z)\in \mathcal{K}(\alpha)$ if and only if $zf’(z)\in \mathcal{S}^{*}(\alpha)$

and

(ii) $f(z)\in S^{*}(\alpha)$ if and only if $\int_{0}^{z}\frac{f(t)}{t}dt\in \mathcal{K}(\alpha)$ . Further, MacGregor [4] and Wilken

and Feng [14] have the sharp inclusion relation that $\mathcal{K}(\alpha)\subset S^{*}(\beta)$ for each $\alpha(0\leqq\alpha<1)$

with

(1.4) $\beta=\{\begin{array}{ll}\frac{1-2\alpha}{2^{2(1-\alpha)}(1-2^{2\alpha-1})} (\alpha\neq\frac{1}{2})\frac{l}{2\log 2} (\alpha=\frac{1}{2}) . \end{array}$

For $\alpha=0$ , Marx [5] and Strohh\"acker [13] showed that $\mathcal{K}\subset S^{*}(\frac{1}{2})$ . Also, by Robertson [12],

we know that the extremal function $f(z)$ for the class $S^{*}(\alpha)$ is

(1.5) $f(z)= \frac{z}{(1-z)^{2(1-\alpha)}}=z+\sum_{k=2}^{\infty}\frac{\prod_{j=2}^{k}(j-2\alpha)}{(k-1)!}z^{k}$
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and the extremal function $f(z)$ for the class $\mathcal{K}(\alpha)$ is

(1.6) $f(z)=\{\begin{array}{l}\frac{1-(1-z)^{2\alpha-1}}{2\alpha-1}=z+\sum_{k=2}^{\infty}\frac{\prod_{\dot{j}}^{k_{=2}}(j-2\alpha)}{k!}z^{k} (\alpha\neq\frac{1}{2}I-\log(1-z)=z+\sum_{k=2}^{\infty}\frac{1}{k}z^{k} (\alpha=\frac{1}{2}) .\end{array}$

For $f(z)\in \mathcal{A}$ , we apply the following M\"obius transformation

(1.7) $w( \zeta)=\frac{z+\zeta}{1+\overline{z}\zeta} (\zeta\in \mathbb{U})$

for a fixed $z\in \mathbb{U}$ . This M\"obius transformation $w(\zeta)$ maps $\mathbb{U}$ onto itself and $\zeta=0$ to
$w(0)=z.$

2 Fractional calculus

From among the various definitions for fractional calculus (that is, fractional derivatives
and fractional integrals) given in the literature, we have to recall here the following definitions
for fractional calculus which are used by Owa [8], [9] and by Owa and Srivastava [10].

Definition 2.1 The fractional integral of order $\lambda$ is defined, for $f(z)\in \mathcal{A}$ , by

(2.1) $D_{z}^{-\lambda}f(z)= \frac{1}{I^{\urcorner}(\lambda)}\int_{0}^{z}\frac{f(\zeta)}{(z-\zeta)^{1-\lambda}}d\zeta,$

where $\lambda>0$ and the multiplicity of $(z-\zeta)^{\lambda-1}$ is removed by requiring $\log(z-\zeta)$ to be real
when $z-\zeta>0.$

Definition 2.2 The fractional derivative of order $\lambda$ is defined, for $f(z)\in \mathcal{A}$ , by

(2.2) $D_{z}^{\lambda}f(z)= \frac{d}{dz}(D_{z}^{\lambda-1}f(z))$

$= \frac{1}{\Gamma(1-\lambda)}\frac{d}{dz}\int_{0}^{z}\frac{f(\zeta)}{(z-\zeta)^{\lambda}}d\zeta,$

where $0\leqq\lambda<1$ and the multiplicity of $(z-\zeta)^{-\lambda}$ is removed as in Definition 2.1 above.

Definition 2.3 Under the hypotheses of Definition 2.2, the fractional derivative of order
$n+\lambda$ is defined by

(2.3) $D_{z}^{n+\lambda}f(z)= \frac{d^{n}}{dz^{n}}(D_{z}^{\lambda}f(z))$ ,

where $0\leqq\lambda<1$ and $n\in \mathbb{N}_{0}=0$ , 1, 2, $\cdots.$
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Remark 2.1 In view of definitions for the fractional calculus of $f(z)\in \mathcal{A}$ , we see that

(2.4) $D_{z}^{-\lambda}f( z)=\frac{1}{\Gamma(2+\lambda)}z^{1+\lambda}+\frac{2!}{\Gamma(3+\lambda)}a_{2^{Z^{2+\lambda}}}+\cdots+\frac{k!}{\Gamma(k+1+\lambda)}a_{k^{Z^{k+\lambda}}}+\cdots$

$= \frac{1}{\Gamma(2+\lambda)}z^{1+\lambda}+\sum_{k=2}^{\infty}\frac{k!}{\Gamma(k+1+\lambda)}a_{k}z^{k+\lambda} (\lambda>0)$ ,

(2.5) $D_{z}^{\lambda}f( z)=\frac{1}{\Gamma(2-\lambda)}z^{1-\lambda}+\frac{2!}{\Gamma(3-\lambda)}a_{2^{Z^{2-\lambda}}}+\cdots+\frac{k!}{\Gamma(k+1-\lambda)}a_{k}z^{k-\lambda}+\cdots$

$= \frac{1}{\Gamma(2-\lambda)}z^{1-\lambda}+\sum_{k=2}^{\infty}\frac{k!}{\Gamma(k+1-\lambda)}a_{k}z^{k-\lambda} (0\leqq\lambda<1)$ ,

and

(2.6) $D_{z}^{n+\lambda}f(z)= \frac{d^{n}}{dz^{n}}(\frac{1}{\Gamma(2-\lambda)}z^{1-\lambda}+\sum_{k=2}^{\infty}\frac{k!}{\Gamma(k+1-\lambda)}a_{k}z^{k-\lambda})$

$= \frac{1}{\Gamma(2-n-\lambda)}z^{1-n-\lambda}+\sum_{k=2}^{\infty}\frac{k!}{\Gamma(k+1-n-\lambda)}a_{k^{Z^{k-n-\lambda}}}$

for $0\leqq\lambda<1$ and $n\in \mathbb{N}_{0}.$

Therefore, we can write that

(2.7) $D_{z}^{n+\lambda}f(z)= \frac{d^{n}}{dz^{n}}(D_{z}^{\lambda}f(z))=D_{z}^{\lambda}(\frac{d^{n}}{dz^{n}}f(z))$

and

(2.8) $D_{z}^{\lambda}f(z)= \frac{1}{\Gamma(2-\lambda)}z^{1-\lambda}+\sum_{k=2}^{\infty}\frac{k!}{\Gamma(k+1-\lambda)}a_{k}z^{k-\lambda}$

for any real number $\lambda.$

Using the fractional calculus (2.8), we define

(2.9) $F(z)= \Gamma(2-\lambda)z^{\lambda}D_{z}^{\lambda}f(z)=z+\sum_{k=2}^{\infty}\frac{k!\Gamma(2-\lambda)}{I^{\urcorner}(k+1-\lambda)}a_{k}z^{k} (\lambda\in \mathbb{R}, \lambda\neq 2)$ .

If we take $\lambda=-1$ in (2.9), then

$F(z)=\Gamma(3)z^{-1}D_{z}^{-1}f($之 $)$ $= \frac{2}{z}\int_{0}^{z}f(t)dt=z+\sum_{k=2}^{\infty}\frac{2}{k+1}z^{k}$

implies the Libera integral operator defined by Libera [3]. Therefore, $F(z)$ given by (2.9) is
the generalization operator of Libera integral operator.

Let us give two examples for the fractional operator $F(z)$ defined in (2.9).
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Example 2.1 Let us define $f(z)$ by

(2.10) $f(z)=z+ \frac{2-\lambda}{6}z^{2}\in \mathcal{A} (-1\leqq\lambda<2)$ .

Then, we have that

(2.11) ${\rm Re}( \frac{zf’(z)}{f(z)})={\rm Re}(2-\frac{1}{1+Mz})$

$=2- \frac{1+\Lambda M\cos\theta}{1+M^{2}+2JM\cos\theta} (z=e^{i\theta})$ ,

where $M= \frac{2-\lambda}{6}>$ O. If we define

(2.12) $h(t)= \frac{1+Mt}{1+M^{2}+2Mt} (t=\cos\theta)$ ,

then

(2.13) $h’(t)= \frac{M(M+1)(M-1)}{(1+M^{2}+2Mt)^{2}}<0 (0<M\leqq\frac{1}{2})$ .

This shows us that

(2.14) $h(t) \leqq h(-1)=\frac{1}{1-M},$

that is. that

(2.15) ${\rm Re}( \frac{zf’(z)}{f(z)})>2-\frac{1}{1-M}=\frac{2+2\lambda}{4+\lambda}>0 (z\in \mathbb{U})$ .

Therefore, $f(z) \in \mathcal{S}^{*}(\frac{2+2\lambda}{4+\lambda})$ .

Let us define $F(z)$ by

(2.16) $F( z)=\Gamma(2-\lambda)z^{\lambda}D_{z}^{\lambda}f(z)=z+\frac{1}{3}z^{2} (-1\leqq\lambda<2)$ .

Then, we see that $F( z)\in S^{*}(\frac{1}{2})$ .

Next, let us consider the function $9(\zeta)$ given by

(2.17) $g( \zeta)=\frac{(F\circ w)(\zeta)-F(z)}{(1-|z|^{2})F’(z)} (\zeta\in \mathbb{U})$

for a fixed $z\in \mathbb{U}$ , where $u$) ( $\zeta$ ) is given by (1.7). Then, it is easy to see that $9(\zeta)\in \mathcal{A}$ . Taking

$z= \frac{1}{2}$ in (2.17), we have that

(2.18) $g( \zeta)=\frac{\zeta(11\zeta+16)}{4(\zeta+2)^{2}} (\zeta\in \mathbb{U})$
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and

(2.19) ${\rm Re}( \frac{\zeta g’(\zeta)}{g(\zeta)})={\rm Re}(1-\frac{\zeta(11\zeta+10)}{(\zeta+2)(11\zeta+16)})$

$=1- \frac{704\cos^{2}\theta+848\cos\theta+149}{1408\cos^{2}\theta+3268\cos\theta+1885} (\theta=e^{i\theta})$ .

Letting

(2.20) $H(t)= \frac{704t^{2}+848t+149}{1408t^{2}+3268t+1885} (t=\cos\theta)$ ,

we obtain that

(2.21) $H’(t)= \frac{12(9224t^{2}+186208t+92629)}{(1408t^{2}+3268t+1885)^{2}}.$

This shows that $H’(-1)<0,$ $H’(O)>0$ , and $H’(1)>$ O. Therefore, there exists some $t_{0}$ such
that $H’(t_{0})=0$ for $-1<t_{0}<$ O. It follows that

(2.22) ${\rm Max}_{-1\leqq t\leqq 1}H(t)={\rm Max} \{H(-1), H(1)\}=H(1)=\frac{7}{27}.$

Thus, we say that

(2.23) ${\rm Re}( \frac{\zeta g’(\zeta)}{g(\zeta)})>1-\frac{7}{27}=\frac{20}{27} (\zeta\in \mathbb{U})$ .

Consequently, we say that $F(z) \in \mathcal{S}^{*}(\frac{1}{2})$ , $g( \zeta)\in \mathcal{S}^{*}(\frac{20}{27})$ for $f(z) \in S^{*}(\frac{2+2\lambda}{4+\lambda})$ given

$If\lambda=-\frac{i}{2}by(210)$

, then

$f( z)=z+\frac{5}{12}z^{2}\in S^{*}(\frac{2}{7})$ .

The open unit disk $\mathbb{U}$ is mapped on the starlike domain of order $\frac{2}{7}.$

If $\lambda=\frac{1}{3}$ , then

$f(z)=z+ \frac{5}{18}z^{2}\in S^{*}(\frac{8}{13})$ .

Thus, $f(z)$ maps $\mathbb{U}$ on to the starlike domain of order $\frac{8}{13}.$

Example 2.1 means that there is some function $f(z)\in S^{*}(\alpha)$ such that $F(z)\in S^{*}(\beta)$

and $9(\zeta)\in S^{*}(\gamma)$ .
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Next, we consider

Example 2.2 Let a function $f(z)$ be given by

(2.24) $f(z)=z+ \frac{2-\lambda}{12}z^{2}\in \mathcal{A} (-1\leqq\lambda<2)$ .

Then, we have that

(2.25) ${\rm Re}(1+ \frac{zf"(z)}{f’(z)})={\rm Re}(2-\frac{1}{1+2Mz})$

$=2- \frac{1+2M\cos\theta}{1+4M^{2}+4M\cos\theta} (z=e^{i\theta})$ ,

where $M= \frac{2-\lambda}{12}>0$ . Defining $h(t)$ by

(2.26) $h(t)= \frac{1+2Mt}{1+4M^{2}+4Mt} (t=\cos\theta)$ ,

we have that

(2.27) $h’(t)= \frac{2M(2M+1)(2M-1)}{(1+4M^{2}+4Mt)^{2}}<0 (0<M\leqq\frac{1}{4})$

which shows us that

(2.28) $h(t) \leqq h(-1)=\frac{1}{1-2M}.$

Thus, we obtain that

(2.29) ${\rm Re}(1+ \frac{zf"(z)}{f’(z)})>2-\frac{1}{1-2M}=\frac{2+2\lambda}{4+\lambda}>0 (z\in \mathbb{U})$ .

This gives us that $f(z) \in \mathcal{K}(\frac{2+2\lambda}{4+\lambda})$ .

For such $f(z)$ , we define

(2.30) $F( z)=\Gamma(2-\lambda)z^{\lambda}D_{z}^{\lambda}f(z)=z+\frac{1}{6}z^{2} (-1\leqq\lambda<2)$ .

Then, it is easy to see that $F(z) \in \mathcal{K}(\frac{1}{2})$ .

For this $F(z)$ , we consider $g(\zeta)$ defined by (2.17). If we take $z= \frac{1}{2}$ for $g(\zeta)$ , we have that

(2.31) $g( \zeta)=\frac{\zeta(17\zeta+28)}{7(\zeta+2)^{2}} (\zeta\in \mathbb{U})$

and

(2.32) ${\rm Re}(1+ \frac{\zeta g"(\zeta)}{9(\zeta)})={\rm Re}(1-\frac{\zeta(10\zeta+11)}{(5\zeta+7)(\zeta+2)})$
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If we write that

$=1- \frac{280\cos^{2}\theta+379\cos\theta+97}{280\cos^{2}\theta+646\cos\theta+370}$ $(\zeta=e^{i\theta})$ .

(2.33) $H(t)= \frac{280t^{2}+379t+97}{280t^{2}+646t+370} (t=\cos\theta)$ ,

then

(2.34) $H’(t)= \frac{24(3115t^{2}+6370t+3232)}{(280t^{2}+646t+370)^{2}}.$

Since $H’(-1)<0,$ $H’(O)>0$ , and $H’(1)>0$ , there exists some $t_{0}$ such that $H’(t_{0})=0$ for
$-1<t_{0}<0$ . This gives us that

(2.35) ${\rm Max}_{-1\leqq t\leqq 1}H(t)={\rm Max} \{H(-1), H(1)\}=H(1)=\frac{7}{12}.$

It follows that

(2.36) ${\rm Re}(1+ \frac{\zeta_{9"}(\zeta)}{g’(\zeta)})>1-\frac{7}{12}=\frac{5}{12} (\zeta\in \mathbb{U})$ .

Therefore, we say that $F(z) \in \mathcal{K}(\frac{1}{2})$ , $g( \zeta)\in \mathcal{K}(\frac{5}{12})$ for $f(z) \in \mathcal{K}(\frac{2+2\lambda}{4+\lambda})$ .

If $\lambda=-\frac{2}{3}$ , then

$f( z)=z+\frac{2}{9}z^{2}\in \mathcal{K}(\frac{1}{5})$

maps $\mathbb{U}$ on to the convex domain of order $\frac{1}{5}.$

If $\lambda=\frac{3}{2}$ , then

$f(z)=z+ \frac{1}{24}z^{2}\in \mathcal{K}(\frac{10}{11})$ .

This function $f(z)$ maps $\mathbb{U}$ on to the convex domain of order $\frac{10}{11}.$

Example 2.2 say that there exists some function $f(z)\in \mathcal{K}(\alpha)$ such that $F(z)\in \mathcal{K}(\beta)$

and $9(\zeta)\in \mathcal{K}(\gamma)$ .

In view of Example 2.1 and Example 2.2, we introduce

Definition 2.4 Let $f(z)\in \mathcal{A},$ $F(z)=\Gamma(2-\lambda)z^{\lambda}D_{z}^{\lambda}f(z)$ $with-1\leqq\lambda<2$ and let $g(\zeta)$

be defined by $(2.17)$ for a fixed $z\in \mathbb{U}$ . Then we say that
(i) $f(z)\in S_{0}$ if $g(\zeta)$ is univalent in $\mathbb{U},$

(ii) $f(z)\in S_{0}^{*}(\alpha)$ if $g(\zeta)\in S^{*}(\alpha)$

and
(iii) $f(z)\in \mathcal{K}_{0}(\alpha)$ if $g(\zeta)\in \mathcal{K}(\alpha)$ .
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Also, we write that $S_{0}^{*}(0)\equiv S_{0}^{*}$ and $\mathcal{K}_{0}(0)\equiv \mathcal{K}_{0}$ when $\alpha=0.$

In order to discuss our classes $S_{0},$ $S_{0}^{*}(\alpha)$ and $\mathcal{K}_{0}(\alpha)$ , we need the following lemma due to
Robertson [12] (also see Duren [1]).

Lemma 2.1 If $f(z)\in \mathcal{S}^{*}(\alpha)$ , then

(2.37) $|a_{k}| \leqq\frac{\prod_{j=2}^{k\fbox{Error::0x0000}}(j-2 \alpha)}{(k-1)!} (k=2,3,4, \cdots)$

with the equality in (2.37) with $f(z)$ given by (1.5). If $f(z)\in \mathcal{K}(\alpha)$ , then

(2.38) $|a_{k}| \leqq\frac{\prod_{j=2}^{k}(j-2\alpha)}{k!} (k=2,3,4, \cdots)$

with the equality in (2.38) with $f(z)$ given by (1.6).

Lemma 2.2 If $g(\zeta)$ is defined by

(2.39) $g( \zeta)=\frac{(f\circ w)(\zeta)-f(z)}{(1-|z|^{2})f’(z)} (\zeta\in \mathbb{U})$

for a fixed $z\in \mathbb{U}$ for $f(z)\in \mathcal{A}$ , then

$\frac{d^{n}}{d_{(}\zeta^{n}}(f\circ w)(\zeta)$

(2.40)
$\overline{f^{l}(z)}$

$= \frac{n!(n-1)!(1+\overline{z}\zeta)^{2n}}{(1-|z|^{2})^{n-1}}(\sum_{j=0}^{n-1}\frac{g^{(n-j)}(\zeta)\overline{z}^{j}}{(n-j)!(n-j-1)!j!(1+\overline{z}\zeta)^{j}})$

for $n=1$ , 2, 3, $\cdots$ , where $u$) ( $\zeta$ ) is given by (1.7).

Taking $\zeta=0$ in Lemma 2.2, we have

Corollary 2.1 If $g(\zeta)$ is defined by (2.39) for $f(z)\in \mathcal{A}$ , then we have

(2.41) $| \frac{f^{(n)}(z)}{f’(z)}|\leqq\frac{n!(n-1)!}{(1-|z|^{2})^{n-1}}(\sum_{j=0}^{n-1}\frac{|g^{(n-j)}(0)||z|^{j}}{(n-j)!(n-j-1)!j!})$

for $z\in \mathbb{U}$ . Furthermore, we have

(2.42) $| \frac{f"(z)}{f’(z)}|\leqq\frac{|g"(0)|+2|g’(0)||z|}{1-|z|^{2}} (z\in \mathbb{U})$ .

Applying Corollary 2.1, we have
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Theorem 2.1 Let $F(z)$ be defined by (2.9) for $f(z)\in \mathcal{A}$ $with-1\leqq\lambda<2.$

(i) If $f(z)\in S_{0}$ , then

(2.43) $| \frac{F^{(n)}(z)}{F’(z)}|\leqq\frac{n!(n+|z|)}{(1-|z|)^{n-1}(1+|z|)} (n=1,2,3, \cdots)$

with the equality for $9(\zeta)$ given by

(2.44) $g( \zeta)=\frac{\zeta}{(1+e^{i\theta}\zeta)^{2}} (\theta\in \mathbb{R})$ .

(ii) If $f(z)\in S_{0}^{*}(\alpha)$ , then

(2.45) $| \frac{F^{(n)}(z)}{F’(z)}|\leqq\frac{n!(n-1)!}{(1-|z|^{2})^{n-1}}(\sum_{j=0}^{n-1}\frac{\prod_{k=2}^{n-j}(k-2\alpha)}{j!((n-j-1)!)^{2}}|z|^{j})$

with the equality for $g(\zeta)$ given by

(2.46) $g( \zeta)=\frac{\zeta}{(1+e^{i\theta}\zeta)^{2(1-\alpha)}} (\theta\in \mathbb{R})$ .

(iii) If $f(z)\in \mathcal{K}_{0}(\alpha)$ , then

(2.47) $| \frac{F^{(n)}(z)}{F’(z)}|\leqq\frac{n!(n-1)!}{(1-|z|^{2})^{n-1}}(\sum_{j=0}^{n-1}\frac{\prod_{k=2}^{n-j}(k-2\alpha)}{j!(n-j)!(n-j-1)!}|z|^{j}) (n=1,2,3, \cdots)$

with the equality for $9(\zeta)$ given by

(2.48) $g(\zeta)=\{\begin{array}{l}\frac{1-(1-\zeta)^{2\alpha-1}}{2\alpha-1} (\alpha\neq\frac{1}{2})-\log(1-\zeta) (\alpha=\frac{1}{2}) .\end{array}$

Letting $n=2$ in Theorem 2.1, we have

Corollary 2.2 Let $F(z)$ be defined by (2.9) for $f(z)\in \mathcal{A}u$)$ith-1\leqq\lambda<2.$

(i) If $f(z)\in S_{0}$ , then

(2.49) $| \frac{\lambda(\lambda-1)D_{z}^{\lambda}f(z)+2\lambda zD_{z}^{\lambda+1}f(z)+z^{2}D_{z}^{\lambda}f(z)}{z(\lambda D_{z}^{\lambda}f(z)+zD_{z}^{\lambda+1}f(z)}|\leqq\frac{2(2+|z|)}{1-|z|^{2}}$

for $z\in \mathbb{U}.$

(ii) If $f(z)\in S_{0}^{*}(\alpha)$ , then

(2.50) $| \frac{\lambda(\lambda-1)D_{z}^{\lambda}f(z)+2\lambda zD_{z}^{\lambda+1}f(z)+z^{2}D_{z}^{\lambda}f(z)}{z(\lambda D_{z}^{\lambda}f(z)+zD_{z}^{\lambda+1}f(z)}|\leqq\frac{2(2(1-\alpha)+|z|)}{1-|z|^{2}}$

for $z\in \mathbb{U}.$

(iii) If $f(z)\in \mathcal{K}_{0}(\alpha)$ , then

(2.51) $| \frac{\lambda(\lambda-1)D_{z}^{\lambda}f(z)+2\lambda zD_{z}^{\lambda+1}f(z)+z^{2}D_{z}^{\lambda}f(z)}{z(\lambda D_{z}^{\lambda}f(z)+zD_{z}^{\lambda+1}f(z)}|\leqq\frac{2(1-\alpha+|z|)}{1-|z|^{2}}$
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for $z\in \mathbb{U}.$

Taking $\lambda=0$ in Corollary 2.2, we have

Corollary 2.3 If $f(z)\in S_{0}$ , then

(2.52) $| \frac{f(z)}{f’(z)}|\leqq\frac{2(2+|z|)}{1-|z|^{2}} (z\in \mathbb{U})$ ,

if $f(z)\in S_{0}^{*}(\alpha)$ , then

(2.53) $| \frac{f(z)}{f’(z)}|\leqq\frac{2(2(1-\alpha)+|z|)}{1-|z|^{2}} (z\in \mathbb{U})$ ,

and if $f(z)\in \mathcal{K}_{0}(\alpha)_{i}$ then

(2.54) $| \frac{f(z)}{f’(z)}|\leqq\frac{2(1-\alpha+|z|)}{1-|z|^{2}} (z\in \mathbb{U})$ ,

3 Univalency of fractional calculus

Let $f(z)$ and $g(z)$ be analytic in $\mathbb{U}$ . Then $f(z)$ is said to be subordinate to $g(z)$ , written
$f(z)\prec 9(z)$ , if there exists a function $w(z)$ analytic in $\mathbb{U}$ with $w(O)=0$ and $|w(z)|<$

$1(z\in \mathbb{U})$ , and such that $f(z)=g(w(z))$ . Furthermore, if $g(z)$ is univalent in $\mathbb{U}$ , then the
subordination $f(z)\prec g(z)$ is equivalent to $f(O)=g(O)$ and $f(U)\subset 9(\mathbb{U})$ (cf. Miller and
Mocanu [6]).

To discuss the univalency of fractional calculus $F(z)$ given by (2.9), we need the following
lemma due to Miller and Mocanu [7] (or due to Jack [2]).

Lemma 3.1 Let the function $w(z)$ be analytic in $\mathbb{U}$ with $w(O)=$ O. If there exists a
point $z_{0}\in \mathbb{U}$ such that

(3.1) ${\rm Max}_{|z|\leqq|zo|}|w(z)|=|w(z_{0})|)$

then

(3.2) $\frac{z_{0}w’(z_{0})}{w(z_{0})}=k$

and

(3.3) ${\rm Re}(1+ \frac{z_{0}w"(z_{0})}{w’(z_{0})})\geqq k,$

where $k\geqq 1.$
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Now, we derive

Theorem 3.1 If $F(z)$ defined by (2.9) for $f(z)\in \mathcal{A}$ satisfies

(3.4) $|1+ \frac{1}{2}\frac{zF"(z)}{F(z)}-\frac{zF’(z)}{F(z)}|<\frac{2-\alpha}{4\alpha} (z\in \mathbb{U})$

for some real $\alpha$ which satisfies $2(\sqrt{2}-1)\leqq\alpha<1$ , then

(3.5) $\frac{z^{2}F’(z)}{F(z)^{2}}\prec\frac{1+(1-\alpha)z}{1-z} (z\in \mathbb{U})$ .

Next, we show

Theorem 3.2 If $F(z)$ defined by (2.9) for $f(z)\in \mathcal{A}$ satisfies

(3.6) $|1+ \frac{1}{2}\frac{zF"(z)}{F(z)}-\frac{zF’(z)}{F(z)}|<\frac{\alpha}{2(1+\alpha)} (z\in \mathbb{U})$

for some real $\alpha>0$ , then

(3.7) $| \frac{z^{2}F’(z)}{F(z)^{2}}-1|<\alpha (z\in \mathbb{U})$ .

Taking $\alpha=1$ in Theorem 3.2, we have

Corollary 3.1 If $F(z)$ defined by (2.9) for $f(z)\in \mathcal{A}$ satisfies

(3.8) $|1+ \frac{1}{2}\frac{zF"(z)}{F’(z)}-\frac{zF’(z)}{F(z)}|<\frac{1}{4} (z\in \mathbb{U})$ ,

then

(3.9) $| \frac{z^{2}F’(z)}{F(z)^{2}}-1|<1 (z\in \mathbb{U})$ .

Remark 3.1 In view of the result for univalency of analytic functions due to Ozaki
and Nunokawa [11], we see that $F(z)$ satisfying the inequality (3.9) is univalent in $\mathbb{U}.$

Example 3.1 Let us consider the function $f(z)$ given by

(3.10) $f(z)=D_{z}^{-\lambda}( \frac{z^{1-\lambda}}{\Gamma(2-\lambda)}e^{\frac{z}{2}}) (-1\leqq\lambda<2)$ .

Then we have that

(3.11) $F(z)=\Gamma(2-\lambda)z^{\lambda}D_{z}^{\lambda}f(z)=ze^{\frac{z}{2}},$
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(3.12) $\frac{zF’(z)}{F(z)}=1+\frac{1}{2}z,$

and

(3.13) $\frac{zF"(z)}{F(z)}=\frac{1}{2}z+\frac{z}{2+z}.$

Therefore, $F(z)$ satisfies

(3.14) $|1+ \frac{1}{2}\frac{zF"(z)}{F’(z)}-\frac{zF’(z)}{F(z)}|=\frac{1}{4}|\frac{z^{2}}{2+z}|<\frac{1}{4} (z\in \mathbb{U})$ .

For such a function $F(z)$ , we see that

(3.15) $| \frac{z^{2}F’(z)}{F(z)^{2}}-1|=|e^{-\frac{z}{2}}(1+\frac{1}{2}z)-1|\leqq c (z\in \mathbb{U})$ .

By using the computer, we know that $c<0.18<1$ . Indeed, the function $F(z)$ satisfying
(3.12) implies that

(3.16) ${\rm Re}( \frac{zF’(z)}{F(z)})>\frac{1}{2} (z\in \mathbb{U})$ .

This shows us that $F(z) \in S^{*}(\frac{1}{2})$ .
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