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Fractional calculus of analytic functions
concerned with Mobius transformations

Nicoleta Breaz, Daniel Breaz and Shigeyoshi Owa

1 Introduction

Let A denote the class of functions f(z) of the form

(1.1) f(z) =z—|—Za;cz’c
k=2

which are analytic in the open unit disk U= {z € C: |2| < 1}.
If f(2) € A satisfies

(1.2) Re <ZJ{(S)> >a  (z€D)

for some real @ (0 £ a < 1), then f(z) is said to be starlike of order o in U. We denote by
S*(a) the class of all starlike functions f(z) of order o in U and §*(0) = S*. Furthermore,
if f(2) € A satisfies

2f"(z ))

1.3 Re |1+ > o 2zelU

13) (1+L5 ev)
for some real a (0 £ a < 0), then we say that f(z) is convex of order a in U. We also denote
by K(a) the class of all such functions f(z) and K(0) = K. In view of definitions for the
classes $*(a) and K(«), we know that

(i) f(z) € K(a) if and only if zf'(2) € §*(a)
and

(ii) f(z) € 8*(a) if and only if / -f—(;)—dt € K(a).  Further, MacGregor [4] and Wilken
0
and Feng [14] have the sharp inclusion relation that (a) ¢ §*(f) for each a(0 £ a < 1)

with
1-2a 1
22(1-0) (1 — 220-1) (o # '2')
(1.4) 5=
1 1
2log?2 (@=73).

1
For a = 0, Marx [5] and Strohhécker [13] showed that X C S*(§). Also, by Robertson [12],

we know that the extremal function f(z) for the class $*(«) is

j=2ld —20)
(1.5) f(Z)=(————m—; +Z (kil)'



and the extremal function f(z) for the class K(a) is

)
R [T, — 20)
200 — 1 +Z k!

S (aty)
16 )=

—log(l—2) =2+ Z%
k=2

For f(z) € A, we apply the following Mobius transformation

\

z2+C
1+3¢

(L.7) w(¢) = (CeU)

for a fixed z € U. This Mdbius transformation w(¢) maps U onto itself and ¢ = 0 to
w(0) = z.

2 Fractional calculus

From among the various definitions for fractional calculus (that is, fractional derivatives
and fractional integrals) given in the literature, we have to recall here the following definitions
for fractional calculus which are used by Owa (8], [9] and by Owa and Srivastava [10].

Definition 2.1  The fractional integral of order X is defined, for f(z) € A, by

NI A (5,
21) 216 =5 | e

where X > 0 and the multiplicity of (z — ()*™! is removed by requiring log(z — ¢) to be real
when z — ( > 0.

Definition 2.2 The fractional derivative of order X is defined, for f(z) € A, by

(22) D)(2) = = (D3 1(2)
1A
-t ), e

where 0 £ A < 1 and the multiplicity of (z — ()™ is removed as in Definition 2.1 above.

Definition 2.3  Under the hypotheses of Definition 2.2, the fractional derivative of order
n+ A is defined by

dn

(2.3) DI f(2) = o

(D2f(2)

where 0 S A <1landn € Ny=0,1,2,---
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Remark 2.1 In view of definitions for the fractional calculus of f(z) € A, we see that

1 2! k!
2.4 D;* S — A 4 gRkTA
(2:4) A A TS R eI R R v e v
- 1 1, N k! k+A
TTe+N +§F(k+l+)\)akz (A>0),
1 2! k!
2.5 D} S L Sy e b ST k=X o ..
(2:5) JE =t Tteon® Tt thriow *
1 1-X = k! k—X <
- SO A<l
T2- N +;r(k+1—x)“’“z (0=4<1),
and
ar 1 = k!
2. DA = | - ,l=2 kA
(26) 2@ = am (r(z-)\)z +?L_;r(k+1—x)a’“z )
— 1 1-n—2X = k! k—n—X\
TTe-n-N" +k=221‘(k+1—n—>\)akz
for0 S A< 1andne N
Therefore, we can write that
n+A d A a
(27) DI f(2) = +— (DX(2)) = D (3 £(2)
and
A k-
(2.8) D) (z) = ( 2; T T
for any real number .
Using the fractional calculus (2.8), we define
2 KIT(2 - )
- A A k
(29)  F(2)=T(2 = A)2*D f(z +Zl‘k+1— axz® (A ER,X#£2).

If we take A = —1 in (2.9), then

“1-1 2 [* B = 2
F(2) =T(3)27'D; f(Z):;./o‘ f(t)dt—z-{—kz:;m b

implies the Libera integral operator defined by Libera [3]. Therefore, F'(z) given by (2.9) is
the generalization operator of Libera integral operator.

Let us give two examples for the fractional operator F'(z) defined in (2.9).



Example 2.1 Let us define f(z) by

(2.10) f(z)=2+ Zed  (-1£)1<2).

Then, we have that

(2.11) Re (zféij)) = Re (2 - +1Mz)
1+ Mecosh o= o),

1+ M? 3+ 2Mcosf

where M = —2—%—)\ > (. If we define
1+ Mt

. e —————aAS— = 9
(2.12) h(t) SV (t = cosb),
then

M(M+1)(M-1) 1

10 "(t) = M < 2).

(213) O =Gamrame <0 0<M=3)

This shows us that

(2.14) h(t) £ h(-1) = )

1-M
that is, that
zf'(z) 1 242\
(2.15) Re(f(z))>2_1—M_4+/\>O (z € U).
242X
Th *
erefore, f(z) € S (4+ 3
Let us define F(2) by
(2.16) F(z)=T(2—-N2*D}f(2) =z + %732 (-1<A<2).

1
Then, we see that F(z) € S* 3):
Next, let us consider the function g(¢) given by

_ Fow)(() — F(z)

for a fixed 2z € U, where w(() is given by (1.7). Then, it is easy to see that g({) € A. Taking
1
2= in (2.17), we have that

¢(11¢ + 16)

4(¢ +2)? (Cel)

(2.18) 9(¢) =
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and
Cg’(C)> ( ¢(11¢ + 10) )
2.19 Re| ~—==]=Re|l-—
(219) (%6 C+ (11 1 16)
1 704cos?6 + 848cosf + 149 (6 = &)
- 1408c0s26 + 3268cosf + 1885 S
Letting
2
(220) H(p) = 704" + 848t + 149 (t = cost),

~ 1408¢2 + 3268t + 1885
we obtain that

12(922412 + 186208t + 92629)
2.21 H'(t) =
(2.21) ®) (140812 + 3268t + 1885)?

This shows that H'(—1) < 0, H'(0) > 0, and H'(1) > 0. Therefore, there exists some t, such
that H'(ty) = 0 for —1 < tg < 0. It follows that

(2.22) Max_i<<y H(t) = Max{H(-1), H(1)} = H(1) = —2-7?

Thus, we say that
¢q'(¢) 72
(2.23) Re (_Q(O ) >1 5 =57 (¢ el).

Consequently, we say that F(z) € S* (%) ,9(¢) € &* (-Q—Q) for f(z) € S* (2 + 2)\> given

27 4+ A
by (2.10).
1
If A= —5 then

flz)=2z+ %zQ €S (%) :

2
The open unit disk U is mapped on the starlike domain of order =
If A L th
= —, then
3

f(z) =z + %zQ € s (%) |

Thus, f(2) maps U on to the starlike domain of order 1—83

Example 2.1 means that there is some function f(z) € 8*(a) such that F(z) € S*(8)
and g(() € 5*(1).
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Next, we consider

Example 2.2 Let a function f(z) be given by

12

(2.24) f2)=z+ Z2ed  (-12)<2).

Then, we have that

")\ _ oo 1
(2.25) Re (1 + 702) ) = Re (2 T 2Mz)
_ 9 1+ 2Mcosf (2 = &),

1+ 4M? + 4Mcost
2—A
where M = 5 > 0. Defining h(t) by

1+42Mt

= cosf
14 4M?2 + 4Mt (¢ = cost),

(2.26) h(t) =

we have that

2M(2M +1)(2M —1)
(14 4M? + 4Mt)?

(2.27) W(t) = <0 (0<Ms ;i—)

which shows us that

1
2.2 < h(—1) = ]
(2.28) (o) S A(-1) = T
Thus, we obtain that
zf"(z) 1 242
2 —— - = U).
(2.29) Re(1+ f’(z))>2 YV 4_‘_)\>O (z e U)

This gives us that f(z) € K ( T

For such f(z), we define

2+2>\>

2 (-1<x<2).

(2.30) F(2) =T(2-XN2*D} f(2) =z + _é.

Then, it is easy to see that F'(z) € K (%)
1
For this F'(z), we consider g({) defined by (2.17). If we take z = 5 for g(¢), we have that

C(17¢ +28)

ez CEU

(2.31) 9(¢) =

and

GON o (o C(10¢+11)
(232) Re(” gf(@))‘m’(l <5<+7><<+2>)
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_1 280cos?d + 379cosf + 97 (€ = &)
~ 280cos2 + 646cosd + 370 R

If we write that

280t% + 379t + 97

239 )= sgowvoast+30 070
then

24(3115¢? t + 32
(2.34) H(t) = (3115t2 + 6370t + 3232)

(2802 + 646t + 370)2

Since H'(—1) < 0, H'(0) > 0, and H'(1) > 0, there exists some ty such that H'(ty) = 0 for
—1 <ty < 0. This gives us that
7

(2.35) Max_s<eg1 H(t) = Max{H(-1), H(1)} = H(1) = —.

It follows that

(2.36) Re<1+£g5-’,%(<—<)—)>>1--1-7§=-1% (¢ € 1).

Therefore, we say that F'(z) € K (%) ,9(¢) €K (%) for f(z) e K (2 + 2)‘>_

44 X
If/\~—2 then
=-3

f(z) =z+§z2 ex <%>

1
maps U on to the convex domain of order 3

3
If = 5 then

f(z)=z+%zzelC(1—?).

10
This function f(z) maps U on to the convex domain of order o
Example 2.2 say that there exists some function f(z) € K(a) such that F(z) € K(f)

and g(¢) € K().

In view of Example 2.1 and Example 2.2, we introduce

Definition 2.4 Let f(z) € A, F(2) = T'(2 — \)2*D) f(2) with =1 £ X < 2 and let g(¢)
be defined by (2.17) for a fixed z € U. Then we say that
(i) f(z) €Sy if g(¢) is univalent in U,
(1) 112) € 55(@) (0 € '(e)
an

(i) f(z) € Kola) if 9(¢) € K(a).
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Also, we write that S§(0) = & and Ko(0) = Ky when o = 0.

In order to discuss our classes Sy, S§(@) and Ko(a), we need the following lemma due to
Robertson [12] (also see Duren [1]).

Lemma 2.1 If f(z) € S*(a), then

Hf=2 (J - 2a)

(237) o] < =y

(k=2,3,4,--+)

with the equality in (2.87) with f(z) given by (1.5). If f(2) € K(a), then

H?:z (J — 20)
k!

with the equality in (2.38) with f(z) given by (1.6).

(2.38) |ax| < (k=2,3,4,)

Lemma 2.2 If g(¢) is defined by

_ (fow)(Q) - f(2)
(2.39) 9(¢) = T 070 (Cel)
for a fized z € U for f(z) € A, then
L (Fow)(©)
(2.40) _c_i_(_?_/(;j_____
_ =11 +70)™ ([ (9%
(1— [z (J};g (n—5)in -7 —1ll1 +EC)J')

forn=1,2,3,---, where w({) is given by (1.7).
Taking ¢ = 0 in Lemma 2.2, we have

Corollary 2.1 If g(¢) is defined by (2.39) for f(z) € A, then we have

n!(n —1)! Z g™ 2(0)]|2]7
- (1- Izlz)” ! (n—)n—j - D!
for z € U. Furthermore, we have

fll( )
f'(2)

f(n) (z)
f'(z)

(2.41)

@I+ 2O, oy,

(2.42) R

Applying Corollary 2.1, we have
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Theorem 2.1 Let F(z) be defined by (2.9) for f(z) € A with -1 £ X < 2.
(i) If f(z) € Sy, then

F(M(2) nl(n + |2|) B
(2:49) FQ) | = TRy bR
with the equality for g(¢) given by
(249 00 = (0€R)

(i) If f(z) € S§(a), then

}F(")(z)
F'(z)

(n—1)! n;k 2a) |
= 31(2 (e ')

with the equality for g(¢) given by

(2.45)

(2.46) g@):zt;ﬁ%qtg (8 € R).

(i1i) If f(z) € Ko(a), then
F® n—-1)! [ "Ik —2 .
(2) < (1”_(7742)3_1 (zoj o k= )‘((n Ja) 3 |Zl]> (n=1,2,3,--)

F'(z)
with the equality for g(¢) given by

(2.47) ’

e 1
200 —1 (a 7 -2_>

(2.48) 9(¢) =
~log(1-¢)  (a=3).

Letting n = 2 in Theorem 2.1, we have

Corollary 2.2 Let F(z) be defined by (2.9) for f(z) € A with -1 < ) < 2.
(1) If f(z) € So, then

AA = 1)D3f(2) + 22D+ f(2) + 22D f(2) | . 2(2 + |2])

(249) 2D () F 2D (2) =TThp

for z € U.

(it) If f(z) € S§(a), then

A = DDA(2) + 22DX £(2) + 2DA(2)
i z(AD} f(z) + 2D} f(2)

<2020 —a)+ 7))
N 1— |22

(2.50)
forz € U.
(iis) If f(z) € Ko(a), then

' A = 1)D2f(2) + 202DX1f(2) + 22D f(2)
2(AD2f(2) + 2D} f(z)

< 21— a+|z|)
- 122

(2.51)



for z € U.

Taking A = 0 in Corollary 2.2, we have
Corollary 2.3 If f(z) € S, then

f(2) | - 22+ |20)

(2.52) | ST CED

if £(2) € S3(), then

(2.53) };(é)) < 2(2(11—_72; |2]) (2 €U),
and if f(2) € Ko(), then

(2.54) [l Moetl) (e,

3 Univalency of fractional calculus

Let f(z) and g(z) be analytic in U. Then f(z) is said to be subordinate to g(z), written
f(2) < g(2), if there exists a function w(z) analytic in U with w(0) = 0 and |w(z2)| <
1(z € U), and such that f(z) = g(w(z)). Furthermore, if g(z) is univalent in U, then the
subordination f(z) < g(2) is equivalent to f(0) = ¢(0) and f(U) C g(U) (cf. Miller and

Mocanu [6]).

To discuss the univalency of fractional calculus F(z) given by (2.9), we need the following

lemma due to Miller and Mocanu [7] (or due to Jack [2]).

Lemma 3.1 Let the function w(z) be analytic in U with w(0) = 0. If there exists a

point 29 € U such that

(3.1) Maxy, <. [w(2)] = [w(20)],
then
(32 S
and
2w (20)
(3.3) Re (1 + W (z0) ) 2k,

where k = 1.

59



Now, we derive

Theorem 3.1 If F(z) defined by (2.9) for f(z) € A satisfies

(3.4) 1+1zF”(z) 2F'(2) <2—a

2 F'(z)  F(2) 4o
for some real o which satisfies 2(\/5 -1y S a<l, then

22F'(z) 1+(1-a)z
F(z)? D

(3.5)

Next, we show

(z €

(z €U)

U).

Theorem 3.2 If F(z) defined by (2.9) for f(z) € A satisfies

12F"(z)  2F'(z) a

(z € )

(3.6) ]1 t3 F'(z) F(z) 2(1+a)
for some real o > 0, then

2F1
(3.7) ZF(z(;) ~ll<a (z€U).

Taking & = 1 in Theorem 3.2, we have

Corollary 3.1 If F(z) defined by (2.9) for f(z) € A satisfies

(3.8) 11 + %ij(g) - Zﬁ(g) < 211 (z € U),
then
(3.9) %;L;l—l <1l (z€l).

60

Remark 3.1 In view of the result for univalency of analytic functions due to Ozaki

and Nunokawa [11], we see that F'(z) satisfying the inequality (3.9) is univalent in U.

Example 3.1 Let us consider the function f(z) given by

Zl_'\

(3.10) f(z)=D;* (1“(2 — /\)e%) (-1=£A1<2).

Then we have that

(3.11) F(z) =T(2=N2*D} f(z) = ze3,
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12 =14~
and
2F"(z) 1 z
(3.13) Fle) 27 tayz
Therefore, F'(z) satisfies
12F"(z) =2F'(z)| 1] 2 1
(314) ‘1-{-—2' F'(Z) — F(Z) —Z 5T > < 1 (ZEU).

For such a function F(z), we see that

2F'(2)

(3.15) o

e % (1+%z>~1i§c (z € U).

_1!2

By using the computer, we know that ¢ < 0.18 < 1. Indeed, the function F(z) satisfying
(3.12) implies that

, z2F'(z) 1
(3.16) Re( e ) >3 (zeD).
This shows us that F'(z) € S* (-;—)
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