AEH>C %R Coq DEHREZ 5

KH] G
(AR A

=5

& O — R BT Pierce 13 TH % 7 F A I+ Software
Foundations % FHUC, FL YR Coq DEH AiLZ 22 AT, G
R AT Lk, R OREH OGS, FEIIC RGN R W
WOWERNMTZABY T b2 7DT L Ths. FIHGFERY
T A IAEMINE AR RERAWTY 7 by o7 EREEAR
THEHORBRZHED TV L. RFTIE, 3 DOREIABIZ
T Coq DRBEMEIATFILEZTIAT . diEld, (atbterd) DJE
B, B BIVAVOFERIO—fH], 005 n TO 2 FOMINC
BT8R0 3DTH%. (atbtetd) DEBNICEL T, X7
7«4 7 A & LT intros, rewrite, reflexivity WHW SN TV S, K-
TIVAH > DIERID—HE, bool ICEHT % i T destruct &5
BEnIDidDR T4 7 AN 3 EHNENTNWS. ZLT
05 n XTO 2 FTORINCEHT 201, HCAMNEZ H
WBTe&DR YT+ 27 X induction Z{#i > 7z1%, rewrite & assert
ZHONTEZMA ST L TIHEHEN TV S, HEMNIC Coq 13 i
HHICETD, FEAZERYT 2 DIERIC# L WY, aXy
FEANBZRNETHS.
BEEFEA)  Coq, fmH, FAFHH, rewrite, destruct, bool, induction,

assert

FFid

FAlE Coq V' EMHIN BB AT LE, TFAREL
T Software Foundations ® ZFIH LT, I a1—%& FlcBW
TR 5 222 A TE.

Coq &7 TV RICT, 7T AENIEHRY B il w7t
i (INRIA) 1T &> THFIEENIGEHZRS AT LTH .
Gallina & FHEN 5 SREZ WV THEES & Coq & DA D
WoOzird T eic kD, BUAPNERKTREHZR®R L T,
FEINCIE ZNENM SO OMREZ R T 2 77 4 7 A LRI
5LDZHNS. Coq ZiE#IdT 5 L, X 1 DHEAFRRENS.
PAEF T EEICEA LTV L. FNz e BN B B RHIZ i
T LT, CoqhiiAriAH, £ LEBICEEDEHEENER REN
5. Flz, HiPEBICIE, FEIHRE TR, ERINIEBEDNFRRE
Nzgh, THLEZHMRLUZBEOMENIREINS.

1
SELR 1 S
Va, b, ¢, d € nat,

(a+b+c+d)*= a’+ b’+ c’+ d*+ 2ab + 2ac + 2ad + 2bc +
2bd + 2da.

File Edit View Navigation Try Tactics Templates Queries Compile Windows Help
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27717 A

intros (1 [8]), 45 M & rewrite (27 [1]), 45 n & Z4f5 €M
rewrite (5 [A]), /2 [6) & ZEEEER] rewrite (3 [A]), reflexivity (1 [A])

nat £&, 0 ZZLEHRMDESRT, Coq TlE, nat lEXD X
INCERINTWV 2.

Inductive nat : Type :=

| O : nat

| S : nat -> nat.

DFE D, HAREE TEHRBOMWEEL, ERIEOEHARKa
DHBEESabFTHARKTDHS ] LWVIERMDEEINTVS.
FEFICET &, ODY0, SOMD L, S(SO)H 2, S(S(SO) N
REREREE L SOEMNZDMEETRS.

intros (&, ZENCIREZR, TN E andEh S WIHIFRTE
LTCay 77 AN EMHINZ TS TRE S .

rewrite (&5 X CICFEADE T LTW5, &2 & Coqg ND
ATV HOEMRUHEZHNS L TmEzrEEiii b
TZDICHWENE R T T4 VA THS. rewrite I&, HEHZ
JiaR CEBOIEEDEEE VD 2 DOBMANSZNZEN 2 E
D, DEDRCTAEDICHTZTEMARETH S, rewrite
DERICIE > HEVIE < DWVTNHODOKAZEIET 2. ek
DED, rewrite L IZEHEH NS L TEEHAZITH. Hi
2, BH2EHm=nICBHLTAHRERKANZHVS &, HT,
AEFNCH D fHA TV S aEICZ E NS m D5 72 n I FH X
A%, RHLUT, EHERANZHOCTCGEHH TS EimEPD n D
W mIiIcEEWR S, £z, rewrite ZH T 50, #HE
H5EHEAICBIZEHNOTNCHY T 20EET ST &8
AHETH 5.

reflexivity (FMANF LN EZICHNWS. TTTWVWHETAH
DFELVEIE, ERITHh>TEIRICHED &, TR —
HIBHLNHTLTHS.

AamlE, XN 4 DDOLEFICBT % 2 OB/ TH S, #)
M _FOREATIE, BZTITS T & TREHTZ %A%, Coq LTI,
REANCHE D E N LIz Db, REGERNC X - CEbvlz iz
WKIiUBZ 2T EMEIND.

A 2

BEER 2 B
Va,b,c,d€E€bool, lamDbMDchDdl Thl=
la TRV £z To THV
Flld e TRV F7id Td Thrv.
R 7717 A

intros (1 [A]), destruct (3 [A]), reflexivity (4 [A])

bool &1, true & false ZHZE L LTEDERD T & T Coq
TR TFOXIITERETINS.

Inductive bool : Type :=

| true : bool

| false : bool.

ThuE, DED bool i ltrue) & [Mfalse] D2EENSEB L
WHTETHS.

destruct L IIIGER I ZITOTDDR I T4 VA THS.

Coq BV THE DT ZITH £ &, destruct EWVH & D%
NS, n&W0s HABICE U T 2 L7zERIE, To
DG & SO BRDERE S i DG D2 I
BN ENS. bool I L THED T ZITS &, true DIGE
& Tfalse DIE | D2 @EYICHIFENS.

AR, F-B)VH Y OERORFEEETH P, T,

a, b, ¢, dD4DICHLTZENTNLED I EITS T & T
REND. 1 EIIINSIKELUTHEATIZITS &, 20D 43,
DED 16 @D ICDNTERERR XS AWV, 2T, [HhD]
(andbd) & TE7zid] (orbd) DMWEICDWTERDZ L, [HhD]
(andb4) ICDWTIE, &B58ZHTINHHINTNE, false HMF
ELRI TR D EDEEST S, —F [E£7z1d] (orb4) ICBH
LT, E3518Znih 5T NE, true BMEE LIZRST
KO EDEET S, HE>C,a,b, ¢, dIZDWVT, HIDSE R TV
T false DME(E LTS T Ok iEd 5. FT T, a, b,
DWW TNEFRICEH G 21T, Ta, b, ¢ B true DA, Ta,
b A true, ¢ D false DIFE 1, [a D true, b D false DFHE L, la
M false DI D 4D ICDOVTEET BT TIET 5 T
LT L.

B

7 3
SEHR 3 B

n
Vvn € N, 6><Zk2=n(n+1)(2n+1).
k=0

N

27T 17X

intros (1 [B1), induction (1 [E1), #7[AE rewrite (26 1), /&
A & rewrite (7 [A), 4700 & Z IR E W rewrite (7 [A1), FElA)
= BUE € B rewrite (5 9] ), assert (6 [7]), simpl (2 [A]),
reflexivity (8 [A]) (assert N TDR T ¢ 7 A%z 3ET8)

induction & FBANINEZITI TeDDE T T 4+ 7 ATH
5. RamEDYE, HRE n I U THEENRNLZ1T> T
5. ARBICOWTHE AL ZTT S &, B0 IR R,
foDyE] & MLhDERBOEESi DRG] D2iED
Wiz, TTTRELERZDOIFWEDRE (H) &
HWB T EMARETH B VS HTHS. Hi ZHWBHEIC
& rewrite Z f%.

assert & 1%, PO FI W T X2 BIRREA U TAGEIC
TWHEE57-DICMERKET 220 T4 VA TH5S. fildl i
FOMOMHETIIMES T MW TET, FLEZHLZOMD Tk
WETEHT 2 T M TERVD, HIINTFRICH NS T L]
HETH 5.

simpl &%, EZITH> THUZFIRE I EVWHIERTH 5.
B ZX, F1 (plus, +) IZDWVWTEZTHELD. Ml (plus, +) 1,
Coq ILBVWTLUFD XS ICEHRDITETNTNS.

Fixpoint plus (n : nat) (m : nat) : nat :=
match n with
[O=>m
| Sn"=>S (plus n’ m)

end.

DED, n+micDWVTn=0%4%5FEZDROEIZm THO,
n=Sn (0 D% %51X, TOEREOLfEIES (n+m) (0 &m
DRID#%E) THZENITLTHS. i>T, nHOTHD
n, MSHOERBOBETHZMTE>T, HIDFESED
B> TLB5DTH5. >T, 1 +nldsimpl ZNSE, S
nEEEENZM,n+11ESnLIIEFEEINT, ZOEETH 5.
n+ 1M SnIcHFLNT LRI edicid, THOsdhiEH]ZH
WTM D simpl 2179 1, TEEANRNEZTTS 1 OVvdnho
Fir L 208ENH 5. £z, v 1 P THH L7z reflexivity
&, simpl 2175 LWHAMNAE L 55  L 2R TE 20T«
JRAESVHZ BT ENTES. LIENST, 1+n=Snlc
reflexivity (ZEHFTEETH BH, n+ 1 =8 nllid reflexivity (Zi
HTAZENTERVDTHS.
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I

FROAETHWSNIEBIC DWW TR T 5.

@ @ 1 T 1F, square development, Plus.plus comm, Plus.
plus_assoc, Mult.mult plus distr 1, Mult.mult plus distr r O 5
FHEDEM 2 HW .

* square_development

HAE m, nlcDWVC,

(m + n)? =m?+ 2mn + n?
THBHzTEITEEHTHS. 2RI HHBMDERTHS
M2=nxnl ZHOTAZLELIDOS, SEIEH], B
R, R OHOREETEZ O TR L T0 5.

* Plus.plus_comm
HE m, nicDWVTC,
n+m=m-+n
TH2T ez TRTBZEMTHS. + DEXIZ, TOHICHS
ARTYRIRNELANES THODNTEHEAR T ENTERET N
TWBDT, nllDWTEEENEWLEZTT> TG 5. it
nt0=n LW EMNT S (ntm)=n+(S m) &\ 5 EHD —D=xH
W, WidzR CROBICEIET 5.
* Plus.plus_assoc
HRE m, n, plcDOWVT,
n+(m+p)=n+(m+p)
ThHdT zFikdT 2EMTHS. Plus.plus comm [AkE, FD
FE T+ DERICHZZVDT n IS DV THFANIRMNILE
15T L CREHTE 5.
* Mult.mult_plus_distr_I

Bk, m, nlcDWVT,

kX (m+n)=kxXxm+kxn
THBZTETZHEMTHD. xXIE+ AL, HETOH
DFAXRT Y EPELEDNZE D TIEONCE > TEREINTWVS T
B, KIZDWTHENRNEZITS . 72lEL, XOERIHE->
el TR B KR & e LEDNAF IR 2 DT, FDAH
AR CHEERZ V5 05085 % .

* Mult.mult_plus_distr_r

HIE k, m, nlcDWVT,

(m+n)xk=mxk+nxk
ThHbHTeZTETZEHTHS. FONRERKRT, FOR
HER 2 N CREHT 2 5.

i 2 T, VTR,

@ 3} T U, Sum_square Sn, Plus.plus_comm, Plus.plus_
assoc, Mult.mult 1 1, Mult.mult 1 r, Mult.mult comm, Mult.
mult_assoc, Mult.mult plus distr 1, Mult.mult plus distr r @D 9
FEDEHZ Wz,

* Sum_square_Sn

HAE n Ic DV,
Sn n
D=+ (sm)?
k=0 k=0

ThHsT brTRIZTEHTDHS. TREDTEELN SAIHENS.
* Mult.mult 1 1
BB n 12DV,

1Xn=n
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THsTZFRTHEHTHS. xDEXRMNHIFHENS.
* Multmult_1 r

HAE n 1DV,

nxXx1l=n

THBHTLZFIRTZEMTHS. FOEHLEEYD, COFX
T X DEHEMEZZVDT, n S DWTHEENIRREZ v
TREHS %.
* Mult.mult_comm

HAB(m, nlcDNT,

nxXm=mxXn

THRHTLZFIRTZEHTHS. xDERF, TORICHS
FXRTYRBELADNZ S THEODNTHERTFEINTEERI N
TWBDT, nlDWTEENIRNLZ1T> TS 5. 7
Mult.mult_1_r fz U n+(S m)=n+nxm & 9 EFLD D& HNT,
WAz F CROBICER T 5.
* Mult.mult assoc

EH#En, m, plcDWVT,

nxX (mxp)=(nxm)Xp

THsT exIRET2EMMTH 2. Multmult comm [AEE, %
DEX TR XDERICHAZVDT, nl DN THENIRIAL
ZHVS. BEGbE 5@, HBliklzHN5.

ZR

Coq TOREIIC BV TIE, i T O TIdi@H Alig S 1
%, KBOME - RS ORI 2 « BOSHEER - #E5TE
AR 2 IV TE—, Rl d 52 eNEEND. 2O
TEMB, Coq LTAHAZITAIRE, MM EIZHETH, #
I ECTOREHNCELN, JENMTERD DD, L D BRI

B ENAREE BN, Kz, CoqllIBUWTDREH
DIEMEE EHAAL T T LIc K> THHIT 5 T EWHPKS D,
KI5 DFREINCIE, FERDORRHITOBNIIRENTE ST,
FEFHONAIIERIC B LN 2. 22T, GEHAICETE O A
VAT BIEICKD, ZTOEEMIOHNTHZT{T> T
WBDWHIRS B BENHBHLEZSNS.

I

AFSLRVEN T BICHTzD, 2L DTREZE - Iz KT EiE
Bz, MEGEEE, YWRHEKESRICEHE L EES. £
A O — A% - HEO— R TEL O TERE [HN T Lt
WROERICEINZLET. TORE, ELCAS EWVWI T D
Bk 52 T BE S TEREREDHED T <, F12 { OHEg
72 L CWIZT2W Tz ELCAS iR D5 < I Wz LR 7

BE 3K

1. INRIA. Coq, <https://coq.inria.fr/>, [accessed 07 Sep. 2015].
(1989 onwards).

2. Pierce, B. C., C. Casinghino, M. Greenberg, V. Sjoberg & B.
Yorgey. Software Foundations ver. 3.2, <http://www.cis.upenn.
edu/~bepierce/sf/current/index.html>, [accessed 07 Sep. 2015].
(2015).



Learning the Basics of the Proof
Management System Coq

Masaya OHMACHI

Nigawa Gakuin High School

Abstract

I learnt how to use the formal proof management system, Coq, by
using the textbook entitled “Software Foundations” by Pierce ef al. A
proof management system is a piece of computer software that allows
users to write down mathematical propositions and proofs, and is able
to mechanically check if proofs are correct. Users develop a proof by
using commands called “tactics.” In this report, I explain the basic

use of Coq with three example proofs. The three statements include
the development of (a+b+c+d)?, an instance of De Morgan’s laws, and
the formula of the summation of squares of natural numbers from 0
to n. In the development of (a+b+c+d)? tactics called “rewrite,” “in-
tros,” and “reflexivity” are used. In the instance of De Morgan’s laws,
which concern Boolean algebra, a tactic called “destruct,” by which
users perform case analysis in Coq, is used three times. The formula
of the summation of squares is proven by making use of “rewrite” and
“assert” after using the tactic of induction for mathematical induction.
Although Coq is very rigorous, users should insert comments into their
proofs because it is very difficult for other people to understand proofs
written in Coq.

Key words: Coq, Propositions, Proof, Rewrite, Destruct, Bool, Induc-
tion, Assert

Correspondence Researcher:
Igarashi, A. (igarashi@kuis.kyoto-u.ac.jp)
Graduate School of Informatics, Kyoto University

SELRL 1 i 1 DFE

Theorem square a b ¢ d: forall (a b ¢ d:nat),

square (atb+ctd)=(square a)+(square b)+(square c)+(square d)+2*a*
b+2*a*c+2*a*d+2*b*c+2¥b*d+2*c*d.

Proof.

intros ab cd.

(* WA DF-T5 %2 b 9 % *)

rewrite->square _development.

rewrite->square_development.

rewrite->square_development.

(AR, WADEZHIA % *)

rewrite->(Plus.plus_comm (square a+2 *a * b+ squareb+2 * (a+b)
* ¢+ square ¢ +2 * (a + b+ ¢) * d) (square d)).
rewrite->Plus.plus_assoc.

rewrite->Plus.plus_assoc.

rewrite->(Plus.plus_comm (square d + (square a + 2 * a * b + square
b+ 2 *(a+Db) * c)) (square c)).

rewrite->Plus.plus_assoc.

rewrite->Plus.plus_assoc.

rewrite->Plus.plus_assoc.

rewrite->(Plus.plus_comm (square c+square d + (square a+2 *a*b) )
(square b)).

rewrite->Plus.plus_assoc.

rewrite->Plus.plus_assoc.

rewrite->(Plus.plus_comm (square b + (square ¢ + square d)) (square
a)).

rewrite->Plus.plus_assoc.

rewrite->Plus.plus_assoc.

rewrite<-(Mult.mult_assoc 2 (a+b) c).
rewrite->Mult.mult_plus_distr_r.

rewrite->Mult.mult_plus_distr_l.

rewrite->Plus.plus_assoc.

rewrite->Mult.mult_assoc.

rewrite->Mult.mult_assoc.
rewrite<-(Mult.mult_assoc 2 (atb+c) d).
rewrite->Mult.mult plus_distr .
rewrite->Mult.mult plus_distr r.
rewrite->Mult.mult_plus_distr_1.
rewrite->Plus.plus_assoc.
rewrite->Mult.mult_plus_distr_I.
rewrite->Plus.plus_assoc.
rewrite->Mult.mult_assoc.
rewrite->Mult.mult_assoc.
rewrite->Mult.mult_assoc.
rewrite<-(Plus.plus_assoc (square a + square b + square ¢ + square d
+2*a*b+2*a*c)(2*%b*c) (2*a*d)).
rewrite->(Plus.plus_comm (2*b*c) (2*a*d)).
rewrite->Plus.plus_assoc.

reflexivity.

Qed.

ZAEER 2: 6 2 DR

Theorem De_Morgan_law:forall (a b ¢ d: bool),

negb (andb4 a b ¢ d)=orb4 (negb a) (negb b) (negb c) (negb d).
Proof.

intros ab c d.

destruct a.

destruct b.

destruct c.

(*a, b, ¢ D true DIE *)
reflexivity.

(*a, b D true, ¢ ) false DIFH *)
reflexivity.

(*a Y true, b A false DIFE *)
reflexivity.

(*a D false DIGHE *)
reflexivity.

Qed.
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Theorem sum_square to n : forall (n:nat),
6 *(sum_square n) =n * (n+ 1)*(2*n + 1).
Proof.

intros n.

(n IS DWW TEEENIRINE 21T S %)
induction n as|i].

(kn =0 DA *)

reflexivity.

(Fn=i TRDILDEZE, n=i+1IDNT*)
FIEIFTEiI+1ITOM]E
rewrite->sum_square_Sn.

C* EHEDIREZMEZ B K5, 7ET 5 *)
rewrite->Mult.mult_plus_distr_I.
IR OIE R I B %)
rewrite->IHi.

*LUF, WADEZHIA % *)
rewrite->Mult.mult_assoc.
rewrite->(Mult.mult_comm (6*S 1) (S 1)).
rewrite->(Mult.mult comm i (i+1)).
rewrite->(Plus.plus_commi I).

(*assert H1 Bilf *)

assert(H1:1+i=S 1).

reflexivity.

(*assert H1 #& | %)

rewrite->H1.

rewrite<-(Mult.mult_assoc (S i) i (2*i+1)).

rewrite<-(Mult.mult plus_distr 1(S 1) (i*(2*i+1)) (6*S 1)).

rewrite->(Mult.mult_plus_distr 11 (2%i) 1).
rewrite->(Mult.mult_comm i (2*1)).
rewrite->Mult.mult 1 r.

(*assert H2 Bl *)

assert(H2:6*S i=6*i+6).
rewrite<-H]1.
rewrite->Mult.mult_plus_distr_l.
rewrite->Plus.plus_comm.
rewrite->Mult.mult 1 r.

reflexivity.

(*assert H2 #& 1" *)

rewrite->H2.
rewrite->Plus.plus_assoc.
rewrite<-(Plus.plus_assoc (2*1*1) i (6*1)).
(*assert H3 [ilf *)
assert(H3:i+6%i=1*i+6%1).
rewrite->Mult.mult 1 1.

reflexivity.

(*assert H3 #8°1 *)

rewrite->H3.
rewrite<-Mult.mult_plus_distr_r.
(*assert H4 Bilf *)

assert(H4:S i+1=i+2).
rewrite<-Plus.plus_comm.

simpl.

rewrite<-Plus.plus_comm.
reflexivity.

(*assert H4 #& [ *)

rewrite->H4.
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(*assert H5 BHUA *)

assert(H5:2*S i+1=2%i+3).
rewrite<-H1.

rewrite->Mult.mult plus_distr 1.
rewrite->Plus.plus_comm.
rewrite->Plus.plus_assoc.

simpl.

rewrite->Plus.plus 0 r.
rewrite->(Plus.plus_comm (i+i) 3).
reflexivity.

(*assert H5 #% 1 *)

rewrite->HS5.
rewrite<-(Mult.mult_assoc (S 1) (i+2) (2*i+3)).
(*assert H6 BHUA *)
assert(H6:(1+2)*(2*1+3)=2*i*i+7*i+6).
rewrite->Mult.mult comm.
rewrite->Mult.mult plus distr 1.
rewrite->Mult.mult plus_distr .
rewrite->Mult.mult plus_distr r.
rewrite->Plus.plus_assoc.
rewrite->(Mult.mult_comm (2*i) 2).
rewrite->Mult.mult_assoc.
rewrite<-(Plus.plus_assoc (2*i*1) (3*1) (2*2*1)).
rewrite<-Mult.mult plus distr r.
reflexivity.

(*assert H6 #& 1 *)

rewrite->Ho6.

reflexivity.

Qed.





