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In this paper, we give a simple and short proof of the uniqueness of generic representa-

tions in an L-packet for a quasi-split connected classical group over a non-archimedean

local field.

1 Introduction

Let G be a quasi-split connected reductive group defined over a non-archimedean local

field F of characteristic zero.We denote the center ofG by Z. AWhittaker datum forG is a

conjugacy class of pairs w = (B,μ), where B = TU is an F-rational Borel subgroup ofG, T

is amaximal F-torus,U is the unipotent radical of B, andμ is a generic character ofU(F).

Here, T(F) acts onU(F) by conjugation, andwe say that a characterμ ofU(F) is generic if

the stabilizer of μ in T(F) is equal to Z(F). Let Irr(G(F)) be the set of equivalence classes

of irreducible smooth representations of G(F). We say that π ∈ Irr(G(F)) is w-generic if

HomU(F)(π ,μ) �= 0.

The local Langlands conjecture predicts a canonical partition

Irr(G(F)) =
⊔

φ∈�(G)

�φ,
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2 H. Atobe

where �(G) is the set of L-parameters of G, which are Ĝ-conjugacy classes of admissible

homomorphisms

φ : WDF → LG

from the Weil–Deligne group WDF = WF × SL2(C) of F to the L-group LG = Ĝ � WF of G.

Here, WF is the Weil group of F and Ĝ is the Langlands dual group of G. The set �φ is

called the L-packet of φ. In addition, for a Whittaker datum w for G, there would exist a

bijection

ιw : �φ → Irr(Sφ),

which satisfies certain character identities (see e.g., [15, Section 2]). Here, Sφ =
π0(Cent(Im(φ), Ĝ)/Z(Ĝ)WF ) is the component group of φ, which is a finite group.

As a relationship of L-packets and w-generic representations, the following is

expected, and called the generic packet conjecture (or the tempered packet conjecture).

Desideratum 1.1. Let φ ∈ �(G).

(1) If φ is tempered (see Section 2.2 below), then �φ contains a w-generic

representation.

(2) If π ∈ �φ is w-generic, then ιw(π) is the trivial representation of Sφ. �

Desideratum 1.1 (1) is a conjecture of Shahidi [28, Conjecture 9.4]. Desideratum

1.1 (2) asserts that each �φ has at most one w-generic representation. Hence the tem-

pered w-generic representations should be canonically parameterized by the tempered

L-parameters.

When G = GLn, the local Langlands conjecture has been established by Harris–

Taylor [10], Henniart [13], and Scholze [26]. In this case, Desideratum 1.1 (1) follows from

a result of Zelevinsky [36, Theorem 9.7], and (2) is trivial since �φ is a singleton for any

φ ∈ �(GLn).

WhenG is a quasi-split classical group, that is,G is a symplectic, special orthog-

onal or unitary group, the local Langlands conjecture is known by the recent works of

Arthur [1] and Mok [23]. The L-packets are characterized by endoscopic character rela-

tions (ECR) [1, Theorem 2.2.1], [23, Theorem 3.2.1] and satisfy local intertwining relations

(LIRs) (Theorem 2.2 below). Also, Arthur and Mok proved Desideratum 1.1 (1) by using

a global argument [1, Proposition 8.3.2] and [23, Corollary 9.2.4]. Before these results,

Konno showed that ECR implies Desideratum 1.1 (1) when the residual characteristic
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Generic Representations in an L-Packet 3

of F is not two [17, Theorem 8.4]. Jiang and Soudry [14] showed a weaker version of

Desideratum 1.1 (2) for G = SO(2n + 1), which asserts that there is a unique canonical

bijection between the set of all equivalence classes of irreducible generic supercuspidal

representations of SO(2n + 1,F) and a suitable subset of �(SO(2n + 1)). Their method

is to prove the local converse theorem, which highly relies on the theory of the local

descent. Recently, Varma [30, Corollary 6.16] extended Konno’s method and established

both Desideratum 1.1 (1) and (2) by using ECR even when the residual characteristic of

F is equal to two.

Desideratum 1.1 is a special case of a more general conjecture on restriction

problems, the so-called local Gan–Gross–Prasad conjecture [9, Conjecture 17.3]. To state

this conjecture, one requires Vogan L-packets (the result of Kaletha et al. [16] and its

analogue for orthogonal groups together with results of Arthur [1] and Mok [23]). This

conjecture, at least for tempered L-parameters, has been proven byWaldspurger [32–35],

Beuzart-Plessis [3–5], Gan–Ichino [8], and the author [2]. In the proofs, one of the main

tools of Waldspurger and Beuzart-Plessis is ECR, and that of Gan–Ichino and the author

is LIR.

The purpose of this paper is to give another proof of Desideratum 1.1 (2) for

quasi-split classical groups. For our proof, the prerequisites are some properties of L-

packets containing LIR (Theorems 2.1 and 2.2 below). The proofs in the previous works

require additional inputs after assuming ECR, LIR (results in [1, 16, 23]) or the theory of

the local descent, whereas, surprisingly, our proof of Desideratum 1.1 (2) is a formal con-

sequence of LIR. The LIR is a relation between a normalized self-intertwining operator

on an induced representation and the local Langlands correspondence (Theorem 2.2). In

our proof, we use LIR together with Shahidi’s result (Theorem 3.2), which describes the

action of the intertwining operator on a canonical Whittaker functional on the induced

representation. Both of LIR and Shahidi’s result focus on induced representations, so

that they cannot be applied directly to discrete series representations. The idea of our

proof is as follows: For a given tempered w-generic representation π of G(F), take a

representation τ of GLk(E) with an extension E/F , and consider the induced representa-

tion IndG′(F)

P(F) (τ � π) of a bigger group G′(F) of the same type as G(F). Then we can apply

two statements to this induced representation. Taking several representations τ and

considering the associated induced representations of several bigger groups, we obtain

Desideratum 1.1 (2) for π .

Finally, we remark on the archimedean case. When F is an archimedean local

field, the local Langlands conjecture for any quasi-split connected reductive group has

been established by Langlands [21] himself. Desideratum 1.1 was proven by [18, 29, 31].
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4 H. Atobe

Notations

Let F be a non-archimedean local field of characteristic zero. For a finite extension E/F ,

we denote by WE and WDE = WE × SL2(C) the Weil and Weil–Deligne groups of E,

respectively. The normalized absolute value on E is denoted by | · |E .

2 Local Langlands correspondence for classical groups

The local Langlands correspondence (the local Langlands conjecture) for quasi-split

classical groups has been established by Arthur [1] andMok [23] under some assumption

on the stabilization of twisted trace formulas. For this assumption, see also two books

of Mœglin–Waldspurger [22]. In this section, we summarize some properties of the local

Langlands correspondence which are used in this paper.

2.1 Generic representations

Let G be a quasi-split (connected) classical group, that is, G is a unitary, symplectic, or

special orthogonal group. We denote by Z the center of G. A Whittaker datum for G is

a conjugacy class of pairs w = (B,μ), where B = TU is an F-rational Borel subgroup of

G and μ is a generic character of U(F). Here, T(F) acts on U(F) via the adjoint action

so that T(F) acts on the set of characters of U(F). We say that a character μ of U(F) is

generic if the stabilizer of μ in T(F) is equal to Z(F).

Let Irr(G(F)) be the set of equivalence classes of irreducible smooth represen-

tations of G(F), and Irrtemp(G(F)) be the subset of Irr(G(F)) consisting of classes of

irreducible tempered representations. For a Whittaker datum w = (B,μ) with B = TU ,

we say that π ∈ Irr(G(F)) is w-generic if

HomU(F)(π ,μ) �= 0.

2.2 L-parameters and component groups

Let G be a quasi-split (connected) classical group. If G is a unitary group, we denote by

E the splitting field of G, which is a quadratic extension of F . If G is a symplectic group

or a special orthogonal group, we set E = F . We denote by Ĝ the Langlands dual group

of G, and by LG = Ĝ�WF the L-group of G. An L-parameter ϕ of G is a Ĝ-conjugacy class

of an admissible homomorphism

ϕ : WDF → LG.
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Generic Representations in an L-Packet 5

When G is a symplectic or special orthogonal group, there is a standard representation
LG → GLN(C) for a suitable N (see [9, Section 7]). By composing an L-parameter ϕ with

this map, we obtain a self-dual representation φ of WDF = WDE . When G is a unitary

group, the dual group Ĝ is isomorphic to GLN(C) for some N , and the action of WF on Ĝ

factors through Gal(E/F). By composing the restriction of an L-parameter ϕ toWDE with

the projection map LG → Ĝ = GLN(C), we obtain a conjugate self-dual representation

φ of WDE . For more precisions, see [9, Sections 3 and 8]. We denote by �(G) the set of

equivalence classes of (conjugate) self-dual representations of WDE of suitable type and

determinant as in [9, Theorem 8.1]. Then ϕ �→ φ gives a surjective map

{L-parameters of G} → �(G),

which is bijective unless G = SO(2n) in which case, the cardinality of each fiber of this

map is one or two.

We say that φ ∈ �(G) is tempered if φ(WE) is bounded. We denote by �temp(G)

the subset of �(G) consisting of classes of tempered representations.

If φ ∈ �(G) is given by an L-parameter ϕ, we define the component group Sφ

of φ by

Sφ = π0(Cent(Im(ϕ), Ĝ)/Z(Ĝ)WF ).

Here, Z(Ĝ) is the center of Ĝ. Note that Sφ does not depend on the choice of ϕ, and Sφ is

isomorphic to (Z/2Z)r for some non-negative integer r. As in [9, Section 4], Sφ is described

explicitly as follows: We denote by Bφ the set of equivalence classes of representations

φ′ of WDE such that

• φ′ is contained in φ;

• φ′ is a multiplicity-free sum of irreducible (conjugate) self-dual representa-

tions of WDE of the same type as φ.

Also we put

B+
φ =

⎧⎨
⎩

Bφ if G = U(m) or G = SO(2n+ 1),

{φ′ ∈ Bφ | dim(φ′) ∈ 2Z} if G = Sp(2n) or G = SO(2n).

When φ0 is an irreducible representation of WDE , the multiplicity of φ0 in φ is denoted

by m(φ0;φ), that is,

m(φ0;φ) = dimHom(φ0,φ).
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6 H. Atobe

For φ1,φ2 ∈ Bφ, we write φ1 ∼ φ2 if

m(φ0;φ1) +m(φ0;φ2) ≡ m(φ0;φ) mod 2

for any irreducible (conjugate) self-dual representation φ0 of WDE of the same type as φ.

For a ∈ Sφ, choose a semisimple representative s ∈ Cent(Im(ϕ), Ĝ) of a. We regard s as

an automorphism on the space of φ, which commutes with the action of WDE . We denote

by φs=−1 the (−1)-eigenspace of s, which is a representation of WDE . We define φa ∈ B+
φ

so that

m(φ0;φ
a) ≡ m(φ0;φ

s=−1) mod 2

for any irreducible (conjugate) self-dual representation φ0 of WDE of the same type as φ.

Then the image of φa in B+
φ / ∼ does not depend on the choice of s, and the map

Sφ → B+
φ / ∼, a �→ φa

is bijective.

2.3 Local Langlands correspondence for classical groups

In this subsection, we introduce �(G), which is a quotient of Irr(G(F)), and state some

properties of the local Langlands correspondence which we need.

First, we consider an even special orthogonal group G = SO(2n). Choose ε ∈
O(2n,F)\SO(2n,F). For π ∈ Irr(SO(2n,F)), its conjugate πε is defined by πε(h) = π(ε−1hε)

for h ∈ SO(2n,F). We define an equivalence relation ∼ε on Irr(SO(2n,F)) by

π ∼ε πε

for π ∈ Irr(SO(2n,F)). In [1], Arthur has parameterized not Irr(SO(2n,F)) but

Irr(SO(2n,F))/ ∼ε. Note that π is tempered (respectively, w-generic) if and only if so

is πε.

We return to the general setting. Let G be a quasi-split (connected) classical

group. We define �(G) by

�(G) =
⎧⎨
⎩
Irr(G(F))/ ∼ε if G = SO(2n),

Irr(G(F)) otherwise.
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Generic Representations in an L-Packet 7

For π ∈ Irr(G(F)), we denote the image of π under the canonical map Irr(G(F)) → �(G)

by [π ]. We say that [π ] ∈ �(G) is w-generic (respectively, tempered) if so is any

representative π . Also, we put �temp(G) to be the image of Irrtemp(G(F)) in �(G).

Now we are ready to describe the local Langlands correspondence for G, which

has been established by Arthur [1] and Mok [23].

Theorem 2.1. Let G be a quasi-split (connected) classical group. We fix a Whittaker

datum w for G.

(1) There exists a canonical surjection (not depending on w)

�(G) → �(G).

For φ ∈ �(G), we denote by �φ the inverse image of φ under this map, and

call �φ the L-packet of φ.

(2) There exists a bijection (depending on w)

ιw : �φ → Ŝφ,

which satisfies certain character identities. Here, Ŝφ is the Pontryagin dual

of Sφ.

(3) We have

�temp(G) =
⊔

φ∈�temp(G)

�φ.

(4) Assume that φ = φτ ⊕ φ0 ⊕ cφ∨
τ , where

• φ0 is an element in�temp(G0)with a classical groupG0 of the same

type as G;

• φτ is a tempered representation of WDE of dimension k.

Here, cφτ is the Galois conjugate of φτ (see [9, Section 3]). Let τ be the irre-

ducible tempered representation of GLk(E) corresponding to φτ . Then for a

representative π0 of an element in �φ0 , the induced representation

IndG(F)

P(F) (τ ⊗ π0)

decomposes into a direct sum of irreducible tempered representations of

G(F), where P = MPUP is a parabolic subgroup of G with Levi subgroup
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8 H. Atobe

MP(F) = GLk(E) × G0(F). The L-packet �φ is given by

�φ = {[π ] | π ⊂ IndG(F)

P(F) (τ ⊗ π0), [π0] ∈ �φ0}.

Moreover, there is a canonical inclusion Sφ0 ↪→ Sφ. If π is a direct summand

of IndG(F)

P(F) (τ⊗π0) andw0 is theWhittaker datum forG0 given by the restriction

of w, then ιw([π ])|Sφ0 = ιw0([π0]).
(5) Assume that

φ = φ1| · |s1 ⊕ · · · ⊕ φr| · |sr ⊕ φ0 ⊕ cφ∨
r | · |−sr ⊕ · · · ⊕ cφ∨

1 | · |−s1 ,

where

• φ0 is an element in�temp(G0)with a classical groupG0 of the same

type as G;

• φi is a tempered representation of WDE of dimension ki for 1 ≤
i ≤ r;

• si is a real number such that s1 ≥ · · · ≥ sr > 0.

Let τi be the irreducible tempered representation of GLki(E) corresponding

to φi. Then the L-packet�φ consists of (the equivalence classes of) the unique

irreducible quotient π of the standard module

IndG(F)

P(F) (τ1|det |s1E ⊗ · · · ⊗ τr|det |srE ⊗ π0),

where π0 runs over (representatives of) elements in �φ0 . Here, P = MPUP

is a parabolic subgroup of G with Levi subgroup MP(F) = GLk1(E) × · · · ×
GLkr (E)×G0(F). Moreover, there is a canonical inclusion Sφ0 ↪→ Sφ, which is

in fact bijective. If π is the unique irreducible quotient of the above standard

module and w0 is the Whittaker datum for G0 given by the restriction of w,

then ιw([π ])|Sφ0 = ιw0([π0]). �

2.4 Local intertwining relations

The purpose of this paper is to give a simple and short proof of Desideratum 1.1 (2)

when G is a quasi-split classical group. To do this, we need one more technical result,

the so-called local intertwining relation (LIR). This is a relation between a normalized

self-intertwining operator and the local Langlands correspondence.

Let G be a quasi-split (connected) classical group and w = (B,μ) be a Whittaker

datum for G. We denote the unipotent radical of B by U . Fix a positive integer k, and put
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Generic Representations in an L-Packet 9

G′ = U(m+2k), Sp(2n+2k) or SO(m+2k) whenG = U(m), Sp(2n) or SO(m), respectively.

If G = Sp(2n) or G = SO(2n), we assume that k is even. Let w′ = (B′,μ′) be a Whittaker

datum for G′ such that B = B′ ∩ G and μ = μ′|U(F). We consider a maximal F-parabolic

subgroup P = MPUP ofG′ containing B′ such that the Levi subgroupMP of P is of the form

MP(F) ∼= GLk(E) × G(F). Here UP is the unipotent radical of P, so that UP is contained

in the unipotent radical U ′ of B′. We denote by δP the modulus character of P. Let π

(respectively, τ ) be an irreducible tempered representation of G(F) (respectively, GLk(E))

on a space Vπ (respectively, Vτ ). We consider the normalized induction

I0(τ � π) = IndG′(F)

P(F) (τ � π),

which consists of smooth functions f0 : G′(F) → Vτ ⊗ Vπ such that

f0(uagg
′) = δ

1
2
P (a)(τ (a) � π(g))f0(g

′)

for u ∈ UP(F), a ∈ GLk(E), g ∈ G(F) and g′ ∈ G′(F).

We denote by AP the split component of the center of MP and by W(MP) =
Norm(AP ,G′)/MP the relative Weyl group for MP . Note that W(MP) ∼= Z/2Z (unless G

is the split SO(2) and k = 1). Let w ∈ W(MP) be the unique non-trivial element which

induces an automorphism ofMP(F) ∼= GLk(E) ×G(F) whose restriction to G(F) is trivial.

Fixing a splitting ofG′ and a non-trivial additive character of F which give theWhittaker

datum w′, we obtain a representative w̃ ∈ G′(F) ofw as in [1, Section 2.3] and [23, Section

3.3].

Now suppose that w(τ � π) ∼= τ � π , where w(τ � π)(m) = (τ � π)(w̃−1mw̃)

for m ∈ MP(F). Then Arthur [1, Section 2.3] and Mok [23, Section 3.3] have defined a

normalized intertwining operator

Rw′(w, τ � π) : I0(τ � π) → I0(w(τ � π))

which depends on the Whittaker datum w′ for G′. Let τ̃ � π(w̃) : Vτ ⊗Vπ → Vτ ⊗Vπ be the

unique linear map satisfying

• τ̃ � π(w̃) ◦ (τ � π)(w̃−1mw̃) = (τ � π)(m) ◦ τ̃ � π(w̃);

• τ̃ � π(w̃) = τ̃ (w̃) ⊗ π̃(w̃), where π̃(w̃) : Vπ → Vπ is the identity map, and

τ̃ (w̃) : Vτ → Vτ is the unique linear map which preserves a Whittaker func-

tional on Vτ (with respect to the Whittaker datum for GLk(E) given by the

restriction of w′).
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10 H. Atobe

Note that τ is generic since τ is a tempered representation of GLk(E). Finally, we define

a normalized self-intertwining operator Rw′(w, τ̃ � π) : I0(τ � π) → I0(τ � π) by

Rw′(w, τ̃ � π) = τ̃ � π(w̃) ◦ Rw′(w, τ � π).

Suppose that [π ] ∈ �φ for φ ∈ �temp(G). Let φτ be the tempered representation of

WDE corresponding to τ . Note that cφ∨
τ

∼= φτ sincew(τ �π) ∼= τ �π so that τ is (conjugate)

self-dual. Put φ′ = φτ ⊕ φ ⊕ φτ ∈ �temp(G′). Let π ′ be an irreducible direct summand of

I0(τ ⊗ π). Then we have [π ′] ∈ �φ′ .

For the proof of Desideratum 1.1 (2), we use the following extra property, which

is due to Arthur [1] and Mok [23]. This property plays an important role in the proof of

the local Langlands correspondence (Theorem 2.1).

Theorem 2.2 (LIR). Let the notations be as above. Assume that φτ ∈ B+
φ′ , so that there

exists a unique element a ∈ Sφ′ such that φ′a = φτ in B+
φ′/ ∼. Then

Rw′(w, τ̃ � π)|π ′ = ιw′([π ′])(a) · id. �

The LIR immediately follows from Theorems 2.2.1, 2.2.4 in [1] when G = Sp(2n)

or G = SO(m) and Theorems 3.2.1, 3.4.3 in [23] when G = U(m). For the convenience of

the reader, we shall explain how these theorems imply Theorem 2.2.

Proof of Theorem 2.2. We prove only the case when G = SO(2n). The other cases are

similar.

Suppose that G = SO(2n). In this case, since φτ and φ are orthogonal represen-

tations, there are non-degenerated symmetric matrices A and B of size k and 2n such

that

tφτ (x)Aφτ (x) = A and tφ(x)Bφ(x) = B

for x ∈ WDF , respectively. We regard Ĝ′ = SO(2n+2k,C) as the special orthogonal group

with respect to the symmetric matrix diag(A,B,−A). The image of φ′ = φτ ⊕ φ ⊕ φτ is

contained in O(2n+ 2k,C). Let {e′
1, . . . , e

′
k, e1, . . . , e2n, e

′′
1, . . . , e

′′
k} be the canonical basis of

C2n+2k. Then M̂P is realized as the Levi subgroup of Ĝ′ stabilizing two isotropic subspaces

span{e′
i + e′′

i | i = 1, . . . ,k} and span{e′
i − e′′

i | i = 1, . . . ,k}.

The image of φ′ = φτ ⊕ φ ⊕ φτ stabilizes these two subspaces.
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Generic Representations in an L-Packet 11

Let u ∈ Ĝ′ be the element which acts on {e′
1, . . . , e

′
k, e1, . . . , e2n} by +1, and on

{e′′
1, . . . , e

′′
k} by −1. Then u ∈ Cent(Im(φ′), Ĝ′) ∩ Norm(M̂P , Ĝ′). Note that a ∈ Sφ′ and w ∈

W(MP) ∼= W(M̂P) are the images of u under the canonical maps Cent(Im(φ′), Ĝ′) → Sφ′

and Norm(M̂P , Ĝ′) → W(M̂P), respectively. We apply Theorems 2.2.1 (b) and 2.4.1 in [1]

to u. They state that

Trans(f ′)(φ′) =
∑

[π ′]∈�φ′
ιw′([π ′])(a) · tr(π ′(f ′)),

Trans(f ′)(φ′) =
∑

[π ]∈�φ

ιw(π̃)(ũ) · tr(Rw′(w, τ̃ � π)I0(τ ⊗ π)(f ′))

for any f ′ ∈ H̃(G′), respectively. Here,

• H̃(G′) is the subalgebra of the Hecke algebraH(G′) ofG′ consisting of Out(G′)-

invariant functions;

• Trans(f ′)(φ′) is the image of a “transfer” Trans(f ′) of f ′ to Cent(u, Ĝ′)◦ under

the stable linear form with respect to

φ′ : WDF → Cent(u, Ĝ′)◦ � WF

defined in [1, Theorem 2.2.1 (1)];

• ιw(π̃)(ũ) ∈ C× is a constant.

(In [1], ιw′([π ′])(a) and ιw(π̃)(ũ) are denoted by 〈x,π ′〉 and 〈ũ, π̃〉, respectively.) Hence we

obtain the character identity

∑
[π ′]∈�φ′

ιw′([π ′])(a) · tr(π ′(f ′)) =
∑

[π ]∈�φ

ιw(π̃)(ũ) · tr(Rw′(w, τ̃ � π)I0(τ ⊗ π)(f ′))

for any f ′ ∈ H̃(G′).

The constant ιw(π̃)(ũ) is defined as follows (see also [16, Section 2.4.1]): Put

Nφ′ = π0(Cent(Im(φ′), Ĝ′) ∩ Norm(M̂P , Ĝ′)/Z(Ĝ′)WF ).

Then Nφ′ contains Sφ (see also the diagram (2.4.3) in [1]). We set ũ ∈ Nφ′ to be the image of

u. Since k is even, for u′ ∈ Norm(M̂P , Ĝ′), the action of u′ on {e1, . . . , e2n} gives an element

u′
0 ∈ Ĝ. The map u′ �→ u′

0 induces a section

s′ : Nφ′ → Sφ.
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12 H. Atobe

We define the map ιw(π̃) : Nφ′ → {±1} by

ιw(π̃) = ιw([π ]) ◦ s′.

In particular, since s′(ũ) = 1, we have ιw(π̃)(ũ) = ιw([π ])(1) = 1.

Hence the character identity implies that

∑
[π ′]∈�φ′

ιw′([π ′])(a) · tr(π ′(f ′)) =
∑

[π ]∈�φ

∑
π ′⊂I0(τ⊗π)

tr(Rw′(w, τ̃ � π)π ′(f ′))

for f ′ ∈ H̃(G′). Therefore we have Rw′(w, τ̃ � π)|π ′ = ιw′([π ′])(a) · id. �

Remark 2.3.

(1) If G = SO(2n) but k were odd, there would be no canonical choice of π̃(w̃).

In this case, for each choice, the constant ιw(π̃)(ũ) ∈ C× is defined by using

the pairing of [1, Theorem 2.2.4].

(2) The LIRs in [1, Theorems 2.2.1, 2.4.1] and [23, Theorems 3.2.1, 3.4.3] are local

statements. However, their proofs use both local and global arguments, and

are completed only at the ends of the books after long inductions. �

3 Proof of Desideratum 1.1 (2) for classical groups

Now we give a proof of Desideratum 1.1 (2) when G is a quasi-split classical group.

Namely we prove the following:

Theorem 3.1. Let G be a quasi-split classical group. For φ ∈ �(G), if [π ] ∈ �φ is

w-generic, then ιw([π ]) is the trivial representation of Sφ. �

The proof of Theorem 3.1 is a formal consequence of the LIR (Theorem 2.2)

together with Shahidi’s result. We recall Shahidi’s result in Section 3.1.

3.1 Canonical Whittaker functional

In this subsection,we recall canonicalWhittaker functionals of induced representations.

Let G be a quasi-split (connected) classical group and w = (B,μ) be a Whittaker

datum for G. Fix a positive integer k. If G = Sp(2n) or G = SO(2n), we assume that k

is even. Let G′, w′ = (B′,μ′), P = MPUP , w ∈ W(MP), and w̃ ∈ G′(F) be as in Section 2.4.

Let τ be an irreducible tempered representation of GLk(E) on a space Vτ . For s ∈ C, we

 by guest on O
ctober 25, 2016

http://im
rn.oxfordjournals.org/

D
ow

nloaded from
 

http://imrn.oxfordjournals.org/


Generic Representations in an L-Packet 13

realize τs = τ |det |sE on Vτ by setting τs(a)v := |det(a)|sEτ(a)v for v ∈ Vτ and a ∈ GLk(E).

Let π be an irreducible tempered representation of G(F) on a space Vπ . We consider the

normalized induction

Is(τ � π) = IndG′(F)

P(F) (τs � π).

Now we assume that π is w-generic. We regard w′ as a Whittaker datum for MP

by the restriction. Since τ is tempered, we see that τ �π is w′-generic. Let ω : Vτ ⊗Vπ → C

be a nonzero w′-Whittaker functional, that is,

ω((τ � π)(u)v) = μ′(u)ω(v)

for u ∈ U ′(F) ∩ MP(F) and v ∈ Vτ ⊗ Vπ . The representative w̃ ∈ G′(F) of w ∈ W(MP) and

the linear map τ̃ � π(w̃) : Vτ ⊗ Vπ → Vτ ⊗ Vτ satisfy that

• w̃−1(B′ ∩MP)w̃ = B′ ∩MP ;

• μ′(w̃−1uw̃) = μ′(u) for any u ∈ U ′(F) ∩MP(F);

• ω ◦ τ̃ � π(w̃) = ω.

See also [1, Section 2.5] and [23, Section 3.5].

We define the Jacquet integral Wμ′,ω(g′, fs) for fs ∈ Is(τ � π) by

Wμ′,ω(g′, fs) =
∫
UP (F)

ω(fs(w̃
−1ug′))μ′(u)−1du,

where du is a Haar measure on UP(F). By [7, Proposition 2.1] and [27, Proposition 3.1],

the integral Wμ′,ω(g′, fs) is absolutely convergent for Re(s) � 0, and has an analytic

continuation as an entire function of s ∈ C. The map f0 �→ Wμ′,ω(1, f0) gives a nonzero

w′-Whittaker functional


μ′,ω ∈ HomU ′(F)(I0(τ � π),μ′).

The following theorem follows from Shahidi’s results [27, 28]. See also [1,

Theorem 2.5.1] and [23, Proposition 3.5.3].

Theorem 3.2. Let Rw′(w, τ̃ � π) : I0(τ � π) → I0(τ � π) be the normalized self-

intertwining operator and 
μ′,ω : I0(τ �π) → C be the w′-Whittaker functional defined as

above. Then we have


μ′,ω ◦ Rw′(w, τ̃ � π) = 
μ′,ω. �
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14 H. Atobe

Recall that to define 
μ′,ω, we have to choose a Haar measure du on UP(F). We

observe that Theorem 3.2 is independent of this choice.

3.2 Proof

Now we prove Theorem 3.1. First, we consider the tempered case. Let φ ∈ �temp(G).

Suppose that [π ] ∈ �φ is w-generic. Fix a non-trivial element a ∈ Sφ. It is enough to

show that ιw([π ])(a) = 1. Choose a representative φτ ∈ B+
φ of φa ∈ B+

φ / ∼. Then we have
cφ∨

τ
∼= φτ . Let τ ∈ Irr(GLk(E)) be the irreducible tempered representation corresponding

to φτ , where k = dim(φτ ). Note that k is even if G = Sp(2n) or G = SO(2n). Let G′ and w′

be as in Section 3.1. Put

φ′ = φτ ⊕ φ ⊕ φτ ∈ �temp(G
′).

Then the canonical inclusion Sφ ↪→ Sφ′ is in fact bijective (cf. Section 2.2). Consider the

induced representation

π ′ = I0(τ � π).

Then by Theorem 2.1 (4), we see that π ′ is irreducible, [π ′] ∈ �φ′ and ιw′([π ′])|Sφ = ιw([π ]).
Moreover, by Theorem 2.2, we have

Rw′(w, τ̃ � π) = ιw′([π ′])(a) · id.

On the other hand, by Theorem 3.2, we have


μ′,ω ◦ Rw′(w, τ̃ � π) = 
μ′,ω.

Since 
μ′,ω is a nonzero functional on π ′, we must have

ιw′([π ′])(a) = 1.

This implies that ιw([π ])(a) = 1.

Next, we consider the general case. Let φ ∈ �(G) and assume that [π ] ∈ �φ is

w-generic. We may decompose

φ = φ1| · |s1 ⊕ · · · ⊕ φr| · |sr ⊕ φ0 ⊕ cφ∨
r | · |−sr ⊕ · · · ⊕ cφ∨

1 | · |−s1
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Generic Representations in an L-Packet 15

as in Theorem 2.1 (5). Then π is the unique Langlands quotient of

IndG(F)

P(F) (τ1|det |s1E ⊗ · · · ⊗ τr|det |srE ⊗ π0)

for some π0 ∈ Irrtemp(G0(F)) such that [π0] ∈ �φ0 . Here τi is the irreducible tempered

representation of GLki(E) corresponding to φi. Moreover, we have ιw([π ])|Sφ0 = ιw0([π0])
for the Whittaker datum w0 = (B∩G0,μ|U0(F)) for G0, where U0 = U ∩G0 is the unipotent

radical of the Borel subgroup B0 = B∩G0 ofG0. By a result of Rodier [25] and [7, Corollary

1.7], there is an isomorphism

HomU(F)(Ind
G(F)

P(F) (τ1|det |s1E ⊗ · · · ⊗ τr|det |srE ⊗ π0),μ) ∼= HomU0(F)(π0,μ|U0(F)).

However, since π is w-generic, so is IndG(F)

P(F) (τ1|det |s1E ⊗ · · · ⊗ τr|det |srE ⊗ π0). (In fact, the

standard module conjecture proved in [6, 11, 12, 24] says that the standard module

IndG(F)

P(F) (τ1|det |s1E ⊗ · · · ⊗ τr|det |srE ⊗ π0) is irreducible, so that it is isomorphic to π .) This

implies that π0 is w0-generic. Hence ιw0([π0]) is the trivial character of Sφ0 . Since the

inclusion Sφ0 ↪→ Sφ is bijective, we see that ιw([π ]) is the trivial character of Sφ. This

completes the proof of Theorem 3.1.

3.3 Remark

Finally, we remark on [1, Lemma 2.5.5]. This lemma is the “converse” of our proof of

Theorem3.1. Roughly speaking, this lemmaasserts thatwhen the residual characteristic

of F is not two, the uniqueness of generic representations in an L-packet (Theorem 3.1)

for all proper Levi subgroupsM of G implies [1, Theorem 2.4.1], which we used to prove

the LIR for G (Theorem 2.2). On the other hand, to prove Theorem 3.1 for G, we used the

LIR for a bigger groupG′, which has a Levi subgroupMP(F) ∼= GLk(E)×G(F). If [1, Lemma

2.5.5] were used to prove [1, Theorem 2.4.1] for G′, our proof of Theorem 3.1 would be a

circular argument.

However, this is not the case. Indeed, Arthur and Mok have applied [1, Lemma

2.5.5] only to the basic cases [1, Lemmas 6.4.1, 6.6.2] and [23, Proposition 7.4.3], when

the Levi subgroup M is a torus or a product of torus and SL(2). Hence only for tori and

SL(2), our proof of Theorem 3.1 is actually a circular argument. As noted in the proof

of [1, Lemma 6.4.1], Theorem 3.1 has already been established for these basic cases. For

tori, it is trivial since the component groups are always trivial.

Hence one only needs to treat the SL(2) case. In this case, for an element φ in

�temp(SL(2)) and aWhittaker datum w, it is easy to see that the L-packet �φ has a unique
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16 H. Atobe

w-generic representation. Indeed, it was shown by Kottwitz–Shelstad (the end of Section

5.3 in [19]) that π ∈ �φ is w-generic if and only if ιw(π) is the trivial representation of Sφ.

See also [20, Section 2].
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