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Preface

The GI/G/1-type Markov chain is a mathematical model for the analysis of various semi-Markovian
queueing models. The GI/G/1-type Markov chain is a bivariate Markov chain consisting of two variables:
the level and phase. The former represents the additive component such as the number of queuing systems
while the latter corresponds to the background component such as system status. Several important classes
of structured Markov chains, such as quasi-birth-and-death processes (QBDs), GI/M/1-type and M/G/1-type
Markov chains are included in GI/G/1-type Markov chains. Although the stationary distributions of GI/G/1-
type Markov chains can be obtained by matrix analytical methods, they cannot be expressed in analytical
forms. Thus, it is difficult to compute the stationary distributions of the GI/G/1-type Markov chains in
general. Therefore, the asymptotic analysis of the GI/G/1-type Markov chains has recently received consid-
erable attention, for example, the tail asymptotic analysis and the heavy-traffic analysis. Such asymptotic
analysis are useful not only for the computation and approximation of the stationary distributions but also
for the sensitivity analysis of system parameters of queueing models.

The tail asymptotics of GI/G/1-type Markov chains can be divided into two cases: light-tailed asymp-
totics and subexponential asymptotics. The former has been studied by many researchers. However, most
of the previous studies consider only the case where the tail decay rate is determined by a certain parameter
associated with the transition block matrices in the non-boundary levels. In addition, these studies neglect
those cases where the decay rate depends on other parameters, such as the convergence radius of the generat-
ing function of the transition block matrices in the boundary level. Contrary to the light-tailed asymptotics,
less work has been done on the subexponential tail asymptotics. Most recently, Masuyama [42], Kim and
Kim [29] presented a weaker sufficient condition for the asymptotic formula than those presented in the
literature [7, 40, 63] although their results are limited to the M/G/1-type one. On the other hand, few re-
searchers studied the heavy-traffic asymptotics of the GI/G/1- or M/G/1-type Markov chain. Asmussen [5]
presented the heavy-traffic asymptotic formula for the GI/G/1-type Markov chain, in which the stationary

distribution of the properly scaled level variable is geometric and independent of the phase variable.

In this thesis, we study the asymptotic analysis of the stationary probability vector of the GI/G/1-type
Markov chain. Chapters 2 and 3 study the light-tailed asymptotics and the subexponential tail asymptotics,
respectively. We extend the results for the M/G/1-type Markov chain in the previous studies to the GI/G/1-
type Markov chain. We also derive new asymptotic formulae for the cases that have not been considered
in the literature. In Chapter 4, we derive heavy-traffic limit formulae of the stationary distribution relaxing
Asmussen [5]’s sufficient condition. We also derive a heavy-traffic asymptotic formula for the moment of the
stationary distribution. To the best of our knowledge, this is the first report on the heavy-traffic asymptotics

of the moments.
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The main contribution of this thesis is a comprehensive asymptotic analysis of the stationary distribution
of the GI/G/1-type Markov chain including new cases that have not been studied in the literature. Although

there still remain several research topics in this area, the author hopes this thesis will help in further studies.

Tatsuaki Kimura
February 2017
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Chapter 1

Introduction

This chapter provides materials to be required in the following chapters and a brief survey of previous
works. Throughout this thesis, we denote matrices and vectors by bold capital letters and bold small letters,

respectively, and the empty sum is defined as zero.

1.1 Definition of GI/G/1-type Markov chains

In this section, we describe the GI/G/1-type Markov chain and provide some necessary definitions and

assumptions for the subsequent chapters.
LetN={1,2,3,...},Z, ={0,1,2,... }and Z = {0, 1,42, ... }. Let {(Xy, Sn); n € Z, } denote
a discrete-time Markov chain with state space S := ({0} x M) U (N x M) such that

P(Xpnt1=0,S41=J| X0 =4k S, =1)
Aij(l—k), keN, {>—-k+1, ieM, jeM,

) Bij(=k), keN, {=-—k, ieM, j e My, W
B Bz,j(o)a k:o, £ =0, 1€ My, j € Mp, ’
B; ;(0), k=0, feN, i€My, jeEM,

where My = {1,2,..., My} € Nand M = {1,2,...,M} C N. We call {(X,,,S,);n € Z;} the
Gl/G/1-type Markov chain. We also call X,, and .S, level variable and phase variable, respectively.

Let T denote the transition probability matrix of the GI/G/1-type Markov chain {(X,,, Sy)} with the
transition law (1.1). We then define the block matrices of T':

A(k) = (Ai,j(k))(i,j)€M2a ke,
B(0) = (Bi;(0))gemz
B(k) = (Bij(k))ijemoxm, B(=k) = (Bij(=F))ijemxmy, k€N,

Let L(0) = {(0,4);4 € Mo} C Sand L(k) = {(k,4);i € M} C Sfor k € N. We call L(k) (k € Z) level

1



2 Chapter 1. Introduction

k. Using the block matrices A(k)’s and B(k)’s, we can express T as follows:

L) L1) L2 L@3)
L(0) { B(0) B(1) B(2) B(3)
L(1) | B(-1) A(0) A1) A2 -
T= L2 | B(-2) A(-1) A(0) A1) --- |, (1.2)
L@3) [ B(=3) A(-2) A(-1) A(0) --
where
Y B(lle = e, (1.3)
=0
B(-kle+ Y A()e = e, keN (1.4)
l=—k+1

Note here that e denotes a column vector of ones with an appropriate order according to the context.
For later use, let > 0 denote a left eigenvector of A such that mA = sp(A)w and me = 1 (see
Theorem 8.4.4 in [26]). Let o denote

o=-n)Y kA(ke. (1.5)

kEZ

If A is stochastic, then 7 is the unique invariant probability vector of A and —o is the conditional mean
drift of the level process { X,,;n € Z4} with X, > 1.
We now make the following assumption.

Assumption 1.1  (a) T is irreducible and stochastic;
(b) A=}, , A(k) is irreducible; and
(c¢) T is positive recurrent.

Under Assumption 1.1, T has the unique and positive stationary probability vector [8, Chapter XI,
Proposition 3.1]. We define * = (zi(k)),)es > O as the stationary probability vector of T and then
partition it level-wise, i.e., z = (z(0), (1), z(2),...), where x({) = (z;(k))k,i)eL() for £ € Z,. Fur-
thermore, for k = 0,1,..., let ®(k) = > ;2, ., «(£), which is a positive vector. We call Z(k)’s stationary

tail probability vectors of T" hereafter.

Remark 1.1 Note that A is not stochastic in general. In fact, it follows from (1.2) that A is strictly sub-
stochastic, i.e., (Ae < e, # e) if and only if

lim B(—k) # O,

k—o0

where O denotes a matrix of zeros with an appropriate dimension. Furthermore, if A is irreducible, then
sp(A) < 1ifand only if A is strictly substochastic.



1.2. GI/G/1 paradigm 3

1.2 GI/G/1 paradigm

In this section, we describe the GI/G/1 paradigm introduced by Grassmann and Heyman [25]. By
considering the censored Markov chain of the original GI/G/1-type Markov chain {(X,,, S,,)}, we introduce
R- and G- matrices and related results, which play a key role throughout this thesis.

For later use, we explain conventions used throughout this thesis. For any matrix X, let [ X]; ; denote
the (4, j)th element of X and | X | denote a matrix such that [| X|]; ; = |[X]; j|. For any square matrix Y, let
adj(Y’) denote the adjugate matrix of Y and §(Y") denote a maximum-modulus eigenvalue of Y such that
its argument arg §(Y") is nonnegative and its real part Re 6(Y") is not less than those of the other eigenvalues
of maximum modulus. Note here that if Y is nonsingular then Y ! = adj(Y)/det(Y"). Note also that
if Y is nonnegative then 6(Y) = sp(Y’) (see, e.g., [26, Theorem 8.3.1]) and that if Y is nonnegative
and irreducible then 6(Y") is the Perron-Frobenius eigenvalue of Y (see, e.g., [10, Theorem 1.4.4]). Let
I denote the identity matrix with an appropriate dimension. For any matrix sequence { M (k);k € Z4},
let M (k) = 32,1 M(¢) for k € Zy. Let {M x N(k); € Z} denote the convolution of two matrix
sequences { M (k);k € Z} and {N (k); k € Z }, i.e.,

k k
Mx«Nk)=> ME-ON{) =Y M{N((k-), keZy,
£=0 =0

where the product of M (k1) and N (k2) is well-defined for any (k1, k2) € Z2.. In addition, for any square
matrix sequence { H (k); k € Z4 }, let {H*"(k)} denote the n-fold convolution of { H (k)} with itself, i.e.,
H*' (k) = H(k) (k € Zy)and forn = 2,3,...,

H*™(k)=H«H " (), keZ,.

For convenience, H*°(0) = I and H*(k) = O for all k € N. The above conventions for matrices are
used for vectors and scalars in an appropriate manner. Finally, the superscript “ T represents the transpose
operator for vectors and matrices.

For any fixed k € Z, we partition T at level k, as follows:
U_oL(0) Ui L(O)

Uk_L(6) T U
U1 L(0) D T>* ’

where T'S* (resp. T*) is the transient transition probability matrix of an absorbing Markov chain restricted
to the levels 0, 1,...,k (resp. kK + 1,k + 2,...). We then define Tk (keZy)as

T = 7<k 4 ylkl(1 — 7>%)~1 plkl, (1.6)

Note here that T'¥ is the transition probability matrix of the censored Markov chain obtained by observing
{(Xn,Sn)} only when it is in levels O through k. Note also that T is an irreducible stochastic ma-
trix because the original transition probability matrix 7" is irreducible and recurrent (see Assumption 1.1).
Therefore, T has an unique invariant measure up to scalar multiples and

(x(0), z(1),...,z(k)TH = (x(0),z(1),...,z(k)). (1.7)

3



4 Chapter 1. Introduction

Let Tl[,k% (v,n € {0,1,...,k}) denote a submatrix of T'*!, whose (i, j)th element represents the prob-
ability that the censored Markov chain moves from state (v,7) € S to (1,7) € S in one step. The structure
(1.2) of T implies that Tgflg , and Tgf]k_g are independent of k if £ € {0,1,...,k — 1} and k € N. Thus,
for simplicity, we define ®(¢) (¢ € Z) as

&) = T, 1e{01,... . k—1}, keN,

() = T\, (e{01,... . k—1}, keN. (1.8)

Note here that for any fixed v € N, [®(0)]; ; represents the probability of hitting state (v, j) for the first
time before entering the levels 0,1, ..., — 1, given that it starts with state (v, 7), i.e.,

[®(0)]i; = P(Sr, =4 | Xo=v,5 =1),

where Ty = inf{n € N; X,, = ¢ < X,,, (m = 1,2,...,n— 1)}. Thus Y >° (®(0))" = (I — ®(0))~*
exists because T is irreducible. The following result characterizes the matrices {®(k)}.

Proposition 1.1 (Theorem 1 in [25]) {®(k); k € Z} is the minimal nonnegative solution of the following

equations.
®(k) = A(k) + i ®(k+m)(I — @) ®(—m), keZyg,
m=1
®(—k) = A(=k) + i ®(m)(I — ®(0)) ' ®(—k —m), keZy.
m=1

Remark 1.2 The proof of Theorem 1 in [25] is based on induction and probabilistic interpretation, which

are valid without the recurrence of T

Let G and G(k) (k € N) denote

oo
G=> Gk), Gk)=(I-(0)'®(-k), keN, (1.9)
=1
respectively. Note that for any fixed v € N, [G(k)]; ; represents the probability of hitting state (v, j) when
the Markov chain {(X,,, S,)} enters the levels 0,1, ..., v + k — 1 for the first time, given that it starts with
state (v + k, 1), i.e.,

[G(k‘)]l,] = P(XT<k+u =, ST<k+u :j | Xo = k+ v, So = i), ke N,

where Ty = inf{n € N;X,, < ¢ < X,;, (m = 1,2,...,n — 1)}. For convenience, let G(0) = O.
Furthermore, let L(k) (k € Z.) denote

L(k)=> G™k), keZy, (1.10)

n=0
where L(0) = I. Note that [L(k)]; ; represents the probability that, for any fixed n > k + 1, the first

passage time to L™ _¥L(m) ends with state (n — k, j) starting with state (n,7), i.e.,
[L(k‘)]z’] = P(STW =3 ‘ Xo=k+v,5 = l)

4



1.2. GI/G/1 paradigm 5

It follows from (1.10) that

L(z)=) z"Lk) =T -G(=)™", || >1, (1.11)
k=0
where G(z) = 325° , 2 *G (k).
We now define Ry(k) and R(k) (k € Z) denote My x M and M x M matrices, respectively, such
that

R(k) = ®k)I—-®(0) ", (1.12)
Ry (k) T\ (I - ®(0)) ", (1.13)

For convenience, let R(0) = O and Ry(0) = O. In addition, R**(0) = I and R**(k) = O for all k € N.
For any fixed n € N, [R(k)]; j represents the expected number of visits to state (n + &, j) starting with state
(n,7) and until entering to L™ ™~1T(1m). We also define Ry(k) (k € N) as an My x M matrix such that
[Ro(k)];,; represents the expected number of visits to state (k, j) starting with state (0, %) and until entering
to LA IL(m). Formally, for k € N,

_T<k
[Ro(k)lij = E|> L(Xn=k=S,=j)|Xo=08=il,
n=1
_T<k+u
[R(k)i; = E| Y W(Xy=k+v,58 =j)|Xo=veN,S=il,
n=1

where 1 () denotes the indicator function of an event x. It follows from the definitions of Ry(k), R(k),
L(k) and ®(0) that

Ro(k) = [B(k) + i Bk +m)L(m)| (I - ®(0))"!, keN, (1.14)
m=1

R(k) = [A(k) + i A(k+m)L(m)| (I — @(0))_1, k e N, (1.15)
m=1

which hold without the recurrence of T'. We now define Ro(z), R(z) and B(z) as

Ry(z) =Y 2"Ro(k), R(z) =) 2*R(k), B(z)=)_2*B(k),
k=1 k=1 k=1

respectively. Propositions 1.2 and 1.3 below show the connection between the generating functions B (2)
and Ry (=), and that between A(z), R(z) and G(z), which play an important role in this thesis.

Proposition 1.2 (Theorem 1 and Lemma 3 in [41]) Let vy, rr, 7, TA,, TA_ and rp denote the con-
vergence radii of Ry(z2), R(z), G(1/z) = Sl 2RG(R), SO0 2FA(K), SO 2FA(—k) and B(z),
respectively. It then holds that rg, = rp > 1, rr =74, > landrg =ra_ > 1.

5



6 Chapter 1. Introduction

Proposition 1.3 (Zhao et al. [68], Theorem 14) If Assumption 1.1 (a) and (b) hold, then
—A(z) = (I - RE)UI - 20)I - G(2), |2 € La, (1.16)

where Iy = {z > 0; Y, .5 2F A(k) is finite} D (ra_,ra., ). Equation (1.16) is called the RG-factorization
ofﬁ(z).

Remark 1.3 Propositions 1.2 and 1.3 do not necessarily require Assumption 1.1 (c).

The following proposition characterizes R and G when A is strictly substochastic.

Proposition 1.4 Ler R =) ;2| R(k). If A is irreducible and strictly substochastic, then (i) sp(G) < 1;
(ii) sp(R) < 1; and (iii) sp(> ;20 ®(—F)) < 1, where sp(-) denotes the spectral radius of a matrix in

parentheses.
Proof. Equation (1.16) yields
det(I — A) = det(I — R)det(I — ®(0))det(I — G).
It thus follows from sp(A) < 1 that
det(I — G) #£0, det(I—R)#0. (1.17)

Note here that by definition,

ZZ )Mij =P(T<y < o0 | Xog=N,Sy=1), forall N €N,
k=1jeM

which shows that Ge < e and thus sp(G) < 1 (see Theorem 8.1.22 in [26]). Furthermore, sp(R) < 1 due
to the duality of the R- and G-matrices (see [67]). Therefore, it follows from Theorem 8.3.1 in [26] and
(1.17) that (i) sp(G) < 1 and (ii) sp(R) < 1.

Finally, we prove (iii). From (1.8), we have

T
L

®(-k)>0, 0< b(—V)e<e, forallkeN,
0

Il
o

which implies that sp(>_;2, ®(—¢)) < 1 (see Theorem 8.1.22 in [26]). Thus it suffices to prove that
Y 0o ®(—¢) does not have the eigenvalue one. Indeed, (1.9) yields

(I-20)I-G)=T-) &)
£=0

Therefore we have det(I — > ;2 ®(—¢)) # 0 because I — ®(0) is nonsingular and sp(G) < 1. O

6



1.3. Matrix-product form of stationary distribution 7

1.3 Matrix-product form of stationary distribution

This section discusses the stationary distribution {x(k)} under Assumption 1.1. It follows from (1.7)
that

2(k) = |2(0)Th) + Y 2@k —0)| (I-2(0), ke, (1.18)

In terms of R(k) and Ry(k), we can rewrite (1.18) as

M=

z(k) = z(0)Ro(k) + S x(O)R(k— ), keN, (1.19)

~
Il
—

where we use R(0) = O. It then follows from (1.19) that
z(k) = z(0)Ro « F(k), keN, (1.20)

where F'(k) (k € Z,) is given by
[e.e]

F(k)=>_ R™(k). (1.21)

n=0
Thus, Z(k) is given by
z(k) = 2(0)Ro * F(k), keZ.,. (1.22)

~

It follows from Theorem 23 of [68] that if T" is positive recurrent then §(R(1)) < 1 and thus (see [26,
Theorem 8.1.18])

6(R(2))] < 6(1R(=)]) < 6(R(21) < S(R(1)) <1, |2| < 1. (1.23)

This implies that T — R(z) is nonsingular for |z| < 1. Therefore, from (1.21), we obtain
N [e.e]
F(z):=) "F(k)=I-R(2))"", |s|<L (1.24)
k=0

Furthermore, let Z(z) = 7%, zFz(k). Combining (1.24) and (1.20) yields

2(z) = z(0)Ro(2)(I — R(2)),  [¢| < 1. (1.25)
Letting z = 1 in (1.25), we have

z(0) = z(0)Ro(I — R) !, (1.26)

where R = R(1) and Ry = R(1).
We now define K = (k;j)iem, > O as the (unique) stationary probability vector of the irreducible
stochastic matrix T/, We then have
1
x(0) = ~ - K, (1.27)
( ) ZieMo H,‘E[Tg ’ Xo = O,S() = Z]

where 79 = inf{n € N; X,, = 0}.
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1.4 Period of MAdP associated with GI/G/1-type Markov chain

In this section, we consider a MAAP {(X,,, S,,);n € Z,} with state space Z x M and kernel { A(k); k €
Z}. Let 7 denote the period of the MAAP {(X,,, 5,)} (see Definition B.1 in Appendix B). The period of
MAGJP has strong relationship with the asymptotics of {Z(k)} in many cases. Thus, we provide several
important results related to the period of MAdP as preliminaries in this section. More detailed explanation
and the proofs of the results are summarized in Appendix B.

For simplicity, we write (k1, j1) — (k2, j2) when there exists a path from state (k1, j1) to state (k2, j2)

with some positive probability. In this section, we set the following condition:
Condition 1.1

(a) A is irreducible (Assumption 1.1 (b)); and

(b) foreachi € M there exists some k; € Z\{0} such that (0,) — (ki, 1), or equivalently, 372 | A7 (k;) >

n=1

0, where { A™" (k) := (A}"j(k))ijem; k € Z} denotes the n-fold convolution of {A(k); k € Z}, i.e.,
A (k) = A(k) and A™(k) = X yeq A"V (K — 0) A(0) for n > 2.

Under Condition 1.1, the period of MAdP 7 is well-defined (see Definition B.1), and 7 is the largest positive

integer such that
[A(k)]i,; > Oonlyif k = p(j) — p(i) (mod 7), (1.28)
where p is some function from M to {0, 1,...,7 — 1} (see Lemma B.2).

Example 1.1 We suppose

OO1
6
1
A0 = 0, Am={ 0 0 ¢ |,
11
6 6
1 1 1
5 - 0 0 0 -
3 3 6
1 1 1
A(-2) = 3 3 0|, A(-1)= 0 0 6
1 11
0 0 - - = 0
3 6 6

Let p(0) = p(1) = 1 and p(2) = 0. It then follows that
[A(K)]i; > 0 only if k = p(j) — p(i) (mod 2),
and thus the period of MAdP with kernel { A(k)} is equal to two.

Let 11(z) and v(z) denote left- and right-eigenvectors of A(z) corresponding to an eigenvalue & (ﬁ(z)),

which are normalized such that
pn(z)Ayp(z/|z])e =1, p(z)v(z) =1, (1.29)

where A)/(z) denotes an M x M diagonal matrix whose ith (i € M) diagonal element is equal to 2P,

8



1.4. Period of MAdP associated with GI/G/1-type Markov chain 9

Remark 1.4 For z € I\ {0}, A(z) is a nonnegative irreducible matrix and thus 5(A(z)) is the Perron-
Frobenius eigenvalue with the left and right eigenvectors p(z) > 0 and v(z) > 0. The positivity of p(z)

and v(z) follows from the Perron-Frobenius theorem (see, e.g., [10, Theorem 1.4.4]) and the normalizing

~

condition (1.29). Furthermore, if 6(A) = §(A(1)) = 1, i.e., A is stochastic, then (1) = 7 and v(1) = e.

Propositions 1.5 and 1.6 below are the fundamental results on the connection between the period 7 of
MAdP {(Xn, S”n); n € Z4 } and the maximum-modulus eigenvalues of the generating function of the kernel

{A(k); k € Z}. These results are used to prove Lemma 1.4, presented in the next section.

Proposition 1.5 Let w, = exp(2mv/—1/z) for x > 1. If Condition 1.1 is satisfied, then the following hold
forally € Ipandv =0,1,...,7— 1.

(i) 5(;1(ywﬁ)) = 5(2(3/)), both of which are simple eigenvalues.
(i) p(ywy) = p(y) Ay (wy) ™! and v(ywy) = Ay (w))v(y).

~

Proposition 1.6 Suppose that Condition 1.1 is satisfied and §(A(y)) = 1 for some y € 14. Let w denote an

~

arbitrary complex number such that |w| = 1. Under these conditions, §( A(yw)) = 1 if and only if w™ = 1.
Therefore,

7= max{n € N; §(A(yw,)) = 1}.
Furthermore, if §(A(yw)) = 1, the eigenvalue is simple.

Finally, we present a lemma, which provides a sufficient condition under which Condition 1.1 (b) holds.
It also implies that the period 7 is well-defined under Assumption 1.1 and A is stochastic.

Lemma 1.1 Suppose that Assumption 1.1 holds. If A is stochastic, then Condition 1.1 (b) holds.

Proof. We prove this lemma by contradiction. To this end, we assume that the negation of Condition 1.1 (b),

1.e., there exists some g € M such that
(0,i9) — (k,i9) onlyif &k =0. (1.30)

Since A is an irreducible stochastic matrix,

D> ATE) = Z:lA" >0,

n=1keZ

which diverges to infinity. Therefore, for each pair of phases ¢, j € M, there exists some k; ; € Z such that

(0,4) = (ki j,j). Using this fact, we have the following path.
(0,i0) = (kigj,4) — (kigj + kjigri0) forall j € M. (1.31)
Combining (1.30) and (1.31) leads to

kio,j = _kj,io for all j € M. (1.32)
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Furthermore, it follows from (1.30) and (1.32) that, for each j € M, k;, ; and thus k; ;, must be uniquely
determined. Indeed, suppose that there exist some jo € M and integer kzl‘o,j o 7 kig,jo such that (0,i9) —
(K, jo»Jo)- We then have

K2
(0,30) — (K jo»Jo) = (Kiy jo + Kjosios t0)-

Note here that (1.32) yields & ;, + kjo,io = ki, j, — Kio,jo # 0, which is the contradiction to (1.30).

The above argument shows that, for each j € M,
(0,20) — (k,j) onlyif k= ki,

which implies there exists some K € N such that

oo
> (A" (k)eli, =0 forall k| > K, (1.33)
n=1
where | - |; denotes the ith element of the vector in square brackets.
We now note that B(k)e 4+ 3,2, | A({)e = e forall k < —1. Thus, since A is stochastic,

) k
B(kje=e— > A{)e= > A(f)e forallk < —1. (1.34)
l=k+1 f=—00

From (1.33) and (1.34), we have
[B(k)e]i, =0 forallk < —K. (1.35)

Equations (1.33) and (1.35) imply that level zero is not reachable from states {(k,i0); k¥ > K}. Note here
that the Markov chain {(X,,,J,);n € Z;} with transition probability matrix T" follows the same law as
the MAdP {(X,,,S,);n € Z, } while the former Markov chain is away from level zero. Thus, (1.33) and
(1.35) are inconsistent with the irreducibility of T'. Consequently, there exists no integer ¢g € M such that
(1.30) holds (i.e., Condition 1.1 (b) is true). O

1.5 Roots of fundamental equation of MAdP
In this section, we study the characteristics of the solutions to the following equation:
p(z) = 0(A(2) —1=0, ra <l|z|<ra,, (1.36)

which is called the fundamental equation of MAdP hereafter. Roots of the fundamental equation of MAdP
are strongly related to not only the recurrence of T" but also the structures of R- and G-matrices, which
also have impacts on the tail asymptotics of {x(k)}. In this section, we discuss roots of the fundamental
equation of MAdP and provide some related results. The proofs of the results in this section are omitted in
this version of the thesis.

Since §(A(z)) is the Perron-Frobenius eigenvalue of A(z), 6(A(z)) and thus o(z) are differentiable
and convex for z € (rq_,74 +) (see Andrew et al. [3, Theorem 2.1] and the theorem of Kingman [35]).

Therefore, we obtain the following result.

10
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Lemma 1.2 If Assumption 1.1 (a) and (b) are satisfied, then the following hold:

(i) The fundamental equation (1.36) has at most two roots 0, € 1,74, ) and 0_ € (r4_, 1] such that

SAG)|  >o, %5(21(2)) <o (137)

&~

z=04

(ii) Suppose that the roots 01 and 0_ exist. If 0 # 0_, then they are simple roots.

)

(iii) The root 6y exists if and only if limyy., I(A(y)) > 1.

(iv) The root 0_ exists if and only if lim,,., 5(2(y)) > 1.

Remark 1.5 A typical sufficient condition for the two roots is that ;1(2) is meromorphic (see Gail et al.
[22, Lemma 2]).

We now present a result on the connection between the recurrence of T" and the location of the roots 6
and 6_. It should be noted that if the root 6 (resp. #_) is simple then either of the following is true: the

root 6_ (resp. 6;.) does not exist; or the root #_ (resp. 6 ) exists and the two roots are different.
Lemma 1.3 Under Assumption 1.1 (a) and (b), the following are true:
(i) If (1) < 1, then T is positive recurrent.
(ii) The root 0 = 1 is simple if and only if T is transient.
(iii) If 0_ = 1, then T is recurrent.
(iv) Ifthe root 0_ = 1 is simple and y";- | kB(k)e is finite, then T is positive recurrent.

(v) If0_ = 0, =1, then T is null recurrent.

d - S
SOA(R)]|  =mA(e=—0, (1.38)

z=1

Remark 1.6 The condition ‘(1) < 1’ in Lemma 1.3 (i) includes the following four subcases: (A) both 0
and 0_ exist satisfying 0_ < 1 < 0,; (B) 0+ > 1 exists and 0_ does not exist; (C) 0_ < 1 exists and 05

does not exist; and (D) neither 0_ nor 0 exists. A is strictly substochastic in all the subcases.

Remark 1.7 Lemma 1.3 implies that if T is positive recurrent, i.e., Assumption 1.1 (c¢) holds, then 0 does

not exist or 04 > 1.
Let )\EA)(Z) (i =1,2,..., M) denote the eigenvalues of A(z) such that §(A(z)) = A(lA)(z) and
BSAE = INY@1 2 Y E) = VR 22 N ) (1.39)

11
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We then have

M
det(I — A(2)) = {1 - 6(A())} [T - A7 (2)). (1.40)

=2

Thus, the roots 6 and 6_ (if any) of the fundamental equation (1.36) are those of the following equation:
det(I — A(2)) =0, ra_ <|z| <ra,. (1.41)

The following lemma is used to prove several asymptotic formulae for {Z(k)} presented in Sections 2.3
and 3.2. To shorten the statements of this lemma and the subsequent results, we denote by ey a special
symbol representing a sufficiently small positive number, which may take different values in different places

hereafter. In addition, let C denote the set of complex numbers.

Lemma 1.4 Suppose that Assumption 1.1 (a) and (b) and Condition 1.1 are satisfied. If there exists the root
04 € (1,74, ) (resp. O_ € (ra_,1]) of the fundamental equation (1.36), then

(i) the equation (1.41) has exactly T roots {0 w?;v = 0,1,...,7 — 1} (resp. {0_w¥;v =0,1,...,7 —
1}) in the domain {z € C;1 < |z| < 04 + £o} (resp. {z € C;0_ —ep < |2| < 1}); and

(ii) the T roots are all simple.

Next we show the connection between the root 6 and R-matrix, and that between the root #_ and

G-matrix, which are summarized in Lemmas 1.5 and 1.6 below.

Lemma 1.5 Suppose that Assumption 1.1 (a) and (b) are satisfied. If the root 0_ € (r4_, 1] of the funda-
mental equation (1.36) exists, then the following hold:

(i) the matrix G = (A}'(l) has an exactly one irreducible class, denoted by MG C M. Thus, G is

irreducible or, after an appropriate permutation of rows and columns, G takes the following form:

M§  M§
M .
G=_° G O . M§ =M\ MY, (1.42)
M§ \ G, Gr

where G is irreducible (and possibly equal to G), G is strictly lower triangular (if it is not null,

i.e., Gy # G) and G, does not have, in general, a special structure.
Furthermore, let 1(2) denote
w(z) = p()(I - R()T - 2(0)), (1.43)
If 0_ is simple, then the statements (ii)—(iv) below are true.
(ii) sp(R) = 6(R) < 6~".

(iii) The vector 1p(0_) is a left-eigenvector of G (0_) corresponding to the simple eigenvalue & (é 0-)) =
1.

12



1.5. Roots of fundamental equation of MAdP 13

(iv) The vector ¥ (0_) satisfies
[v(6-)i >0, i € M{,
[ (6-)); =0, i € MY =M\ M.
In addition, if Condition 1.1 is satisfied, then the statements (v) and (vi) below hold.
(v) Forv=0,1,...,7—1,

B(0) = p(0) A () (T — R(O_w)))(T - 8(0)) Ans(w?). (1.44)
(vi) w™ = 1 ifand only if §(G(0_w)) = 1, which is a simple eigenvalue.

Lemma 1.6 Suppose that Assumption 1.1 (a) and (b) are satisfied. If the root 0 € [1,74.) of the funda-
mental equation (1.36) exists, then the following hold:

(i) the matrix R has an exactly one irreducible class MY C M. Thus, R is irreducible or, by permutation

of rows and columns, R takes the following form:

M} ME

M& [ R. R,
R= _* : M7 := M\MY,

MR\ O Ry

where Ry, is irreducible (and possibly equal to R), R is strictly upper triangular (if it is not null,

i.e., Ry # R) and R, does not have, in general, a special structure.
Furthermore, let r(z) denote
r(z) = (I-®0)I-G(2)v(z). (1.45)
If the root 0 is simple, then the statements (ii)—(iv) below are true.
(ii) sp(G) = 0(G) < 0.

(iii) The vectorr(0..) is a right-eigenvector of R(6..) corresponding to the simple eigenvalue 5(R(6,.)) =
1.

(iv) The vector r(0) satisfies

[r(04)]); >0, i e ME,
[r(0+)]: =0, i e ME =M\ ME.

In addition, if Condition 1.1 is satisfied, then the statements (v) and (vi) below hold.
(v) Forv=0,1,...,7—1,
r(0y) = AM(wi)_l(I —®(0))(I — a(9+w;’))AM(wZ)v(9+). (1.46)

13
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(vi) w™ = 1if and only ifé(ﬁ(@pu)) = 1, which is a simple eigenvalue.

Proof. The proof of this lemma is omitted in this version of the thesis. ]

Using Lemmas 1.5 and 1.6, we can prove Lemmas 1.7 and 1.8 below.

Lemma 1.7 Suppose that Assumption 1.1 (a) and (b) hold. If there exist the roots 0, € [1,14 +) and
0_ € (ra_, 1] of the fundamental equation (1.36), then ME N MS # ().

Lemma 1.8 Suppose that Assumption 1.1 (a) and (b) hold. Under these conditions, the following are true:
(i) If the root O € [1,74, ) exists, then 0. is equal to a root of the equation §(R(z))) —1=0.
(ii) If the root _ € (ra_, 1] exists, then 0_ is equal to a root of the equation 5(6}’(2))) —1=0.

Remark 1.8 The statement of Lemma 1.8 is different from the statement (iii)’s of Lemmas 1.5 and 1.6

because the former includes the case in which the root 0 or 6_ is not simple.

1.6 Sufficient conditions for positive recurrence

In this section, we provide two sets of sufficient conditions for the positive recurrence of T'. As men-
tioned in Remark 1.1, A is not always stochastic. Therefore, we consider both cases where A is stochastic
and A is strictly substochastic in this thesis. The following propositions show the sufficient conditions for

the positive recurrence of T' corresponding to each case.

Proposition 1.7 (Proposition 3.1 in Chapter XI of [8]) Under the assumption that T and A are irreducible
and stochastic, T is positive recurrent if and only if o > 0 and > | kB(k)e < .

Proposition 1.8 Suppose T is irreducible and stochastic. If A is irreducible and strictly substochastic, then

T is positive recurrent.

Proof. Proposition 1.4 implies that limg_, RF =0 and (I - G)_1 exists. Furthermore, from (1.14), we

have

Ry = > Ro(k)

IA
NE
e
=

= iB(k)(I ~G)H I - ®(0)! < oo,

where the last equality follows from (1.11). As a result, it follows from Theorem 3.4 in [66] that T is

positive recurrent. O

14
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1.7 Asymptotic analysis of GI/G/1-type Markov chains

In this section, we give a brief survey of previous studies on the asymptotic analysis of GI/G/1-type
Markov chains. Various semi-Markovian queueing models are, by the embedded Markov chain method,
reduced to GI/G/1-type Markov chains including quasi-birth-and-death processes (QBDs), GI/M/-type and
M/G/1-type Markov chains [25, 37, 50]. It is not, in general, easy to compute the stationary distributions
of GI/G/1-type Markov chains due to lack of the skip-free property [37, 50]. Therefore, the asymptotic

analysis of the GI/G/1-type Markov chains has recently received considerable attention.

There are many studies on the tail asymptotics of the stationary vectors of the GI/G/1-type Markov
chains including M/G/1-type ones. The tail asymptotics can be divided into two cases: the light-tailed
asymptotics and subexponential-tail asymptotics. For the light-tailed asymptotics, Abate et al. [1] first pre-
sented a necessary condition so that the stationary vector of the M/G/1-type Markov chain has a geometric
decay rate by making use of the Tauberian theorem. Falkenberg [19], Gail et al. [23] and Mgller [49] showed
similar sufficient conditions. By using the Markov renewal theory, Takine [63] considered a more general
case, in which the periodicity appears in the geometric decay of {Z(k)}. Kimura et al. [30] showed that this
period of the asymptotic formula is equal to a divisor of the period of an MAdP with kernel { A(k); k € Z}.
As for the GI/G/1-type Markov chain, Li and Zhao [41] and Tai [61] considered the case in which the
MAJP with kernel {A(k)} is aperiodic. In addition, Li et al. [39], Miyazawa [46], Miyazawa and Zhao
[48], Miyazawa [47], Ozawa [51] considered the case where the phase space is infinite. However, most of
the studies above only focused on the typical case where the transition block matrices in the non-boundary
levels have a dominant impact on the decay rate of the stationary tail probability vectors and their decay is
aperiodic. Thus, there have been a few studies on other cases in which the decay rate is determined by the

convergence radius of the generating functions E(z) or Y20 ZFA(k).

Contrary to the light-tailed asymptotics, much less work has been done on the subexponential tail asymp-
totics of the stationary distribution of the GI/G/1- or M/G/1-type Markov chain. Asmussen and Mgller [7]
studied the subexponential tail asymptotics of the M/G/1-type Markov chain and derived an asymptotic for-
mula assuming the subexponentiality of level increments { A(k); k = 1,2,...} and {B(k);k = 1,2,...}
and several additional conditions. Li and Zhao [40] provided a subexponential asymptotic formula for the
GI/G/1-type Markov chain, however, some of their results are incorrect because they include “the inverse of
a singular matrix”. Takine [63] studied the subexponential tail asymptotics of the M/G/1-type Markov chain
without the condition assumed in [7]. However, Masuyama [42] pointed out that Takine’s proof needs an
additional condition that the G-matrix is aperiodic. Furthermore, Masuyama [42] presented a weaker suffi-
cient condition for the asymptotic formula than those presented in the literature [7, 40, 63]. Recently, Kim

and Kim [29] improved Masuyama [42]’s sufficient condition in the case where the GG-matrix is periodic.

In addition to the tail asymptotics, few researchers studied the heavy-traffic asymptotics of the GI/G/1-
or M/G/1-type Markov chain. Asmussen [5] considered the heavy-traffic asymptotics of the GI/G/1-type
Markov chain and proved that the diffusion-scaled level process converges weakly to a reflected Brown-
ian motion as the mean drift in level —o goes to zero. As a corollary, Asmussen [5] also presented the
asymptotic formula, in which the stationary distribution of the properly scaled level variable is geometric
and independent of the phase variable. Falin [18] proved the heavy-traffic limit for the M/G/1-type Markov

15
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chain under weaker conditions for the matrices {A(k);k = 1,2,...} and {B(k);k = 1,2,...} than in
[5]. However, they assumed several additional constraints, such as A(k) = B(k) for all k > 1. As far as
we know, there are no studies on the heavy-traffic limits of the moments of the stationary distribution of the
GI/G/1-type Markov chain.

1.8 Overview of thesis

In this thesis, we study the asymptotic analysis of the stationary probability vector of the GI/G/1-type
Markov chain.

In Chapter 2, we study the light-tailed asymptotics. We consider three cases: (i) the tail decay rate is
determined by the root 6, of the fundamental equation of MAdP (see Section 1.5) associated with the tran-
sition block matrices { A(k)}; (ii) by the convergence radius rp of the generating function of the transition
block matrices {B(k); k = 1,2,...}; and (iii) by the convergence radius 74, of Y7o, 2*A(k). Most of
the previous studies [19, 23, 49, 63, 30] focused on the case (i) although they limited to the M/G/1-type one.
Thus, we extend the existing asymptotic formula for the M/G/1-type Markov chain to the GI/G/1-type one.
Contrary, there are a few studies for the case (ii). In this case, we present general asymptotic formulae that
include, as special cases, the existing results in the literature [40, 30] by using completely different approach
to them. In case (iii), we derive new asymptotic formulae. To the best of our knowledge, such formulae
have not been reported in the literature.

Chapter 3 considers the subexponential asymptotics of the tail stationary distributions of the GI/G/1-type
Markov chain in two cases: (i) A is stochastic; and (ii) A is strictly substochastic. For case (i), Masuyama
[42], Kim and Kim [29] recently derived the subexponential asymptotic formula for the M/G/1-type Markov
chain under weaker conditions than those of earlier studies [7, 40, 63]. Thus, we extend these results to the
GI/G/1-type Markov chain. As for case (ii), the subexponential asymptotics has not been studied as far as
we know. We also study the locally subexponential asymptotics of the stationary distributions in both cases
(1) and (ii).

In Chapter 4, we consider the heavy-traffic limits of the stationary distribution and their moments of
the GI/G/1-type Markov chain. Asmussen [5] first studied the heavy traffic asymptotics for the GI/G/1-type
Markov chain and showed that the stationary distribution of the properly scaled level variable is geometric
and independent of the phase variable in the heavy-traffic limit. We prove such heavy-traffic asymptotic
formula of the stationary distribution of the GI/G/1-type Markov chain under a weaker condition than As-
mussen’s, by a characteristic function approach. Using a similar approach, we also present a heavy-traffic
asymptotic formula for the moments of the stationary distribution, which is not reported in the literature.

Chapter 5 concludes this thesis and provides several suggestions for future research.

The results discussed in Chapter 2 is mainly based on [34], Chapter 3 on [32] and Chapter 4 on [31]
including new topics that will be submitted soon. Furthermore, important results for the tail asymptotics

presented in Appendix A is based on [30].
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Chapter 2

Light-Tailed Asymptotics

2.1 Introduction

In this chapter, we study the light-tailed asymptotics of the stationary distribution of the GI/G/1-type
Markov chain. To proceed, we first make the following assumption for 74, and 7 throughout this chapter.

Assumption 2.1 (a)rs, > 1, and (b)rp > 1.

Under Assumptions 1.1 and 2.1, the sequences {x(k)} and {Z(k)} are light-tailed (see Li and Zhao [41,
Theorem 2]). Furthermore, it follows that {x(k)} is light-tailed if and only if the convergence radius of the

generating function Z(z) is greater than one, or equivalently,

-1
roa= [limsup{ac(k:)e}l/k] > 1. (2.1)

k—o00

Note also that (2.1) is equivalent to

-1
r= [limsup{:c(k:)e}l/k} >1, (2.2)
k—o0
because
T(z) =Y w(k) = w 2 eC, |z < (2.3)
k=0

In what follows, we overview the previous studies on the light-tailed asymptotics for {«(k)} and/or
{Z(k)}. Most of the previous studies assume that { A(k)} has a dominant impact on the decay rate 1/r of
{x(k)} and thus {Z(k)}. More specifically, those studies assume that r is equal to the real and minimum-
modulus root 6 of the equation det(I — ;l(z)) = 0withry_ <|z| <ra,, which is equal to a root of the
fundamental equation of the MAdP with kernel { A(k)} (for details, see section 1.5).

Several researchers considered the M/G/1-type Markov chain, which is a special case of the GI/G/1-
type Markov chain. Using the Tauberian theorem, Abate et al. [1] presented a necessary condition for the
existence of a positive vector d such that

lim #*x(k) = d. (2.4)

k—o0

17
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Conversely, Falkenberg [19], Gail et al. [23] and Mgller [49] showed (almost the same) sufficient conditions
under which
lim 0*z(k) = (0 — 1)~ 1d. (2.5)
k—o00

Note here that (2.4) implies (2.5), whereas the converse is not true. Takine [63] considered a more general
case and proved that there exists some positive integer i such that

lim 0" & (nh + ¢) = dy, for{ =0,1,...,h—1, (2.6)
n—oo
where dy’s (¢ = 0,1,...,h — 1) are some positive vectors such that at least two of them are different if

h > 2. Equation (2.6) shows that the periodicity appears in the geometric decay of {Z(k)} in general.
The largest number h satisfying (2.6) is called the period of the geometric decay of {Z(k)}. Making use
of the Markov renewal theory, Takine [63] also derived two expressions of dy (/ = 0,1,...,h — 1): one
is for a special case of h = 1; and the other a general case (i.e., h > 1) (see Theorems 2 and 3 therein).
However, the expression of d; in the general case is somewhat complicated and thus it is difficult to confirm
that the general formula (2.6) with h = 1 is equivalent to the special one (2.5) for h = 1. Kimura et al.
[30] presented another expression of dy (¢ = 0,1,...,h — 1) in the general case by locating maximum-
order minimum-modulus poles (called dominant poles hereafter) of the generating function of {Z(k)}. This
alternative expression is readily reduced to the one for the special case of h = 1. Kimura et al. [30] also
showed that & in (2.6) is equal to a divisor of the period 7 of an MAdP with kernel { A(k); k € Z}.

As for the GI/G/1-type Markov chain, Li and Zhao [41] and Tai [61] considered the case in which the
MAGJP with kernel {A(k)} is aperiodic, i.e., 7 = 1. Li and Zhao [41] presented an asymptotic formula
like (2.4). Tai [61] provided sufficient conditions under which {x(k)} is asymptotically geometric and is
light-tailed but not exactly geometric. He also discussed the decay rate 1/7 of {x(k)}.

It should be noted that the decay rate 1/ can be determined by either the convergence radius r4, of
ppay 2* A(k) or that rp of B (z); more specifically, r = r4, or r = rp. However, there have been a few
studies on such cases. Kimura et al. [30] and Li and Zhao [41] discussed the case in which r = rp and
z = rpisapole of E(z) To the best of our knowledge, there have been no studies on the case of 7 =74, .

In this chapter, we study the light-tailed asymptotics of {Z(k)} in three cases: (i) r = 6; (ii) r = rp;
and (iii) 7 = r 4, . We first consider the case (i). Applying the techniques in Kimura et al. [30], we derive a
geometric asymptotic formula for {(k)} and then show that the period h of the geometric decay is equal
to a divisor of the period 7 of the MAdP with kernel { A(k)}. These results are the generalizations of the
corresponding ones in Kimura et al. [30]. We next divide the case (ii) into two subcases: (ii.a) r = rp < 6;

and (ii.b) » = rp = 60 and then present the following formulae:

Case (ii.a): Z(k) = r5"k%co(k) + o(r5 ke, ¢ € R := (—00,00), (2.7)
rékk‘z’“cl(k‘) + o(rgkkd’*l)eT, o> —1,
Case (ii.b): Z(k) =< r5rca(k) +o(rgh)e’, b < —1, (2.8)

rgt(ei(k) + ea(k)) +o(rgh)e’, ¢ = -1,

where ¢; (i = 0,1,2) is some vector-valued function on Z, such that limsup,_,., ¢;(k) > 0,# 0; and
f(z) = o(g(x)) represents lim,_,~ | f(z)/g(x)| = 0. Note here that ¢ can take all values in R. Actually,
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2.2. Asymptotic analysis of { F'(k)} and {L(k)} 19

Kimura et al. [30] and Li and Zhao [41] obtained similar formulae to (2.7) and (2.8), though ¢ is restricted
to positive integers. Therefore, our results are more general than the corresponding ones in Kimura et al.
[30] and Li and Zhao [41]. Finally for the case (iii), we prove that

z(k)

lim ———2——— =¢>0,#0,
koo r FP(Y > k) 20,7

assuming that there exists some subexponential random variable Y such that

A(k)

m — =% 0y >0,#0.
N L 7

As far as we know, any asymptotic formula for the case (iii) has not been reported in the literature. We
assume that the phase space is finite to study how the tail of the level increment impacts on that of the
stationary distribution. The infiniteness of the phase space makes the situation much more complicated
(see [39, 46, 48, 47, 51]), which is beyond the scope of this thesis.

The reminder of this chapter is organized as follows. In Section 2.2, we first study the asymptotics of
{F(k)} and {L(k)}. These results are required for deriving the asymptotic formulae of {Z(k)}, which are
presented in Section 2.3. The proofs of the results in this chapter are omitted in this version of the thesis due

to copyright reasons.

2.2 Asymptotic analysis of { F'(k)} and {L(k)}

In this section, we study the asymptotics of { F'(k)} and { L(k)}, which depend on the existence of the
root 4 € [1,74,)and 6_ € (ra_, 1] of the fundamental equation (1.36).

2.2.1 Case where 7, and 0_ exist

We first consider the cases where the roots 6, and 6_ exist. We begin with the following additional
lemmas.

For simplicity, in what follows, we write f(z) = O(g(z)) to represent lim sup,_, . | f(2)|/|g(z)| < oc.

Lemma 2.1 Suppose that Assumption 1.1 together with Condition 1.1 is satisfied. If there exists a root 0 €
{0,064} (04 € [1,ra,), 0 € (ra_,1]) of the fundamental equation (1.36), then, forv =0,1,...,7 — 1,

M
adj(I — A(0w?)) = [ (1 = AL (0w?))w(0uw?) n(0w?) # O. 2.9)
m=2

Lemma 2.2 Suppose that Assumption 1.1 together with Condition 1.1 is satisfied. If there exists a root 6 €
{0-,04} (04 € [1,ra,), 0 € (ra_,1]) of the fundamental equation (1.36), then, forv = 0,1,...,7 — 1,

; ) (1-4¢) = An(wr)oOpO) A () (2.10)

lim (1 — =
20w Oy 6(d/dy)o(A)|y=o

T

Using the above lemmas, we now provide asymptotic formulae for { F'(k)} and {L(k)}.
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20 Chapter 2. Light-Tailed Asymptotics

Lemma 2.3 Suppose that Assumption 1.1 together with Condition 1.1 is satisfied. If there exists the root
04 € [1,74, ) of the fundamental equation (1.36), then

F(k) = 07% [ Fijisrpr +O((1+20) e ], @.11)
whereﬁ’g (¢=0,1,...,7 — 1) is given by
O MR o, i e MR, pli) = p() — € (mod 7)

[Felij =14 04(d/dy)s(Ay)) ly—o, (2.12)
0, otherwise.

Lemma 2.4 Suppose that Assumption 1.1 together with Condition 1.1 is satisfied. If there exists the root
0_ € (ra_, 1] of the fundamental equation (1.36), then

L(k) = 6" | Ly (/)7 + O((1 +0) M)ee’ |, (2.13)
where ig (0 =0,1,...,7 — 1) is given by
ONON 0, ifj e g, pl) = o)~ £ (mod 7)

Ledig=1{  0-(d/dy)3(AW)) [y-0_ 2.14)
0, otherwise.

2.2.2 Case where 0, or 6_ does not exist

Next we Eonsider the case where 6 (resp. 6_) does not exist, i.e., limy,, 0 (;l(y)) < 1 (resp.
limy ., 0(A(ra_)) < 1). To state the asymptotic formulae for { F'(k)} and { L(k)}, we use the subexpo-
nential class (of probability distributions) and its related classes in this section. The definitions and related
results are summarized in Chapter C.

We now make a condition on the right tail of { A(k); k € Z}, i.e., the tail of { A(k); k € N}.

Condition 2.1 There exists some random variable Y in 7, with finite positive mean such that
Ak
k—oo 1 "P(Y > k)
+
Remark 2.1 Condition 2.1 implies that ;1(7’,4+) =300 (ra,)FA(k) is finite.
Under Condition 2.1, we obtain asymptotic formulae for { F'(k)} and {F(k)}.

Lemma 2.5 Suppose that Assumption 1.1 and Condition 2.1 are satisfied. If Y € S8* and 5(:4(7”A+)) <1,

then
F(k
koo i "P(Y > k)
F(k 1
where CF is given by
Cr=(I—R(ra,) ' Ca(I — A(ra, )}, (2.18)

which has no zero-columns and -rows.

20



2.3. Asymptotic analysis of {z(k)} 21

To show similar formulae for {L(k)} and {L(k)}, we make a condition on the left tail of {A(k); k €
Z},i.e., the tail of {A(—k); k € N}.

Condition 2.2 There exists some random variable Y in 7, with finite positive mean such that

lim —————=C4_ > 0,# 0. 2.19
T Py R A 2O =
Remark 2.2 Condition 2.2 implies that A(r,_) =3 > (ra YFA(K) is finite.

Lemma 2.6 Suppose that Assumption 1.1 together with Condition 2.2 is satisfied. If Y € S8* and § (2(7“ A_))
1, then

. L(k)
lim ————— = C 2.20
koo 1k P(Y > k) L (2.20)
. L(k)
lim — =% .\ 221
fim sy = (-l @2
where C1, is given by
Cr=I-A@ra ) 'Ca(I-G(ra )™, (2.22)

which has no zero-columns and -rows.

2.3 Asymptotic analysis of {Z(k)}

In this subsection, we present several asymptotic formulae for {Z(k)}. As shown in (2.3), T(z) =
i 2@ (k) is expressed in terms of Z(z). Substituting (1.25) into (2.3), we have
z(0)Ro(2)

i(z):l(_l)z— T (I-R(z)"", |z < (2.23)

where %(z) is holomorphic for all |z| < r due to (2.2). Combining (2.23) with Proposition 1.3, we obtain

T(z) = -
(2) 1-=2 1—-=2 det(I

- 2(1)  2(0)Ro(2)(I — 2(0)(I — G(=)) adj(I — §(2>), (2.24)

The matrix-valued function
Ry(2)(I — ®(0))(I — G(2))adj(I — A(2))

in the right hand side of (2.24) is holomorphic for r4_ < [z| < min(r 4, ,rg) (Which follows from Proposi-
tion 1.2 and Assumption 2.1). It should be noted that z = 6, (if any) is one of the roots of det (I—A(z)) = 0
and thus can be a dominant singularity of Z(z). As a result, (2.24) implies that if Z(k) has a certain geo-
metric decay rate 6 such that 1 < 6 < min(rg,ra +), then the root 6, of the fundamental equation (1.36)
exists and 6 is equal to 6. Equation (2.24) also implies that there are three possibilities: » = 0,; r = rp;

orr = ry4 . In what follows, we discuss the three cases individually.
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22 Chapter 2. Light-Tailed Asymptotics

2.3.1 Case wherer =0

We first consider the case where » = 6, which includes subcases r = 0, < rp;and r = 0, = rp.

However, the latter case is discussed in Section 2.3.2, which covers the case where r = rp.

Theorem 2.1 (r = 0, < rp) Suppose that Assumptions 1.1 and 2.1 together with Condition 1.1 are satis-
fied; and that the root 0. € (1,74, ) of the fundamental equation (1.36) exists. If 0 < rp, then

T—1
1
Tim 0 E (0T +{) = z_% Wc(w:)u(9+)AM(w:)—1 >0, (=0,1,...,7—1, (2.25)
where
oy~ TOR D = 2(0)(T = G000 Aur(w)o(0s), 026
0+ (04wy —1) - (d/dy)d(A(y))ly=0.
Theorem 2.1 is a generalization of Theorem 5 of Li and Zhao [41], where 7 = 1 is assumed. In

addition, Theorem 2.1 includes Theorem 3.1 of Kimura et al. [30] as a special case where the Markov chain
{(Xy, Sn)} is assumed to be of M/G/1 type. To verify this, we suppose that the Markov chain {(X,,, Sy,)}
is of M/G/1 type. We then have a(z) = G/zand L(k) = G* for k € N, where G is the G-matrix of the
M/G/1-type Markov chain. We also define ®o(k) = S°°°_, B(m)G™* for k € N. It follows from (1.14)
that

Ro(2)(I — ®(0))(I — G/z) = B(z) — ®0(1)G, (2.27)

which is equivalent to the second equation of Proposition 2.2 of Kimura et al. [30]. Applying (2.27) to
(2.26), we obtain

2(0)(B(01wy) = 2o(1)G) A ()0 (0+)
0 (0+w — 1) - (d/dy)(A(y))]y=o,
2(0)[B(0:+wy) — Bo(1)( — 2(0) " A(=1)] A (w¥)v(6-)
0104wy — 1) - (d/dy)5(A(y))ly=s,
_ [2O)BO:wr) — 2(VACD]Au(wp)v(0) 2.28)
0+ (042 — 1) - (d/dy)5(A(y))ly=s.
where we use G = (I — ®(0)) " tA(-1) and z(1) = z(0)®o(1)(I — ®(0))~! in the last two equalities.
Substituting (2.28) into the right hand side of (2.25) yields

-1

Z B(0,w¥) — z(1)A(- )}AM( Y)v(04)
- 9+(9+W”—1 (d/dy)d(A(y))|y—o,

which is equivalent to ¢; in Theorem 3.1 of Kimura et al. [30].

o) =

p(04) Apg (w!)

2.3.2 Case wherer = rp

We move on to the second case, which is divided into two subcases. One is where the root 6 of the
fundamental equation (1.36) may not exist; and the other is where the root 6, exists and equals to rp. In
both subcases, the asymptotics of { B(k)} has a dominant impact on that of {Z(k)}. To proceed further, we
specify the tail asymptotics of {B(k)}.
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2.3. Asymptotic analysis of {z(k)} 23

Condition 2.3 There exists some ¢ € R such that

[B(R)):j = 5"k [BK)]i; +o(r5 k"), (i,j) € Mo x M, (229)
where {B(k); k € Z,} is a bounded sequence of nonnegative matrices such that

limsup B(k) > O,#O. (2.30)

k—o00

Remark 2.3 Kimura et al. [30] studied a special case where B(z) is meromorphic for |z| < rp + €, Le.,
¢ € N and, for some m, N € N,

v

1 = 2 \" -~
Bl)= —— S -~y 1— B
" <m—1>!7;)45r3<n—1#?§<n< rB<n> =)

where (,’s (n = 0,1,..., N — 1) are complex numbers such that |(,| = 1 and 0 = arg((p) < arg((1) <

- < arg((n—1) < 27 (see Assumption 3.2 therein). In other words, {rp(,} are the poles of order m of

B(z) on the circle {z; |z| = rg}. Li and Zhao [40] considered a similar case.

We now define 3(k;y) (k € Z4,y > 1) as

k 00
Bky) = x(0))  [Bk—0)+ > y ™B(k—L+m)L(m)
=0 m=1
x (I —®(0) 'y 'F (). (2.31)

We then present the theorem on the first subcase, i.e., where the existence of 6 is not necessarily assumed.

Theorem 2.2 (r = rp) Suppose that Assumptions 1.1 and 2.1 together with Condition 2.3 are satisfied; and

~

thatrp < s, and 6(A(rp)) < 1. Under these conditions, the following asymptotic formula holds:

8

(k) = 15"k Bkirp) + o(rg" ke, (232

where, {B(k;rp); k € Z+} is a bounded sequence of nonnegative vectors. In addition, suppose that either
of the conditions (a), (b) and (c) below holds.

(a) Condition 1.1 is satisfied and the roots 04 € (1,74, ) and 6_ € (r4_, 1] of the fundamental equation
(1.36) exist;

(b) Condition 2.1 is satisfied, Y € 8% and §(A(r4,)) < 1; or
(¢c) Condition 2.2 is satisfied, Y € S* and 5(A(ra_)) < 1.

It then holds that
(i) limsup;,_,., B(k;rp) > 0; and

(ii) ifliminfy_, . B(k) > O and liminfy_,, B(k) # O, then liminfy_, B(k;rp) > 0.

23



24 Chapter 2. Light-Tailed Asymptotics

Corollary 2.1 Suppose that Assumptions 1.1 and 2.1 together with Condition 2.3 are satisfied; and that

o~

rg <ra, and 6(A(rg)) < 1. Furthermore, if

B() := lim B(k) > 0,# O, (2.33)
k—o0
then
=k 5 R
im Cfi ) a(0)B(oo)(I — A(ry) . (2.34)
k—o0 g ko
Remark 2.4 We provide an example of a queueing model corresponding to the case where r = rp as

follows. We consider a MAP/GI/1 queueing model with exceptional service, which represents the service
for customers arriving to the queue when the server is vacant, i.e., the system is empty. For instance, the
exceptional service time can be considered as the original service time including warming-up time, which is
required for restarting the stopped server. We assume that the original service time and exceptional service
time follow i.i.d. distributions. The queue length distribution at departure of this queueing model results
in the stationary distribution of a certain M/G/I1-type Markov chain. Furthermore, since the exceptional
service time is longer than the original one, the impact of the jump size from the boundary level of the
corresponding M/G/1-type Markov chain is larger than those from the non-boundary levels. In other words,
{B(k);k =0,1,...} of the transition matrix of the Markov chain have dominant impact on the stationary
distribution. As a result, rg < min(0y,r4, ), and thus the decay rate r of the stationary distribution can

be equal to rp.

The following theorem is concerned with the second subcase, i.e., where 6 = rp.

Theorem 2.3 (r = rp = 0) Suppose that Assumptions 1.1 and 2.1 together with Conditions 1.1 and 2.3
are satisfied. Suppose that the root 0 € (1,74, ) of the fundamental equation (1.36) exists and 0, = rp.
Let £(k;rg) = k~18(k;75) > 0 for k € N. Under these conditions, the following hold:

(i) the asymptotics of {@(k)} is given by

Z(k) = r5"@(0)RoFy_ i /nyr + o(rgh)e, 6 < -1, (2.35)
z(k) = 15" |2(0)RoFy_ 4/ |7 + E(K; 7“B)] +o(rghe’, ¢ = -1, (2.36)
Z(k) = rg"k? T E(k;rp) + o(rgt ke, ¢ > —1; and (2.37)

(ii) forallk € N,
w(O)ROFk—UC/TJT > 0,

where Fy ({ = 0,...,7 — 1) is a nonnegative and nonzero matrix such that

~ 71 2 v v v\—
Fooo S U200 -Clnet) AurautmAu@™
v=0

(rpw? — 1) (wk)" rp(d/dy)8(A(Y)) ly=rs
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2.3. Asymptotic analysis of {z(k)} 25

In addition, suppose that

1il££fé(k) >0, 0, (2.39)
and either of the conditions (a) and (b) below holds.
(a) the root 0_ € (r4_, 1] of the fundamental equation (1.36) exists; or
(b) Condition 2.2 is satisfied, Y € S* and 5(A(ry_)) < 1.
It then holds that

(iii) limsupy,_, . &(k;7rp) > liminfy_,o &(k;rp) > 0.

Corollary 2.2 Suppose that Assumptions 1.1 and 2.1 together with Conditions 1.1 and 2.3 are satisfied.
Suppose that the root 0 € (1,74, ) of the fundamental equation (1.36) exists and 0 = rp. Furthermore,
if (2.33) holds, then, for £ =0,1,...,7 —1,

im 27D o) R T, ¢ < 1, (2.40)
n—oo rB
Jim W = 2(0)RoFy + £(00; 7), ¢ = -1, (2.41)
. z(k) ‘
klggo W = §(00;7B), o> —1, (2.42)
where

rp(d/dy)s(AY)) ly=rs
2.3.3 Case wherer =1y,

Finally, we consider two subcases: 7 = ra4, < rp andr = rq, = rpg. Itis assumed in both subcases

that 0(A(r4, )) < 1 and thus the root 6 does not exist (see Lemma 1.2).
The following theorem provides the asymptotic formula for the first subcase.

Theorem 2.4 (r = ra, < rp) Suppose that Assumptions 1.1 and 2.1 together with Condition 2.1 are satis-

~

fied If Y € 8%, 6(A(ra,)) <landry, <rp, then
z(k) 5

im ——Y . 4(0)Ro(ra,)Cr > 0,40, 2.44

oo TA,fP(Y> k) ( ) 0( A+) F = 7& ( )

where Cr is given in (2.18).
The asymptotic formula for the second subcase is proved under the following condition.

Condition 2.4 There exists some random variable Y in 7 with finite positive mean such that

Ak)

im A _ g0 m BW _gso
k—o0 rA+P(Y > k)

k=00 r FP(Y > k)

where Cy # O or Cp # O.
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26 Chapter 2. Light-Tailed Asymptotics

Theorem 2.5 (r = r4, = rp) Suppose that Assumptions 1.1 and 2.1 together with Condition 2.4 are sat-

~

isfied. IfY € S*, 6(A(ra,)) < landra, =rp, then

z(k)

lim R SE (0) [CB(I — A(ra,)) "t + Ro(ra, )Cr| > 0,2 0. (2.45)
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Chapter 3

Heavy-Tailed Asymptotics

3.1 Introduction

This chapter studies the subexponential asymptotics of the stationary distribution of the GI/G/1-type
Markov chain. We briefly review the literature related to the subexponential asymptotics. For this purpose,

let Y denote a random variable in Z, and for a while, assume that

YR Al DYy : 1)
==—hr-. 7 — > —=—hrs 7
dm ey s S 620 im s

with C1 # O or Cs # O. Asmussen and Mgller [7] consider two cases: (a) Y is regularly varying; and (b)

202207

Y belongs to both the subexponential class S (see Definition C.2) and the maximum domain of attraction
of the Gumbel distribution (see, e.g., [17, Section 3.3]). For the two cases, they show that under some
additional conditions,
. z(k
klggo P(Y;(>) k)
where Y, denotes the discrete equilibrium random variable of Y, distributed with P(Y, = k) = P(Y >
k)/E[Y] (k € Z4). Note here that Y € S does not necessarily imply Y, € S and vice versa (see [60,
Remark 3.5]).
Li and Zhao [40] show the subexponential tail asymptotics (3.1) under the condition that Cs = O and
Y belongs to a subclass $* of S (see Definition C.3). Note here that Y € S* implies Y € Sand Y, € S
(see Proposition C.2). Although Li and Zhao [40] derive some other asymptotic formulae for {Z(k)}, those

=1 >0, Y.€8, 3.1)

formulae are incorrect due to “the inverse of a singular matrix™ (detailed explanation can be found in [42]).

Takine [63] proves that the subexponential tail asymptotics (3.1) holds for an M/G/1-type Markov chain,
assuming that Y, € S but not necessarily Y € S. Thus Takine’s result shows that Y € & is not a necessary
condition for the subexponential decay of {Z(k)}. However, Masuyama [42] points out that Takine’s proof
needs an additional condition that the G-matrix is aperiodic. Furthermore, Masuyama [42] presents a weaker
sufficient condition for (3.1) than those presented in the literature [7, 40, 63], though his result is limited to
the M/G/1-type Markov chain. Recently, Kim and Kim [29] improve Masuyama [42]’s sufficient condition
in the case where the GG-matrix is periodic.

In this chapter, we study the subexponential decay of the tail probabilities {Z(k)} in two cases: (i) A

is stochastic (i.e., Ae = e); and (ii) A is strictly substochastic (i.e., Ae < e,# e). For the case (i), we
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28 Chapter 3. Heavy-Tailed Asymptotics

generalize Masuyama [42]’s and Kim and Kim [29]’s results to the GI/G/1-type Markov chain. The obtained
sufficient condition for the subexponential tail asymptotics (3.1) is weaker than those presented in Asmussen
and Mgller [7] and Li and Zhao [40]. As for the case (ii), we present a subexponential asymptotic formula
such that

lim ————— = 0, Yes.

e PY S k) 270 T E
It should be noted that the embedded queue length process of a BMAP/GI/1 queue with disasters falls into
the case (ii) (see, e.g., [58]). As far as we know, the subexponential asymptotics in the case (ii) has not been
studied in the literature. Therefore, this is the first report on the subexponential asymptotics in the case (ii).

We also study the locally subexponential asymptotics of the stationary probabilities {«(k)}. In the case
() (i.e., A is stochastic), we prove the following formula under some technical conditions:
k
lim 2 (k)

2 _ >0, Yest
e PYo=k) 370 1€

Furthermore, in the case (ii) (i.e., A is strictly substochastic), we assume that Y is locally subexponential
with span one (i.e., Y € Sjoc(1); see Definition C.5). We then show that

i 2(0)

PP 50, Y e Su(l)
oy o~ >0 Y ESiell)

with some technical conditions. For the reader’s convenience, Appendix C.3 presents simple examples of
the case where the stationary distribution is locally subexponential.
The rest of this chapter is divided into two sections. In Sections 3.2 and 3.3, we study the subexponential

tail asymptotics and locally subexponential asymptotics, respectively, of the stationary distribution.

3.2 Ordinal subexponential asymptotics

This section studies the subexponential decay of the tail probabilities {Z(k)}, under the following as-

sumption.

Assumption 3.1 Either of (I) and (1l) is satisfied:
(I) Assumption 1.1 holds, A is stochastic, and ) .., |k| A(k) < oo; or
(II) Assumption 1.1 holds and A is strictly substochastic.

Assumption 3.1 (I) and (II) are considered in subsections 3.2.1 and 3.2.2, respectively.

3.2.1 Case of stochastic A

Lemma 3.1 Under Assumption 3.1 (),

o=m(I - R)(I—-®0)) kG(k)e € (0,00), (3.2)
k=1

where o is defined in (1.5).
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3.2. Ordinal subexponential asymptotics 29

Proof. We have 0 < o < oo due to (1.5), Proposition 1. 7 and the third condition of Assumption 3.1 (I).
Furthermore, since o = —(d/dz)A(2)|.—1€ and (d/dz)G(2)],—1 = ve1 kG(k), we obtain (3.2) by
differentiating (1.16) with respect to z, pre-multiplying by 7, post-multiplying by e and letting z = 1. O

Since A is stochastic, the root of the fundamental equation 6_ is equal to 1 (see (1.36) and Lemma 1.3).
In addition, Lemma 1.1 implies that if Assumption 3.1 (I) holds, the condition of Lemma 2.4 is satisfied.
Thus, substituting §_ = 1 into (2.13) and using (1.43), (d/d2)6(A(2))],—1 = 7A'(1)e = —0, v(1) = e,
and p(1) = 7 yield

T[], ,
n—oo
0, otherwise,
where
Y =9(1) =7l - R)(I - 2(0)). (3.4)
For £ = 0,1,...,7 — 1, let M) = {j € M$;p(j) = ¢} and [M©| denote the cardinality of M),

Furthermore, let 1#(@ denote a subvector of 1) corresponding to M, and e®) denote an |M(£)] x 1 vector

of ones. Using these notations, (3.3) can be rewritten as

nlgg() L(nt+/¢)=71EH,, 3.5)
where
M0 e® o ... 0 0
M) 0 e 0 0
E = : , (3.6)
M2 0o o0 e™2 o0
MC-D\ o0 o 0 e™b
and
Y (SO R Y (G S DIV (G O NV (G D B V) (Cot O
0 o ... 0 P(TY 0 .. 0
0 o .- 0 0 Q'[,(T—H-l) o 0
0 0 0 0 0 (r=1)
cH, = 0 ¥
»© o 0 0 0 0
o O 0 0 0 0
0 0 - Ut 0 0 0
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30 Chapter 3. Heavy-Tailed Asymptotics

Remark 3.1 Suppose the Markov chain {(X,,, Sy)} is of M/G/I-type. It then follows that L(n) = G" for
n = 1,2,.... Furthermore, it is easy to see that 1 /o is a stationary probability vector of G and therefore
[]; = 0 forall j € Mr (see Lemma 1.5). We now define ’Q,DEZ) (¢ =0,1,...,7 — 1) as a subvector of ¥
corresponding to MEE) = {j € M, "\MO}. As a result, (3.5) yields

MSO) Mgl) o MET_I) M
MO (e O - 0] 0]
MY (0] e@bgl)/a e (0] (0]
' (r-1) . ' . (T;l)
1, M o o - epi Yo O
n—ro0 T M eV 0 .. 0] 0]
M o epjo - 0] 0]
MU\ o o - epl Vo O

where MSFZ) = M©® \Msz) (¢ =0,1,...,7 — 1). Note here that ¢£€)e =o/rforallt =0,1,...,7—1
because (1/7)G""e = e/7 foralln = 1,2,.... As a result, the limit (3.7) is consistent with the equation

(14) in [42], where | f,, = e and each element of f,, (v = 1,2,...,T) is equal to one or zero.

Lemma 3.2 If Assumption 3.1 (I) holds, then

T—1

Tlim zz:; Lint+10) = gmp. (3.8)

Proof. 'We obtain (3.8) by combining (3.5) and

T7—1
o> Hy=ey. (3.9)

£=0
O

We now make the following assumption.
Assumption 3.2 There exists some random variable Y in 7, with positive finite mean such that
Ak B(k

lim —Ake e o Blkle _ o (3.10)

k—oo P(Y > k) E[Y] k= P(Y >k) E[Y]

where ca and cg are nonnegative M x 1 and My x 1 vectors, respectively, satisfying ca 7 0 or cg # 0.

Lemma 3.3 Suppose Assumptions 3.1 (I) and 3.2 hold. If Y, is long-tailed (i.e., Yo € L; see Definition C.1),

then
.~ A(k+m)L(m eam(I — R)(I — ®(0
Jim 32 AL < A RS0, a1
. ~=B(k+m)L(m)  cgm(I—R)(I— ®(0))
i PY.> k) o ' (3-12)
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3.2. Ordinal subexponential asymptotics 31

Proof. Equations (3.8) and (3.10) show that for any £ > 0 there exists some m, := m.(e) € N such that
forallm > myand £ =0,1,...,7 —1,

e(tp —ce') Z (Im/7]7+1) < e(r¢p +ce'), (3.13)
1 Z( |m/T|T+()e 1
— < < . 3.14
Ev] S Ty sy et G-19
Furthermore, since Y, € £ and L(m) < ee! forallm = 1,2,..., we have
msx—1 — my—1
, — A(k+m)L - A(k+m)ee’ PY >k+m)
| li lim T
i mz P(Y. > k mzl PP Skt m) Y P(Ye > k+m)
« lim sup P e > B+ m)
fane, P(Ye > k)
= O, (3.15)
where the last equality follows from (3.10) and the fact that Y, € £ has a heavier tail than Y (see Corollary
3.3in [60]).
On the other hand,
i k:+mL(m) - Z = k+m7-+£) (m/'7 + 0)
P(Ye > k) - e g P(Ye > k)
00 7'—1
Ak +m/T)
< Z Y =) ZL m'T + )
m/'=|ms /7] =0
> Ak+m'te /T T
< i 1
< Z PV, > ) (O_'l,b+€€ ), (3.16)

m/=|mu/T]

where the second inequality holds because {A(k); k € Z, } is nonincreasing, and where the last inequality
is due to (3.13). Note here that (3.10) implies for all sufficiently large k,

> A(k+m'r)e 1 > PY >k+m'r)
< S
NG ey 3 B

from which and Proposition C.1 it follows that

i A(k+m'T)e o Catee

I 3.17
P PY.>k) — r ©-17
m'=|mx /7]
Combining (3.16) and (3.17) and letting € | 0 yield
, ~ A(k+m)L(m) cath
1 < . 3.18
i sup mzzm P> 1) < (3.18)
As aresult, from (3.15) and (3.18), we have
XAk +m)Lim) et
lim su < —. 3.19)
b e P(Ye > k) o

31



32 Chapter 3. Heavy-Tailed Asymptotics

Next we consider the lower limit. It follows from (3.13) and (3.14) that

2. A(k +m)L(m) 2. A(k+m)L(m)
2 P(Y. > k) > 2 P(Ye > k)

m=1 M=

[e.9]

D

m/=|my/7]+1

Ak +m't + OL(m'T + 0)
P(Ye > k)

M1

v

0
T—1

(k+m/T+71) Z
L(m/t+ 1)
P(Ye > k) prd

Vv
VL
M T

> Alk+m'T)e /T T
> ST RC Ly — .
> ,_LZ/ e (Zo—ceT), (3.20)

where the third inequality requires the fact that { A(k)} is nonincreasing. Furthermore, the following can be
shown in a very similar way to (3.17):

i A(k+m/T)e S c—ce
PYes k) — 1

lim inf
k—o0

m/=|my /7|42
Combining this with (3.20) and letting € | 0 yield

lim inf A(k+m)L(m) > cAzb.
i 2 P(Ye > k) o

(3.21)

Finally, (3.11) follows from (3.19), (3.21) and (3.4). Equation (3.12) can be proved in the same way, and

thus the proof is omitted.

O
Lemma 3.4 Suppose Assumptions 3.1 (I) and 3.2 hold. If Y, € L, then
. R(k) _ carn(I - R)
s s (3-22)
Ry(k)  cgn(I—-R)
s S o (3.23)
Proof. It follows from (1.15) that
—_ — Oo JR—
R(k) = |A(k)+ > A(k+m)L(m)| (I —®(0))"". (3.24)
m=1
Note that Corollary 3.3 in [60] and (3.10) yield
: A(k) , A(k)eet P(Y > k)
limsup ————— <limsup ——— limsup ————= = O.
ks PV > ) = kg POV > ) smg P(Ye > k)
Thus from (3.24), we have
: (k) .~ A(k+m)L(m) 1
lm ———— =1 I1-® . 2
hvoe P(Ye > k) kgilon; PV, > k) (0)) (3:23)
Substituting (3.11) into (3.25), we obtain (3.22). Similarly, we can prove (3.23). O

The following theorem presents a subexponential asymptotic formula for {Z(k)}.
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3.2. Ordinal subexponential asymptotics 33

Theorem 3.1 Suppose Assumptions 3.1 (1) and 3.2 hold. If Yo € S, then

. E(/ﬁ:) B CC(O)CB + E(O)CA '
s r T (3-26)

Proof. 1t follows from (1.21) that

i Fk)=(I-R)™ (3.27)

k=0

Thus using (3.27) and Lemma 6 in [28], we have

m —E®) g o BTR)
k—oo P(Y;} > ]{7) koo e P(Y;; > k?)
= (I-R)™!lim R(k) (I-R)

k—o0 P(}/e > k)
Substituting (3.22) into the above equation yields

F(k) (I-R)leam

li = . 2
hvoe P(Ye > k) o (3:28)
Finally, applying Proposition C.3 to (1.22) and using (3.23) and (3.28) lead to
. z(k) x(0) 1
1 = I —
I ey, s T o lem TRl - R ],
from which and (1.26) we have (3.26). O

Remark 3.2 Theorem 3.1 is a generalization of Theorem 1 in [29] to the GI/G/I-type Markov chain. In
fact, the latter extends the corollary of Theorem 3.1 in [42] (Corollary 3.1 therein) to the case where the
G-matrix is periodic.

3.2.2 Case of strictly substochastic A

In this subsection, we make the following assumption in addition to Assumption 3.1 (I):

Assumption 3.3 There exists some random variable Y in 7, such that

lim Alk) =Cy, lim B(k)

koo P(Y > k) koo P(Y > k) Cs, (3-29)

where Cy and Cp are nonnegative M x M and My x M matrices, respectively, satisfying Cy # O or
Cp # O.

Lemma 3.5 Suppose Assumptions 3.1 (II) and 3.3 hold. IfY € L, then

— -1
R <

- -1
. Ro(k) Nl
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34 Chapter 3. Heavy-Tailed Asymptotics

Proof. From (1.15) and (3.29), we have

LRk
oo P(Y > k)

. > A(k+m) 1
C 1 ——— L I-® . 3.32
at i S ST B (- 2(0) (332)
Note here that under Assumption 3.1 (II), sp(G) < 1 (see Proposition 1.4) and thus (1.11) yields
> Lim)=(I-G)'G <, (3.33)

from which and (3.29) it follows that for k = 0,1, ...,

L(m
PY>k )—kseuzﬂ Y>kZ:l

Therefore applying the dominated convergence theorem to (3.32) and using (3.29) and Y € L, we obtain

i R(k)
hovoo P(Y > k)
i z:: ST iZT)m) P(g(; iZ)mL(WL) (-2~
= Cy[I+(I-G)'G](I-%(0)"
= Cy(I-G)YI—-&0) L (3.34)
From (1.9), we have
o —1
I-G)"' = [I— (I—®(0) ) ®(-)
/=1
00 —1
= <I — @(—E)) (I — ®(0)). (3.35)
=0

Finally, substituting (3.35) into (3.34) yields (3.30). Equation (3.31) can be proved in the same way. O

Theorem 3.2 Suppose Assumptions 3.1 (II) and 3.3 hold. If Y € S, then

lim (k)

A 5 s gy = #0)Cs + Z(O0)CAT ~ At >o0. (3.36)

Proof. Applying Proposition C.3 to (1.22) and using (3.27) and (3.31), we have

s(k) x
sy s - 00k (I -

where F'(k) is given in (1.21). Furthermore, it follows from Lemma 6 in [28] and (3.30) that

-1 —
<I>(—£)> (I -R)'+x(0)Ry Jim. P(F(k)), (3.37)
£=0

F(k >
lim (k)

-1
koo P(Y > k) ¢(_£)> (I-R)"

=I-R)'Cy (I —
£=0
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3.3. Locally subexponential asymptotics 35

Substituting the above equation into (3.37) and using (1.26), we have

z(k)

-1
Jim. Y= h) = [x(0)Cp + E(0)C4] (I— <I>(—€)> (I-R)™. (3.38)

Note here that (3.35) yields

00 -1
(I -y q:(-@) I-R)™ = I-G)'I-®0)'U-R)"=T-A"", (339
/=0

where the second equality follows from Proposition 1.3. As a result, we obtain (3.36) by combining (3.38)
with (3.39).

It is easy to show that the right hand side of (3.36) is positive. Indeed, (I — A)~! > O due to the
irreducibility of A. In addition, (0)Cp + (0)Cy4 > 0,# 0 because x(0) > 0 and T(0) > 0; and
C4 # O or Cp # O. Therefore, (z(0)Cp + Z(0)Cx)(I — A)~! > 0. O

3.3 Locally subexponential asymptotics

This section considers the locally subexponential asymptotics of the stationary distribution.

3.3.1 Case of stochastic A

In this subsection, we proceed under Assumption 3.1 (I) and the following assumption:

Assumption 3.4 There exists some random variable Y in 7. with positive finite mean such that

. AMkE _ C%} . B(k)E _ Cj
By =k TEN] AP =k EDT (340)

where E is given in (3.6), and where C’E and Cg are nonnegative M x T and My X T matrices, respectively,

satisfying C% # O or CE # O.

Lemma 3.6 Suppose Assumptions 3.1 (I) and 3.4 hold. Furthermore, suppose either of the following is
satisfied: 'Y is locally long-tailed with span one (i.e., Y € Lio(1); see Definition C.4); or' Y € L and

{P(Y = k)} is eventually nonincreasing. We then have

klijf;i A(k:(+m) gm) _ CEeW(I—R)iI—@(O))7 (3.41)
klllilon; (k(+ :)lzgm) ~ CEe (I — R)((7 2(0)) (3.42)

Proof. We give the proof of (3.41) only. Equation (3.42) can be proved in the same way. It follows from
(3.5), Ee = e and (3.4) that for € > 0 there exists some m, := m.(e) € N such that for all m > m, and
£=0,1,...,7—1,

E(rH,—cee") < E(tH;+cee'), m={(modT), (3.43)

A
=

< L (CF el (3.44)

1
—(CF —cee') < P(Y =m) ~— E[Y]

E[Y]
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36 Chapter 3. Heavy-Tailed Asymptotics

Thus from (3.40), L(m) < Eee' and Y € L (see Remark C.2), we have

lim

k—o0 el P(Y;;

ms—1 mx—1
" Ak +m)L(m) ' A(k+m)Eee' P(Y =k +m)
< p—
-k - EY] i PY =k+m) P(Y >k) 0

Using this and (3.43), we obtain

Ak + m) m) . A(k+ m)L(m)
li =1
1ZILS£p z_: 121:8£p ; P(Y. = k)

(THy+cee'). (3.45)

A
M
5
£
||M
»
oyl
_l’_
2
&

Furthermore, it follows from (3.44) and Proposition C.4 that

E T
y Ak o Gy,
— ( e — ) [ ] k—o0 m>ma
m={ (mod ) m={ (mod 7)
_ Ci+eee’ (3.46)

-
Substituting (3.46) into (3.45) and letting € | 0, we obtain

1
k:—i—m ) —
lim sup g <Cc¥ g Hg——C ey,
k—o00 A[ 0 A

PY =k+m)
2 hw=n

lim sup
k—o0

where we use (3.9) in the last equality. Similarly, we can show that

o~ A(k+m)L(m)
lim inf 2 P(Ye = k)

1
> —CPeq.
= sey
As aresult,

. = A(k+m)L(m) 1 g
Jim > P, = k) oAV

from which and (3.4) we have (3.41). O

Remark 3.3 Lemma 3.6 is proved by using Proposition C.4, which requires either that Y € Lyo.(1) or that
Y € Land {P(Y = k)} is eventually nonincreasing.

Lemma 3.7 Under the same assumptions as in Lemma 3.6,

) R(k) B g ®(I—R)

kl;r{:o 7P(Ye vy = CAeia , (3.47)
) Ry(k) B g 7w — R)

klggo 7P(Y; ) Cpe———= (3.48)
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3.3. Locally subexponential asymptotics 37

Proof. 1t follows from Fe = e, (3.40) and Y € L that

im A ey A(k)Eee  P(Y = k)

=0.
k—o0 P(}/e = ]{J) k—o0 P(Y > k) P(Y > ]{3)
Thus from (1.15), we have
: R(k) .~ A(k+m)L(m) 1
1 =1 I-& . 4
b P(Yo = k) koo Z: P ) 0)) (349)
Substituting (3.41) into (3.49) yields (3.47). Similarly, we can readily show (3.48). O

We now obtain a locally subexponential asymptotic formula for {x(k)}.

Theorem 3.3 Suppose Assumptions 3.1 (I) and 3.4 hold. Furthermore, suppose (i) Y is locally subexpo-
nential with span one (i.e., Yo € Sioc(1); see Definition C.5); and (ii) Y € Lioc(1) or {P(Y = k)} is
eventually nonincreasing. We then have

x(k) z(0)CEe + z(0)Cle

kl;rgo Y, = %) = . -, (3.50)

Remark 3.4 According to Definition C.5 and Proposition C.5, Yo € Sioc(1) is equivalent toY € S*. Thus
since S* C S C L, the assumptions of Theorem 3.3 are sufficient for those of Lemma 3.6.

Proof of Theorem 3.3. Proposition C.9 yields

F(k) - R*”(
lim ———%— = 1
R L O By

B R(k) _
= I-R 113;0@(1—1%) !

from which and (3.47) it follows that

F(k)  (I-R)'Cler

li = 3.51
koo P(Ye = k) - (3.51)
Furthermore applying Proposition C.8 to (1.20) and using (3.48) and (3.51), we obtain
x(k) x(0) _
kli)ngo P, =F) — o [CEerm + Ro(I — R)"'Cler].
Substituting (1.26) into the above equation yields (3.50). O

We present another asymptotic formula.

Assumption 3.5 There exists some random variable Y in 7. with positive finite mean such that

lim Ak)le ¢ lim B(k)e  cp
k—oo P(Y =k)  E[Y]" k50 P(Y =k) E[Y]

where ca and cp are nonnegative M x 1 and My x 1 vectors, respectively, satisfying ca # 0 or cg # 0.
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38 Chapter 3. Heavy-Tailed Asymptotics

Theorem 3.4 Suppose Assumptions 3.1 (I) and 3.5 hold. Furthermore, suppose (i) Yo € Sioc(1); (ii)
Y € Lioe(1) or {P(Y = k)} is eventually nonincreasing; and (iii) {A(k); k € Z+} and {B(k); k € N}
are eventually nonincreasing. We then have

x(k) x(0)cg +x(0)ca

lim = - TT.

k—oo P(}/e = ]C) g

Proof. This theorem can be proved in a very similar way to Theorem 3.1. For doing this, we require an
additional condition that { A(k); k € Z, } and { B(k); k € N} are eventually nonincreasing, i.e., there exists
some k, € Nsuch that A(k) > A(k+1)and B(k) > B(k + 1) for all k£ > k,. The details are omitted. O

Remark 3.5 Since Ee = e, Assumption 3.5 is sufficient for Assumption 3.4. Thus Theorem 3.4 is not a
corollary of Theorem 3.3.

Remark 3.6 We give an example of a queueing model that has locally subexponential-tail asymptotics in
the case of stochastic A in Appendix C.3.1.

3.3.2 Case of strictly substochastic A

In addition to Assumption 3.1 (II), we assume the following:

Assumption 3.6 There exists some random variable Y in Z. such that

lim ﬂ =Cy, lim B(k)

Py — 1 52
koo P(Y = k) dm ey o T Or (3.52)

where Cy4 and Cpg are nonnegative M x M and My x M matrices, respectively, satisfying Ca # O or
Cp # O.

Lemma 3.8 Suppose Assumptions 3.1 (II) and 3.6 hold. If Y € Lioc(1); andra_ > 1or{P(Y =k)} is

eventually nonincreasing, then

-1
: R(k)  _ -
klgrolom = Cy (I— ;@(—E)) , (3.53)
0o -1
Jim. F>(11%/0(:k>k) = Cp <I— ;@(—f)> . (3.54)

Proof. From (1.15) and (3.52), we have

lim ﬂ:

koo P(Y = k)

Ca+ klirﬂon; ML(m) (I—®(0)". (3.55)

To apply the dominated convergence theorem to (3.55), we show that for all sufficiently large &,

= Ak+m
mz:lp((y_k))L(m)<oo.
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3.3. Locally subexponential asymptotics 39

Suppose {P(Y = k)} is eventually nonincreasing. We then have for all sufficiently large %,

= Ak +m) A(k+m/)
——— L < L(m
2 By =k B S S0 iy 2

m=1

where the last inequality is due to (3.33) and (3.52). On the other hand, suppose r4_ > 1. It then follows
from Proposition 1.2 that {G(k)} is light-tailed, i.e.,

ZrkG(k) <oo foralll<r<ry . (3.56)

Note here that G(1/z) = S, 2*G(k) and sp(G(1)) < 1 (see Proposition 1.4). Thus according to
Theorem 8.1.18 in [26],

sp(G(1/2)) =1 onlyifl <z<r4_ . (3.57)

The equations (1.11), (3.56) and (3.57) imply that there exists some r > 1 such that

o0

Z r"L(m) < oo.

m=1

Furthermore, it follows from Assumption 3.6 and Y € L,(1) that for any £ > 0 there exists some ko € Z
such that for all £ > ko,

Ak+m) _ + P(Y =k +m)
P(Y =k) T

Therefore, for0 < e <r —1and k > ko,

< (Cy +cee <(1+e)™(Cy+cee’), mei,.

k:+m

<( (1 m .
PY m) < (Cy + cee’ mz_:l +¢e)"L(m) < oo

As aresult, applying the dominated convergence theorem to (3.55) and following the proof of Lemma 3.5,

we can prove (3.53). Equation (3.54) can be proved in the same way. O

Using Lemma 3.8, we can readily prove the following theorem. The proof is very similar to that of

Theorem 3.2 and thus is omitted.

Theorem 3.5 Suppose Assumptions 3.1 (II) and 3.6 hold. If Y € Sioc(1); andra_ > 1or {P(Y =k)} is

eventually nonincreasing, then
lim ———~— = [2(0)C+Z(0)C4](I -A)'>0

Remark 3.7 In Appendix C.3.2, we provide an example of a discrete-time single-server queue with disas-
ters. This queueing model has locally subexponential-tail asymptotics corresponding to the case of strictly

stochastic A.
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Chapter 4

Heavy-Traffic Asymptotics

4.1 Introduction

In this chapter, we study the heavy-traffic limits of the stationary distribution and moments of the GI/G/1-

type Markov chain. To begin with, we review the previous studies. Asmussen [5] assumed that

o

Y KB(k) <oo, Y |K*A(k) < o, 4.1
k=1 kez

and then proved that the diffusion-scaled level process converges weakly to a reflected Brownian motion as

the mean drift in level —o goes to zero. It should be noted that if ¢ = 0 and Assumption 1.1 (a) and (b)

hold then T is null-recurrent [8, Chapter XI, Proposition 3.1]. Asmussen [5] also presented the asymptotic

formula for the stationary distribution of the following form:
PleX >x,5=1i) — e_””/vm, r>0,1€M, asoclD0, 4.2)

where v > 0 is a certain parameter and (X, S) denotes a random vector distributed according to the sta-
tionary distribution of {(X,,Sy,)}, i.e., P(X = k, S = i) = x;(k) for (k,i) € S. Falin [18] proved the
heavy-traffic limit (4.2) for the M/G/1-type Markov chain under the following conditions:

Y kB(k) <oo, > k*A(k) < oo, (4.3)

k=1 kEZ

x(0) -0, aso 0, (4.4)

A=B(0)+) B(k). (4.5)
k=1

In this chapter, we prove the heavy-traffic limit (4.2) for the GI/G/1-type Markov chain by the characteristic
function approach. The proof does not require Falin [18]’s additional conditions (4.4) and (4.5). Further-
more, our assumption is weaker than Asmussen’s. More specifically, Asmussen’s heavy-traffic limit theorem

requires that (4.1) holds. On the other hand, we assume the following:

> kB(k) <oo, > K A(k) < oc.
k=1 kEZ
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42 Chapter 4. Heavy-Traffic Asymptotics

We also present a heavy-traffic asymptotic formula for the moments of the stationary distribution. We

assume that
oo [e.@]
> k"B(k) < oo, Y k™A(k) < oo,
k=1 k=1
under which we prove that there exists some 7 > 0 such that, for: € M and m € N,
E[(eX)™1L(S =1i)] —» m!y"m;, aso 0.

As far as we know, there are no studies on the heavy-traffic limits of the moments of the stationary distribu-
tion of the GI/G/1-type Markov chain.

The rest of this chapter is organized as follows. In Section 4.2, we summarize preliminary results.
Section 4.3 provides the heavy-traffic asymptotic formula of the stationary distribution. Section 4.4 presents

a heavy-traffic asymptotic formula for the moments of the stationary distribution.

4.2 Preliminaries

In this section, we provide preliminary results for the heavy-traffic asymptotics. We first introduce the
characteristic function of {x(k);k € N}. We then parameterize the Markov chain to consider the heavy
traffic limit and discuss the boundedness and continuity of the related vectors and matrices to the Markov

chain.

4.2.1 Characteristic functions and related results

In this chapter, we use a characteristic function approach in stead of a generating function one considered
in Chapters 2 and 3. To this end, we first provide necessary notations and results as preliminaries in this
subsection. We write i as the imaginary unit, i.e., i = v/—1 hereafter.

Let A(¢) = Y, A(R), G(€) = Y52, e G(k), R(€) = Y32, € R(k) and Ry(¢) =
S22 ¥ Ry (k) for € € R := (—o0, 00), respectively. It then follows from Proposition 1.3 that

I-A() = (I - R©)(I - 8(0))(I - G(e)). (4.6)

The above equation is the RG-factorization expressed by characteristic functions.

In addition, we assume the following condition throughout this chapter.
Assumption 4.1 A is stochastic.
Remark 4.1 Assumptions 1.1 and 4.1 imply that o > 0 and ) ;- | kB(k)e < oo (see Proposition 1.7).

Let (&) = > 72, ei**x(k). It then follows from (1.22) that

2(€)(I - R(€)) = =(0) Ro(€). 4.7
From (4.6) and (4.7), we have
()T — A(€)) = z(0)Ro(&)(I — ®(0))(I — G(€)), (4.8)
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4.2. Preliminaries 43

which yields, for & € R such that ¢(&) # 0,

adj(I — A(¢))

Z(€) = z(0)Ro(&)(T — ®(0))(I — G(¢€)) R

4.9)
where

P(€) = det(I — A(€)), E€R. (4.10)

Let 6(¢) := 0(A(€)) (¢ € R) denote a maximum-modulus eigenvalue of A(¢), whose imaginary part is
nonnegative and whose real part is not less than those of the other eigenvalues of maximum modulus. Let
B(€) = (71i(€))iem and B(€) = (Ti(€))sem denote the left- and right-eigenvectors of A(€) corresponding

to eigenvalue §(§), which are normalized such that Re(z1(€)) > 0, >, cpr [12:(§)| = 1 and p(§)v(€) = 1.
Let I'(€) denote

where XEA) (€) (m = 2,3,..., M) denote the eigenvalues of A (¢) such that |0(¢)| > ]XéA) &) > \XéA) )] >

e > IX%?)(fﬂ We then have

$(€) = (1= 8(&)I(E). (4.11)

Since 2(0) = A is an irreducible stochastic matrix (see Assumptions 1.1 (b) and 4.1), the eigenvalue 5(0)
is simple (see, e.g., [10, Theorem 1.4.4]) and

pn(0) = m, v(0) =e. (4.12)

The fact ¢ > 0 (see Remark 4.1) implies that i¢ >°, ., kel** A(k) is finite and thus A(¢) is differentiable

for all £ € R. Therefore, it follows from Theorem 2.1 of [3] that 6(&), (&) and v(€) are differentiable for
all ¢ € R. Furthermore, we obtain

§'(0) = —io, (4.13)
by differentiating both sides of S(g) = ﬁ(g)}i(g)a(g ) and letting £ = 0.

Remark 4.2 If (d™ /dg™) A(¢€) |e=0 exists, i.e., A(&) is m-times differentiable at & = 0, then 5(€), n(€)
and v(&) are m-times differentiable at ¢ = 0, which indicates that I (&) is also m-times differentiable at
& = 0. These facts can be easily confirmed because Z&(f ) is m-times differentiable for all ¢ € R; and g(ﬁ ) is
a simple eigenvalue of A(ﬁ ). Discussions on the differentiability and continuity of eigen-vectors and values

of matrix-valued functions are summarized in Appendix D.
In what follows, we assume the following.
Assumption 4.2 Y, , k*A(k) < cc.
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44 Chapter 4. Heavy-Traffic Asymptotics

Under Assumption 4.2, (d2/d&2) A(¢) |e=o exists and thus 6 (&), p(§), v(§) and I'(€) are all twice differen-
tiable at £ = 0 (see Remark 4.2). Therefore, by differentiating (4.11) with respect to £ and using 5(0) =
and (4.13), we obtain

#0) = iol(0) =ic H RA( (4.14)
#"(0) = —5”( ) ( ) — 210F'(0). (4.15)
The following proposition gives the expression of 5" (0).

Proposition 4.1 If Assumptions 1.1 (a) and (b), 4.1 and 4.2 hold, then

0"(0) = 207 -7y KA(k)e—2m > kA(k)I - A+em) B, (4.16)
kEeZ keZ

Proof. From the definition of fz(¢) and 6(¢), we have

(E)A(8) = 6(&)(S)- (4.17)
Differentiating both sides of (4.17) twice with respect to £, post-multiplying them by e and letting £ = 0,
we obtain

3"(0) = —m > k?A(k)e +i2i'(0)8 4, (4.18)

keZ

where we use 6(0) = 1, 2(0) = =, ii'(€)e = 0 for all ¢ € R, and (4.13). Furthermore, it follows from
(4.17) that

OO — A(€) + efa(€)] = A(S)-
By differentiating the above equation and letting & = 0, we have
7(0)(I — A+ em) = m(A'(0) = 3 (0)1),

which leads to

i) =iom +im Y kAK)I - A+em) . (4.19)
kezZ
Finally, (4.16) is obtained by substituting (4.19) into (4.18). O

The following lemma will be used to prove Proposition 4.2 and Lemma 4.17 in Section 4.3.

Lemma 4.1 If Assumptions 1.1 (a) and (b), 4.1 and 4.2 hold, then

d—gadJ(I A(6)) = iI(0)I—A+en)  [Bym+ oI+ " (0)er
£=0
HI(0)er [0+ > kA(k)(I—A+em)™|. (4.20)
kEZ
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Proof. From the definition, it is clear that

(I - A(&))adj(I - A(€)) = (1= §(E)T (). (4.21)
By differentiating the above equation with respect to £ and letting £ = 0, we obtain
(I - A) ;fadj(I —A(¢)| —il(0)Bw =icl(0)I, (4.22)
£=0

where we use (4.13) and the following fact (see Lemma 2.1):

%irr(l) adj(I — A(£)) = enI(0). (4.23)

On the other hand, pre-multiplying (4.21) by eg(&) leads to

efu(€)adj(I — A(€)) = I(€)ep(§).

Differentiating the above equation with respect to & and letting £ = 0 yields
d ~ ~ ~ ~
erm d—gadj(I — A({))‘ =I"(0)em + I'(0)ep'(0), (4.24)
£=0
where we use (4.23) and zi'(0)e = 0. It thus follows from (4.22) and (4.24) that
d . ~
(I —A+erm)—adj(I — A(g))‘
d¢ €0
= iI(0) (Bam + o) + I'(0)er + I'(0)efr (0).
Finally, combining (4.19) with the above equation leads to (4.20). O
Using (4.9), (4.14) and Lemma 4.1, we have Proposition 4.2 below, which is needed to prove Lemma 4.17

in Section 4.3.

Proposition 4.2 [f Assumptions 1.1 and 4.1 hold, then

z(0)e = %w(O)RO(I —®(0) [Ba+ T -G)I—-A+em)'B,], (4.25)

where Ry = 2 Ro(k) and Bg = 1o kG (k)e.

Remark 4.3 Under Assumptions 1.1 and 4.1, it holds that o € (0,00) and > ;- kB(k)e < oo (see
Remark 4.1), which implies that Ry < oo (see [68, Lemma 25]). In addition, Assumption 4.2 implies that
B < oo (see Proposition 3.1 in Chapter XI of [8]).

Proof. Post-multiplying both sides of (4.9) by e, we obtain

I—gG(f) adi(Z — A(€)->—e. (4.26)

¢(¢)

From the definition of the adjugate matrix, each element of adj(I — A(¢)) is infinitely differentiable at

z()e = x(0)Ro(&)(I - ®(0))

& = 0. It thus follows from Taylor’s theorem that there exists s := s(&) such that lim¢_,¢ s(§) = 0 and

- - _ 2 32 B
adi(T - A(€) = adi(I ~ A) + €5 adi(T ~ A©)|_ + 5 e adilT - A @27)
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On the other hand, using 1I’Hdpital’s rule, we have

I-G
SIS w2

Therefore, combining (4.28) with (4.20), (4.23), and (4.27) yields

I-G©) . 4
lim =T adi(1 - A(E)
_ Foyim L=CG@e e d A
= T(O)lim =75 4 (1= G) g adiI A©)|_,
= i00) (Bem + (I - G)(I — A+em) [Bum +ol)). (4.29)
Furthermore, using I’Hopital’s rule to (4.14), we obtain
. § 1 1
lim —— = = — . 4.30
N5© ~ 0 w0l (*-30)
As a result, applying (4.29) and (4.30) to (4.26) yields (4.25). O

Remark 4.4 11 follows from (4.6), (4.29) and (4.30) that
(I~ R)™ = (I~ 2(0)) (Bom+ (I~ G)(I ~ A+ em) " [Bym +0I)) > T,
which implies that
(I-2(0)[Be+ T -G)I—-A+em)'B,] >oce. (4.31)

Note that GG is stochastic (see [66, Theorem 3.4]). In addition, G has exactly one irreducible class due
to the irreducibility of A (see Proposition 2.5.1 in [32]). Let g = (g¢;)icm denote the unique stationary
probability vector of GG. We then have the following result.

Proposition 4.3 Under Assumptions 1.1 and 4.1, it holds that

> giElr | Xo=1,5 =1i] = gf%. (4.32)

ieM
Lemma 4.2 below relates the finiteness of { A(k); k € N}, {A(—k); k € N} and { B(k); k € N} to that
of {R(k); k € N}, {G(k); k € N} and { Ry (k); k € N}, respectively. This result is directly connected with
the sufficient condition for the heavy traffic limit of the m-th moment of the stationary distribution, which

will be shown in Lemma 4.18 and Theorem 4.2.
Lemma 4.2 [If Assumptions 1.1 (a) and (b) and 4.1 hold, then the following are true for any m € N:
(i) If Yoo kTP A(k) < oo, then Y jeq kK™ R(k) < oc.
(ii) If> o k™ TLA(=k) < oo, then Y521 k™G (k) < oc.
(iii) If> 5o, k™ T1B(k) < oo, then Y 32 1 k™ Ry (k) < <.
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Proof.  Owing to the duality between the G-matrices and the R-matrices [67], we can prove the statements

(i) and (ii) in the same way. Furthermore, the statement (iii) is also proved in the same way according to the

definitions of R(k) and Ry (k) (see (1.12) and (1.13)). Thus, the proof of statement (ii) and (iii) are omitted.
Let T’ denote a submatrix of T", which is obtained by deleting the first block row and column:

A(0) A A@2) AB)
A(=1)  A(0) A1) A(2)
T,=| A(=2) A(-1) A(0) A1)
A(=3) A(=2) A(-1) A(0)

Since T is irreducible and recurrent, U := )7 ((T'4)" is finite.
As with T';, we partition U as (U (¢, m))¢men, where U (¢,m) is an M x M matrix whose (i, j)th
element represents
T0—1

E|Y 1(Xn=m, Sp=j)| Xo=1¢, So=i

n=0
‘We then have
R(k)=>_ AU - Fk,1).
1=k

Note here that there exists some b € (0,00) such that U(¢,1)e < be for all / € N (see the proof of
Lemma 25 in [68]). Thus, since Y 3o, k"1 A(k) < oo we obtain

i E"R(k)e < b i K™ i A(l)e
k=1 k=1 l=k
0o l
= by [Z km] A(l)e
(=1 Lk=1

00 m A 1 A
_ b Z(—l)] (m;— )ngmﬂ—] A(l)e < oo,

o~
Il

—
<
|

(en)

where we use the Faulhaber’s formula (see e.g. [16]) in the last equality and B; < oo (j € N) are Bernoulli
numbers such that

n—1

1 n+1
By =1 B, = — B N.
=1 B, n+1k2_0< A

4.2.2 «-parametrization

To consider the heavy traffic limit, we parameterize {(X,,, S, )} with a parameter o > 0, which is de-
noted by {((a)Xn, (a)Sn)}. All the vectors, matrices and functions associated with {((4)Xn; (a)Sn)} are
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48 Chapter 4. Heavy-Traffic Asymptotics

also denoted with a subscript “(«)”, e.g., (a)m(k:), T, (Q)ZA(E ) etc. In this subsection, we prove the bound-
edness and right-continuity at o = 0 of the vectors, matrices related to the Markov chain {(4)Xn, (a)Sn}-
These results are needed to show our main results in the following sections.

In what follows, we make the following assumption.

Assumption 4.3
(a) Assumptions 1.1 (a) and (b), 4.1 and 4.2 hold for all o > 0;
(b) Assumption 1.1 (c) holds for all o > 0;
(c) as a0, (o0 converges to zero from above and o = 0, and
(d) (o)A = Aforalla > 0.
(€) SuPy>0 Y pez k2 (a)A(k) < 0o; and

(f) the sequences of the matrices { (o) A(k); k € Z} and { (o) B(k); k € Z} are uniformly right-continuous
at o = 0, i.e, for any € > 0, there exists some g > 0 such that, for all k € Z and 0 < o < «,

() Ak) — AK)| <e, |wB(k)—oB(k)| <e.
Remark 4.5 Assumption 4.3 implies that ()T is recurrent for all o« > 0 [8, Chapter X1, Proposition 3.1].

Under Assumption 4.3 (f), we can show the right-continuities at o« = 0 of several matrices and vectors
related to the Markov chain (v T' (e.g., (o) ®(k), (a)B(k), (a)G(k), (o)k) as shown in Lemmas 4.4—4.9
below. To begin with, we provide the basic lemma below.

Lemma 4.3 Let (o f(x) denote a right-continuous function for x € R such that lima o (o) f () = (o) f ()
forall x € R. If there exists some ()¢ € R such that lim,, g ()¢ = ()¢, then

10%1 @) f (@) = 0 f((0)°)

Proof. Let ap > 0 denote a sufficiently small number. We then have for any € > 0, (o) f(z) < (o) f(7) +¢
and (@€ < (octe for 0 < a < «. Furthermore, since f is right-continues at 0)C> there exists some § > 0
such that for all o« > 0,

(@) f((0)¢) = (@ f(0c+ )| <e.
Thus, we obtain for 0 < o < «y,

l(@) f(()€) = (0 f(©)°)]
< @ f(@)©) = @) F ()] + [ f(©0)e) = ) f(0e)] < 2,

which completes the proof. O
Lemma 4.4 If Assumption 4.3 holds, then lim, o (o) ® (k) = (0)®(k) forall k € Z.
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Proof. From the definition of (o ®(k) (k € Z), it suffices to prove that limg o (a)T[k} = (O)T[k] (see (1.6)).
According to Assumption 4.3 (f), for any £ > 0, there exists some g such that, for 0 < a < ay,

o T=Fe < ) T=Fe +ce, (4.33)
T7"e < ) T7"e +ce, (4.34)
(Q)U[k]e < (O)U[k]e + ce, (a)D[k]e < (O)D[k]e + ce. (4.35)

Since ()T is irreducible and recurrent for any o > 0, there exists some g € (0,1) such that
(O)U[k]e < Yo€, (O)D[k]e < Yo€.

It thus follows from (4.35) and the above inequalities that there exists some 7; € (70,1) such that, for
0 <a<a,

@UFe<yie,  (DMe<nye. (4.36)

Note that 22:0((Q)T>k)m =(I- (a)T>k)_1 < oo for all @ > 0. Therefore, there exists some m, € N
such that

(0T7F)™ e < ye. (4.37)
Inequalities (4.34) and (4.37) imply that there exists some 72 € (79, 1) such that, for 0 < a < ay,
(T7*)™e < 1ze,

from which and (a)T>ke < e, we have

0o ms«—1 oo

Z T>k ZZ T>k€m*+z SmiiQe—

m=0 i=1 {=1 i=1 f=
It follows from (4.33), (4.36) and (4.38) that

(4.38)

k <k k ky—1 k
@Te = @T=e+ UM —<a>T>> D"e

< 0 )T<e+ee+ *fyl ——e,

L=
which implies that (a)TW is bounded for v € [0, o] and right-continuous at o = 0. a
Lemma 4.5 If Assumption 4.3 holds, then limq, o(I — (,)®(0)) ™' = (I — ()®(0))".
Proof. From Lemma 4.4, for any € > 0, there exists some g > 0 such that

() ®2(0) < (0)®(0) + cee’, for0 < a < ag. (4.39)

Since {((a)Xn; (a)Sn)} is irreducible and recurrent for all o > 0, Y- °_[()@(0)]" = (I — (,)®(0)) " <
oo and (,)®(0)e < e for all > 0. Thus, there exists some v € (0, 1) and m. € N such that

[(0)®(0)]" e < yoe. (4.40)
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50 Chapter 4. Heavy-Traffic Asymptotics

Inequalities (4.39) and (4.40) show that, for any v € (7, 1), there exists some 7, > 0 such that
[(0)®(0)]™"e < yxe, for0 < a < ap.

Using the above inequality and (a)<I>(0)e < e and the similar argument to (4.38), we obtain for 0 < a < «y,

o
>
D lw@0)"e < — e (4.41)
m=0 T
which implies that (I — (,,®(0))~" is bounded for « € [0, ) and right-continuous at a = 0. O

Lemma 4.6 If Assumption 4.3 holds, then, for all k € N, the following are true: (i) limg o (o) R(k) =
(O)R(k); (ii) limau) (a)Ro(k) = (O)Ro(k),' and (iii) lima‘w (a)G(k) = (O)G(k})

Proof. From Lemma 4.4, (a)q)(k) (k € Z) and (a)Tgk}k (k € N) are right-continuous at o = 0. According
to Lemma 4.5, (I — (,)®(0))~" is also right-continuous at v = 0. Therefore, the statements (i)—(iii) are
obvious from the equations (1.12), (1.13) and (1.9), respectively. O

Lemma 4.7 If Assumption 4.3 holds, then for all { € R the following are true: (i) lim, o (Q)A(f) =
©A&); (i) limayo (@) R(E) = (o) R(E) (i) limajo (o) Ro(§) = (0)Ro(§); and (iv) lima o ()G (§) =
0 G (&)

Proof. Note that for any (i, j) € M? and a > 0,

[e.e]
@ A©)]is < [y AR)i; < Al
k=1
Therefore, using the dominated convergence theorem, we obtain

I @A) = 2, ¢l A®) = 0 A,
keZ

Next, we consider the statements (ii)—(iv). By definition, the spectral radius of (a)<I>(k), (a)@(—k), and
(a)T([)k]k are less than or equal to 1, which means that 372 | (y®(k)e < e, > 72, ()®(—k)e < e, and
Zzozl (a)TgfLe < e. Combining these facts with (1.12), (1.13), and (1.9), we can prove the statements (ii)—
(v) in the similar way to the statement (i). O

Lemma 4.8 If Assumption 4.3 holds, then lim,, o (o)k = (0)K-

Proof.  Since (o k is the unique stationary vector of (Q)T[O] forall « > 0, )k = (a)n(a)T[O] and

(a)K€ = 1. Therefore, we obtain
@k =0k = @I~ @kroT" +@kroT" = Ko T"
= @ (T = 0T + (@& — o) 0T (4.42)
Note here that K, = (I — (O)T[O] + e(pyk) ! exists. Thus, (4.42) leads to
@k = k= 0k (@T" = oT") K., (4.43)
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0 — (O)T[O] (see Lemma 4.4), which implies that there exists some oy > 0 such

Note also that lim, o (a)T[
that (a)T[O] < (O)T[O} +cee! forall e > 0and a € [0, ap). It thus follows from (4.43) that, for o € [0, a)

and 7 € M,

MO MO
‘[(a)” — k]| < Z [(O)H ((a)T[O] - (O)T[O]>L‘ (K] < 52 [ K i1,
j=1 j=1
which completes the proof. O

Lemma 4.9 If Assumption 4.3 holds and sup,~q > 5 kQ(a)A(—k:) < 00, then limy o (0)Bc = (0)Ba-

Proof.  We can easily confirm that if sup, > > peq k() A(—k) < 00, then sup,>o > ooy k(o) G(k) < 00
in the similar way to Proposition 4.2. Thus, using the dominated convergence theorem, we have

lim (o8 = > lim ko G(k)e = )8
k

Lemma 4.10 If Assumption 4.3 (a)—(c) hold, then the following are true for any m € N:
(i) If supy>g dopeq K" (o) A(k) < 00, then sup,>g > peq kK™ (@) R(k) < oo;
(ii) Ifsupyso Yooy K™ (@) A(—k) < 00, then sup, > > peq kK™ (a)G (k) < oo, and

(iii) If suPy>0 D pey K™ (o) B(k) < 00, then sup,>q > peq k™ (o) Ro(k) < oc.

Proof. This lemma can be proved in the same way to the proof of Lemma 4.2 by using Lemma 4.5; thus,

we omit the proof. O

Remark 4.6 Lemma 4.2 presents the existence condition of moments for each o whereas Lemma 4.10 as-

sures the boundedness of them for o > Q.

4.3 Heavy-traffic limit of stationary distribution

In this section, we consider the heavy-traffic limit for the stationary distribution. The following theorem

shows the heavy-traffic asymptotic formula.

Theorem 4.1 If Assumption 4.3 holds, then

Ef()l (a)w((a)ag) = 1_ if'yﬂ-’ £ eR, 4.44)
where
1
vy = 57\' Z kz(O)A(k)e + 7 Z k(O)A(k)(I — A+ 6#)71(0),814. (4.45)
keZ keZ
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Remark 4.7 Theorem 4.1 shows that

lim P X —i) =g, >0, i € M.
otfol (@)X >TSS =1) =e m, x>0,1€

In what follows, we present a complete proof of Theorem 4.1, following the several lemmas necessary
for the proof.

Lemma 4.11 lim, o (4)x(0) = 0.

Proof. Recall here that, for all & > 0, (yT" is recurrent (see Remark 4.5) and thus ()G is stochastic [68].
Combining this fact and the definition of ()3, we have (4)9(0)Ba = (0)9(a)Ge = 1 forall a > 0. It

follows from this inequality and Proposition 4.3 that

. . . 1
10% (@) 9iEl(@)T0 | (X0 = 1, (0)S0 = 1] > lim — = o0, (4.46)
ieM

which implies that there exists at least one ¢; € M such that
2?01 E[(a)T(] | (a)Xo e 1, (a)S() = il] = Q.

It should be noted that the recurrence of ()" implies that there exists some iy € My such that the Markov
chain {((4)Xn, (a)Sn)} reaches state (1,i1) from state (0, 7o) avoiding level zero with probability 1. Thus,

since lim, o () = (0)k > 0 (see Lemma 4.8), we obtain

Eg}%{i (@)kiEl@)70 | ()Xo =0, (a)50 = 1] = o0.
Finally, applying this to (1.27) yields limq 0 ()2 (0) = 0. O
Lemma 4.12 o y2(0) := limg o (o)®(0) = .
Proof. From (4.8), we have
@Z(0)(I — A) = (y2(0)(yRo(I — (0)P(0))(I — (0)G). (4.47)

Note here that for all @ > 0, () ®(0) is substochastic and ()G = (a)é’(O) is stochastic because ()T is
irreducible and recurrent. Note also that for all > 0, (o) Ro = (a)ﬁo(O) <oodueto 2 kyB(k)e <
oo (see Remark 4.3). It thus follows from (4.47), Lemmas 4.7 and 4.11 that

o0 T(0)I - A)=0,

which implies that (o2 (0) = e for some ¢ > 0. Furthermore, since ()Z(0)e + ()x(0)e = 1 (Va > 0),

Lemma 4.11 yields (o)ZTe = c = 1. |
Lemma 4.13
2
it (éfi)a) I 1 5 (0) ;(0)' (445
D () P\ ()T . . \2 (0 0
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Proof.  Note that |(,)¢"(§)| < oo for all £ € R and all @ > 0 due to Assumption 4.3 (d) (see (4.15)).
Note also that lim,, g (o) $(§) = (0)¢(€) for all £ € R because (,)¢(§) is a polynomial function of £ whose
coefficients are polynomials of elements of () A(&). Furthermore, (,y¢(0) = det(I — A) = 0. It thus
follows from Taylor’s theorem that there exists some ()¢ := (a)c(f ) € (0, (@& ) such that lim,, ¢ ()C =
(0)¢ and

(08 = (?'(0) - (@oé) + (())*. (4.49)

Since limg o (a)@" (§) = (0)@" (§) for all € and limg g (0)@" (§) = (a)@"(0) for all a > 0, Lemma 4.3 yields
lima0 (0)9" ((0)¢) = (0)¢” ((0)c)- Therefore (4.49) leads to

@)®" ((a)©)
2

i (0)?((@)78) _ ¢lim (a)?'(0) e (a)qﬁ”(o). (450)
a0 ((a)0)2 a0 ()0 2
From (4.14) and (4.15), we have
a)¢/(0) . =~
lim = I(0), 4.51
§aw o i€(0y1(0) (4.51)
08" (0) 0 ©0"(0) =
el = (25— 0. (4.52)
Substituting (4.51) and (4.52) into (4.50) yields (4.48). O
Lemma 4.14
. € — (a é( o Uf)e .

Proof. Let A (B8a denote a diagonal matrix whose jth diagonal element is equal to the jth element of
(a)Bc- We then have

e~ @Clwotle _ ,  1-c@® L e- @Glwode
(a)o_ (a)BG (Oc)a— (a)ﬂG 1— e—i(a)aﬁ
A . 1-— 1—e @ —i(a)o€ i —i()oE)k i AL G(m)e (4.54)
(@Ba € (a)Bg ()T E: '
(@) k=0 m=k+1

Using Lemma 4.9 and the dominated convergence theorem, we obtain

oo oo

. —ig)0é)k -1 —
2% e(7i@7E) Z A(a)ﬁc(a)G(m)e =e. (4.55)
k=0 m=k+1
Note here that
1 _ —i(a)df
lim—— " = ic. (450
al0 ()T
Finally, applying (4.55) and (4.56) to (4.54), we have (4.53). |

53



54 Chapter 4. Heavy-Traffic Asymptotics

Lemma 4.15

2% adj( ~ (@) ((Q)Uf)) = eﬂ'(o)F(O). (4.57)

Proof. From the definition of adjugate matrix, adj(I — (a)i(g ))i; represents the (i, j)-minor of I — (a);&(f ),
which is a polynomial of elements of I — (a)li(g ). Therefore Lemma 4.7 (i) implies that

limadj(Z - @A) =adj(I - ) A(), R
Thus, using Lemma 4.3 yields

lim adj(T — () A((0)7€)) = adj(I = (0) A(0)). (4.58)

Note here that (4.23) leads to

lim adj(I — (0)A(§)) = em (o) ['(0). (4.59)
From (4.58), we have (4.57). O
Lemma 4.16

lirn (al)a(f — @ Gl(@o&))adi(I = () A(@)o€) = oI (0)odom, (4.60)
where

0do = 0)Bc+ I — (0G)I — A+em) B, < oo (4.61)

Proof.  Note first that |adj(I — (a)}i(g))\ < oo forall £ € Rand all @ > 0. It follows from (4.57) and
Taylor’s theorem that there exists some (45 := ()5(&) such that (,y5(&) € (0, (4)0¢) and limg o (0)5 = (0)S

and

(I~ () A(0€) = adi(T — (0 AD) + (0€) Sadi(I —<a>21<§>>\

dé £=0
o d° 5
Hiwo6)? 3gaadill — (0 A©) 462)
£=(a)s
From (4.53) and (4.57), we have
1 ~ ~ -
m —— (I — () G((0)0§))adj(I — (0)A(0)) = i§0)L(0)(0)Ba- (4.63)

a0 ()0

Furthermore, from (4.21), we obtain

i Ladi(1 (Q)A@))' i F(0)(I — A+ em) ™ g)Bm
0 d¢§ £€=0

+em (m)f’(O)I ++i) L '(0) Y ko) A(k)(I — A+ eﬂ')l) :
kEZ
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4.3. Heavy-traffic limit of stationary distribution 55

from which and (4.53) it follows that

E%(I — ()G (()79)) dffadJ( — (@A) o

= i (0)I - yG)I — A +em) ! (B (4.64)

According to the definition of the adjugate matrix, it is clear that for any o > 0,

i d A
< .
@ i = (@)A(g)) - 00

Thus, (4.62) leads to

limL(I (@) ( f))*ad.]( ()A((a)aﬁ))

a0 ()0 dé
I- a é a >t
i I @G )05))adj(I—(a)A(0))
al0 (a)O'

+§1Oi£8(1 — @G f))? adj(I — (a)A(€)) £=0

As a result, substituting (4.63) and (4.64) into the above equation yields (4.60) and (4.61). O

Lemma 4.17

iy @F (0)
im ——— = v, - (K,
al0 ()0

where v, is a finite positive number such that

ve = [0y ki0) Ro(T — (0)®(0))(0)do] " (4.65)

Proof. 1t follows from (1.27) and Lemma 4.11 that (,)x(0) = (4)¥(a)k for some (4)3p > 0 such that

limg 0 ()% = 0. Thus, from Proposition 4.2 and ()Z(0)e = 1 — ()9, we have

. (a)w
lim—— = lim(1— ke Ro(I — (o ®(0
e aml=@¥) (@)% (@) Ro(I = (o) B(0))

x (Ba + (I — 0@ I - A+em) " (B4)] " =,

where we use Lemmas 4.7, 4.8, and 4.9 in the second equality. O
Next, we prove v, € (0,00). Since ()T 1s irreducible, (o) Ro has no zero column. It thus follows from
(a)K > 0 (Va > 0) that

(a)K,(a)R() >0, for all « > 0.

Furthermore, (4.31) implies that (I — (,)®(0))(q)do > 0 for all @ > 0. Thus, it is sufficient to show that
(I — (0)®(0))(0ydo # 0. Note here that (,y®(0) does not have an eigenvalue 1. In addition, if ,ydo = 0
(see (4.61)),

(@9 = (0)9(a)Bc =0,
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which contradicts with (4)g(a)B¢ > (a)9(a)G€ = 1. Therefore, we obtain, for all « > 0, (,)do # 0 and
thus

(Q)R(Q)RQ(I — (a)‘I)(O))(a)do >0 foralla> 0.

Finally, the positivity of v (i.e., v > 0) follows from the fact that for all « > 0, (a)Ro < oo (see Remark 4.3)

and (a)ﬁG < 00 (see Lemma 4.2 (ii)). O
We now provide the proof of Theorem 4.1.

Proof of Theorem 4.1. Lemma 4.12 shows that (4.44) holds for £ = 0. Thus, we consider the case of £ # 0.

From (4.9), we have

lim (4)Z((o)0f) = lim

al0 al0 (a)O'
I~ ()G()7) 5 (@2)?
X adj(I — () A(()0& (4.66)
()0 ( (o) (( ) )) (a)d)((a)of)
Applying Lemmas 4.7, 4.13, 4.16, and 4.17 to (4.66) yields
lim (& ((0)08) = ! T
[e3 g b
aw() () 05,,()
1—-iE———=
from which and (4.16) we have (4.44). O

4.4 Heavy-traffic limit of moments

In this section, we provide the heavy-traffic asymptotic formula for the moments of the stationary distri-
bution. For simplicity, for any function f (including vectors and matrix functions), let f(™) (n € N) denote
an n times differential of f hereafter. Before giving the main theorem, we provide the following lemma.

Lemma 4.18 Suppose that Assumption 4.3 holds. If sup,>¢ > pey K™ (o) A(k) < oo for some m € Z.,
then,

hm o—— d”
al0 (D7 qgm

_ 1 ml .
( _(a)R((a)O’f)) = W(W) (I = (0)®(0))(0)do, (4.67)

where vy and ()dy are given in (4.45) and (4.61), respectively.

Proof. We prove this lemma by induction. By applying Lemmas 4.14-4.16 to (4.6), we can easily confirm
that (4.67) holds when m = 0, i.e.,

- ~ 1
lim ()0 (I = (0)R((0)0€)) " =

ol =1~ 020)odom (4.68)

Next, we assume that (4.67) holds for m < n (n € N) under the condition that

o

sup Z knJrl(a)A(k) < Q.
a>0 k=1

56



4.4. Heavy-traffic limit of moments 57

By differentiating (n + 1) times the equation

-1

[I - (a)ﬁ((a)aﬁ)] ' [I - (a)R((a)JE)} =1,

with respect to £, we obtain

~ qnt+l ~ -1
(T~ @R(@00) ggrr (T~ @Rlw00)
- 1 ~ d¢ ~ -1
= > <n—£ >((a)J)”H_E(a)R(”H_Z)((a)US)dg@ (I - (a)R((a)U€)> : (4.69)

=0
Note here that, for any ¢ > 2 and m < n,

m

~ wR8) '—o

: e 4
Furthermore, if sup,>q > peq k"2 (4)A(k) < 00, thensup, g > peq K" (o) R(k) < oo due to Lemma 4.10.
Thus, applying the dominated convergence theorem to (4.69) leads to

dn+1
lim (@)

g ggrer (1~ @ R(wr0)
= lim o (I— (Q)R((a)af))

al0

e 1 N d* ~ -1
“ [Z <nJlr >(<a>0) @R (o) 3 (1 - @R(w09) ]

0
el Iy

-1

I ~ -1
= lima w7 (I = (@ R()78))
n -1

. =/ d o
X (n + 1) 2?01 (oc)R ((a)Of) hm (a dgn ( - (oz)R((a)O-g))

Substituting the induction assumption (4.67) and (4.68) into the above equation yields

n+1

2% dé‘n—&—l ( - a)R( §)>
— ((nzl)n”(w) (I — (0)®(0))dor [Z ik(O)R(k)] (I = (0)®(0)) 0y do. 4.70)
— i) i

In addition, by differentiating twice (4.6) with respect to £ and letting £ = 0, we obtain

Y FAlk) = > K oR(E)I - 0@(0)I - G)

keZ keN
+2> ko) R(E)T — 0)2(0) > kio)G(k
keN keN
+(I = () R)(I — )®(0)) > k* )G (k). (4.71)

keN

Note that ()T is null-recurrent because () = 0. Thus, we have (I — (O)R) = O (see [67, Theorem 15]).
It then follows from (4.71) that
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58 Chapter 4. Heavy-Traffic Asymptotics

ﬂ'z k(O)R(k’)(I - (m‘b(O))(m,@G = 571' Z k (O)A(k)e (4.72)
k=1 kez
Furthermore, by differentiating (4.6) with respect to £ and letting £ = 0 and o« = 0, and pre-multiplying 7,
we have
7Y koAk) =7y koRE)I - 0@(0)T - @), (4.73)
kez keN

where we use (I — (O)R) = 0. As aresult, combining (4.72) and (4.73) with (4.61) leads to
7> k) R(k)(I — 0)®(0))(0)do
k=0

1 _
= 57‘&' Z kQ(O)A(k:)e + 7 Z k(O)A(kJ)(I - A+ 677) 1(0)/6A =7. (4.74)
keZ keZ
Therefore, applying (4.74) to (4.70) leads to

: drtt = (n+1)! .
2?01 ()7 qgnt1 (I - (a)R((a)G§)> = W ()" (I = (0)®(0)) 0)do,

which shows that (4.67) holds when 1 = n 4 1 under the condition that sup,>q Y7, k”+2(a)A(k) < 00.

O
Theorem 4.2 Suppose that Assumption 4.3 holds. If
sup Z km“(a)A(k) < 0, supz km“(a)B(k) < 00,
k=1 k=1
foranym € Z, then,
. dm ~ . m
im dgmm)w((a)a@'gzo = ml ()" - 7, 4.75)
where v is given in (4.45).
Proof. By differentiating m times (4.7) with respect to £, we obtain
am L /m ¢ =
dTm(a)w( (@) = @z(0)) <£> ((@09) @Ry (7€)
£=0
dm—+¢ . —1

According to Lemma 4.10, sup Y2, k™ () B(k) < oo implies that sup Y32 k(o) Ro(k) < oo for all
¢ < 'm. Thus, applying the dominated convergence theorem, Lemmas 4.17 and 4.18 to (4.76), we obtain

A
2%@@%( )((a)7€)

. (@x(0) <N (m ¢ =0 am=* ~ -1

= lm= e 2 (¢ ) (@) @Ro (@98 (@0) gam (1= @R(@09)
« £=0

. (a)JZ(O) dm -1
= = o @Rl -l | (@) gam (1 - @R(@09)

ml(iy) v ml(iy)™
= A M ko Ro(d — )@ (0))0ydom = — 1 p

(1= igy) ™ OFO oI = (0)%(0)) ) do 1 igy) ™1™
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where we use (4.65) in the last equality. Consequently, letting & = 0 in the above equation yields (4.75). O
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Chapter 5

Conclusion

5.1

Summary of results

This thesis studied the asymptotic analysis of the stationary distribution of the GI/G/1-type Markov

chain. The summary of the results is listed as follows.

(a)

(b)

(©)

5.2

We studied the light-tailed asymptotics and showed asymptotic formulae for the cases where the decay
rate is determined by (i) a root 6, of the fundamental equation of MAdP; (ii) the convergence radius
of B(z); and (iii) that of A(z). We extended the previous results for the M/G/1-type Markov chains
to the GI/G/1-type for the cases (i) and (ii), and derived completely new asymptotics formulae in the

case (iii).

We studied the subexponential tail asymptotics for the cases where A is stochastic and is strictly
substochastic. In the former case, we extended the result for the M/G/1-type Markov chain to the
Gl/G/1-type one. Furthermore, in the latter case, we derived new asymptotic formulae, which is not

considered in the literature.

We conducted the heavy-traffic asymptotics of the GI/G/1-type Markov chain. We derived the heavy-
traffic formula under weaker conditions than those of the previous studies. We also showed the heavy-

traffic limit of the moments of the stationary distributions, which is not reported in previous studies.

Future work

This thesis studies the asymptotic behaviors of the stationary distribution of a special type of block-

structured Markov chains from the several standpoints: tail asymptotics and heavy traffic. However, there

remain many research problems in this area. The author describes some future work below.

(a)

(b)

Although we derived various asymptotic formulae in this thesis, their errors or rates of the conver-
gence were not considered. To apply the results in this thesis as approximate formulae, Theoretical

understanding to their accuracy is necessary.

As well as heavy-traffic limit, the light-traffic limit for the GI/G/1-type Markov chain has not been

studied and is limited to a GI/G/1 queueing model. Thus, we leave this as future work.
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62 Chapter 5. Conclusion

(c) Although the GI/G/1-type Markov chain is a general model that appears in the analysis of various
queueing models, a level-dependent GI/G/1-type Markov chain is a more general one. It is known
that retrial queueing models or queues with impatient customers can be directly connected to level-
dependent GI/G/1-type Markov chains, in which increments of levels are not homogeneous and de-
pend on the current levels. The analysis of such models is a challenging task because it is difficult to

apply the technique used in this thesis due to the high flexibility of the models.
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Appendix A

Tail Asymptotics of Nonnegative Sequences

Let {zy;k = 0,1,...} denote a sequence of nonnegative numbers including infinite positive-numbers.

Let o denote

[e¢]
U:sup{|Z;Zxkzk < 00,z E(C},

k=0
which is called the convergence radius of the power series. Let f(z) denote the generating function of
{zp;k=0,1,...}. We then have

f(z)= Zxkzk, |z| < o. (A.1)
k=0

Furthermore, by definition, f(z) is holomorphic inside the convergence radius.
In what follows, we make the following assumption.

Assumption A.1 f(z) is meromorphic in the domain {z € C;|z| < ¢}, and the point z = o is an Tth pole

of f(2), where  is some finite positive integer.
Lemma A.1 Under Assumption A.1, any pole of f(z) on C(0,0) is of order less than or equal to .
Proof. We define g(z) as

o) =) (1-2)"

From (A.1), we have for any € > 0,

o o () S a(o - (E)™
glo—e)=fo-2)(5) kzow o (2)" (A2)
It thus follows from (A.1) and (A.2) that for any w, € C such that |w,| = 1 and w, # 1,
.. z m o .. > k k(€ m
int {16 (1=25 )| =ttt o )
el0 =

< limsupZa?k(a —e)¥ (E)m

=0 k=0 7
= limsupg(o —¢) = g(0) < oo, (A.3)
el
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64 Appendix A. Tail Asymptotics of Nonnegative Sequences

where the last inequality holds because g(z) is holomorphic in some neighborhood of z = o. Let 1, denote

CICEIRE!

where f(2)(1 — z/(ows))™ is meromorphic in the domain {z € C;|z| < o} form = 0,1,.... Thus, if

1y = inf {m e NU{0}; lim

Z—0Wx

s > M, we have

™ ™
liminf |f(2) (1 S > > liminf | f(2) <1 S ) = 00,
z=(0—¢€)wx OWx Z—>0Wx O Wy
el
which contradicts (A.3). As a result, 1, < m, which implies that this lemma is true. O

According to Lemma A.1, we introduce the following definition.

Definition A.1 Under Assumption A.1, a dominant pole of f(z) is a pole that is located on its convergence
radius C(0, o) and is of the same order as that of pole z = o. Thus the order of any dominant pole of f(z)

is equal to ™.
We make the following assumption, in addition to Assumption A.1.

Assumption A.2 There exist exactly P (P > 1) dominant poles, o;’s (j = 0,1,..., P —1), of f(2), where
oo=ocand () =argog < argo; < --- < argop_1 < 27.

Remark A.1 Since f(z) is the generating function of the nonnegative sequence {xy}, the set {oj;j =
0,1,..., P — 1} consists of one or two real numbers and | (P — 1) /2] pairs of conjugate complex numbers.
Therefore ojop_;j = o* for j = 1,2,...,[ (P —1)/2].

Theorem A.1 Leta = 1/(0 + g0)¥ (k =0,1,...), where g9 > 0 is a sufficiently small number; and for
m=23,..., Gnpi = Em=2/o% (k = 0,1,...). If Assumptions A.1 and A.2 hold, then the following are

true.

(a) The sequence {xy;k =0,1,...} satisfies

k+m—1\ 1

T = ( 1 >U,€§k+0(am,k)
ol

= mgfk‘i‘O(am,k), (A.4)
where

P-1, \k L\

o = 2 (7) im(-7) @ o
7=0

(b) limsupy_,o, &k > 0.

(c) & > O0forallk =0,1,....
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(d) In addition, if {x} is nonincreasing and (arg o) /= is a rational number for any j = 0,1, ..., P—1,
then &, > 0 forallk =0,1,....

Proof. Statement (a). Tt follows from Assumption A.l that there exists some R > o such that f(z)
is holomorphic in the domain {z € C;o < |z| < R}. We can choose P positive numbers r;’s (j =
0,1,...,P — 1) such that all the C(o;,r;)’s are strictly inside C'(0, R) and any two of them have no

intersection. Let D denote
P-1
D = {z;[2] < R} U {zilz = o5 <15}
=0

Clearly f(z) is holomorphic in domain DUC(0, R)UC(og,ro)U- - -UC(0p—1,7p—1). Thus by the Cauchy

integral formula, we have

1 FQ 4o 1 1)
R T P L o

j=0 C(oj,r5) ¢ —

where the integrals are taken counter-clockwise.
We now consider the first term in (A.6). For any z € D and ¢ € C(0, R), we have |z/¢| < 1 and
therefore

1 fQ g L £©) i

2mi Jowo,r) € — % 271 Joo,r) €

559 z €D, (A.7)

Since f(() is holomorphic for ¢ € C(0, R), there exists some fi,ax > 0 such that
|F(O] < fmax, CeC(0,R). (A.8)
Thus for any fixed z € D,

2052 <

fmax

— fmax 1

0, ¢ € C(0,R),

Tl
which shows that the order of summation and integration on the right hand side of (A.7) is interchangeable.

As aresult, it follows from (A.7) that

1

f(¢
27 C(0,R) <27r1 f. C(0,R) ¢t d<> Z e (A2

1 f(©)

21 Joop ¢

where

¢, n=01,.... (A.10)

Next we consider the second term in (A.6). Since |( —0;|/|z—0;| < 1forany z € Dand ¢ € C(0j,7;),

1 1 1 1 1 Ko —C\"
(—z_(aj—z)—(aj—C)_aj—z 1_Uj—<_aj—zz::(o*j—z>
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Thus we have

! g L f SO =0"0
C(oj,rj)

% C(oj,rj5) C—=z a % (Uj - Z)n

n=1

In a way very similar to the right hand side of (A.7), we can confirm that the order of summation and
integration in the above equation is interchangeable, and then obtain

1 J©) o N et [ L Coeige) L
d¢ nZl( 1) (Mfcm)f(c)@ ) d<> o= <D

2mi C(oj,r5) C—z J— Z)
(A.11)
Since z = o is an mhth order pole,
1 n—1 o o
— FO —0oy)" " d¢ =0, foralln=m+1,m+2,...,
211 Je(o;.ry)
from which and (A.11) we have
1
1 19 4¢
2mi Jo(ory) 6 —
u 1 1
= Y (b HOC— )
nZ:l 211 Je(oyry) ! (05 —2)"
U, (1 1—C/oj)™ 1
n=1 27T1 C(CT]',T]') (C - Uj) (O-j - Z)
Ny e,
— % Gn (A.12)
= (g —2)"
where
" OO =¢/aj)™
Cjn = (=1 — I (. (A.13)
! 27r1 C(a'j,’f’j) (C - O-J)m 7L+1
Substituting (A.9) and (A.12) into (A.6), we have
[eS) P—1 m O'T»hcj
_ n J n D
f(2) chz —&-‘ Z(aj—z)”’ z €D,
n=0 j=0 n=1
and therefore
00 00 P-1 m O'T-VnC'
anz”:chz"Jr Z%, zeDn{zeClz| <o} (A.14)
n=0 n=0 j=0 n=1 (05 = 2)

noo k+n—1\ 1
Te=ckt Yy Y o "cj,n< " )k (A.15)
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It follows from (A.8) and (A.10) that

1 f(<) 1 Jmax Jmax
|Ck§2]{ crar| 6= o il = i
T Jeor) 1€ T Jo(o,R)
which leads to
. c . . ok .
klggo ik = kli)rgo leplo® < khﬁngo fmax (§> =0, forall j =0,1,...,P —1, (A.16)
k
o

o P-1 k
k4+m—1\ 1 o
T = < 5 )k <0> Cj,m+0(am7k)

m—1 g =0 j
gt B ok
_ = = L Y A.l
(mh — 1)! ok < (Uj> Cjon + Olant) (A.17)
J=0
Note here that (A.13) yields
2mi C(oj,ry) ¢ — 0 (—o;j aj

where we use the Cauchy integral formula in the last equality. As a result, statement (a) is true.

Statement (b). From (A.4) and the definition of {a, 1 }, we have

k.rhfl 1 kmfl
= . A.l
T (m-l)!akgk+0< ok ) (A.19)

We now suppose lim sup,_, . & < 0. Equation (A.19) yields

. T
lim sup

s kLo =0,

which implies that for any £ > 0 there exists some positive integer K. > 71 — 1 such that 73, < (k"1 /o¥)
forall k = K., K. +1,.... Thus we have

K.—1 0o
k a1 (Y\F
f) <Y vrmre Y (L) 0<y<o (A.20)
k=0 k=K.
Note that for ¢/ =1, 2,...,
S h(h— 1) (k- 04 1) (1) = (1Y A21
Dok = 1) (k= 1) (T) = () (A21)
k=0
Note also that there exists an (7 — 1)-tuple (b1, ba, . .., b;—1) of real numbers such that
h—1
E =N "by k(k—1)---(k—(+1). (A.22)
=1
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It follows from (A.20), (A.21) and (A.22) that for any € > 0,

0 < limsup (1 — g)mf(y) < ebj_1(m—1)L
yto o

Letting ¢ — 0 in the above inequality, we have lim, {1 — (y/ o)}™ f(y) = 0, which is inconsistent with
Assumption A.1.

Statement (c). It follows from (A.18), Assumption A.2 and Remark A.1 that cg ;7 is a real number and

(Cimscp—jm) (5 = 1,2,...,[(P — 1)/2]) is a pair of complex conjugates, and thus & is a real number
such that
[(P-1)/2]
&=vyo+ >  ycos2rka;), k=01, (A.23)
j=1

wherey; e R(j =0,1,...,[(P—-1)/2)and 0 < o; < 1(j =1,2,...,[(P —1)/2)).

In what follows, we assume &, < O for some nonnegative integer ko and then prove the following.
Claim: There exists some b > 0 such that £, < —b for infinitely many k’s.

If this is true, (A.19) implies that x; < 0 for a sufficiently large &, which contradicts the fact that x; > 0
forallk =0,1,.... Asaresult, forall K = 0,1,..., £ must be nonnegative, i.e., the statement (c) is true.

We split A £ {ay;5 = 1,2,..., (P — 1)/2]} into rational numbers and irrational numbers. We then
define A as the set of the rational numbers of \A. Next we choose an irrational number o, from A\ A
(if any) and let A; = {o; € A\Ao;a;/ay, isrational}. Furthermore, we choose an irrational number
aj, from A\(Ap U Ay) (if any) and let Ay = {o; € A\(Aop U A1); /0y, isrational}. Repeating this

procedure, we can obtain P sets, A;’s (j = 1,2,..., ]5), where P may be equal to zero, i.e., all members of
A may be rational. Let&; (j = 0,1,..., P) denote some number such that all members of Aj; are multiples
of &;. From Definition A.2, &;’s ( = 0,1,..., P) are linearly independent over the rationals. Note here

that forn =1,2,...,
cos(nt) = T, (cost), t eR,

where T,,(t)’s (n = 1,2,...) denote the Chebyshev polynomials of the first kind. It thus follows from

(A.23) that there exist some polynomial functions (41)’s (j=0,1,..., P)on R such that

p
&k = yo + ¥ o cos(2mkdg) + Z P o cos(2mka;), k=0,1,..., (A.24)
j=1

where 1(43) o cos(-) denotes a composite function 1(43) (cos(-)) of functions () (-) and cos(-). Since dq

is rational, there exists some g € N such that

P o (21 (ng + k)dg) = ) o cos(2mkay), forallk,n=0,1,.... (A.25)
Therefore in the case of P = 0, it follows from (A.24) and (A.25) that

Engike = Yo + A o cos(2mkodo) = &k, < 0, foralln=0,1,...,
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which implies the above claim.

We next consider the case of P > 1. Since gai, gas, ..., gap are linearly independent over the
rationals, it follows from Proposition A.1 that for any ¢ > 0 and any ¢ £ (t1,to,...,t p)E RP , there exist
integers n, 1= n.(e,t) and [; :=[;(e,t) (j = 1,2,..., P) such that

~ € . =
|(n*g+ko)aj—lj—tj|<%, j=12,...,P.
Thus since 1)) o cos(27z) is a continuous function of z, there exists some § := §(¢) > 0 such that
lim. o0 = 0 and
|™49) 0 cos(2m(nag + ko)dy) — M) o cos(2mty)| <5, j=1,2,...,P. (A.26)

It follows from (A.24), (A.25) and (A.26) that

p
Enngtko — | Yo + w(AO) o cos(2mkody) + Z w(Aj) o cos(2mt;)

j=1
P ~
<y ‘1/;%') 0 co8(2m (1.9 + ko)dj) — 149 o cos(2mt;)| < Pé. (A.27)
j=1
We define V (k) and V_(k) (k =0,1,...) as
P
Vi(k) = yo+ v ocos(2mkag) + max Z P o cos(27t;),
teRP %
7=1
P
V_o(k) = yo+ v ocos(2mkadg) + min Z YA o cos (27t ),
teRP
7j=1

respectively. It follows from the above definition and (A.24) that V_ (ko) < &, < Vi (ko). Furthermore,
(A.27) implies that {&,4k,;n = 0,1,...} is dense in the interval [V_(ko), Vy(ko)]. Thus there exist
infinitely many n’s such that &, 441, < V_(ko)/2 < 0. This completes the proof of the statement (c).

Statement (d). We prove this by reduction to absurdity, assuming §;, < 0 for some nonnegative integer
k. Since (argoj)/m is a rational number for any j = 0,1,..., P — 1, there exist a positive integer g and
nonnegative integers o, (1, ...,¢p_1 such 0; = g exp(i2n¢;/g) (j =0,1,..., P — 1). Clearly, fngH; <0
foralln = 0,1,.... It thus follows from (A.19) that for any € > 0 there exists some nonnegative integer n

such that ﬁg+l% >m —1and

(ng + k)™!

X 7 =
ng+k — ong+k

, foralln=n,n+1,....

Since {x} is nonincreasing,

(ng + k)™!

O-ng+f€ ’

Lpgthte =€
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which yields for 0 <y < o,

ng+k 1 ng i k‘ g-1
ng+k 2
0< fly) < Z ywk+ez g %y
1—o09 > PNNRY Y ng+l§
= v (2
< 1+e¢ - Z(ng +k) pn
n=n
Ei k Sl fe—1n+1
e () (1) |
< CiteCy Y KTH(Z) <Ci+eCy D RTH(S : (A.28)
k=rn—1 k=rn—1
where C = Zi Jgk_l oz < ooand Cy = (1 —09)/(1 — o). Note here that the second last inequality in

(A.28) follows from ng + k > m — 1 and the last one follows from 0 < y/o < 1.
Let ¢(y) = > oo o(y/0)k = —a(y — o)~ for 0 < y < 0. We then have for 0 < y < o,

dm —71¢W) deyn; 11 (;) i h(k = 1) (k= +2) (%)kimﬂ'
-1

=m—
Thus, for1 </ <1 — 1,

N Y\ k-l - qm-1
2 et () =" oW,

Using this inequality and (A.22), we can bound f(y) in (A.28) as follows.

m—1

d
0< f(y) <Cr1+ chqﬁ(y),

where C' = Cyo" 1 Z’Z:ll be. Furthermore,

dfn—l dm—l
Wﬁs(y) =059

As aresult,

(y—o) P =o(=1)"(m—1)(y — o)™

0 < limsup <l—g)mf(y) < eC(m —1)lg ™,
yto o

Letting ¢ — 0 in the above inequality, we have lim, (1 —y/ o)™ f(y) = 0, which contradicts Assump-
tion A.1. O

Remark A.2 A result similar to the statement (a) is given in Theorem 5.2.1 in [65]. Furthermore, when
P =1, (A.5) is reduced to eq. (2) at p. 238 in [9].

Remark A.3 Suppose the candidates for the dominant poles are 0;’s (j = 0,1,..., P —1) and at least one
of them is indeed a dominant pole (according to Assumption A.1, z = o is a dominant pole). For o not a

dominant pole, we have
5 ™m
li 1-— =0.
Thus the statements (a)—(d) of Theorem A.1 still hold, though the right hand side of (A.5) may include some

null terms.
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A.1 Kronecker’s approximation theorem

The following is Kronecker’s approximation theorem. For details, see, e.g., Theorem 7.10 in [4].

Proposition A.1 Letv;’s (i = 1,2,...,n) are arbitrary real numbers. Let 5;’s (i = 1,2,...,n) arbitrary
real numbers such that 81, Ba, . . ., Bn and 1 are linearly independent over the rationals (see Definition A.2

below). For any € > 0, there exist an (n + 1)-tuple (k,l1,l2, ... l,) of integers such that

|kBi — Ui — il <e, foralli =1,2,...,n, (A.29)
and thus for any € > 0 and any 7; € [0, 1],

|kBi — |kBi] — 7] <e, foralli=1,2,... n,

which implies that kf3; — | kB;| (k € Z) is dense in the interval [0, 1].

Definition A.2 Arbitrary real numbers 3;’s (i = 1,2,...,n) are said to be linearly independent over the
rationals (equivalently integers) if there exists no set of nonzero rational numbers q;’s (i = 1,2,...,n) such
that

Bra1 + Baga + -+ - 4 Bngn = 0. (A.30)
Therefore if 3;’s are linearly independent over the rationals, (A.30) implies that g1 = g = -+ - = ¢ = 0.
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Appendix B

Period of Markov Additive Processes

This appendix summarizes fundamental results of the period of MAdPs. In fact, most of the results
described here are already implied in [2, 59], though that is done in not an accessible way. Furthermore, an
MAGJP related to the Markov chain of M/G/1 type (and slightly more general one) are discussed in [21].

We consider an MAdP {(I",,, J,);n = 0,1,...}, where the level variable I',, takes a value in Z =
{0,41,42,...} and the phase variable J, takes a value in J = {1,2,...,J}. Let I'(k) (k € Z) denote a

J x J matrix whose (i, j)th (7, j € J) element represents
Pr[rn—H = kO + k7 Jn—i—l :] ‘ r, = kOa JIn = i],

for any fixed ko € Z. For simplicity, we denote the MAdP {(T',,, J,,);n =0, 1, ... } with kernel {I'(k); k €
Z} by MAdP {I'(k); k € Z}. For any two states (k1,j1) and (ka, j2) in Z x J, we write (k1,j1) — (k2, j2)
when there exists a path from (k1, j1) to (k2, j2) with some positive probability.

Assumption B.1
(a) T £, ., (k) is irreducible.

(b) Foreach j € I, there exists a nonzero integer k; such that (0, j) — (kj, 7).

Let K; (5 € J) denote
K; = {k € Z\{0}; (0,5) — (k, )},
which is well-defined under Assumption B.1.
Lemma B.1 Let d; = gcd{k € K;} for j € I. If Assumption B.1 holds, then d;’s (j € J) are all identical.

Proof. Under Assumption B.1, for any 7,j € J (¢ # j) there exist integers k; j and k;; (k; ; + kj; # 0)
such that (0,7) — (k; j,7) and (0, j) = (k;4,1). Let Kj;,; denote

Kj_m'_,j = {km‘ + k@j} U {km‘ + k+ km'; ke K,} (B.1)
Clearly K;_,;—,; € K; and therefore
ng{kZ € Kj*)fig)j} > ng{k‘ € Kj} = dj. (B.2)
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74 Appendix B. Period of Markov Additive Processes

In what follows, we prove gcd{k € K;_,;—,;} < d;, from which and (B.2) it follows that d; < d,. Inter-
changing 7 and j in the proof of d; < d;, we can readily show that d; < d;. Therefore we have d; = d;.
Since (0,7) — (ki j,7) — (kij + kji, ), we have k; j + k;; € K; and therefore k; ; + k;; = aod; for

some integer ag # 0. Note here that K; has at least two elements because
{kij+ kit Uk +k+ ks ke K} K

Thus there exists a couple of nonzero integers (a1, as) such that {a1d;, asd;} C K; and ged{a1,a2} = 1,
due to d; = ged{k € K;}. It follows from (B.1) and k; ; + k;; = aod; that

Kjsing 2 {kji+kijy Uik +ardi + ki, kji + asd; + ki j}
= {agdi} U {aodi + a1d;, apd; + CLQdi}
= {aod;, (ao + a1)d;, (ao + az)d;},

which leads to gcd{k: S Kj_>i_>j} < ng{aodi, (ao + al)di, (ao + ag)di} =d;. O

Definition B.1 According to Lemma B.1, we write d to represent d;’s and refer to the constant d as the
period of MAdP {T'(k); k € Z}.

We choose a state ig € J and then define J(()io) as
300 = {5 € T; (0,ig) — (k, ), k=0 (mod d)}.
We also define J1°) (m = 1,2,...,d—1)as
300) = {5 € I; (0,4i0) = (k, ), k=m (mod d)}.

Since I is irreducible, each j € J must belong to at least one of {J%O);m =0,1,...,d — 1}. Furthermore,

for any i € Jﬁf{’),

(0,7) — (k,ip) only if K = —m (mod d),

which implies that .,]]gﬂ) N J%(;) = () for m1 # mq (if not, it would hold that (0,79) — (k) for some
k =my — mg # 0 (mod d)). Thus .,]](()ZO) + ng) +-- 4 JSE)I = J and there exists an injective function gq
from Jto {0,1,...,d — 1} such that j € Jg)o()j). It follows from the definition of q]]gf{’)’s that

[L'(k)}i,; > 0onlyif k = qo(j) — go(2) (mod ).
As a result, we obtain the following result.
Lemma B.2 Under Assumption B.1, the period d is the largest positive integer such that
[T'(k)]i,; > 0only if k = q(j) — q(i) (mod d), (B.3)

where q is some injective function from J to {0,1,...,d — 1}. Furthermore, J,, = {j € JI;:q(j) = m}
(m=0,1,...,d— 1) are disjoint each other and Jo + J1 + - - - + Jg_1 = J.
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In the rest of this section, we discuss the relationship between the period d of MAdP {I'(k); k € Z}
and the eigenvalues of the generating function I'(z) defined by > ez 2" T(k). Let A(z) denote a J x J
diagonal matrix whose jth diagonal element is equal to z—9U)_ It then follows from (B.3) that

L(z) = AR)A'(z)AR) " = A/ |2)A" (D) Az/I2) (B.4)
where A*(z) denotes a J x J matrix whose (4, j)th element is given by

= Z"[T(nd + q(j) — q(i))];;

neL

Let v(z) and g(z) denote left- and right-eigenvectors of I'(z) corresponding to eigenvalue 6(I'(z)), nor-

malized such that

v(2)A(Z/lzl)e=1,  ~v(2)g(z) = 1. (B.5)
We then have the following lemma.

LemmaB.3 Let I, = {y > 0;) ., y"T'(k) < oo} and w, = exp(2ni/x) (x > 1). If Assumption B.1
holds, then the following hold for any y € I, andv = 0,1,...,d — 1.

(a) 5( (ywh)) = 5(f( ), both of which are simple eigenvalues.
(b) Y(ywy) = v(y)Alwy) ™" and g(ywy) = Alwy)g(y).
Proof. 1t follows from (B.4) thatforv =0,1,...,d — 1,
T(ywy) = Alwi)A" () Ay ™
= A(WD[AWA () AY) AW
= AWHTHAW) ™, (B.6)

which implies the statement (a) because f‘(y) is nonnegative and irreducible. Next we prove the statement
(b). Pre-multiplying both sides of (B.6) by ~y(y) A (w%) ! and using 6(f‘(yw§)) = §(I'(y)), we have

Y AW Twy) = §T(y) AW ™
S(T(ywy)) [v(y) Awy) ] . (B.7)

Similarly, we obtain

T (ywy) [A(Wh)g(y)] = 8(T(ywt)) [Awh)g(y)] - (B.8)
It follows from (B.7) and (B.8) that there exist some constants ¢ and 9 such that

Y(ywg) = 17 AW glywg) = v2A(wy)g(y)-
We can easily confirm that (o7 = 9 = 1 satisfies the normalizing condition (B.5). |
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Theorem B.1 Suppose Assumption B.1 holds, and let w denote a complex number such that |w| = 1. If
5(f‘(y)) = 1 for somey € L, then (5(f‘(yw)) = 1 ifand only if ¢ = 1. Therefore

d = max{n € N; §(T'(yw,)) = 1}. (B.9)
Furthermore, if § (T (yw)) = 1, the eigenvalue is simple.

Proof. Although Theorem B.1 can be proved in a similar way to Proposition 14 in [21], we give a complete
proof for completeness.

Since the if-part follows from Lemma B.3, we prove the only-if part. Let V (w) denote a J x J matrix
such that

V(w) = diag(g(y)) "' T*(yw)diag(g(y)),  |w| =1,

where diag(x) denotes a diagonal matrix whose jth diagonal element is equal to [x]; for a vector . It
is easy to see that V(1) is irreducible and stochastic and §(V (w)) = §(T(yw)) = 1. Let f = (fj;7 €
J) denote a right eigenvector of V' (w) corresponding to 6(V(w)) = 1. We then have for any n € N,

(V(w))"f = f and thus

f; = Z[( (WN™ifj = Zzy [T (k [9(9)]] ’kaj, ijel, (B.10)

jel j€J kez

where {I'"*(k); k € Z} is the nth-fold convolution of {I'(k); k € Z} with itself. Note that

S5 R)slaw));/lg )l = 1,

jeJ keZ

because (V' (1))"e = e. Let ¢’ denote an element of J such that | f;| > |f;| for all j € J. It then follows
from (B.10) that for any j € J,

b

7:/

= 1if [T™ (k)]s ; > O. (B.11)

Since I'(1) is irreducible, for any j € J there exist some n € N and k € Z such that (L™ (k)] ; > 0. Thus
(B.11) implies that |f;|’s are all equal, because |w| = 1. We now consider a path from phase ¢ to phase ¢
such that

(0,3) — (k1,i1) — (k2,42) = (kmyim) = (km, 1),

where (k;,4;) € Z x Jforl = 1,2,...,m and m € N. Since the period of MAdP {I'(k)} is equal to d,
k14 ko+ - -+ kyy, is a multiple of d. From (B.11), we have w*1tk2++kn — 1 and thus w? = 1. The proof
of the only-if part is completed.

As for the remaining statements, (B.9) is obvious, and it follows from Lemma B.3 (a) that if ¢ (f‘(yw)) =
1, then the eigenvalue 6(f‘(yw5)) = lissimple forv =0,1,...,d—1. O
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Remark B.1 Theorem B.1 provides a definition of the period of MAdP {T'(k); k € Z}. In a very similar
way, Shurenkov [59] defined the period of MAdPs with proper kernels. In the context of this thesis, his
definition is as follows:

d= max{n € N;T(wy) f = f for some f € C’ such that I[fl;l =10 € J)} (B.12)

We can confirm that (B.12) is equivalent to Theorem B.1 if f(l) is stochastic. Shurenkov [59] also implied
that the statement of Lemma B.2 holds, based on which Alsmeyer [2] defined the period of MAdPs.
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Appendix C

Subexponential Distributions

This appendix provides a brief overview of two classes of subexponential distributions on Z and show
some related results, which are required in Chapter 2. One of the classes is the class of “ordinal” subexpo-
nential distributions introduced by Chistyakov [14], and the other one is the class of “locally” subexponential
distributions introduced by Chover et al. [15] and generalized by Asmussen et al. [8].

In what follows, let U denote a random variable in Z_ and U; (j € Z) denote independent copies of U.
Let U, denote the discrete equilibrium random variable of U, distributed with P(U, = k) = P(U > k)/E[U]
(k € Z.). Furthermore, for any h € NU {oo},let Ay, = (0,h] and k + Ap, = {z > 0;k <z < k + h} for
keZs.

C.1 Ordinal subexponential class

We begin with the definition of the long-tailed class, which covers the subexponential class.
Definition C.1 ([8, 17, 60]) A random variable U in 7. and its distribution are said to be long-tailed if
P(U > k) > 0forallk € Z; and

_ PU>k+1)
lim —— =
hoe P(U > k)

The class of long-tailed distributions is denoted by L.
The following result is used to derive some of the asymptotic results presented in Section 3.3.

Proposition C.1 (Proposition A.1in [42]) IfU, € L, thenforanyh € N, by € Z; andv =0,1,...,h—1,

L, S PU>Ek+th+v) 1
1m = —.
E[U] k—o0 P(U, > k) h

We now introduce the definition of the subexponential class.

Definition C.2 ([14, 17, 60]) A random variable U and its distribution are said to be subexponential if
P(U > k) > 0forallk € Z and

. P(Ul + Uy > ki)
1 =2
oo P(U > k)

The class of subexponential distributions is denoted by S.
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Remark C.1 Itis known that S C L. Furthermore, if Y € L, thenY is heavy-tailed, i.e., limj,_, . ¢c*P(Y >
k) = oo for all € > 0. For details, see [20]. In addition, there exists an example of not subexponential but
long-tailed distributions (see [53]).

The following is a discrete analog of class S* introduced by Kliippelberg [36].

Definition C.3 A random variable U and its distribution belong to class S* if P(U > k) > 0 forallk € Z

and

. Zk: P(U>k—0)PU > 0)

P(U > k)

= 2E[U] < . (C.1)

k—o00

Proposition C.2 (Proposition A.2 in [42]) IfY € §*, thenY € Sand Y, € S.

Proposition C.3 (Proposition A.3in [42]) Ford, € N (i = 0,1,2), let {P(k);k € Z+} and {Q(k); k €
Z4} denote nonnegative dy x dy and dy x da matrix sequences, respectively, such that P := >"7°  P(k)
and Q =Y _1°  Q(k) are finite. Suppose that for some U € S,

P(k) Q(k) 5

R T Rl N TS A
We then have
. *Qk) 5 ~
dm s - PeTPe

C.2 Locally subexponential class

We first introduce the locally long-tailed class, which is required by the definition of the locally subex-
ponential class.

Definition C.4 (Definition 1 in [8]) A random variable U and its distribution F' are called locally long-
tailed with span h € NU {oo} if P(U € k + Ay) > 0 for all sufficiently large k and

lim PUek+1+Ayp) _1
k—o0 P(UG]C-FA;J N

We denote by L),.(h) the class of locally long-tailed distributions with span h hereafter.

Remark C.2 By definition, Lioc(00) = L. Furthermore, if U € Lioe(1), then U € Lioc(n) for all n =
2,3,...andU € L.

The following proposition is a locally asymptotic version of Proposition C.1.

Proposition C.4 If (i) U € Lioc(1); or (ii) U € L and {P(U = k)} is eventually nonincreasing, then for
anyh e N, by € Zyandv =0,1,...,h —1,
Yooy PU=k+th+v) 1

I _— 2
hoc P{U > k) h €2)
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Proof.  We assume that condition (i) holds. It follows from U € Lj,(1) that for any € > 0 there exists
ko € Nsuch thatforall k > kg and ! € Z,

PU=k+1h+v)
<1 —0,1,...,h— 1.
PU=k+in) — o Vb

Thus for all £ > k(, we have

S0 P(U =k + th +v)
e < = <
T 2=, PU =k +1(h)

1—e<

1—

l4+e, v=0,1,... h—1,

which leads to

S, P(U =k + th +v)
lim ==k ~1 —0,1,...,h—1. c3
koo 300, P(U =k + (h) TR (€3)

Therefore (C.3) yields forv =0,1,...,h — 1,
i Z?‘;KO PU=k+th+v)
k—oo  P(U>k+loph —1)
C tm Z?izo P(U=k+th+v)
k—00 anozﬂoh PU=Fk+ m)
>0y, P(U =k +(h) Yoy, PU =k +(lh+v)

= lim

koo YU P(U=k+th+j)  Sieg, PU=k+1(h)

1

e
Note here that if U € Loc(1), then U € L and thus limg_,o, P(U > k + ¢ph — 1)/P(U > k) = 1. Asa
result, (C.4) implies (C.2).

Next we assume that condition (ii) holds. It then follows that for all sufficiently large k&,

S PU=k+th)>> PU=k+th+j), je€L. (C.5)
=Ly {={y

Thus for any fixed (possibly negative) integer ¢,

P(U =k + loh + 1) P(U =k + loh + 1)

lim = < lim

k—oo h Y72, P(U =k + (h) k%wzjgiﬁgN%U:k+%h+”
— lim P(U>k+€0h+i—1)—P(U>k+€0h+i)_0
koo P(U > k+ tph — 1) -

which implies that

_ P(U=k+lh+1)
1 =0. C.6
Koo 300, P(U = k + (h) (6)

Furthermore, (C.5) yields for all sufficiently large &,
Z?ieo P(U=k+th+v)

1
- ZZ’igo P(U =k+ th)
P(U =k + (oh)
> 1- , =0,1,...,h — 1,
= S, PU=k+e) "
from which and (C.6) it follows that (C.3) holds for v = 0,1, ..., h — 1. Therefore we can prove (C.2) in
the same way as the case of condition (i). O
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Definition C.5 (Definition 2 in [8]) A random variable U and its distribution F' are called locally subex-
ponential with span h € NU {oo} if U € Lioc(h) and

. PU1+Us ek+ Ap)
lim

= 2.
k—o00 P(U ck+ Ah)

We denote by Sjo.(h) the class of locally subexponential distributions with span h. Obviously, Sjoc(00)
is equivalent to (ordinal) subexponential class S (see Definition C.2). Furthermore, Definition C.5 shows
that Sloc(h) - »Cloc(h)-

Remark C.3 IfU € Sioc(h) for some h € N, then U € Sjoc(nh) foralln € Nand U € S (see Remark 2
in [8]).

Proposition C.5 U € §* if and only if Uy € Sipc(1).

Proof. The if-part is obvious. Indeed, since P(U, = k) = P(U > k)/E[U] for k € Z., it follows that if
Ue € Sioc(1), then (C.1) holds, i.e., U € S*.
On the other hand, suppose (C.1) holds for ~ = 1. We then have

k
1 N Pl = k= OP(U. = 0)

e PU. = k)

=2.

Furthermore, U € S C L (see Proposition C.2) and thus

o PU>k4D L PU=k+1)
k—o0 P(U > ]{1) N k—o00 P(Ue = k‘) -
As aresult, Us € Sjoc(1). O

Proposition C.6 (Proposition 3 in [8]) Suppose U € Sioc(h) for some h € NU {co} and let UY) (j € N)

denote independent random variables in 7.y such that

. P(UY ek+Ay)
lim
k—o0 P(U ck+ Ah)

We then have, forn € N,

:C]‘ ER+.

 PUOW+UD 4. UM e b+ Ay) L
lim = ch.
el PU €k + Ap) p

Furthermore, if 3%_, ¢j > 0, then UD 4+ U@ ... UM € S ().

Proposition C.7 Let {F'(k);k € Z,} and {F;(k);k € Zi} (j = 1,2,...,m) denote probability mass
Sunctions. If (i) F' € Sioc(1); and (ii) for j = 1,2,...,m,

F;(k)
Koo F(K)

—¢; €R,. (C.7)
then, for any € > 0 there exists some C. € (0, 00) such that
Fl*nl % F2*n2 % F;nm (k) < Cg(l 4 €)n1+n2+---+an(k)’ (C.8)

forallk > sup{k € Z4; F(k) =0} and ny,na, ... ,ny, € N.

82



C.2. Locally subexponential class 83

Proof. The techniques for the proof are based on Lemma 4.2 in [6] and Lemma 10 in [28], though some
modifications are required. For the reader’s convenience, we provide a complete proof of this proposition.

We first prove the statement under an additional condition that ¢; > 0 forall j = 1,2,...,m, and then
remove the condition.

Let C = max{l,ci,...,cm}, do = land d; = ¢;/C < 1forj =1,2,...,m. Let Fy(k) (k € Z)
denote a probability mass function such that Fyy(k) = C'F (k) for all sufficiently large & > ko, where kg is a
positive integer such that F'(k) > 0 for all £ > kg (see Definitions C.4 and C.5).

From (C.7), we have

. Fi(k
Jim

—d; <

1, j=0,1,....m. (C.9)

Furthermore, since Fj € Sjoc(1) C Lioc(1) (see Proposition C.6),

o Fi(O)F;(k — i
lim lim 2o BOF (= 0) lim Y F(0) =1, (C.10)
/=0
. Fyx F(k)
lim ——2 = ¢, ; A1
L Re At (4D
foralli,j =0,1,...,m. Thus any € > 0, there exist some positive integers k&’ and k" such that k" > 2k’ >
2ko, Fy(k) = CF(k) <1forall k > k" and forall 4, j = 0,1,...,m,
F 1
0}&’:(;) ) o1 vk > K (C.12)
e  Fi(k) €
AP S AP I >k 1
d; 5= Folh) = —1—2, Vk >k, (C.13)
K —1
o Fi(O)F;(k—2¢) €
£=0 J >1— — Vk > K’ C.14
FJ(/{J) - 8dj’ -7 ( )
F; x Fj(k) < (d; + dj +¢/4)Fy(k), Vk > K" (C.15)

Note here that (C.12), (C.13), (C.14) and (C.15) follow from Fy € Lj(1), (C.9), (C.10) and (C.11),

respectively.

We now show (C.8) for the convolution of two mass functions F; and F} (¢,7 = 0,1,...,m). Note that

k—Fk' k'—1

Fix Fy(k) =Y Fi(k = OF;(0) + Y F(O)F;(k—0). (C.16)
=0 £=0

It then follows from (C.13), (C.14) and (C.15) that for &k > k" > 2K/,

k—Fk' k-1

Yo FEk—0OF(0) = FixFi(k) =Y F(OFk-10)

=0 £=0

IN

d; + dj + 2) Folk) — (1 - 83]) Fi(k)

(d+dj+5) - <1 - 8;) (a5 - ;)] Fo(k)
d

Folk) < (1 + %) CF(k), (C.17)

IN

IN
AN TN
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84 Appendix C. Subexponential Distributions

where the last inequality is due to d; < 1 and Fy(k) = CF (k) for all k£ > k’. Applying (C.17) to (C.16),
we have for k > k" > 2K/,
K —1

Fi«Fy(k) < (1 n %) CF(k)+ Y Fi(O)Fj(k —
(=0

< (1+g>CF(l<:)+ sup  Fj(0). (C.18)
k—k'+1<t<k

Furthermore, for k > k" > 2k’ k — k' +1 > k' 4+ 1 and thus (C.12) and (C.13) yield

sup  Fj(0) < (1 + ) sup  Fo(¥)
k—k'+1<t<k k—k'+1<t<k
Fo(?)
- (14 CF(k
( >k k4 1<£<k Fy(k) (k)
< ( ) e CF )
- ( + 5) C'.-CF(k), k>k' >2K, (C.19)

where C. =1/(1 — 5)’“/_1. Substituting (C.19) into (C.18), we obtain

FsFk) < (14 %) (1+CL) CF(k)
< (1+4¢)-2CLCF(k)
< 20 (1+¢)’CF(k), k>k" (C.20)

where we use C > 1. Note here that F; « F;(k) < 1 forall k € Z, and

sup  F(k)/F(kK") € (0,00).
ko<k<k'—1

Therefore there exists some C > 0 such that

F(k
B < Clan
< G 1ie2C0R®), ke<k<K —1 ©21)
= CF(k") P == ' ‘

We now define K, as

cY 2+¢
K. = max <2Cé, R =01 1 6)20é> .

We then have the following inequality (which is used later).
E\ 9€
(1+ 5) CL< Ko(1+¢)%. (C.22)
Furthermore, combining (C.20) and (C.21) leads to
F;x Fj(k) < K.(1+¢)*CF(k), k> ko. (C.23)
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C.2. Locally subexponential class 85

Next we show (C.8) for the convolution of three mass functions £, F; and F, (i, j,v = 0,1,...,m). It
follows from (C.23) and Fy(k) = CF(k) for all k& > k' that

Fix Fi(k) < K.(1+¢)*Fo(k),  k>Fk.
From this and (C.19), we have for k > k" > 2k/,
F; « F; « F, (k)

k—k' k'—1
= ZF*Fk O)F, +ZF*F L(k —0)

k—k’
< Y FixFj(k—0OF()+ sup F(0)
— k—k'+1<t<k
k—k' c
< K.(1+e)? ZZ; Fo(k = 0)F,(0) + (1+ 5) C'CF (k). (C.24)

Applying (C.17) and (C.22) to (C.24) yields for k > k" > 2K/,

< 1+52(1+) B) + Ko(1+ )2 CP(k)
- 1+e2(1+§+—) F(k)
= K.(1+¢)*CF(k).

Furthermore, using C” > 0 such that (C.21) holds, we obtain

1 F(k)

- S F(k//)
C/I

CF (k"

F; « Fj x F, (k)

< (L+e)3CF(k), kg<k<Kk'—1

Therefore F;  F; x F, (k) < K (1 +¢)3CF(k) for k > ko.
By repeating the above argument, we can prove that (C.8) holds under the additional condition that

c; > 0forall j =1,2,...,m. In what follows, we remove this condition.
Without loss of generality, we assume that ¢; = 0 for j = 1,2,...,m' (1 < m/ < m) and ¢; > 0 for
j=m'+1,m'+2,...,m. Thus, for any § > 0, there exists some positive integer k, := k.(d) > ko such

that for all k£ > k.,
F;(k) < 0F(k), j=1,2,...,m.

Let {Fj(k);k € Z+} (j = 1,2,...,m’) denote a probability mass function such that

Fi(k) = Fj(k)/©;, k< k.,
! F(k)/©;, k> k.,
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86 Appendix C. Subexponential Distributions

where ©; := 0;(0) = Z*:_Ol Fj(k)+ 372, 0F (k). It then follows that F;(k) < ©;F;(k) forall k € Z
and j = 1,2,...,m/. Thus we have

F™ s By™ s oeox Fpm (k)

m/
< JIO7 E™ s s By s F it s Epim (k). (C.25)
j=1
By definition,
Fik)y ¢
lim ]():—>O, j=1,2,...,m

Therefore for any € > 0, there exists some C. > 0 such that

Fimtose oo B0t I s (k) < Ca(1 4 )t (g, (C.26)

Note here that limsjo ©;(6) = 1 forall j = 1,2,...,m/. Substituting (C.26) into (C.25) and letting § | 0
yields (C.8). O

Proposition C.8 Ford; € N (i = 0,1,2), let {P(k);k € Z+} and {Q(k); k € Z.} denote nonnegative
do x dy and dy x dy matrix sequences, respectively, such that P := % >  P(k) and Q := % 72, Q(k) are
finite. Suppose that for some U € Syoc(1),

P(k) = Q(k) 5

=P > im ———— =0 > 0.
P—O’$$WU:M Q=0

lim

We then have

. PxQ(k) = ~

lim ———+ =P PQ.

R T R
Proof. This proposition can be proved in the same way as Proposition A.3 in [42], and thus the proof is

omitted. O

Proposition C.9 Let {W (k); k € Z} denote a sequence of (finite dimensional) nonnegative square matri-
ces such that > oo s W™ = (I — W)™ < oo, where W = 3"3° W (k). If there exists some U € Sioc(1)
such that

W~
-~ 7 = >
e s A

then

S W (k) e _
ﬁﬂfﬁﬁ?:ﬁ‘“*I_wjuyu_qu

Proof. Using Proposition C.8, we can readily prove, by induction, that

O W(k)
1
1m 2

n—1
_ Oxx7 n—~0—1
A S > w'ww . (C.27)

=0
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C.3. Examples of locally subexponential case 87

Furthermore, it follows from Proposition C.7 that for any ¢ > 0 there exist some ky € Zj and some
C. € (0,00) such that for all k > ky and n € N,

(W™ (K))ig
= < (1 "W
P(U:k) — 5( +6) [ }74:]
Note here that sp(W) < 1 and thus Y 2 | (14 ¢)"W" < oo for any sufficiently small € > 0. As a result,
using the dominated convergence theorem and (C.27), we obtain

oy W) W) W (k)
1 —n=Y =~ N/ __ 1 N7 N/
hooe P(U = k) hovoe P(U = k) +Z;Hoo P(U = k)
oo n—1
- S wewwe
n=1 /(=0

= I-W)'WI-w)!

C.3 Examples of locally subexponential case

C.3.1 M/GI/1 queue with Pareto service-time distribution

We consider a stable M/GI/1 queue with a Pareto service-time distribution. Let A denote the arrival rate

of customers. Let H denote the service time distribution, which is given by
Hiz)=1—-(z+1)77, x>0,

with v > 1 and v ¢ N. Note here that the mean service time is equal to 1/(y — 1) and thus the traffic
intensity, denoted by p, is equal to A\/(y — 1) < 1. Let H (s) denote the Laplace-Stieltjes transform (LST)
of the service time distribution H . It then follows from Theorem 8.1.6 in [12] that

]

v)sT + o(s7), (C.28)

where h; = fooo :rjdH(x) (j=1,2,...), f(z) = o(g(x)) represents lim, o f(x)/g(x) = 0 and " denotes
the Gamma function. Equation (C.28) yields

)
H(XN—\2) ih 1 (Ut T(1— )N (L - 2)" + o((1 — 2)). (C.29)

It is well-known that the stationary queue length distribution of the M/GI/1 queue, denoted by {z(k); k €
Z.4 }, is identical with the stationary distribution of the following stochastic matrix:

)

w

o

(3) -
2) - |,
1) -

o

all

=)
~—
Q
—~
—
— — ~— ~—
L
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88 Appendix C. Subexponential Distributions

where {a(k); k € Z} satisfies S50 zFa(k) = H(X — Az) and thus Y oro ka(k) = p.
Leta(k) =32, . oy for k € Z,. From (C.29), we then have

“zka(k) _ 1-HQ -\
kZ:o 1—2

L] (f)\)j(l - z)j_l
= — E h; S

5 7!

]:1

+T(1 =N (1 =27 +o((1—2)71). (C.30)

Applying Lemma 5.3.2 in [65] to (C.29) and (C.30) yields
a(k) & NEL (C.31)
alk) £ Nk, (C.32)

where f(x) ~ g(x) represents lim,_,o f()/g(z) = 1. Note that (C.31) shows that the discrete distribution
{a(k);k € Z,} is in the class Loc. In fact, as shown later, {a(k)} € S*, i.e., {ae(k)} € Sioc(1), where
ae(k) =a(k)/pfor k =0,1,.... Therefore it follows from Theorem 3.3 that

(k)i%fpp.%(k): 15[)'04([)147) i l)i/p
In what follows, we prove that {«/(k)} € S*, i.e.,

k7.

8

k

S ayak 0 & 2p-a(k).

=0
Let v := v(k) denote an integer such that k/3 < v(k) < k/2. For k € Z., we have

~

kN v—1 _ k—v _
a(l)a(k—1) _alk—=1) _alk—=1)
Y L =2) Al + Y a(l)— (C.33)
—~ a(k) — a(k) = a(k)
From (C.32), we obtain
v—1 _ v—1 _ v—1
. _palk—0) . . alk—1) -
klggo Z a(ﬁ)W = Z a(l) kli}rgo =0 Z a(l). (C.34)
/=0 (=0 =0
Furthermore, it follows from (C.32) that for any € > 0 there exists some k, € Z such that for all & > k, /3,
a(k)
l1-e< Nk <1l+e,
which implies that for & > k. and k/3 < v < k/2,
k—v _ k—v —
_alk—=10) (1+5)2 o kE—=\T"
{)———— < e 2=
;O‘() ak) = 1-¢ ; 2
(1+¢)? (VN
< il _ A
= g N(k—2v+1)v (k‘)
(1+¢)? kN
< Nk = 37
- 1—¢ 3
1 2
< ! 1“2 (ONE T 50, ask — oo. (C.35)
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C.3. Examples of locally subexponential case 89

Finally, applying (C.34) and (C.35) to (C.33) and letting v — oo yield

kN [eS)
lim § 20Tk =0 23 a() =

k—o0 s Ck(k) =0

C.3.2 Discrete-time queue with disasters and Pareto-distributed batch arrivals

This section considers a discrete-time single-server queue with disasters and Pareto-distributed batch
arrivals. The time interval [n,n + 1) (n € Z,) is called slot n. Customers and disasters can arrive at the
beginnings of respective slots, whereas departures of served customers can occur at the ends of respective
slots.

We assume that the numbers of customer arrivals in respective slots are independent and identically
distributed (i.i.d.) with a discrete Pareto distribution, (k) = 1/(k + 1)Y — 1/(k + 2)Y (k € Z), where
v > 1. Service times are i.i.d. with a geometric distribution with mean 1/(1 — ¢) (0 < g < 1). We also
assume that at most one disaster occurs at one slot with probability ¢ (0 < ¢ < 1), which are independent
of the arrival process of customers. If a disaster occurs in a slot, then both customers arriving in the slot and
all the ones in the system are removed.

Let L,, (n € Z) denote the number of customers at the middle of slot n. It then follows from Proposi-

tion 1.8 that { L,,; n € Z } is an ergodic Markov chain whose transition probability matrix is given by

b(0)  b(1) b(2) b(3) b(4)
¢+a(0) a(l) a2) a(3) a(4)
¢ a(0) a(l) a(2) a(3)
¢ 0 a(0) a(l) a(2) ’
0] 0 0 a(0) a(1)
where
b(0) = ¢ + (1 - ¢)5(0),
b(k) = (1= ¢)B(k), k=1,2,...,
a(0) = (1 =¢)B(0)(1 —g),
a(k) = (1 = )6k = 1)g+ B(k)(1 - q)l, k=1,2,....
It is easy to see that > ;- ja(k) =1 — ¢ < 1 and
R N
klg{olo B(k) 1-9, k1—>oo B(k) 1-9¢.

Note here that {3(k); k € Z. } is decreasing and
|
B(k) ~ kL
Thus as in subsection C.3.1, we can show that {5(k); k € Z; } € Sioc(1). As aresult, Theorem 3.5 yields

Jim (L, = k) & 22230 & 2,
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90 Appendix C. Subexponential Distributions

C.4 Related results on long-tailed distributions

In this subsection, we provide several results related to long-tailed distributions. These results are used
in deriving light-tailed asymptotic formulae in Chapter 2, more specifically, in the case where 6 and 6_
do not exist (see e.g., Assumption 2.1). Proposition C.10 below is an extension of Lemma 10 of Jelenkovié¢
and Lazar [28]. The proposition can be proved by using the techniques presented in Jelenkovié¢ and Lazar
[28] and Asmussen et al. [6] though many (minor) modifications are required. Thus, we provide a complete
proof of this proposition.

Proposition C.10 Let {F'(k);k € Zy} and {Fj(k);k € Z+} (j = 1,2,...,m) denote probability mass
functions of random variables in Z. such that > v V" F (k) and >_32, v* F;(k) are finite for some vy > 1
and
F.
im k)
koo v~k (k)
If{F(k)} € Sandvy =1, orif {F(k)} € 8" and vy > 1, then the following hold:

0, j=12,...,m. (C.36)

(a) Forall ni,ng,...,ny, €N,
1 T i m o .
™ Fi™ % FQ;ZF(k; Fon'™ (k) _ ;czm (ﬁm))"z ! j:lﬁl;[m’m (Aj(v))nj . (C37)
J#i
where Fy(z) = SR Fi(0) fori=1,2,...,m.
(b) Forany € > 0, there exists some Ce € (0, 00) such that
FiM s B sk ooox B () < Ce(1 4 g)mrtnettnmy =KE (), (C.38)

forallk € Zy andni,na,...,ng, € N

Proof. The case where {F'(k)} € S and v = 1 is equivalent to Lemma 10 of Jelenkovié¢ and Lazar [28].
Therefore, we prove only the case where {F'(k)} € S* and v > 1.
We first prove the statement (a). To this end, it suffices to show that

Fi % F(k) =~ = ..
Jim rkiﬁj(k) =, Fi(y) + ¢iFi(y), i,j=1,2,...,m. (C.39)
From (C.36), we have
[ — J— k J—
F;x F;(k Fi(k . F,(O)F;(k—7¢
lim *%() = | lim 4—% lim ZM
k—o0 fy*kF(k;) k—oo v~k F k) koo = fy*kF(k')

k —
. F,(0O)F;(k— 1)
¢ + lim A L
Z ’yko(k‘)
Therefore, (C.39) holds if

k

. F,(O)F;(k—¢) B =
Jim ZZ% T ci(Fj(v) = 1) + ¢ Fi(v). (C.40)

90



C.4. Related results on long-tailed distributions 91
In what follows, we prove that (C.40) holds.
It follows from (C.36) and {F'(k)} € S8* C L (see Definitions C.1 and C.3) that
F; . Fi(k—1) F(k-1 . F;
im&:ylm (E ) (i{ )—hm&
o0y FE(R) oy (R 1) F(R) ke R E(R)
= (y—1g. (C41)

Furthermore, (C.36) and (C.41) imply that for any € > 0 there exists some ky € N such that for all

k> ko—1,
c;i—e< I <c;+e, j=12
’ v FF(k) ~
Fi(k)
-1 i < — < -1 i +¢€), :1727
(r=D(e—e) < s < G- Diei+9) i

— (k)
as follows:
S R(OF;(k=0) ’“021 F(OF;(k—1) '\~ BOF;(k—0)
= (k) = v FE(k) S (k)
S R(OF(k—0)
P e

From (C.36) and {F'(k)} € L, we have

lim Iim —FZ(K)FL(]C 0
ko—o00 k—00 =0 "y_kF(k')
ko—1 - o =1
= lim Z 7 Fy(¢) lim E (E 2 F(f J
ko—ro00 s k—o00 'y*kJFZF(k‘ — f) F(k?)

= Y AV F() = ¢ Fi(y).
=0
From (C.42) and (C.43), we also obtain

k—ko k—ko -

F(OF;j(k—0) _ Fi(¢) Fij(k—¢) F(OF(k—Y)
Z:,m 7R (k) g,;; V() HE(k— ) F(k)
"FOF (k- 0)
< (7—1)(0i+5)(0j+5)£§) O
Note here that
S FOFR -0 RAFOFE-0) " FOFE-10)
DD IR D T R Sy 17y

.,m, (C.42)
..,m. (C.43)
(C.44)
(C.45)
(C.46)
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Note also that since {F (k)} € 8* C L (see Definition C.3),
lim JQQ£—£::2§:F@,
ool PR =0
ko—1 5=, 55 ko—1 00
lim lim FOFE=0 _ S F) =Y F().
ko—o00 k—00 par F(k‘) ko—00 — pard

Therefore, we have

"OFOF(k - 0)

lim lim ——— 2 = lim —
ko—o00 k—00 = F(k) k—o00 =0 F(k)
ko—1 = —
FOF(k—-¢
—2 lim lim E ()f( )
ko—00 k—00 i F(k‘)

£=0 £=0
Substituting this into (C.46) yields
k—ko o
lim limsup Y EOF; k=0 _ (C.47)
ko—00 koo I—ko _kF(k)
Furthermore, it follows from (C.43) that
k = k =/
> E(OF;(k-06) _ 3 F) Fi(k—0) Fi(f)
ko = = “ktt
r TV RE(R) i1 F(B) VR
k J— J—
F) Fij(k—1)
< (7_1)(Cl+€) Z =T RN j_k+z
l=k—ko+1 (k:) v
ko—1+
F(k—-1
= (D +e) Y D),
= Fk)
which leads to
k. [—
lim limsup Z w
Koo koo T Y TRE(R)
ko—1 =
Fk—12) ,—
< (—U@+€%gh2)%$?—ﬁafvﬂw)
= (v—=D(ci+e) Z 7' F;(0)
£=0
= (a+e)(F(y) - 1), (C.48)

where the second last equality follows from {F(k)} € £; and the last one follows from Y72 7*F;(¢) =
(1?‘3(7) —1)/(y = 1). Thus, combining (C.44) with (C.45), (C.47) and (C.48) and letting ¢ — 0, we have

~ ~

. EOF;(k—¢)
lim sup ——— = < Fi(v) + Fi(7)c;.
k—o0 KZ; ’Y*kF(ki) ]( ) ( ) J
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C.4. Related results on long-tailed distributions 93

Similarly, we can show that

k: 14 ~ ~
hn_l)ggfz ) > ¢iFi(v) + Fi(7)c.

As a result, we obtain (C.40).

We move on to the proof of the statement (b). For this purpose, we assume that ¢; > 0 for all j =
1,2,...,m (which is removed later). Let C = max{1,ci,...,¢n}, dy = 1 and d; = ¢;/C < 1, for
7=1,2,...,m. Let

Fo(k) = min(1,CF(k)), k€Z.;. (C.49)

From (C.36) and (C.49), we have

hiji(k):djgl, 7=0,1,...,m, (C.50)
k—ro0 vy~ kFO(k)
and thus, fori,5 =0,1,...,mandn € Z,
" Fi(k—0)F " Fi(k—¢ “KFo(k) Fo(k —¢
koo i— Fy(k) koo y TR E (k= 0) Fi(k)  Fo(k)

n n
= dj-d;t 1) A F() =) A F(0)
=0 =0
where we use { Fy(k)} € L in the first equality. The above equation leads to

lim lim (k—g S j (v) > 1. (C.51)
n—00 k—00 . (k)
=0 J =

Therefore, it follows from (C.49), (C.50), (C.51) and (C.39) that for any € > 0 there exist some positive
integers k" and k” > 2k’ such that

Fo(k) = CF(k) < 1, k> K, (C.52)

and foralli,5 =0,1,...,m,

€ Fj(k) €
di — = < AN <1+, kE>K, C.53
T8 T Tk Fo(k) T 2 - 9

k—1—
Fi(k—0)F;

jk—OFRO) o e k> k" (C.54)

vt Fy(k) 8d;
Fy Fj(k) < (d; +dj + &/4)y *Fo(k), k> k" (C.55)

Using the above inequalities (C.52)—(C.55), we first prove the statement (b) for the convolution of two
probability mass functions {F;(k)} and {F};(k)} (4,7 € {0,1,...,m}). From (C.53)~(C.55), we obtain for
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94 Appendix C. Subexponential Distributions

k>k'> 2k,

.
Frv Fy(k) - 3 Fi(OF;(k— 0)
=0

IN

(di +d;+ Z) Ko (k) — (1 - 8;) Fj(k)

(v +5) = (157 ) (- 5)]Fow)

(di + %) v FFo (k) < (1 n %) ~EFo(k),

where the last inequality holds because d; < 1 for j = 0,1,...,m. From (C.56), we have

IN

IN

Fyx Fj(k)

IN

k;/
(145) 7 Fok) + Y- F(OF (k= 0)
=0

€
2
€
2
Applying (C.53) to the right hand side of the above inequality yields

IN

.
(14 2) v Folk) + Y- ROF;(k — )
=0

< (1+ )7_kfo(k)+Fj(k—k"), k> K> 2K,

IN

mmm < [(1+5)+(1+5) %W] FEo (k)

IN

K>k Fo(k) 2

Note here that since v > 1 and {Fy(k)} € L,

nl _ L/
1<cW .= wk/ sup M < o0.
K=k Fo(k)

Substituting this into (C.57), we obtain for k& > k",

Fyx Fj(k)

IN

1 ENAFF
(1+CD) (14 2) 7 Fo(k)
20 (1 + €)%y FFo (k)

= 2001+ &)y *CF(k),

IN

where the last equality follows from (C.52). On the other hand, for & < k",

—k

RO aY 7 F (k) 1 2 kT

F+Fk)<i< L 2V o - (14 Fk).
* ]( )— — ’yik F(k”) ’Yﬁk F(k//) ( 5) ry ( )

We now define K. as

1
K. = max 20(1), 1* ) 2010 ,
CyK'F(") €

94

. Folk—K _
<1 + 4% sup 0()> (1 + 5) VRFo(k), k> k> 2k

(C.56)

(C.57)

(C.58)

(C.59)

(C.60)

(C.61)
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where we fix £ > 0 such that K, > 2C() /¢ for later use. It follows from (C.59) and (C.60) that
Fix Fj(k) < K.(14+¢)?>y *CF(k), ke€Z;. (C.62)

The inequality (C.62) shows that the statement (b) holds for the convolution of two probability mass func-
tions { Fj(k)} and {F};(k)} (i,5 € {0,1,...,m}).

We next consider the convolution of three probability mass functions {Fj(k)}, {F;(k)} and {F,(k)}
(i,4,v €{0,1,...,m}). Using (C.62), (C.49) and F; * Fj(k’) < 1, we have for k > k" > 2K/,

F; « F; « F, (k)

k—k' K
= Y FxF(k—0OF(0) +F+E(K)F,(k—K)+ > F = F;(()F,(k— ()
/=0
k—k
< Z Fi * F}(k - f)Fl/(g) + Fz * Fj(k/)FV(k - k/) +Fu(k - k,)
k—k'
< K.(1+¢)? (Z A FHE(k — O F,(0) +~* Fo(K)F, (k — k’)) +F,(k—FK)
=0
k—k'
< K.(14¢)? (Z Folk—O)F,() + Fo(KF,(k — k’)> +F, (k—K), (C.63)
=0

where the last inequality holds because of v > 1. Note here that for k € Z,
FxFi(k) =Y Fik—0F +ZF (k=0 + Fi(kF,(k— k'),

from which and (C.56), we have fori,j € {0, 1,...,m},

k—k'
Fi(k — O)F;(6) + Fa(K)F;(k — K)
=0
y
_ ST ROF (k- 0)
=0
< (1 n g) VEER), k> K> 2K (C.64)

Applying (C.64) and (C.53) to (C.63), we obtain for k > k" > 2K/,
F; « F; « F, (k)
g — g
< 2 €\ _—k E\ kK
< K1+ (14 5) 7 Folk) + (1+5) = Folk - 1)
< K(+eP(1+ %) v Fo(k) + (1+ %) OO~ Fy(k), (C.65)

where the second inequality follows from (C.58). Note here that since K. > 2C @ /€ (due to (C.61)),

(1 + %) oW < (14200 < K.(1+ 5)2;
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Substituting this inequality and (C.49) into (C.65) leads to for & > k",

FeFy«hk) < K(1+2?(1+ g + %) v Fo (k)
= K (1+¢)* " Fo(k)
= K.(1+¢)*y*CF(k).
Similarly to (C.60), we have for k < k”,
V:ff(k) SRR
Y HE(K") Ty E(R)

< K.(1+¢)*y*CF (k).

FixFyxFy(k) <1 <

Therefore, the statement (b) holds for the convolution of three probability mass functions {F;(k)}, { F;(k)}
and {F,(k)} (i,j,v € {0,1,...,m}). Recall that it is assumed in the above argument that ¢; > 0 for
all j = 1,2,...,m. Thus, by repeating the above argument, we can show that (C.38) holds under this

additional condition.

In what follows, we remove the additional condition, i.e., ¢; > 0 (j = 1,2,...,m). To this end,
without loss of generality, we assume that ¢; = 0 for j = 1,2,...,m' (1 < m’ < m) and ¢; > 0 for
j=m'+1,m' +2,...,m. Under this assumption, for any 6 > 0 there exists some positive integer k, such

that for all k& > k.,
Fij(k) <oy *F(k), j=12,...,m.

Thus, let { H5(k); k € Z4 } denote a probability mass function such that
Hs(k) = min(1,67y *F(k)), keZ,.

We then have for j = 1,2,...,m/,
Fi(k) < Hs(k), keZ,.

Therefore, we obtain

F¥mu s Fne s ..ok Fnm (k)

< HUEE) B (k).

Note here that
Hs(k)
ko0 y~FF (k)

Note also that the statement (b) have been proved under the additional condition that ¢; > 0 for all j =

6> 0.

1,2, ..., m. Therefore, for any € > 0 there exists some C. > 0 such that

Hg(nl—"_ +nm/) * leri+1 K o e ok F;an (k)

< CE(l+8)”1+”2+"'+nm'y_kf(k).

We have completed the proof of the statement (b). |

Using Proposition C.10, we obtain the following proposition, which is an extension of Proposition C.3,
i.e., Proposition A.3 of Masuyama [42].
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Proposition C.11 Ler {P(k);k € Z.} and {Q(k); k € Z} denote nonnegative dyx dy and d; X da matrix
sequences, respectively, such that 13(7) and @(’y) are finite for some vy > 1, where 13(2) = >0, 2 P(k)
and Q(z) = > 20 28 Q(k). Suppose that for some random variable U in Z..,
P(k) 5
lm ——— =P >0 C.66
hsoo v—FP(U > k) = (C-66)

Q) 5

lim -Q>o0, (C.67)

k—o0 ’y_kP(U > k)
where P = @: O isallowed. If U € Sand vy =1, orifU € §* and v > 1, then

im — 9% Bo) + P(r)@. (C.68)
Proof. LetDy = {1,2,...,dy} and Dy (i, §) = {v € Dy; [P(1)];.,[Q(1)],; > 0} fori € {1,2,...,do}

and j € {1,2,...,d2}. In what follows, we fixi € {1,2,...,dp} and j € {1,2,...,dy} arbitrarily.
Let P(k) = ZIZ:O P(¥) for k € Z,. We then have

k
P« Q(k) = P(1)Q(1) ng 0HQ keZ,,
=0

and thus

k
P«Qk)i; = ([ﬁ(l)]i,u[@(l)]u,j > [P(k— )]i,u[Q(g)L/,J)
veD1 (4,5)

=0
k
S (B [Pk — O [Q(@]w‘)
= [P(D)];[Q(1)]v (1 — > < (C.69)
1/6]1;(1',]') ! ; [P(l)]l,u [Q(l)]u,j
We now define P; , and @, ; (v € Dy(4, j)) as random variables in Z such that for all k € Z,
[P (k)]s QK]
P(Pivl’ = k) ==, P(QV,' = k) = =
[PVl ’ QD).
Using these random variables, we rewrite (C.69) as
PxQk))i; = Y. [POin[QW)uiP(Piy+ Quy > k). (C.70)

VEDI (l’])

Note here that (C.66) and (C.67) imply that, for v € Dy (3, j),

P(PZV > k) o [P]z,u . P(Qu,j > k) _ [é]y,j
BT S ) P e PSR @), 70
Note also that if [13(1)]“, = 0 (resp. [@(1)],,73- = 0) then [13]“, = 0 (resp. [é}u,j = 0), and thus
Plis[ Qs + [P(W]iw[@ly =0, v eD\D1(i. ). (C.72)
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By applying Proposition C.10 (a) to (C.70) and using (C.71) and (C.72), we obtain

[PrQR); B IO,
klggom = Ve%j)[P(l)]z,u[Q(l)]u,J
( [Pl Q0 , POy [Qlu )
P QN PO Q)L
= 3 (IPh@()lvs + [P()]inl@Qhy)
veD: (i,)
= > (IPhl@ls + P())inl@s)
ve
which leads to (C.68). o

From Propositions C.10 and C.11, we obtain the following result, which is an extension of Lemma 6 of

Jelenkovi¢ and Lazar [28].

Proposition C.12 Let {W (k); k € Z} denote a nonnegative dx d matrix sequences such that 6 (W(’y)) <
1 for some v > 1, where T/)[\/'(z) = >0 o 2*W (k). Suppose that, for some random variable U € 7.,

e > 0. .
klgr;@7 (U > ) =W >0 (C.73)

IfU eSand~y =1, orifU € §* and vy > 1, then

Lim Zn OW (k)

koo v FP(U > k) (I - W('V))_l W

7% (I . W(’y)) o

Proof.  Using Proposition C.10 (b) and proceeding as in the proof of Lemma 3.4 of Masuyama et al. [45],
we can readily prove that for any € > 0 there exists some C. € (0, 00) such that for all k € Z,

W (k) < Co(1+2)" (U > k) (W)

which yields for all sufficiently small € > 0,

EZO: Wn*(k’) B S Wn* n
SRR - 2 —kPU>k CZHE (W)

n=

71
- CE[I—(He)W(ry)} < .

Therefore, using the dominated convergence theorem and Proposition C.11, we obtain

iy om0 WR) e W)
koo 7 FP(U > k) Lt oo 7 RP(U > k)
oo n—1 e
- Y (W) w (W)
n=1 /=0

-1 —

= (1-we) W (1-we)
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Appendix D

Continuity and Differentiability of
Eigenvalues and Eigenvectors

In this appendix, we summarize the basic results on the continuity and differentiability of the eigenvalues
and eigenvectors of matrix-valued functions. For this purpose, we define P( -) as an n X n matrix function
on R.

Proposition D.1 Suppose that, for some m € N, P(£) is m-times differentiable with respect to &. If P (&),
& € R, has a simple eigenvalue X\, then, in the neighbor of £ = &y, P (&) has an m-times differentiable
eigenvalue \(§), which is equal to \y at § = &.

Remark D.1 Theorem 7 of Chapter 9 in [38] states the result on a special case where P () is once differ-
entiable at £ = &.

Proof. Let f(z,&) denote the characteristic polynomial of P(¢), i.e.,
f(2,8) = det(z — P(¢), 2€C, ¢eR.

Clearly, f(z,&) is an nth-degree polynomial function of z and is m-times differentiable with respect to .

Since )\ is a simple eigenvalue of P (&), we have

0
f()‘(bg()) = 07 zli>n)\10 &f(Z,é'O) ?é 0.

It thus follows from the implicit function theorem that there exists a neighborhood U of &; and an m-times
differentiable function A : U — V such that A(§p) = A\ and

f(z,€) = 0ifand only if z = A(§) for all (2,&) € (V,U),
which completes the proof. O

Proposition D.2 Suppose that, for some m € N, P(£) is m-times differentiable with respect to £ and has
an eigenvalue \(§) in the domain U C R whose corresponding left and right eigenvectors (&) and h(§)
are normalized such that p(§)e. = 1 and p(§)h(§) = 1, where e, is an arbitrary n dimensional vector
whose elements satisfies |[e.];| = 1, j € {1,...,N}. If X&) is a simple eigenvalue, then we can choose
@(&) and h(&) so that they are m-times differentiable with respect to € in U.
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Proof. Let P_;;(€),i € {1,2,...,n},denote an (n — 1) X (n — 1) matrix obtained by removing the ith row
and column of P(&). It then follows from Lemma 9 of Chapter 9 in [38] that there exists ig € {1,2,...,n}
such that det(A(&o)I — P—jyi,(€0)) # 0 for any fixed &y € U. It also follows from Proposition D.1 that
det(A(§)I — P_;yi,(§)) is continuous at & = &y. Thus, det(A(§)I — P_;yi,(£)) # 0 holds in some open
interval S C U including &.

We now define ¢_;(£) as the vector obtained by removing the ith element of ¢(&). We also define
p_;(§) as the ith row vector of P(£) whose ith element is removed. We then have, for £ € S and i €

{1,...,n},
MEp_i(§) = p_i()P_ii(§) + wi(§)P_; (). (D.1)

It can be easily confirmed that ¢;,(£) # 0 for £ € S . Indeed, if ¢;,(£) = 0, then (D.1) leads to

@i (NI — P_;y,(§)) = 0.

Since det(A(&)I — P_;,i,(§)) # 0, the above equation implies that (&) = 0, which yields a contradiction.
As aresult, p;, () # 0 for € € S. It thus follows from (D.1) that

®_io (&) = ig ()P_ig (E)NET — P_ipiy (€))7 (D.2)

Therefore, by choosing ¢;,(£) as
1
D P (ONOT = Poigig (€))7, [eaj + [e:io

J

Pio(§) = , (D.3)

(&) satisfies the normalized condition. Note that P_;;(&), p_;(£) and A(§) are m-times differentiable in
the domain .S due to Proposition D.1. Thus, (D.3) implies that ¢;, () is also m-times differentiable in the
same domain. Combining this with (D.2), it follows that (&) is m—differentiable in the domain S. Finally,
by applying the above argument to any £ in U, we can choose am m-times differentiable eigenvector ¢ (§)
in the domain U'.

Next, we prove that h(§) is m-times differentiable in the domain U. Similarly to the case of ¢ (&), we
have, for £ € S,

hig(§) = hig (E)ANE)T = P—iyig (€)™ a4, (), (D.4)

where h_;(£) and q_,(&) represent the vector obtained by removing the ith element of k(&) and the ith

column vector of P (&) whose ith element is removed. The normalized condition and (D.4) yield

1
hiy (&) = . (D.5)
E (AT — P_iiy(€)) 'a_y, (é)L- [p(E)]j + [p(E)lio

J

Since P_;;(£), p_;(§), A(&), and ¢ () are m-times differentiable in the domain S, (D.5) shows that h;, (&)
is also m-times differentiable in the same domain. Therefore, from (D.4), h(€) is also m-times differentiable

in the domain .S. Finally, choosing any ¢ in U completes the proof.
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