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Analytic smoothing effect for nonlinear Schrodinger
equations with quadratic interaction

By

Gaku HosHINO* and Tohru OzAwA**

Abstract

We prove the global existence of analytic solutions to a system of nonlinear Schrodinger
equations with quadratic interaction in space dimensions n > 3, under the mass resonance
condition M = 2m for sufficiently small Cauchy data with exponential decay. For n > 4 the
smallness assumption on the data is imposed in terms of the critical Sobolev space H n/2=2,

§1. Introduction

We consider the Cauchy problem for a system of nonlinear Schrodinger equations
of the form

(11) 10yu + ﬁAu =\,
' 1040 + ﬁAv = pu?

in space dimension n > 3, under the mass resonance condition M = 2m, where u, v are
complex valued functions of (¢,2) € R x R™, A is the Laplacian in R", and A\, € C.

The Cauchy problem for (1.1) has been studied in [11, 12, 13, 16, 20]. Particularly,
Lagrangian formalism was described in [20], the existence of ground states was proved
in [16], and analytic solutions were studied in [20] in terms of the generator of Galilei
transforms. In this paper, we give another framework of analytic smoothing effect for
(1.1).
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To state our main result precisely, we introduce the following notation. For 1 < p <
0o, LP = LP(IR™) is the usual Lebesgue space. For s € R, H; = (1—A)~/2LP and H; =
(— A)_S/ 2P are the Sobolev space and the homogeneous Sobolev space, respectively.
L2 = |z|75L? is the weighted Lebesgue space. For 1 < p, ¢ < oo, B;,q = B;’q(R”) is the
homogeneous Besov space and LP? = LP4(R) is the Lorentz space with second exponent
q. We put B;,Q = B;. For t € R, U, (t) = e‘zm2 is the free propagator with mass m
and Jp, (t) = @+ 15V = Uy, (£)2Up (—t) is the generator of Galilei transforms. For any
t # 0, Jn(t) is represented as Jp,(t) = M (¢)iL VM, (—t), where M, (t) = eistlel’
F denotes the Fourier transform defined by (Ff)(&) = (2r)~"/? Jgn €% f(2)dz. For
k> 0,0 €R” and t € R we define the following operator [9, 15, 21, 27]:

Prsm(t) = Um(t)ek&mUm(_t)a
where - is the usual scalar product in R™. For any ¢ # 0, Pys,(t) is represented as
Prsm(t) = My (£) F e € F M, (—t).

Let B be a suitable Banach space consisting of functions on space-time R x R™. Let D
be an open subset of R"™. We introduce the following function spaces:

GP(ws 113) = {6 € 3 5 116 GP (w3 [13) | = sup "7 0; H3 | < o0 },
éeD
GPs12n12) = {6 e 12N L2 |6 GP(w; L* N L)) = sup "5 L2 0 12| < o0
seD

GP (Jmi B) = {u € B'5 4GP (i Bl = sup || Pus,mti Bl < o0 }.
éeD

Our main purpose in this paper is twofold. One is to study analytic smoothing effect
for nonlinear Schrodinger equations in terms of Hardy spaces of analytic functions on
tube domains, which provides a wider framework than [21]. The other is to apply
this framework to (1.1) and to improve the result in [20]. The space G2 (J;B) is
characterized by convergence of power series which respect to k6 - Jy, in B ([21]). The
Cauchy problem for nonlinear Schrédinger equations in the function space in terms of
absolutely convergence of power series with respect to k9 - .J,,, is studied by ([19, 20, 33,
34]).

For n > 4 we introduce the following function spaces:

Xy = L®¥(R; L) N L3(R; L?),
X = LR H2* "3 N LA(R; B2
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with associated norm

s Xol| = [u; L=(R; L) + [lu; L (R; L27)]],
y oo n/2—2 n/2—2
s X[| = [lu; L (R; Hy> %) + [lu; L2(R; B3> %),

where 2* = 2n/(n — 2) is the Sobolev critical exponent. For n = 3 we introduce the
following function space:

Vo =L>(R;L*) N L**(R; L?)
with associated norm
lus Yol = [lus L (R; L2)|| + [lus L*2(R; L)
We define |J,,,|* by
|[Jm|*(t) = U (8)|2|*Unn (1)
for t € R. For any t # 0, |J,,|®(t) is represented as [14]

ol (8) = Mo 1)~ ;—22A>8/2Mm(—t).

We put

.)}m — |Jm|_1/2y0~

We treat (1.1) in the following function spaces:

GP(Jn) =X NGP () for n >4,
GE (Jm) = GRo(Jm) NGE (Jm) for n =3,
where
GP () = GP (Jp; HY/?72) for n > 4,
GPo(Jm) = GP(Jm; Vo)y GP () = GP (Jin: V) for n = 3.

We define BP (p) as follows
BP(p) = {qﬁ € GkD(x;Hg/Q_Q) ; §u[p) |2 ; HQ/Q_QH <p } for n >4,
€

B ={oeGPw Ny swp e 6 il <p ) for m=3
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We consider the following integral equations of (1.1) with the Cauchy data (¢,) at
t=0:

t
u(t) = Up(t)p — z/ Un (t — s)A(vT) (s)ds,
0
v(t) = Uap (t)9) — i/ot U (t — 8)pu®(s)ds.
We state our main result.

Theorem 1.1.  Let n > 3. There exists p > 0 such that for any domain D C R™
satisfying 0 € D, —D = D and any (¢,v) € BP(p) x BP(p) (1.1) has a unique pair of
solutions (u,v) € GP (Jn) x GP (Jam)-

Remark 1. Under the assumptions of Theorem 1.1, if ¢ € Hg /272 satisfies

sup ||e’“5'x¢;H;’/2‘2|| < o0, then ¢ € L' N L"/? (21, 40]).
seD

Remark 2. Under the assumptions of Theorem 1.1, let u € G2 (Jym), I > 0. Then
for any ¢ # 0, u(t) is real analytic and has an analytic continuation to R™ + i%kD
([17, 18, 21, 27, 35, 40]).

§2. Preliminaries

In this section we collect some basic lemmas. We define the following integral
operator

(Enf) (1) = / Un(t — 5)f(5)ds.

For n > 3, we say that (¢, ) is an admissible pair if

where 7 € [2, 2],

Lemma 2.1.  (/3, 22, 38, 42, 44]) Let n > 1, s € R and let (q,r) and (g;,7;) be
admissible pairs, j = 1,2. Then the following estimates hold:
1T ()¢5 LY(R; LT || < Cllgps L,
| S L% (R L72)|| < C|1£5 L% (R L),
U ()3 L4(R; BY)|| < Cligs 3,
120 f3 L% (R; By, || < CI|f; L (R; By I,

where p' is the dual exponent to p defined by 1/p+1/p’ = 1.
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Lemma 2.2.  (/30, 31]) Let n > 1 and let (q,r) and (g;,7;) be admissible pairs,
j =1,2. Then the following estimates hold:

U ()3 LY2(R; LT || < C|l; L2,
|Zm f; L (R; L2)|| + || Z f5 L9222 (R; L72) || < C| f; L2 (R; LT)]|.

Lemma 2.3.  (/2, 26]) Let n > 1. Let 1 < p,q < o0,1/p1 + 1/ps = 1/p and

s > 0. Then there exists C > 0 such that the following estimate

Lemma 2.4.  ([/158]) Let n = 3. Then there exists C' > 0 such that the following
estimates hold:

Jwws B, 1l < € (J1s B;

pralll[0s L2+ s LP2 | [|o; By

lvql

holds.

Juwws L3/ < Clt 72| T /2 (0 22| s 221,

171728 ()5 2272 < CP=272 (|1 /2000 L2 [Tz 2000 L2
|1t 2@ 22| |2 005 22]),

[172m 72002 2272 < 1t =22 e L2 |12 e 22

for allt #0 and m > 0.

§3. Proof of Theorem 1.1.

Let (¢, 1) € BP(p)xB% (p). We consider the mapping (@, ¥) : (u,v) — (®(u,v),¥(u,v))

defined by
®B(u,v)(t) = Un(t)p — iAZ,, (vT) (1),
B (0, 0)(t) = U (1) — ipZam (47) (1
on GP(J,,) x GP(Jay,). For R,e > 0 we define the metric spaces:
X(R,e) = {(u,0) € GP (Jon) X GF (o) 5

(s ); Xo X Xoll < R, (u,0); GP () x CR(Tam)| S 2 | for n >4,

X(R,&) = {(u,0) € GP (Jon) X GF (o)

1(w,v); GLo(Jm) X G (Jam) || < R, [[(1,0); G (Jin) X GF (Jam)|| < € } for
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with metric
d((u,v), (@',0")) = [(u—u',v = 0"); GT (Jm) X GF (Jam)|-

We see that (X (R,¢), d) is a complete metric space.
Let (u,v) € GP(J,,) x G2 (Jom). We have

Ps.n®(u,v) = Uype® U, D(u, v

= U,e® % —irE,

)
(

— U5 — iAS,, ((Uzme%'f”U;lv)(Ume—é-wUnzlu))
(

= Upm€®2 %) — ip15om, (Ugmezé'xU{,rlluQ)
= Uy e? %) — W=, ((Ume‘s'wUmu)Q)
= Uspm€® ™) — iptZom ((Pg’mu)Q).

For n > 4, by Lemmas 2.1 and 2.4, the Holder’s inequality with 1/2 =1/2* + 1/n, and
the Sobolev embeddings Bg*/ 272 C H}/?7? ¢ L™, we estimate

19 (u, v); Xol| < Cllg; L2|| + Clvw; L*(R; L?)]|
< Cll¢s L2|| + Cllvs L2(R; L™) | [Jus L* (R; L*)|
< Cllgs L2|| + Clv; LA(R; B3> ?)|[|u; L2 (R; L),
1B (u, v); X|| < Cllgs Hy"> 72| + Cllvm; L (R; B> 7))
< Clls B3> + C (Jlo; 2R L) | lus L2(R; B3> )]
o llus L2 (R L) | los L2 (s B33 )
< Ollgs Hy"* || + Cllo; L2 (R; By!* %) [ us L*(R; By >3,
19 (u, v); Xo|| < Cls L2 + Clus L2 (R; By!>2) | [lus LA(R; L),
19 (u, v); || < Clls HY* 72| + Clus L2(R; B> 72) [ us LA(R; B3 2)

|.
Similarly, we estimate Ps,,®(u,v) and Pas0m¥(u,v) in X

1P, m®(u, v); X|| < C|le¥; Hy* 2| + C||Pas amv; L*(R; B3> V||| P_s mu; L*(R; B3> %),
| Pas.om® (u, v); X|| < Clle s Hy* 72| + C||Ps mu; L*(R; By * %) |12,
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where C is independent of . We take supremum over 6 € D on both sides of the above

inequalities to obtain

sup || Py, ®(u, v); X|| < C sup [[e” s Hy"> 7% + C sup || Pas amv; X[ sup || P s X1,
seD 6eD éeD éeD

. e N2
sup || Pas.om¥ (u, v); X|| < C sup ||626'm¢; Hgm 2|| + C’( sup || Ps,mu; X||) )
seD seD seD

For (u,v), (v/,v") € GP(Jn) x GP(Jar,), similarly we estimate
2w, v) = B(',0"); Xoll < C (s XI| + s 21) (Jluw = s Koll + v = o Xl )
19, 0) = (', 0'); Kol < C(llws ) + J1o's R ([l = o3 Koll + o = o' &),
| 2(u, v) = B, 0); GP ()|
< C (s G2 )l + 105 GE o)) (Il = o3 G2 ()l + o = o5 GE (T,
9, v) = (W, 0); G (Jom)|
< C(lus G2 )l + 'GP (Il (Il = /s P | + o =5 G (Tam)).

For n = 3, by Lemmas 2.2 and 2.4 and the Holder inequality on Lorentz spaces with
two exponents 3/4 =1/2+1/co+1/4,1/2 =1/c0+ 1/o0 + 1/2, we estimate

[0(u,v); Joll < Clls L2 + Cllom; L¥32(R; L2)
< Cllgs L2 + || 1t172/2 | | Fom 2 8o (0); L2 Iutt); 221 £ |
< Clgs L2 + Ol 12| Tom [/ 20; L2 (R; 12)| s L42(R; 1))
< Cllgs L2 + O || Jam| 205 L= (R L) s 42 (Rs L)
< Cllgs L2+ Clv; Jaml 1 ol
00, 0); Dol < Cligs L3 ol + Ol o /20 L2 (R L72)]
< Oll6s L7311+ O 11772 | | M2 Eua@): L2 |1z 2010 0); L2

+ |t|—1/2”|Jm|1/2(t)u(t);L3”H|J2m|1/2(t)v(t);Lz |;L§/3,2H

< Oll6: L2 ol + O (|||l 2us L (R L)z /205 12 (5 27|

|17 205 242 R 1) o /205 2 (R 22 )
< Cll¢; E?/QII + C|lv; Yo |l |t; Yon |l
and we also have
1% (u, v); Yol| < Cllo; L2|| + C|lu; Yol ||u; Vol
1@ (1, 0); Vam || < Cllos L3 5|l + Cllws Y |1
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Similarly, we estimate Ps,,,®(u,v) and Pas 9, ¥ (u,v) in )y, YV, and Ys,, as follows
1Psm®(u, 0); Vol < Clle”*¢; L2|| + C|| Pag2mv; Yomll| P-s.m1; Yol
1P2s 2m® (1, 0); Yol < Cll€24p; L2 + C|| P ymt; Yo || Pomss Yol .
and
1Psm (1, 0); V| < Clle” 5 L o || + Cl| Posom; Yo || P=smtt Vi
1P26,2m® (1, 0); Yo || < Cll€?4p; LT j5| + O P Vo2,

where C is independent of . We take supremum over 6 € D on both sides of the above

inequalities to obtain

sup ||P5,m@(u,v);y0|| < Csup ||66'x¢; L2|| + C'sup ||P26,2mv;y2m|| sup ||P—6,mu;y0||7
éeD éeD 6eD 6eD

Sup || Pas.am¥ (1, v); Yo|| < C sup [|€*%4; L2 + C sup || Ps.ma; Yo || sup || Ps.mu; Yol
éeD oeD 0eD 0eD

sup ||P6,m@(up U); ym” < C sup ||66.x(/5; L%/QH +C sup ||P26,2m7); j}QmH sup ||P—6,mu; ym”;
6eD éeD 6eD 6eD

Sup || Pas ¥ (u,v); Vo] < € sup [l 455 L ]| + C(g’gg | Pomiss V) .
For (u,v), (v/,v") € GP(Jn) x GP(Jay,), similarly we estimate
[®(u, v) — (', 0"); GTo ()|
< C(lus GBI | 4+ 1075 B (T ) (Ilu = s G (T | 4 o =23 G ).
1@ (u, v) = (', 0"); GEo (Jom) |
< C (s G2 Im)ll + 165 GE ) (= s GRo (o) + [0 = o' GEol( o))
[D(u,v) — (', 0"); GT ()|
< O (hus G2 ()| + 102 R (o)) (It = 5GP ()| + o = o: B (Do),
1@ (u, v) = @ (u',0"); G (Jom) |
< O (hus G2 ()| + s EP () ) (e = s G| + o =GR (o).
Therefore for any (u,v), (v/,v") € X(R,¢) with n > 4, we have
(@(u,0), (0, v)); X x Xo|| < Cll(w, 6): I x 17 + CRe,
(@(0,0), 9 (w,0)); GP () % Gg’(sz)H < Cp+ CRe,

B(u,v) = P, 0), W(u,v) = W(W,v) ); o x K| < Cell(u— v = v'); X x X

((P(u, V) — B! ), W (u,v) — B v')> LGP () X Gg(ng)H
< Cell(u—u',0—'); GY (Jm) x G5 (Jam) I,
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and with n = 3, we have

(@(0), 9 (w,0) ) G () X GE(am)| < Cll(&,): GP (w5 L2) x GF (3 L] + CRe,
(@(0,0), 9 (w,0)); GP () % Gg’(sz)H < Cp+ CRe,

(@(u,v) — @(u',v"), U (u,v) — W(u’,v’));Gfo(Jm) X GQO(ng)H

< Cell(u—u';v = v"); GTo(Jm) X G2 (J2m) |,

(@, 0) = D' ), W (u,0) = U ,0') ) G (I) X CGF (o)

< Cell(u—u',v —v'); GP(Jn) x G2 (Jom)|.
Therefore for any (¢,v) € BP(p) x BP(p) with R, e and p satisfying

Cll(¢,v); L? x L?|| + CRe < R,
Cp+ CRe <,
Ce <1,

forn >4

Cll(¢.9); GP (w; L?) x GB (x; L?)|| + CRe < R,
Cp+ CRe <ce,
Ce <1,

for n = 3, the mapping (@, ¥) : (u,v) — (D(u,v),¥(u,v)) is a contraction in GP(J,,) x
GP(Jam) and has a unique fixed point in G (J,,) x G¥ (J2,,). This completes the proof
of Theorem 1.1.
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